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Abstract

We shav how to use“complementarypriors” to

eliminatethe explaining away effectsthat make
inference dif cult in densely-connectedelief
netsthat have mary hiddenlayers. Using com-
plementarypriors, we derive a fast,greedyalgo-
rithmthatcanlearndeepdirectedbeliefnetworks
one layer at a time, provided the top two lay-

ersform an undirectedassociatie memory The
fast,greedyalgorithmis usedo initialize aslower
learningprocedurdhat ne-tunestheweightsus-
ing a contrastve versionof the wake-sleepalgo-
rithm. After ne-tuning, a network with three
hiddenlayersformsaverygoodgeneratre model
of the joint distribution of handwrittendigit im-

agesandtheirlabels. This generatie modelgives
betterdigit classi cationthanthe bestdiscrimi-

native learningalgorithms. The low-dimensional
manifoldsonwhich thedigitslie aremodelledby

long ravinesin the free-enegy landscapeof the
top-level associatie memoryandit is easyto ex-

ploretheseravinesby usingthe directedconnec-
tionsto displaywhatthe associatie memoryhas
in mind.

1 Intr oduction

Learningis dif cult in densely-connectedijrectecbeliefnets
thathave mary hiddenlayersbecausd is dif cult toinferthe

conditionaldistribution of the hiddenactvities whengivena

datavector Variationalmethodsusesimple approximations
to the true conditionaldistribution, but the approximations
may be poor, especiallyat the deepeshiddenlayer where

the prior assumesndependenceAlso, variationallearning

still requiresall of the parameterso be learnedtogetherand

makesthelearningtime scalepoorly asthe numberof param-
etersincreases.

We describea modelin which the top two hiddenlayers
form anundirectedassociatie memory(see gure 1) andthe
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remaininghiddenlayersform a directedagyclic graphthat
convertsthe representations the associatie memoryinto
obsenablevariablessuchasthe pixelsof animage.This hy-
brid modelhassomeattractie features:

1. Thereis afast,greedylearningalgorithmthatcan nd
a fairly good setof parametergjuickly, evenin deep
networkswith millions of parameterandmary hidden
layers.

2. Thelearningalgorithmis unsupervisedbut canbe ap-
pliedto labeleddataby learninga modelthatgenerates
boththelabelandthedata.

3. Thereis a ne-tuning algorithmthat learnsan excel-
lent generatie model which outperformsdiscrimina-
tive methodson the MNIST databasef hand-written
digits.

4. Thegeneratie modelmakesit easyto interpretthedis-
tributedrepresentations the deephiddenlayers.

5. Theinferencerequiredor formingapercepis bothfast
andaccurate.

6. The learning algorithm is local: adjustmentsto a
synapsestrengthdependonly on the statesof the pre-
synapticandpost-synapticeuron.

7. The communicationis simple: neuronsonly needto
communicatéheir stochastidinary states.

Section2 introduceghe ideaof a “complementaryprior
which exactly cancelsthe “explaining away” phenomenon
thatmakesinferencedif cult in directedmodels. An exam-
ple of a directedbelief network with complementanypriors
is presented.Section3 shows the equivalencebetweenre-
strictedBoltzmannmachinesandin nite directednetworks
with tied weights.

Section4 introducesa fast, greedy learning algorithm
for constructingmulti-layer directednetworks one layer at
atime. Using a variationalboundit showvs thataseachnew
layeris added,the overall generatre modelimproves. The
greedyalgorithmbearssomeresemblancéo boostingin its
repeateduseof the same“weak” learner but insteadof re-
weightingeachdata-ectorto ensurghatthe next steplearns
somethingnew, it re-represent. The “weak” learnerthat
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Figure 1: The network usedto modelthe joint distribution
of digit imagesanddigit labels. In this paper eachtraining
caseconsistof animageandanexplicit classlabel,but work
in progresshasshawvn thatthe samelearningalgorithmcan
be usedif the “labels” arereplacedby a multilayer pathway
whoseinputsarespectrogramfom multiple differentspeak-
erssayingisolateddigits. Thenetwork thenlearnsto generate
pairsthatconsistof animageanda spectrogranof the same
digit class.

is usedto constructdeepdirectednetsis itself an undirected
graphicalmodel.

Section5 shavs how the weights producedby the fast
greedyalgorithmcanbe ne-tuned usingthe “up-down” al-
gorithm. This is a contrastve versionof the wake-sleepal-
gorithm Hinton et al. (1995) that doesnot suffer from the
“mode-areraging”problemghatcancausehewake-sleeyal-
gorithmto learnpoorrecognitionweights.

Section6 shavs the patternrecognitionperformanceof
a network with three hidden layers and about 1.7 million
weightson the MNIST setof handwrittendigits. Whenno
knowledge of geometryis provided and thereis no special
preprocessinghegeneralizatioperformancef thenetwork
is 1.25%errorsonthe10; 000digit of cial testset. Thisbeats
the 1.5% achieved by the bestback-propagtion netswhen
they arenot hand-craftedor this particularapplication.lt is
alsoslightly betterthanthe 1.4%errorsreportedby Decoste
and Schoellopf (2002) for supportvector machineson the
sametask.

Finally, section7 shaovs whathappensn the mind of the
network whenit is runningwithout beingconstrainedy vi-
sualinput. The network hasa full generatre model,soit is
easyto lookinto its mind—we simply generat@animagefrom
its high-level representations.

