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Abstract

We describe a way of modelling high-dimensional data-vectors by using
an unsupervised, non-linear, multila yer neural network in which the activity
of eadh neuron-like unit makes an additive cortribution to a global energy
score that indicates how surprised the network is by the data-vector. The
connection weights which determine how the activity of ead unit dependson
the activities in earlier layers are learned by minimizing the energy assignedto
data-vectorsthat are actually obsened and maximizing the energyassignedto
\confabulations" that are generatedby perturbing an obsened data-vector in
a direction that decreasests energyunder the current model.

The badkpropagation algorithm (Rumelhart et al., 1986) trains the units in the
intermediate layers of a feedforvard neural net to represem featuresof the input vec-
tor that are usefulfor predicting the desiredoutput. This is achieved by propagating
information about the discrepancybetweenthe actual output and the desiredoutput
badkwards through the net to compute how to changethe connectionweights in a



direction that reducesthe discrepancy In this paper we shov how to usebadkprop-
agationto learn featuresand constrains when ead input vector is not accompanied
by a supervision signal that speci es the desiredoutput.

When no desiredoutput is speci ed, it is not immediately obvious what the goal
of learning should be. We assumehere that the aim is to characterizethe obsened
data in terms of many di erent featuresand constrairts that can be interpreted as
hidden factors. Satis ed featurescortribute negative energyand violated constrains
contribute positive energy Thesehiddenfactorscould be usedfor subsequendecision
making or they could be usedto detect highly improbable data-vectorsby usingthe
global energy We de ne the probability that the network assigngo a data-vector, X,
by comparingits global energy E (x), with the energiesof all possibledata-vectors,
V.

E(x)

p(x) = PW (1)

The quality of the set of featuresand constrairts discosered by the neural network
can be quanti ed by the summedlog probability that gets assignedto the obsened
data-vectors. The cortribution of a single data-vector to this sumis:

ogp(x) = E(X) log e EW @)

v

Intuitiv ely, a good unsupervisedlearningprocedureshould nd hiddenfactorsthat
assignhigh log probability to patterns that typically occur. This can be achieved by
lowering the energiesof obsened data-vectorsand raising the energiesof \negative"
data-vectors| patterns that ough to be obsenedif the hidden factors constituted a
good model of the data. Thesenegative data-vectorsare the dominart cortributors
to the last term in Eq. /refloglikelihood. By using the current model to generate
a set of negative data-vectors we can corvert an unsupervised learning task into
the supervisedtask of assigninglow energiesto the obsened data-vectors and high
energiedo the negative data-vectors. But notice that the setof negative data-vectors
dependson the current model and it will changeasthe model learns.

The featuresand constrairts can be improved by repeatedly adjusting the weighs
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on the connectionssoasto maximizethe log probability of the obseneddata. To per-
form gradiert ascen in the log likelihood we would needto compute exactderivatives
of the log probabilities:
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where w; is the weight on the connectionfrom unit i in one layer to unit j in the
next layer.

The rst term is easyto compute. We assumehat ead unit, j, sumsthe Weighed
activities comingfrom units, i, in the layer below to getits total input, z; = = ; y;w; ,
wherean activity y; in the layer below is equalto x; if it is the input layer. A smooth
non-linear function of z; is then usedto compute the unit's activity, y;. The energy
contributed by the unit can be any smooth function of its activity. In this paper
we use two layers of non-linear hidden units and the energyis determined by the
activities of units, j, in the secondhidden layer:

X
E()= " jlogL+yf) (4)
J
where ; is a scaleparameter that is also learned by cortrastive badkpropagation.
This \heavy-tailed" energy cortribution is good for modeling constrairts that are
usually satis ed fairly precisely and occasionally violated by a lot. In images of
natural scenesfor example,a local, oriented edge- Iter will have an output of almost
exactly zeroalmost everywhere. On the few occasionswhen its output departs from
zero, howewer, it may be quite large, so the distribution of the violations is very
non-Gaussian.By usingthe energycortributions in Eq. 4 we encouragethe network
to model the data distribution by nding constrairts of this type (Hinton and Teh,
2001).

After performing a forward passthrough the network to computethe activities of
all the units, we do a badkward passas described in Rumelhart et al. (1986). The
badkward passusesthe chain rule to compute @k (x)=@y; for every connectionweiglt,
and by badpropagating all the way to the inputs we can also compute @ (X)=@;
for eatch componert, x;, of the input vector.

