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Abstract

We describe a learning procedure for a gen-
erative model that contains a hidden Markov
Random Field (MRF) which has directed
connectionsto the observable variables. The
learning procedureusesa variational approx-
imation for the posterior distribution over the
hidden variables. Despitethe intractable par-
tition function of the MRF, the weights on
the directed connectionsand the variational
approximation itself can be learned by max-
imizing a lower bound on the log probabilit y
of the observed data. The parametersof the
MRF are learnedby using the mean�eld ver-
sion of contrastiv e divergence[1]. We show
that this hybrid model simultaneously learns
parts of objects and their inter-relationships
from intensity images. We discussthe exten-
sion to multiple MRF's linked into in a chain
graph by directed connections.

1 In tro duction

Generative models are widely used within machine
learning. However, in many applications the graph-
ical models involve exclusively causal, or exclusively
undirected edges. In this paper we consider models
that contain both types of edge,and suggestapprox-
imate learning methods for such models. The main
contribution of this paper is the proposalof combining
variational inference with the contrastiv e divergence
algorithm to facilitate learning in systems involving
causally linked Markov Random Fields (MRF's). We
support our proposalwith examplesof learning in sev-
eral domains.

2 Learning Causal Mo dels

One way to make generative models with stochastic
hidden variables is to use a directed acyclic graph as
shown in Figure 1 (a). The di�cult y in learning such
\causal" models is that the posterior distribution over
the hidden variables is intractable (except in certain
special casessuch as factor analysis, mixture mod-
els, square ICA or graphs that are very sparselycon-
nected). Despite the intractabilit y of the posterior,
it is possible to optimize a bound on the log proba-
bilit y of the data by using a simple factorial distri-
bution, Q(hjx), as an approximation to the true pos-
terior, P(hjx) over hidden con�gurations, h, given a
data-vector, x . If the hidden variables are binary, a
factorial distribution can be represented by assigning
a probabilit y, qj to each hidden variable, j :

Q(hjx) =
Y

j

qh j
j (1 � qj )1� h j (1)

wherehj is the binary state of hidden unit j in hidden
con�guration h. Neal and Hinton [2] show that:

� logP(x) = F (x) � KL( Q(hjx)jjP(hjx)) (2)

where the F denotes the `variational free-energy' of
the data and is given by

F (x) =
X

h

Q(hjx) logQ(hjx)�
X

h

Q(hjx) logP(h; x)

(3)
wherex is a data-vector and P(h; x) is the joint prob-
abilit y of �rst generating h from the model, and then
generating x from h.

Since the intractable KL divergenceterm in equation
2 is non-negative, the variational free-energy, F , gives
a tractable upper bound on the negative log probabil-
it y of the data. Minimizing this bound also has the
useful property that it tends to adjust the parameters
to make the true posterior distribution as factorial as
possiblewhich makes factorial approximate inference
work well in the learned model.
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Figure 1: (a) A \causal" generative model. (b) A Mark ov
random �eld (MRF) with pairwise interactions betweenthe
variables. (c) A hybrid model in which the hidden variables
of a causal generative model form a Mark ov random �eld.
(d) A causal hierarchy of MRF's.

For each data-vector in the training set, a locally opti-
mal factorial approximation to the true posterior can
be found by following the gradient of the bound w.r.t.
Q. Alternativ ely, the same gradient can be used to
train a feedforward \recognition" network to map each
training caseto a good Q. Once it has been learned,
the feedforward network can be viewed as a way of
caching the results of iterativ e settling whilst also
acting as a regularizer that encouragessimilar data-
vectors to usesimilar Q distributions.

3 Learning Mark ov Random Fields

Hidden latent causesare a good way to model some
typesof correlation, but they arenot good at modeling
constraints betweenvariables1. Consider, for example,
a spherical, zero-mean,20-dimensionalGaussianthat
has been projected onto the plane in which the sum
of the coordinates is 1. To capture this constrained
distribution, factor analysis requires19 hidden factors
becauseit must use a very tight noise model on all
20 variables and then use hidden factors to increase
the variancein the 19 allowable directions of variation.
Hidden ancestral variables cannot be usedto decrease
variance2.

A better way to model constraints is to usean \energy-
based" model that associates high energieswith data-

1 In a directed graph, this requires observed descendants.
2Assuming the factor loadings do not use imaginary

components to create negative variance.

vectors that violate constraints. The probabilit y of a
data-vector is then de�ned in terms of its energyusing
the Boltzmann distribution:

P(x) =
e� E (x )

Z
; Z =

X

u

e� E (u ) (4)

where x is a data-vector, E (x) is its energy, and u is
an index over all possibledata-vectors.