Throughouthe paper we will considemetscomposef

Figure2: A simplelogistic belief net containingtwo inde-
pendentrarecauseshatbecomehighly anti-correlatedvhen
we obsenethehousgumping. Thebiasof 10ontheearth-
quale nodemeanghat,in theabsencef ary obsenation,this
nodeis e timesmorelikely to be off thanon. If the earth-
guale nodeis on andthetruck nodeis off, thejumpnodehas
atotal input of 0 which meanghatit hasan even chanceof
beingon. Thisis amuchbetterexplanationof theobsenation
thatthe housejumpedthanthe oddsof e 2° which apply if

neitherof thehiddencausess active. Butit is wastefulto turn
on bothhiddencausego explain the obserationbecausehe
probability of themboth happeningse 1© e 19 = e 20,

Whentheearthquak nodeis turnedonit “explainsaway” the
evidencefor thetruck node.

stochastibinaryvariableshut theideascanbegeneralizedo
othermodelsin which the log probability of a variableis an
additive functionof the state<f its directly-connectedeigh-
bours(seeAppendixA for details).

2 Complementary priors

The phenomenormf explaining away (illustratedin gure 2)
makesinferencedif cult in directedbelief nets. In densely
connectechetworks, the posteriordistribution over the hid-
denvariabless intractableexceptin afew specialcasesuch
as mixture modelsor linear modelswith additve Gaussian
noise.Markov ChainMonte CarlomethodgNeal,1992)can
be usedto samplefrom the posterior but they aretypically
very time consumingVariationalmethodgNealandHinton,
1998) approximatethe true posteriorwith a more tractable
distributionandthey canbeusedio improve alowerboundon
thelog probability of the training data. It is comfortingthat
learningis guaranteedo improve a variationalboundeven
whenthe inferenceof the hiddenstatesis doneincorrectly
but it would be muchbetterto nd away of eliminatingex-
plainingaway altogetherevenin modelswhosehiddenvari-
ableshave highly correlatedeffectson the visible variables.
It is widely assumedhatthis is impossible.

A logistic belief net(Neal,1992)is composedf stochas-
tic binary units. Whenthe netis usedto generatedata,the



probability of turning on unit i is a logistic function of the
statesof its immediateancestorsj , andof the weights,wi; ,
onthedirectedconnectiongrom the ancestors:

1
p(si=1)= 1+ exp( b

P 1

i Sj Wjj ) ( )
wherely is the biasof uniti. If alogistic belief net only
hasone hiddenlayer, the prior distribution over the hidden
variablesis factorial becauseheir binary statesare chosen
independentlywhenthe modelis usedto generatedata. The
non-independencim the posteriordistribution is createdby
thelikelihoodterm comingfrom the data. Perhapsve could
eliminateexplaining away in the rst hiddenlayer by using
extra hiddenlayersto createa “complementary”prior that
has exactly the oppositecorrelationsto thosein the likeli-
hoodterm. Then,whenthe likelihoodtermis multiplied by
theprior, we will geta posteriorthatis exactly factorial. It is
notatall obviousthatcomplementarypriorsexist, but gure 3
shavs a simpleexampleof anin nite logistic belief netwith
tied weightsin which the priors arecomplementanat every
hiddenlayer (seeAppendixA for amoregeneratreatmenbdf
the conditionsunderwhich complementarpriorsexist). The
useof tied weightsto constructcomplementarnypriors may
seemlike a meretrick for making directedmodelsequiva-
lent to undirectedones. As we shall see,however, it leads
to a novel andvery ef cient learningalgorithm that works
by progressiely untying the weightsin eachlayer from the
weightsin higherlayers.

2.1 Aninnite directedmodelwith tied weights

We can generatedatafrom the in nite directednetin g-
ure 3 by startingwith arandomcon guration at anin nitely
deephiddenlayer andthenperforminga top-dovn “ances-
tral” passin which the binary stateof eachvariablein alayer
is chosenfrom the Bernoulli distribution determinedby the
top-davn input coming from its active parentsin the layer
above. In thisrespectit is justlik e ary otherdirectedagyclic
belief net. Unlike otherdirectednets,however, we cansam-
ple from the true posteriordistribution over all of the hidden
layersby startingwith a datavectoron the visible unitsand
then using the transposedveight matricesto infer the fac-
torial distributions over eachhiddenlayerin turn. At each
hiddenlayer we samplefrom the factorial posteriorbefore
computingthe factorial posteriorfor the layer abose?. Ap-
pendixA shaws that this proceduregives unbiasedsamples
becausdhe complementaryprior at eachlayer ensureghat
the posteriordistribution really is factorial.

Sincewe cansamplefrom thetrue posterior we cancom-
pute the derivatives of the log probability of the data. Let

1The generatiorprocessconvergesto the stationarydistribution
of the Markov Chain, so we needto startat a layer that is deep
comparedvith thetime it takesfor the chainto reachequilibrium.