Unfortunately, the secondterm in Eq. 3 is much harder to deal with. It involves
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a weighted averageof the derivativesfrom all conceiable data-vectors so it cannot
be computede cien tly exceptin special cases.We usually expect, howewer, that this
averagewill be dominated by a very small fraction of the conceiable data-vectors,
so it seemsreasonableto approximate this term by averaging @t (x)=@v; over a
relatively small number of negative data-vectors sampledfrom the distribution p().
One way to samplefrom this distribution is to run a Markov chain that simulates
a physical processwith thermal noise. If we think of the dataspaceas forming a
horizontal plane and we represen the energyof ead possibledata-vector as heiglt,
the neural network de nes a potential energysurfacewhoseheight and gradiert are
easyto compute. We imagine a particle on this surfacethat tendsto move downhill
but is also jittered by additional Gaussiannoise. After enough steps, the particle
will have lost all information about where it started and if we use small enough
steps, its probability of being at any particular point in the dataspacewill be given
by the Boltzmann distribution in Eq 1. This is a painfully slowv way of generating
samplesand evenif the equilibrium distribution is reated, the high variancecreated
by sampling may maskthe true learning signal.

Rather surprisingly, it is unnecessaryto allow the simulated physical processto
read the equilibrium distribution. If we start the processat an obsered data-vector
and just run it for a few steps, we can generatea \confabulation” that works very
well for adjusting the weights (Hinton, 2002). Intuitiv ely, if the Markov chain starts
to diverge from the data in a systematic way, we already have evidencethat the
model is imperfect and that it can be improved (in this local region of the datas-
pace) by reducing the energyof the initial data-vector and raising the energyof the
confabulation. It is theoretically possiblethat this learning procedurewill causethe
model to assignvery low energiesto unvisited regionsof the dataspacethat are far
from any data-vector. But the fact that the learning works well on a variety of tasks
suggestghat this theoretical problemis insu cien t groundsfor rejecting the learning
procedure,just asthe existenceof local minima wasinsu cien t groundsfor rejecting
badpropagation.

The \contrastive badkpropagation” learning procedure cycles through the ob-
sened data-vectorsadjusting eat weight by:

(5)
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where is a learning rate and % is a confabulation produced by starting at x and
noisily following the gradiert of the energysurfacefor a few steps(seenote 1).

To illustrate the learning procedure,we applied it to the task of discovering the
non-linearkinematic constrairts in a simulated three dimensional\arm” that has v e
rigid links and v e ball-joints. The rst ball-joint attachesthe arm to the origin, and
ead data-vector consistsof the 15 cartesian coordinates of the remaining link end-
points. This apparertly 15-dimensionaldata really has only 10 degreesof freedom
becauseof the 5 one-dimensionalconstrains imposedby the 5 rigid links. These
constrairts are of the form:

Xi X )2+ (Vi Vi)’ + (2 Zia)? |i2;i+1:O (6)

wherei andi + 1 index neighboring joints and l;; +; is the length of the link between
them. Becausethe constrairts are highly non-linear, linear dimensionality-reduction
methods like principal componerts analysisor factor analysisare of little help.

We useda neural net with 15 input units and two hidden layers. Each of the 15
units in the rst hidden layer computesa weighted averageof the inputs and then
squaresit. Ead of the 5 units in the top layer computesa weighted averageof the
squaresprovided by the rst hidden layer and addsa learnedbias. For this example,
the units in the rst hiddenlayer do not cortribute to the global energyand the units
in the secondhidden layer ead cortribute an energyof ; log(1+ yjz) This \heavy-
tailed" energyfunction penalizestop-level units with non-zerooutputs, but changing
the output haslittle e ect on the penalty if the output is already large.

The architecture of the network and the energyfunction have beentailored to the
task and it is clearthat with the right weights and biases,ead top-layer unit could
implemert one of the constrains represeted by Eq. 6 by producing an output of
exactly zeroif and only if the constrairt is satis ed. The empirical questionis whether
the network can discover the appropriate weights and biasesjust by observingthe
data.

Figure 1 shaws the weights and top-level biasesthat were learnedby cortrastive
badkpropagation. For ead pair of neighboring joints, there are three units in the
rst hiddenlayer that have learnedto computedi erences betweenthe coordinatesof



Figure 1: The areasof the small black and white rectanglesrepresent the magnitudes
of the negative and positive weights learned by the network. Each column in the lower
block represetts the weights on the connectionsto a unit in the rst hidden layer from the
joint coordinates X1;Yy1;21; X2;Y2; Z2:::Xs; ¥s5; 2zs5. For example,the rst, secondand seernth
columnsshow the weights of three hidden units that compute the squareddistancesbetween
the last two joints in three orthogonal directions. Each row in the higher block represerts
the weights on connectionsfrom units in the rst hidden layer to a unit in the secondhidden
layer. For example,the rst, secondand sewerth units in the rst hidden layer have equal
negative weights to the unit represeried by the third row in the higher block. The weights
started with very small random valuesand were learned by 3300 passeshrough a training
set of 800random arm con gurations in which every link was of length 1. The weights were
updated after every 100 training cases.To eliminate unnecessaryweights, a decey towards
zero of 0:0002was added to the weight change, wj specied by Eq. 5 before multipling
by the learning rate for that connection, j , which started at 0:0001. j increasedby 1% if

w;; agreedin sign with its previous value and decreaseddy 5% if it disagreed.To further
speedlearning without causingdivergert oscillations, ead weight update included 0:9 times
the previous weight update. 5



the two joints. Thesedi erences are always computedin three orthogonal directions.
Ead unit in the secondhidden layer haslearneda linear conmbination of the 5 con-
straints, but it usesweighs of exactly the samesizefor the three squareddi erences
in ead constraint sothat it can exactly cancelthe xed sum of thesethree squared
di erences by usingits bias.