The main di�cult y in learning energy-basedmodels
comesfrom the normalizing term, Z , (called the par-
tition function) in Eq 4. This is an intractable sum
or integral over all possibledata-vectors. If a Markov
chain is usedto samplevectors,u from the distribution
de�ned by the model, it is possibleto get an unbiased
estimate of the gradient of the log probabilit y of the
data:

@logP(x)
@�

= �
@E(x)

@�
+

X

u

P(u)
@E(u)

@�
(5)

However, the estimate of the gradient will be very
noisy and it is typically hard to know how long to
run the Markov chain before it is sampling from the
model's distribution. In practice, it is common to as-
sume that if the learning works, the Markov chain
must have been close to its equilibrium distribution
| a dubious inference.

In some energy-basedmodels, such as a Boltzmann
machine with interconnected hidden variables, it is
necessaryto sum over all possiblecon�gurations of the
hidden variables to compute the numerator in Eq 4.
In other energy-basedmodels, such as \fully visible"
Boltzmann machinesthat just have lateral connections
betweenthe visible units it is easyto compute the en-
ergy of a data-vector3 but it is still hard to get the
exact derivativesof the partition function. For models
of this type, Hinton [3] has shown that learning can
still work very well if a Markov chain is started at the
data and then run for just a few stepsinstead of being
run all the way to equilibrium.

The useof a brief Markov chain can be combined with
the mean�eld approximation in which the distribution
over binary con�gurations is represented by a factorial
distribution Q [1]. For fully visible Boltzmann ma-
chines, this leadsto a learning algorithm in which the
network starts at a data-vector and then updates the
q valuesof all the units in parallel using the rule:

qt +1
j = �q t

j +
1 � �

1 + exp(� bj �
P

k qt
k wj k )

(6)

3Other models that fall within this class include \re-
stricted Boltzmann machines" in which there are no inter-
connectionsbetweenhidden units and also models in which
the global energy is a function of the activities of multiple
layers of deterministic, non-linear hidden units.



where bj is the bias of unit j , wj k is a symmetric con-
nection betweenunit j and unit k, and � is a damping
coe�cien t between0 and 1 that is usedto prevent os-
cillations. Using the parallel updates in Eq. 6, the
learning rule in Eq. 5 becomes:

� wj k /
X

cases

q+
j q+

k � q�
j q�

k (7)

wherethe q+ valuesare the the components of a train-
ing vector and the q� valuesare producedby allowing
the mean �eld net to run for a few iterations of equa-
tion 6. The q+ values would normally be binary, but
the learning procedurecanstill beapplied if each train-
ing caseis a factorial distribution over binary vectors.

4 Causally Link ed Mark ov Random
Fields

Both purely causalmodelsand MRF's are usedexten-
sively within machine learning, but there are notice-
ably fewer models in the literature that employ both
causal and undirected connections 4. Causal hierar-
chies of MRF's (chain-graphs) have somevery attrac-
tiv e properties as generative models (see below) but
the problem of learning them e�cien tly when there is
denseconnectivity hasnot beenadequatelyaddressed.

To generatedata from such a model[6], we �rst run the
top-level MRF to equilibrium and pick a con�guration
from the distribution de�ned by its energy function.
This con�guration then provides top-down input to
the MRF at the next level down via the causalconnec-
tions. The top-down input modi�es the energy func-
tion of the secondlevel MRF by changing the e�ectiv e
biasesof its units5. We then run the secondlevel MRF
using its modi�ed energy function and pick a con�gu-
ration from its distribution. This can be repeated for
as many levels as desired,with the bottom level being
the \visible" units which may or may not be connected
together in an MRF.

This generative model has a major advantage over a
purely causalhierarchy: At each level of the hierarchy,
learnedconstraints can be usedto \clean-up" the rep-
resentations generatedfrom the level above. Consider,
for example,a generative model in which the top level
represents the poseparametersof a face and the next
level down represents the poseparameters of each of
the two eyes. The height of an eye within the face is
somewhat variable, but the two eyes are constrained
to have the sameheight. This createsa problem for
a purely causal hierarchy in which the posesof the

4Such models are formally referred to as chain-graphs;
seefor example [4, 5].