2Thisis exactly the sameasthe inferenceprocedurausedin the
wake-sleeplgorithm(Hinton et al., 1995)for the modelsdescribed
in this paperno variationalapproximationis requiredbecausehe
inferenceproceduregivesunbiasedsamples.

us startby computingthe derivative for a generatie weight,
ij’o, fromaunitj inlayerHq to uniti in layerVy (see gure
3). In alogistic belief net, the maximumlik elihoodlearning
rule for asingledata-ector v°, is:

@ogp(v°)
@av°

where< > denotesan averageover the sampledstatesand
¥9 is the probabilitythatuniti would beturnedonif thevisi-
ble vectorwasstochasticallyreconstructedrom the sampled
hiddenstates.Computingthe posteriordistribution over the
seconchiddenlayer, V4, from thesampledinarystatesn the
rst hiddenlayer, Hy, is exactly the sameprocessasrecon-
structingthedata,sov} is asamplefrom a Bernoullirandom
variablewith probability¢°. Thelearningrule cantherefore
bewritten as:
@ogp(v°)

00

i
The dependencef v on hj0 is unproblematidn the deriva-
tion of Eq. 3 from Eq. 2 becausé&? is anexpectationthatis
conditionalon h?. Sincethe weightsarereplicated the full
derivative for ageneratre weightis obtainedoy summingthe
derivativesof thegeneratre weightsbetweerall pairsof lay-
ers:

=<hP(v 0%)> (2)

=<hP(v} vi)> 3

@ogp(v°
Cord = <mor iy
<R h>
+ <hi(vi v))>
+ (4)

All of theverticallyalignedtermscanceleaving theBoltz-
mannmachindearningrule of Eq. 5.

3 Restricted Boltzmann machinesand
contrastive divergencelearning

It may not be immediatelyobvious thatthein nite directed
netin gure 3 is equivalentto a RestrictedBoltzmannMa-
chine (RBM). An RBM hasa single layer of hiddenunits
which are not connectedo eachotherandhave undirected,
symmetricalconnectiondo a layer of visible units. To gen-
eratedatafrom an RBM, we can startwith a randomstate
in oneof the layersandthenperformalternatingGibbssam-
pling: All of the units in one layer are updatedin parallel
giventhe currentstatesof theunitsin the otherlayerandthis
is repeatedintil the systemis samplingfrom its equilibrium
distribution. Notice thatthis is exactly the sameprocessas
generatinglatafrom thein nite belief netwith tied weights.
To performmaximumlik elihoodlearningin anRBM, we can
usethedifferencebetweertwo correlationsFor eachweight,
wj , betweeravisible uniti andahiddenunit,j we measure
the correlation< viohj0 > when a datavector is clampedon
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Figure3: Anin nite logisticbeliefnetwith tied weights.The
downward arrows representhe generatre model. The up-
ward arrows are not part of the model. They representhe
parametershat are usedto infer samplesrom the posterior
distribution at eachhiddenlayer of the netwhena datavector
is clampedon V.

thevisible unitsandthe hiddenstatesaresampledrom their
conditionaldistribution, which is factorial. Then, usingal-
ternatingGibbssamplingwe runthe Markov chainshawvn in
gure 4 until it reachedts stationanydistributionandmeasure
thecorrelation< v} ht >. Thegradientof thelog probability
of thetrainingdatais then

@ogp(v°)
@v;
This learningrule is the sameas the maximum likelihood
learning rule for the in nite logistic belief net with tied
weights, and eachstep of Gibbs samplingcorrespondgo
computingthe exact posteriordistribution in a layer of the
in nite logistic belief net.

=<v’h?>  <v! hl > (5)

Maximizing the log probability of the datais exactly
the sameas minimizing the Kullback-Leibler divergence,
K L(PYjP!), betweerthe distribution of thedata,P°, and
the equilibrium distribution de ned by the model,P* . In
contrastve divergencelearning(Hinton, 2002), we only run
the Markov chainfor n full steps beforemeasuringhe sec-
ondcorrelation.This is equialentto ignoringthederivatives

SEachfull stepconsistsof updatingh givenv thenupdatingv
givenh.

t=0 t=1 t=2 t = infinity
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Figure4: This depictsa Markov chainthat usesalternating
Gibbssampling.In onefull stepof Gibbssamplingthe hid-

denunitsin thetop layerareall updatedn parallelby apply-

ing Eg. 1 to theinputsreceved from the the currentstates
of thevisible unitsin the bottomlayer, thenthevisible units

areall updatedn parallelgiventhecurrenthiddenstates The

chainis initialized by settingthe binary statesof the visible

unitsto be the sameasa data-\ector The correlationsn the

actities of avisible anda hiddenunit aremeasureafterthe

rst updateof the hiddenunits and again at the end of the

chain. The differenceof thesetwo correlationsprovidesthe

learningsignalfor updatingthe weighton the connection.

thatcomefrom the higherlayersof thein nite net. Thesum
of all theseignoredderiatives is the derivative of the log
probability of the posteriordistribution in layer V,,, which
is alsothe deriative of the Kullback-Leiblerdivergencebe-
tweenthe posteriordistributionin layerV,, P", andtheequi-
librium distribution de ned by the model. So contrastve di-
vergencdearningminimizesthe differenceof two Kullback-
Leiblerdivergences:
KL(POjP*) KL(P"jjP!) (6)

Ignoring samplingnoise,this differenceis never negative
becausesibbssamplingis usedto produceP" from P and
Gibbs samplingalways reduceghe Kullback-Leiblerdiver-
gencewith theequilibriumdistribution. It is importantto no-
tice that P" dependson the currentmodel parametersand
the way in which P" changesas the parameterchangeis
beingignoredby contrastve divergencelearning. This prob-
lem doesnotarisewith P° becausé¢hetrainingdatadoesnot
dependon the parametersAn empiricalinvestigation of the
relationshipbetweenthe maximumlik elihood and the con-
trastive divergencelearningrules canbe found in Carreira-
PerpinarandHinton (2005).