The samenetwork canalsolearnthe 5 constrairnts whenarandom 10%of the input
variablesare missingfrom ead data-vector. The missinginput variablesare treated
asadditional parameterswhich areinitialized at random valuesand are learnedusing
aversionof Eq. 5in which w; is replacedby x;. The random inputs meanthat ead
instance of a constrairt is only satis ed with a probability of :9% = :53 at the start
of learning. Howeer, the heavy-tailed energyfunction meansthat strongly violated
constrairts only cortribute a very small gradiert, so the learning is driven by the
accurately satis ed constrairts.

We have also applied a similar neural network to the more challenging task of
learning featuresthat allow usto compactly descrike the statistical structure within
small patchesof digitised imagesof natural scenes.For this task, we usedthe same
layered architecture, activation functions, and energy functions as descriked previ-
ously, but this time in a net with 256 units in the input layer and 400 units in eat
of the two hidden layers. We also arranged the units within ead hidden layer on
a 20 20 squaregrid, and topographically restricted the connectivity so that eat
unit in the rst hidden layer could only sendconnectionsto the unit at the samegrid
position in the secondhidden layer and to this unit's 24 nearestneighbours. (seenote
2).

Figure 2 illustrates someof the featureslearnedin sud a model. The rst layer
units have self-organisedo form a represemation of the image patchesin terms of a
set of oriented, band-passfeatures. Thesefeaturesbear a striking resenilanceto the
receptive elds of simplecellsfoundin the primary visual cortex of most mammalsand
are alsosimilar to the featureslearnedin other modelsthat seekto capture statistical
structure in natural images(Olshausenand Field, 1996;Bell and Sejnavski, 1997).
The secondayer units display similar responsepreferencedor orientation and spatial
frequency but appearto be somewhatinsensitive to the spatial phasepresett in the
input. As a result of the restricted connectivity betweenthe two hidden layers, the
featuresform a topographicmap with local cortinuity in spatial location, orientation
and spatial frequency
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Figure 2: Eadh small squaredepicts the basisfunction assaiated with the unit at
the correspnding grid position within the rst layer of spatially orderedunits. The
imagewithin ead small squareindicatesthe cortribution to the \represerted” image
that ead unit would have, wereiit's activity level setto 1. The basisfunctions are
obtained by taking the pseudo-iverseof the bottom up weight matrix, and we show
theserather than the weights themsehessincethey provide greater clarity within a
small gure.



The cortrastive badkpropagation learning procedureis quite exible. It puts no
constraints other than smaoothnesson the activation functions or the functions for
converting activations into energy cortributions. For example, the procedure can
easilybe modi ed to userecurrert neural networks that receiwe time-varying inputs
sud asvideo sequencesThe energyof a whole sequencas simply de ned to be some
function of the time history of the activations of the hidden units. Badkpropagation
through time (Werbos, 1990)canthen be usedto obtain the derivativesof the energy
with respect to the connectionweights and also the energy gradierts required for
generatinga whole confabulatedsequence.

Notes

1. We useda simpli ed versionof the Hybrid Monte Carlo procedurein which the
particle is given a random initial momertum and its deterministic trajectory along
the energysurfaceis then simulated for a number of time steps(20 for the example
in gure 1and 10for gure 2. If this simulation hasno numerical errorsthe increase,

E, in the conbined potertial and kinetic energywill be zero. If E is positive, the
particle is returned to its initial position with a probability of 1 exp( E). The
step sizeis slowly adapted so that only about 10% of the trajectories get rejected.
Numerical errors up to secondorder are eliminated by using a \leapfrog" method
(Neal, 1996)which usesthe potential energygradiert at time t to computethe velocity
incremert betweentime t 7 andt+ 7 and usesthe velocity at time t+ 1 to compute
the position incremen betweentime t and t + 1.

2. The original data for this model were vectors represeting the pixel intensities
in 20 20 patchesextracted from photographsof natural scenegvan Hateren and
van der Sdaaf, 1998). These vectors then underwernt standard, and biologically
motivated pre-processing(van Hateren and van der Scaaf, 1998; Olshausenand
Field, 1996) which involved subtracting the mean value from ead pixel and then

taking the variance normalised projection onto the leading 256 eigervectors of the

pixel covariance matrix. Topographic maps can also be learned by using a similar

architecture and energy function, but replacing cortrastive badkpropagation with

a stochastic sampling procedure (Osindero et al., 2006). It is harder, howewer, to

extend the stochastic sampling approad to work with more hidden layers, whereas
this extensionis trivial with cortrastive badkpropagation. Other methods of learning
topographic maps from natural image patches(Hyvarinen and Hoyer, 2001) are also
hard to extend to more hidden layers.
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