5 It could also modify pairwise interactions between
units in the lower-level MRF.

left and right eye are conditionally independent given
the representation at the level above. The height of
both eyes must be chosen at the top level and then
the height of each eye must be communicated very ac-
curately to the level below. But if an MRF canbeused
for clean-up at the level below, the height of each eye
can be looselydetermined by the top-down input, and
the MRF can then enforce the constraint on the two
heights. So the top-down input to each level can be
usedto selectbetween(and distort) highly structured
and �nely balancedalternativ esrather than having to
specify a pattern in full detail. The causalconnections
are adept at suggesting which `parts' to instantiate
and roughly where to put them, whilst the undirected
connections within the MRF are ideal for enforcing
consistencyrelationships betweentheseparts.

As we shall see,combining multiple MRF's into causal
hierarchiesalsohasa major advantage over combining
them into one big MRF by using undirected connec-
tions: The causal connections between layers act as
insulators that prevent the partition functions of the
individual MRF's from combining together into one
large partition function.

5 A simple version of the mo del

We begin by presenting the simplest architecture from
the framework we have just described: a single, hid-
den MRF layer with causal connections to a layer of
observed variablesas illustrated by the network shown
in Figure 1 (c).

For concreteness,we will work with a particular simple
form for the model's interactions, although more elab-
orate casescan be treated in essentially the sameway.
The hidden MRF layer will consistof a Boltzmann ma-
chine which hasbinary nodeswith pairwise interaction
energiesof the form E(hi ; hj ) = hi hj wij , and single
node energiesof the form E(hi ) = bi hi wherehk is the
binary state of node k and f wij ; bi g are free param-
eters to be learned. Conditioned upon these hidden
variables, the directed connectionsin our model spec-
ify a Gaussian distribution on the observables with
P(x jh) = N (Gh + m; � I ) where � is a pre-speci�ed
noisevariance6.

We use a single-layer sigmoid recognition network to
specify the q's of the posterior approximation in equa-
tion 1 and the probabilities are given by

qi =
�

1 + e
�

P
j

R ij x j + ci

� � 1

(8)

where f Rij ; ci g are parameters to be learned 7.
6We �x � for simplicit y, but it could also be learned.
7The derivativ es that are used to train this recognition



Our formalism leadsto the following expressionfor the
variational free energy,

F = FMRF + FGauss (9)

FMRF =
X

i

[qi logqi + (1 � qi ) log(1 � qi )]

�
1
2

qT Wq � bT q + logZ (10)

FGauss =
1

2� 2

�
qT G T Gq � 2xT Gq

�

+ qT K (1 � q) + c (11)

whereK ij = � ij (G T G) ij , and c denotesconstants that
do not a�ect the derivatives of F w.r.t. the parame-
ters. Minimising F is equivalent to maximising a lower
bound on the data log-likelihood.

A crucial property of this model is that the intractable
logZ term only dependson the biasesand lateral con-
nections of the hidden units. It does not enter into
the derivatives of either the q+ values or the weights
on the causalconnections. So the recognition weights
(R ; c) that determine the q values,and also the causal
generative parameters (G; m), can be learned by us-
ing the exact gradient of the cost function To learn the
hidden biasesand the lateral weights (b; W ) between
hidden units, we allow the hidden units to run for a
few mean�eld iterations from their initial q valuesand
then usethe contrastiv e divergencelearning rule [3], as
given in equation 7.

6 A toy example

To illustrate the model we used50,00024x24imagesof
the digit seven that weregeneratedby small rotations,
translations and scalingsof 1000normalized 16x16im-
ages from the Cedar CD-Rom. The distortions re-
duced the long-range correlations intro duced by the
normalization. We trained a network with 64 fully
inter-connected hidden units for 500 sweepsthrough
the training set updating the weights after every 250
examples.There was very little changein the weights
after 80 sweeps. We used a momentum of 0:9 with
learning rates of 10� 4 for the causalgenerative connec-
tions and visible biasesand for the recognition connec-
tions and biases,and 10� 5 for the lateral connections
and hidden generative biases. We also implemented
L1 weight-decay corresponding to a Laplacian prior on
the lateral connections. This aids interpretabilit y by
making most lateral connectionssmall or zero, whilst
also allowing large valuesfor a few weights.