Contrastve divergencelearningin arestrictedBoltzmann
machineis ef cient enoughto be practical(MayrazandHin-
ton, 2001). Variationsthat usereal-\aluedunits and differ-
entsamplingschemesredescribedn Tehetal. (2003)and
have beenquite successfufor modelingthe formationof to-
pographicmaps(Welling et al., 2003), for denoisingnatural
images(Roth andBlack, 2005)or imagesof biological cells
(Ning et al., 2005). Marks and Movellan (2001) describea
way of usingcontrastve divergenceto performfactoranaly-
sisandWelling etal. (2005)shav thatanetwork with logistic,
binaryvisible units andlinear, Gaussiarhiddenunits canbe
usedfor rapid documentretrieval. However, it appearghat



the ef ciency hasbeenboughtat a high price: Whenapplied
in the obvious way, contrastie divergencelearningfails for
deepmultilayernetworkswith differentweightsateachlayer
becaus¢hesenetworkstake fartoolong evento reachcondi-
tional equilibriumwith a clampeddata-vector We now shov
thattheequialencebetweerRBM'sandin nite directednets
with tied weightssuggestanef cient learningalgorithmfor
multilayernetworksin which theweightsarenottied.

4 A greedylearning algorithm for
transforming representations

An ef cient way to learna complicatedmodelis to combine
asetof simplermodelsthatarelearnedsequentially To force
eachmodelin thesequenceo learnsomethingdifferentfrom

the previous models,the datais modi ed in someway after
eachmodel hasbeenlearned. In boosting(Freund,1995),
eachmodelin thesequencés trainedonre-weighteddatathat
emphasizethecaseghattheprecedingnodelsgotwrong. In

oneversionof principalcomponentsnalysisthevariancein

amodeledirectionis removedthusforcingthenext modeled
directionto lie in the orthogonalsubspacgSanger,1989).
In projectionpursuit(Friedmanand Stuetzle 1981),the data
is transformedby nonlinearlydistortingonedirectionin the
data-spaceo remove all non-Gaussianityn that direction.
Theideabehindour greedyalgorithmis to allow eachmodel
in the sequencedo receve a different representatiorof the
data. The modelperformsa non-lineartransformatioron its

input vectorsand producesasoutputthe vectorsthatwill be
usedasinput for the next modelin the sequence.

Figure5 shavs amultilayergeneratie modelin whichthe
top two layersinteractvia undirectedconnectionsandall of
the other connectionsare directed. The undirectedconnec-
tionsatthetopareequialentto havingin nitely mary higher
layerswith tied weights.Therearenointra-layerconnections
and,to simplify theanalysisall layershave the samenumber
of units. It is possibleto learnsensible(thoughnot optimal)
valuesfor the parameterdV ¢ by assuminghatthe parame-
tersbetweerhigherlayerswill beusedto constructacomple-
mentaryprior for W . Thisis equialentto assuminghatall
of theweight matricesare constrainedo be equal. The task
of learningW ¢ underthis assumptiomeducedo the taskof
learningan RBM andalthoughthis is still dif cult, goodap-
proximatesolutionscanbefoundrapidly by minimizing con-
trastve divergence.OnceW ( hasbeenlearnedthe datacan
be mappedthroughW [ to createhigherlevel “data” at the

rst hiddenlayer

If the RBM is a perfectmodel of the original data, the
higherlevel “data” will alreadybe modeledperfectlyby the
higherlevel weight matrices. Generally however, the RBM
will not be ableto modelthe original dataperfectlyandwe
can make the generatie model better using the following
greedyalgorithm:

1. LearnW o assumingall theweightmatricesaretied.
2. FreezeW o andcommitoursehesto usingW | to infer
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Figure5: A hybrid network. The top two layershave undi-
rectedconnection@ndform anassociatie memory Thelay-
ers belov have directed,top-davn, generatre connections
that can be usedto map a stateof the associatie memory
to animage. Therearealsodirected,bottom-up,recognition
connectionghatareusedto infer afactorialrepresentatiom
onelayerfrom thebinaryactvities in thelayerbelaw. In the
greedyinitial learningtherecognitionconnectiongretied to
thegeneratre connections.

factorial approximateposterior distributions over the
statesof the variablesin the rst hiddenlayer, evenif
subsequenthangesn higherlevel weightsmeanthat
thisinferencemethodis no longercorrect.

3. Keepingall the higher weight matricestied to each
other but untiedfrom W o, learnanRBM modelof the
higherlevel “data” thatwasproducedoy usingW § to
transformthe original data.

If this greedyalgorithm changeghe higherlevel weight
matrices,it is guaranteedo improve the generatre model.
As shawvn in (NealandHinton, 1998),the negative log prob-
ability of a singledata-ector v°, underthe multilayer gen-
eratve modelis boundedby a variationalfree enegy which
is the expectedenegy underthe approximatingdistribution,
Q(h%v?°), minusthe entrogy of that distribution. For a di-
rected model, the “enelgy” of the con guration v°; h° is
givenby:

E(v%h% = logp(h® + logp(vh?) (7)
Sotheboundis:
logp(v°) Q(h%v°®) logp(h®) + logp(v°h?)

alggo
Q(h%v°®) logQ(h°jv°) 8
allho



whereh? is abinarycon gurationof theunitsin the rst hid-
denlayer, p(h°) is the prior probability of h°® underthe cur-
rentmodel (which is de ned by the weightsabove H) and
Q(jvO) is ary probability distribution over the binary con-
gurations in the rst hiddenlayer The boundbecomesan
equalityif andonly if Q(jv°) is the true posteriordistribu-
tion.

Whenall of theweightmatricesaretied togetherthefac-
torial distribution over Ho producedby applyingW [ to a
data-\ectoris the true posteriordistribution, so at step2 of
the greedyalgorithmlogp(v°®) is equalto the bound. Step
2 freezesboth Q( jv°) and p(v°jh®) andwith theseterms
x ed,thederiative of theboundis thesameasthederiative
of

Q(h%v°) logp(h®) 9)
allho

Somaximizingtheboundw.r.t. theweightsin the higherlay-
ersis exactly equivalentto maximizingthelog probability of
a datasein which h® occurswith probability Q(h%jv°). If
the boundbecomedighter, it is possiblefor log p(v°) to fall
even thoughthe lower boundon it increasesput logp(v°)
cannever fall below its value at step2 of the greedyalgo-
rithm becauseahe boundis tight at this point andthe bound
alwaysincreases.

The greedyalgorithm canclearly be appliedrecursvely,
soif we usethefull maximumlik elihoodBoltzmannmachine
learningalgorithmto learneachsetof tied weightsandthen
we untie the bottomlayer of the setfrom the weightsabove,
we can learn the weightsone layer at a time with a guar
anteé thatwe will never decreasehe log probability of the
dataunderthefull generatre model. In practice,we replace
maximumlik elihoodBoltzmannmachinelearningalgorithm
by contrastve divergencelearningbecausét workswell and
is muchfaster The useof contraste divergencevoids the
guaranteebut it is still reassuringo know that extra layers
areguaranteedo improve imperfectmodelsif we learneach
layerwith sufcient patience.

To guaranteethat the generatre model is improved by
greedily learning more layers, it is corvenientto consider
modelsn whichall layersarethesamesizesothatthehigher
level weightscanbe initialized to the valueslearnedbefore
they areuntiedfrom theweightsin thelayerbelon. Thesame
greedyalgorithm,however, canbeappliedevenwhenthelay-
ersaredifferentsizes.

5 Back-Fitting with the up-down algorithm

Learningthe weight matricesone layer at a time is ef cient
but not optimal. Oncetheweightsin higherlayershave been
learned,neitherthe weightsnor the simpleinferenceproce-
dureareoptimalfor thelowerlayers.Thesub-optimalitypro-
ducedby greedylearningis relatively innocuousfor supef
visedmethoddik e boosting.Labelsareoftenscarceandeach

“Theguaranteds on the expectecthangen thelog probability.

labelmayonly provide afew bits of constrainbntheparame-
ters,soover-tting is typically moreof a problemthanunder

tting. Goingbackandre tting theearliermodelsmay, there-
fore, causemore harmthan good. Unsupervisednethods,
however, canusevery large unlabeleddatasetandeachcase
may be very high-dimensionathus providing mary bits of

constrainton a generatie model. Under tting is thena se-
rious problemwhich canbe alleviatedby a subsequengtage
of back- tting in whichtheweightsthatwerelearnedrst are
revisedto t in betterwith theweightsthatwerelearnedater.

After greedilylearninggoodinitial valuesfor the weights
in every layer, we untie the “recognition” weightsthat are
usedfor inferencefrom the “generatve” weights that de-
ne the model,but retainthe restrictionthat the posteriorin
eachlayermustbeapproximatedby afactorialdistributionin
which the variableswithin alayerareconditionallyindepen-
dentgiven the valuesof the variablesin the layer belov. A
variantof thewake-sleepalgorithmdescribedn Hinton etal.
(1995)canthenbe usedto allow the higherlevel weightsto
in uence the lower level ones. In the “up-pass”,the recog-
nition weightsare usedin a bottom-uppassthat stochasti-
cally picks a statefor every hiddenvariable. The generatie
weightson the directedconnectionsare thenadjustedusing
themaximumlik elihoodlearningrule in Eq. 2°. Theweights
on the undirectedconnectionst the top level arelearnedas
beforeby tting thetop-level RBM to the posteriordistribu-
tion of the penultimatdayer.

The “down-pass”startswith a stateof the top-level asso-
ciative memoryanduseghetop-dovn generatie connections
to stochasticallyactivate eachlower layer in turn. During
the down-passthe top-level undirectedconnectionsaandthe
generatie directedconnectionsare not changed. Only the
bottom-uprecognitionweightsaremodi ed. Thisis equiva-
lent to the sleepphaseof the wake-sleepalgorithmif the as-
sociatize memoryis allowedto settleto its equilibriumdistri-
bution beforeinitiating the down-pass.But if the associatie
memoryis initialized by anup-passandthenonly allowedto
run for afew iterationsof alternatingGibbssamplingbefore
initiating the down-passithis is a “contrastive” form of the
wake-sleepalgorithm which eliminatesthe needto sample
from the equilibriumdistribution of the associatie memory
The contrastve form also x esseveral otherproblemsof the
sleepphaselt ensureghattherecognitionweightsarebeing
learnedfor representationthat resemblehoseusedfor real
dataandit alsohelpsto eliminatethe problemof modeaver-
aging. If, givena particulardatavector the currentrecogni-
tion weightsalwayspick a particularmodeat the level above
andignoreothervery differentmodeghatareequallygoodat
generatinghedata,thelearningin the down-passwill nottry
to alterthoserecognitionweightsto recover ary of the other
modesasit would if the sleepphaseuseda pure ancestral
pass.A pureancestrapasswould have to startby usingpro-
longedGibbssamplingto getanequilibriumsamplerom the
top-level associatie memory By usinga top-level associa-

SBecausaveightsareno longertied to the weightsabove them,
¢° mustbe computedusingthe statesof the variablesin the layer
abovei andthegeneratre weightsfrom thesevariablesto i.
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Figure6: All 49 casesn whichthenetwork guessedight but
hada secondguesswhoseprobability waswithin 0:3 of the
probability of the bestguessThetrueclassesrearrangedn
standardscanorder

tive memorywe alsoeliminatea problemin the wake phase:
Independentop-level units seemto be requiredto allow an
ancestrapass put they meanthatthe variationalapproxima-
tion is very poorfor thetop layerof weights.