Figure 2 (a) and (b) show the generative weights of all
64 hidden units, along with examplesof lateral inter-

network could be used to train a far more powerful recog-
nition network that contained hidden layers.
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Figure 2: (a) The generative weights of all 64 hidden units
in a model of handwritten 7's. (b) The lateral connection
patterns for units 1A, 1C, 3F and 7H. The X marks the
location of the unit itself. Note the positive interactions
between units with collinear generative �elds (e.g. 7H and
2G) and also the sizeablenegative weights between mutu-
ally exclusive alternativ es (e.g. 2A and 4A). Unit 2B ap-
pears to be a corner detector, and its interactions with 4A
and 6B match this intuition. (c) Examples of the training
data used. (d) Samples from the distribution learned by
the model (obtained using prolonged Gibbs sampling.) (e)
Samples from a model with the same generative parame-
ters as in (a,d) but with the lateral connections set to zero,
and the biasesre-learned to compensate. Notice that there
is much lessconsistencybetweenthe strokesin the samples
generated from the model without lateral connections.

action patterns for 4 representativ e units. The �gure
caption highlights somesalient aspects of the learned
lateral connections.

7 Learning to mo del natural ob jects
as in ter-related parts

It is hard to model real-valued images using binary
hidden units so we usebinomial units that are equiv-
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Figure 3: The results of applying the learning algorithm to
imagesof faces. The generative weights of the hidden units
are shown at the top and the lateral connections of some
of the hidden units are shown beneath. The 8; 400 31x31
training images were created by rotating (� 30� ), scaling
(1.0 to 1.5), cropping and subsampling the 400 face images
of 40 di�eren t people in the Oliv etti face dataset. Each
cropped image was then centred (zero pixel mean) and
PCA was used to whiten the data and reduce the dimen-
sionality from 961 to 144 by maintaining the normalised
projections on the leading 144 eigenvectors.

alent to replicating each hidden unit (together with
all its weights) N = 100 times [7]. We also make
an additional modi�cation that is motivated by a de-
sire to produce more neurally plausible representation
schemes.The variancecontributed by a binomial pool
of N binary units each of which has a probabilit y of
q of turning on is N q(1 � q). (This appears through
the term qT K (1 � q) in equation 11.) If we omit the
(1 � q) term, binomial units cannot use values of q
near 1 to achieve low varianceand sothey learn to use
small valuesof q and behave like Poissonunits whose
variance is linear in their \�ring rate".

Figure 3 shows the weights learned by a network with
64 hidden Poissonunits when it wastrained on images
of faces.

After learning, the hidden activities are sparsewith
a small subset of the units having activities signi�-
cantly above their baselinefor each image. The abilit y
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Figure 4: The generative weights of 256 hidden units
trained on 150; 000 12x12 patches of natural images ex-
tracted from Hyvarinen's natural image data. The images
were whitened and reduced to 100 dimensions using cen-
tering and PCA. The lateral interactions were restricted
to a 9x9 neighborhood with wraparound. There are strong
negative interactions between anti-phase pairs f 6H, 3Gg
& f 8E, 6Fg and also between highly non-collinear pairs
f 6H, 5Hg, f 6K, 5Hg, f 6K, 5Ig, f 6K, 9Lg. The interac-
tions betweenapproximately collinear pairs with consistent
phaseare usually positive: f 6H, 2Dg, f 6H, 5Gg, f 6K, 2Lg.

to learn parts and their relationships simultaneously
should make it easier to achieve the goal of �nding
natural parts of objects in sets of unlabelled images
[8], but we have not yet had time to explore this issue
in detail. Unlike non-negative matrix factorization [9]
our model learns parts without requiring any restric-
tions on the weights, but it is possible that it would
be even better at extracting parts if we restricted the
weights on the causalconnectionsto be positive.

Clearly, it would be better to perform some extrac-
tion of low level featuresbeforeattempting to extract
inter-related parts of complex objects. Figure 4 shows
the results of applying exactly the samealgorithm to
patchesof natural images.



8 Learning with multiple hidden
layers

Ideally, a whole hierarchy of featuresat di�eren t levels
should be learned cooperatively in order to encourage
low-level featuresto be useful for extracting high-level
parts that have consistent inter-relations. Our model
is proposedwith multiple hidden layers in mind, how-
ever we have only just started to investigate this em-
pirically .