AppendixB speci esthedetailsof theup-davn algorithm
usingmatlab-stylgpseudo-codéor thenetwork shavnin g-
ure 1. For simplicity, thereis no penaltyon the weights,no
momentum,and the samelearningrate for all parameters.
Also, thetrainingdatais reducedo asinglecase.

6 Performanceonthe MNIST database

6.1 Training the network

The MNIST databasef handwrittendigits contains60,000
training imagesand 10,000testimages. Resultsfor mary
differentpatternrecognitiontechniquegrealreadypublished
for this publicly availabledatabassoit is idealfor evaluating
new patternrecognitionmethods.For the “basic” versionof
the MNIST learningtask,no knowledgeof geometryis pro-
vided andthereis no specialpre-processingr enhancement
of thetrainingset,soanunknavn but x edrandompermuta-
tion of thepixelswould not affectthelearningalgorithm. For
this “permutation-ivariant” versionof the task,the general-
ization performancef our network was1.25%errorson the
of cial testset. The network® shavn in gure 1 wastrained
on 44,0000f the training imagesthat weredivided into 440
balancednini-batcheseachcontaining10 examplesof each
digit class.Theweightswereupdatedaftereachmini-batch.

SPreliminaryexperimentswith 16 16 imagesof handwritten
digits from the USPSdatabaseshaved that a good way to model
the joint distribution of digit imagesandtheir labelswasto usean
architectureof thistype,butfor 16 16 imagesonly 3=5 asmary
unitswereusedin eachhiddenlayer
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Figure7: Thel25testcaseshatthenetwork gotwrong. Each
caseis labeledby the network's guess.The true classesare
arrangedn standardscanorder

In the initial phaseof training, the greedyalgorithm de-
scribedin section4 wasusedto train eachlayer of weights
separatelystartingat the bottom. Eachlayerwastrainedfor
30 sweepghroughthe training set (called “epochs”). Dur-
ing training, the unitsin the“visible” layerof eachRBM had
real-aluedactiities between0 and 1. Thesewerethe nor-
malizedpixel intensitieswhen learningthe bottom layer of
weights.For traininghigherlayersof weights thereal-\alued
activities of the visible unitsin the RBM werethe activation
probabilitiesof the hiddenunitsin thelowerlevel RBM. The
hiddenlayerof eachRBM usedstochastibinaryvalueswhen
thatRBM wasbeingtrained. The greedytraining took a few
hoursper layer in Matlab on a 3GHz Xeon processorand
whenit was done,the errorrate on the test setwas 2.49%
(seebelaw for detailsof how the network is tested).

When training the top layer of weights(the onesin the
associatie memory)the labelswere provided as part of the
input. Thelabelswererepresentetly turningononeunitin a
“softmax” groupof 10 units. Whentheactvitiesin thisgroup
werereconstructedrom the actities in the layerabove, ex-
actly oneunit wasallowedto be active andthe probability of



pickinguniti wasgivenby:

exp(xi)

i exp(xj) (10)

pi =

wherex; is the total input received by unit i. Curiously
thelearningrulesareunafectedby the competitionbetween
unitsin asoftmaxgroup,sothesynapseso notneedto know
which unit is competingwith which otherunit. The competi-
tion affectsthe probability of a unit turningon, but it is only
this probabilitythataffectsthelearning.

After the greedylayerby-layertraining, the network was
trained,with a differentlearningrate andweight-decayfor
300epochausingtheup-davn algorithmdescribedn section
5. The learningrate, momentum,and weight-decay were
chosenby training the network several timesand observing
its performanceon a separatevalidation setof 10,000im-
agesthat weretaken from the remainderof the full training
set. For the rst 100 epochsof the up-davn algorithm, the
up-passwas followed by threefull iterationsof alternating
Gibbs samplingin the associatie memorybefore perform-
ing the down-pass.For the secondL00 epochssix iterations
were performed,and for the last 100 epochs ten iterations
wereperformed.Eachtime the numberof iterationsof Gibbs
samplingwasraised the erroronthevalidationsetdecreased
noticeably

Thenetwork thatperformedbeston thevalidationsetwas
thentestedandhadanerrorrateof 1.39%.This network was
thentrainedon all 60,000trainingimage$ until its errorrate
on the full training setwasaslow asits nal errorratehad
beenon theinitial training setof 44,000images. This took
a further 59 epochsmaking the total learningtime abouta
week. The nal network hadan errorrate of 1.25%. The
errorsmadeby the network areshavn in gure 7. The 49
caseghatthe network getscorrectbut for which the second
bestprobabilityis within 0.3 of thebestprobabilityareshovn
in gure 6.

Theerrorrateof 1.25%comparesery favorablywith the
errorrates achieved by feed-forward neural networks that
have one or two hiddenlayersand are trainedto optimize
discriminationusingthe back-propagtion algorithm(seeta-
ble 1, appearingafter the references). When the detailed
connectvity of thesenetworks is not hand-craftedfor this

"No attemptwasmadeto usedifferentlearningratesor weight-
decaydor differentlayersandthelearningrateandmomentunwere
always set quite conseratively to avoid oscillations. It is highly
likely thatthe learningspeedcould be considerablyimproved by a
morecarefulchoiceof learningparameterghoughit is possiblehat
thiswould leadto worsesolutions.

8The training sethasunequalnumbersof eachclass,soimages
wereassignedandomlyto eachof the 600 mini-batches.

°To checkthat furtherlearningwould not have signi cantly im-
provedthe errorrate,the network wasthenleft runningwith avery
smalllearningrateandwith the testerror beingdisplayedafter ev-
ery epoch. After six weeksthe testerror was uctuating between
1.12%and1.31%andwas1.18%for the epochonwhich numberof
training errorswassmallest.

particulartask,the bestreportederrorratefor stochastion-
line learningwith a separatesquareckerror on eachof the 10
outputunits is 2.95%. Theseerrorratescan be reducedto
1.53%in a netwith onehiddenlayer of 800 units by using
smallinitial weights,a separateross-entrop error function
on eachoutputunit, andvery gentlelearning(JohnPlatt,per
sonalcommunication).An almostidentical resultof 1.51%
was achiezed in a netthat had 500 unitsin the rst hidden
layer and 300 in the secondhidden layer by using “soft-
max” outputunitsandaregularizerthatpenalizegshesquared
weightsby anamountthatis carefully choserusinga valida-
tion set. For comparisonpearesheighborhasa reporteder-
ror rate (http://oldmill.uchicago.eduwhilder/Mnist/) of 3.1%
if all 60,000trainingcasesreused(whichis extremelyslow)
and4.4%if 20,000areused.This canbereducedo 2.8%and
4.0%by usinganL3 norm.

Theonly standardnachinglearningtechniquehatcomes
closeto the 1.25%error rate of our generatie modelon the
basictaskis a supportvector machinewhich gives an er-
ror rate of 1.4% (Decosteand Schoellopf, 2002). But it
is hard to seehow supportvector machinescan male use
of the domain-speci ctricks, like weight-sharingand sub-
samplingwhich LeCunetal. (1998)useto improve the per
formanceof discriminatve neural networks from 1.5% to
0.95%. Thereis no obvious reasorwhy weight-sharingand
sub-samplingcannotbe usedto reducethe errorrate of the
generatie modelandwe are currentlyinvestigating this ap-
proach.Furtherimprovementsanalwaysbeachiezedby av-
eragingthe opinionsof multiple networks, but this technique
is availableto all methods.

Substantiateductionsn the errorratecanbeachiered by
supplementinghe datasetwith slightly transformedrersions
of the training data. Using one and two pixel translations
Decosteand Schoellopf (2002) achieve 0:56% Using lo-
cal elasticdeformationsin a cornvolutional neural network,
Simardet al. (2003) achieve 0:4% which is slightly better
thanthe 0:63% achiered by the besthand-codedecognition
algorithm(Belongieet al., 2002). We have not yet explored
the useof distorteddatafor learninggeneratre modelsbe-
causemary typesof distortion needto be investicgatedand
the ne-tuning algorithmis currentlytoo slow.

6.2 Testingthe network

Oneway to testthe network is to usea stochasticup-pass
from the imageto x the binary statesof the 500 units in
thelower layer of the associatie memory With thesestates
x ed,thelabelunitsaregiveninitial real-valuedactuvities of
0:1 andafew iterationsof alternatingGibbssamplingarethen
usedto activatethe correctlabelunit. This methodof testing
giveserrorratesthatarealmost1% higherthanthe ratesre-
portedabore.

A bettermethodis to rst x thebinary statesof the 500
unitsin thelower layerof theassociatie memoryandto then
turn on eachof the label unitsin turn and computethe ex-
actfreeenepgy of theresulting510componenbinaryvector
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Figure 8: Eachrow shavs 10 samplesfrom the generatie
modelwith a particularlabelclampedon. Thetop-level asso-
ciative memoryis runfor 1000iterationsof alternatingGibbs
samplingbetweersamples.

Almostall the computatiorrequiredis independentf which

labelunitis turnedon (TehandHinton,2001)andthis method
computeghe exact conditionalequilibrium distribution over

labelsinsteadof approximatingt by Gibbssamplingwhich

is whatthe previous methodis doing. This methodgiveser

ror ratesthatareabout0.5% higherthanthe onesquotedbe-

causeof the stochasticdecisionsmadein the up-pass. We

canremove this noisein two ways. The simplestis to make

the up-pasgleterministicby usingprobabilitiesof activation

in placeof stochasticdinary states. The seconds to repeat
the stochastiap-passwentytimesandaverageeitherthela-

bel probabilitiesor thelabellog probabilitiesover thetwenty
repetitionsbeforepicking the bestone. Thetwo typesof av-

eragegive almostidenticalresultsandtheseresultsare also
very similar to usinga deterministicup-passwhich wasthe

methodusedfor thereportedresults.

7 Looking into the mind of a neural network

To generatssampledrom the model,we performalternating
Gibbssamplingin thetop-level associatie memoryuntil the
Markov chaincorvergesto theequilibriumdistribution. Then
we usea samplefrom this distribution asinput to the layers
belov andgenerateanimageby a singledown-passhrough
the generatie connections.If we clampthe label unitsto a

particularclassduring the Gibbs samplingwe can seeim-

agesfrom the model’s class-conditionatlistributions. Figure
8 shawvs asequencef imagedor eachclassthatweregener

atedby allowing 1000iterationsof Gibbssamplingbetween
samples.