We now present the free energy, F 2, for a model with
two hidden MRF layers, with the `top' layer having a
directed in
uence on the layer below (as shown in Fig-
ure 1 (d)). If we are able to adequately tackle the ex-
tra complexity involved in learning such a model then
the generalisationto hierarchies of arbitrary depth in-
volves relatively little extra e�ort. We will now use
hm and ht to denote the binary states of hidden units
in the middle and top MRF layers respectively. As
before, Q(hm jx ) will denote the a factorial approx-
imation to the posterior probabilities for the MRF
units connected to the observables, and we will use
R(h t jx ) to denote the factorial approximation for the
MRF units in the top layer.

F2 =
X

h t

R(h t jx ) logR(h t jx )

+
X

h m

Q(hm jx ) logQ(hm jx )

�
X

h t

R(h t jx ) logP(h t )

�
X

h t ;h m

R(h t jx )Q(hm jx ) logP(hm jh t )

�
X

h m

Q(hm jx ) logP(x jhm ) (12)

The main di�erence between this free energy and the
one which we have already dealt with is due to the
term

P
h t ;h m R(h t jx )Q(hm jx ) logP(hm jh t ). The par-

tition function of the middle layer MRF now depends
on the states in the top layer MRF. Consequently we
are required to deal with an expectation over partition
functions as one of the terms within our free energy.
Again for concretenesswe �rst present the mathemat-
ical form of the free energy for a simple casebefore
discussingan initial approximation for overcomingthis
di�cult y. Our model now involvestwo Boltzmann ma-
chine layers, as illustrated by Figure 1 (d), and condi-
tioning on the states of the top layer provides an ad-
ditional bias term to the energy function of the layer
below. The factorial approximation to the posterior
on the middle layer units remains unchanged, and a
similar approximation is used for the top level units,

speci�cally R(h t jx ) =
Q

j r
h t

j
j (1 � r j )1� h t

j . As before,

the observables are given by a Gaussian distribution
conditioned on the states of the middle layer units.
The free energy is given by,

F2 =
X

j

[r j log r j + (1 � r j ) log(1 � r j )]

+
X

i

[qi logqi + (1 � qi ) log(1 � qi )]

�
1
2

r T Hr � cT r + logZTOP

�
1
2

qT Wq � (b + r )T q

+


logZMID (h t )

�
h t � R (h t j x )

+ FGauss (13)

One strategy is to replace the expectation over parti-
tion functions with the partition function evaluated at
the expected value of h t , i.e. at h t = r . This can be
viewed as a �rst order Taylor seriesapproximation to
logZMID (h t ) about the mean of R(h t jx ) (higher order
expansionsmight also be feasible, however the terms
are much more complicated.) Such an approximation
meansthat the freeenergyis no longer a bound on the
true log likelihood, however we are at present unaware
of any other tractable approximation that would allow
us to maintain such a bound.

In this new approximation we use contrastiv e diver-
genceboth to estimate derivatives of the lateral con-
nectionsand MRF biases,and also to compute a com-
ponent of the derivative with respect to the top level
activities, r . (From the point of view of forming deriva-
tiv es, the top level units simply act as casedependent
biases.)

Preliminary experiments using models with two MRF
layers causally linked into a hierarchy indicate that
this approximation might be adequatefor our gradient
basedlearning. The `middle' MRF layer typically de-
velopsfeaturesthat arequalitativ ely similar to thosein
the singlelayer case.The `top' level units tend to sensi-
bly co-activate setsof units in the `middle' layer, how-
ever it is hard to properly characterise the behaviour
of units deeper within a densely connected network
and their e�ects are not always apparent simply by
studying the generative weights.

To illustrate the increased representational power
achieved by adding an additional MRF layer, we
present somewhatqualitativ e results from a simple ex-
periment again using the Cedar digits. Our data con-
sisted of 110016� 16 imagesof each classtype from 0
to 9 (that is 11000training examplesin total). Figure
5 (a) showsan exampleof the training data. Using this
dataset, we trained two di�eren t model architectures:
the �rst had a singlehidden Boltzmann machine layer



consistingof 256fully interconnectedunits; the second
had two hidden Boltzmann machine layers,again with
256 fully interconnected units within each layer, and
with directed connectionsfrom the top layer providing
additional biasesto the middle layer. We trained both
networks until the changes in parameters were very
small (approximately 500 sweeps through the whole
data set). Figures 5 (b) and (c) illustrate generative
samplesfrom models with one and two hidden MRF
layers respectively. From this qualitativ e comparison
it is immediately apparent that the model with a hi-
erarchy of MRF layers has managedto capture more
of the statistical structure within the dataset. The
generatedsamplesin Figure 5 (b) somewhatresemble
singledigits, but they are alsorather contaminated by
additional strokes | as if several digits classeswere
combined. This contamination is present to a much
smaller degree in Figure 5 (c) in which we can see
clearer examplesof single digits being generated. We
speculate that the additional hidden layer is bene�cial
by providing top down biasesto shift the middle layer
activities in favour of the strokes for particular digit
classes,which might then make the task of ensuring
`stroke consistency' easier for the lateral connections
within that layer.

9 Impro ving the accuracy of
appro ximate inference

There are several reasonswhy one might wish to use
models containing both directed and undirected con-
nections. As discussedin Section 4 they are elegantly
able to capture some kinds of statistical structure
which would be di�cult to capture using connections
of just one type. In particular, hierarchies of MRF's
have many appealing properties that make them suit-
able for learning parts-basedrepresentations.

Another quite di�eren t reasonfor choosingto combine
elements of both kinds of model is to allow approxi-
mate inferencetechniquesto work moree�ectiv ely, and
this bene�t can be seenin the caseof even just a sin-
gle hidden MRF layer. Many approximate inference
techniques assumesomesimplifying independencere-
lationships, but such relationships generally do not,
and cannot, hold in the true posterior. In particu-
lar, if the latent variables are assumedto be indepen-
dent in the prior, an e�ect known as`explaining-away'
causesthose variables to coupled in the posterior [10].
However, somewhat counter-intuitiv ely, it is possible
to reduce or eliminate this posterior dependenceby
using a model in which the variables are coupled in
the opposite way in the prior . The required coupling
dependson the parameters,but not on the data.

Our proposedlearning method is able to take advan-

(a)

(b)

(c)

Figure 5: Illustrativ e results from learning with multi-
ple hidden layers. (a) Examples of training data, cor-
rupted with the sameamount of Gaussiannoiseas as-
sumedduring learning. (b) Random selectionof exam-
plesgeneratedby Gibbs sampling from a model with a
single hidden layer. (c) Random selectionof examples
generatedby Gibbs sampling from a model with a hi-
erarchy of two MRF layers. Each MRF layer had 256
fully interconnected hidden units, and there was full
directed connectivity from the top MRF layer to the
middle MRF layer, aswell asfull directed connectivity
from the middle MRF layer to the observables.

tage of this fact, and to work within a spaceof mod-
els for which factorial inferenceis more accurate than
it would be able to be if directed connections alone



were used. This point is illustrated rather nicely by
someof the lateral connectionsin Figure 4. The lat-
eral interactions tend to cancelout the correlations in
the posterior that would be intro duced by explaining-
away. Consider, for example, two hidden units such
as 6H and 3G in Figure 4 that have highly anti-
correlated weights on their causalconnections. If both
these units turn on together the image will be un-
changed,so explaining-away would make their activi-
ties be strongly positively correlated in the posterior.
By learning a strongly negative lateral interaction, the
network managesto make them approximately inde-
pendent in the posterior thus making the variational
inferencework well.

The idea of using a complicated prior distribution in
order to achieve approximate independencein the pos-
terior is a very di�eren t approach from Independent
Components Analysis (ICA) [11, 12] which assumes
independencein the prior and therefore gives rise to
awkward posteriors when there are more hidden vari-
ablesthan observables.

10 Summary & Discussion

We have presented a learning procedure for training
modelsthat contain both directed and undirected con-
nections; in particular wehavefocusedon largedensely
connected MRF's that are linked to either observ-
ablesor other MRF's via directed (causal)connections.
Learning in such models is generally intractable, and
so the learning task necessitatesapproximations. Our
proposedmethod combinesvariational techniqueswith
the contrastiv e divergencealgorithm.

Whilst initial results are promising, there is clearly
much more work to be donein developingmore sophis-
ticated approximation schemesand in exploring di�er-
ent model architectures for di�eren t typesof problem.
In addition to the approximation methods we have de-
veloped in this paper, there are other schemes that
may be useful and indeedcould be combined with our
approach. One could, for instance, consider running
our method until convergenceand then using this so-
lution as the starting point for a much slower, but
potentially more accurate approach that usesMonte
Carlo methods. Alternativ ely, the learned recognition
model parameters could be used to initialise further
learning using a version of the wake-sleepalgorithm
[13].

There are many domains in which hybrid models such
as the ones we have presented here might be useful,
and we hope that our suggestedapproximation tech-
niques open up avenuesfor exploration.
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