We canalsoinitialize the stateof the top two layersby
providing a randombinary imageasinput. Figure9 shavs
how the class-conditionaktate of the associatie memory
then evolves whenit is allowed to run freely, but with the

Figure9: Eachrow shows 10 samplesfrom the generatre
modelwith a particularlabel clampedon. The top-level as-
sociatve memoryis initialized by anup-passrom arandom
binaryimagein which eachpixel is on with a probability of
0:5. The rst columnshaows the resultsof a down-passrom
thisinitial high-level state.Subsequerntolumnsareproduced
by 20 iterationsof alternatingGibbssamplingin theassocia-
tive memory

label clamped.This internalstateis “obsened” by perform-
ing a down-passevery 20 iterationsto seewhat the associa-
tive memoryhasin mind. This useof the word “mind” is
not intendedto be metaphorical. We believe that a mental
stateis the stateof a hypothetical,externalworld in which a
high-level internal representationvould constituteveridical
perceptionThathypotheticaworld is whatthe gure shavs.

8 Conclusion

We have shavn thatit is possibleto learna deep,densely-
connectedpelief network onelayer at a time. The obvious
way to do this is to assumehatthe higherlayersdo not ex-

ist whenlearningthe lower layers,but this is not compatible
with the useof simplefactorialapproximationgo replacethe
intractableposteriodistribution. For theseapproximations$o

work well, we needthe true posteriorto be ascloseto facto-
rial aspossible.Soinsteadof ignoringthe higherlayers,we

assumehatthey exist but have tied weightswhich arecon-
strainedto implementa complementaryrior thatmakesthe
true posteriorexactly factorial. This is equivalentto having

an undirectedmodelwhich canbe learnedef ciently using
contraste divergence.It canalsobe viewed asconstained
variationallearningbecause penaltyterm— the divergence
betweenthe approximateandtrue posteriors— hasbeenre-

placedby the constraintthat the prior mustmale the varia-
tional approximatiorexact.

After eachlayer hasbeenlearned,its weightsare untied
from the weightsin higher layers. As thesehigherlevel
weightschangethe priors for lower layersceaseo be com-



plementarysothetrue posteriordistributionsin lower layers
arenolongerfactorialandtheuseof thetransposef thegen-
erative weightsfor inferenceis no longercorrect. Neverthe-
less,we canuseavariationalboundto shav thatadaptinghe
higherlevel weightsimprovesthe overall generatre model.

To demonstratehe power of our fast, greedylearning
algorithm, we usedit to initialize the weightsfor a much
slower ne-tuning algorithmthat learnsan excellentgener
ative model of digit imagesandtheir labels. It is not clear
thatthis is the bestway to usethe fast,greedyalgorithm. It
might be betterto omit the ne-tuning andusethe speedof
the greedyalgorithmto learnan ensembleof larger, deeper
networksor amuchlargertrainingset. Thenetwork in gure
1 hasaboutasmary parametersas 0:002 cubic millimeters
of mousecortex (HoraceBarlow, pers. comm), and several
hundrednetworks of this compleity could t within a sin-
gle voxel of a high resolutionfMRI scan.This suggestshat
muchbiggernetworks may be requiredto competewith hu-
manshaperecognitionabilities.

Ourcurrentgeneratie modelis limited in mary ways(Lee
andMumford, 2003).1t is designedor imagesn whichnon-
binaryvaluescanbetreatedasprobabilities(whichis notthe
casefor naturalimages)its useof top-davn feedbackduring
perceptioris limited to theassociatie memoryin thetop two
layers;it doesnot have a systematiavay of dealingwith per
ceptualinvariancesijt assumeshatsegmentatiorhasalready
beenperformedandit doesnotlearnto sequentiallyattendto
the mostinformative partsof objectswhendiscriminationis
dif cult. It does,however, illustrate someof the major ad-
vantage®of generatie modelsascomparedo discriminatve
ones:

1. Generatie modelscan learn low-level featureswith-
out requiring feedbackfrom the label and they can
learnmary more parametershandiscriminatve mod-
elswithoutover tting. In discriminatie learning,each
trainingcaseonly constraingheparameterby asmary
bits of informationasarerequiredto specifythelabel.
For a generatre model, eachtraining caseconstrains
the parameterdy the numberof bits requiredto spec-
ify theinput.

2. It is easyto seewhatthenetwork haslearnedby gener
atingfrom its model.

3. It is possibleto interpretthe non-linear distributedrep-
resentations thedeephiddenlayersby generatingm-
agesfrom them.

4. The superiorclassi cation performanceof discrimina-
tive learningmethodsonly holdsfor domainsin which
it is notpossibleto learna goodgeneratre model. This
setof domainss beingerodedoy Moore's law.
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9 Tables

Tablel: Theerrorratesof variouslearningalgorithmsonthe MNIST digit recognitiontask. Seetext for details.

| Versionof MNIST task | Learningalgorithm | Testerror% |
permutation-imariant Our generatre model 1.25
784 >500 >500< >2000< >10
permutation-imariant SupportVectorMachine 1.4
degree9 polynomialkernel
permutation-imariant | Backprop784 >500 >300 >10 1.51
cross-entrop & weight-decay
permutation-imariant Backprop784 >800 >10 1.53
cross-entrop & earlystopping
permutation-imariant | Backprop784 >500 >150 >10 2.95
squareckrror& on-lineupdates
permutation-imariant NearesiNeighbor 2.8
All 60,000examples& L3 norm
permutation-imariant NearesiNeighbor 3.1
All 60,000examples& L2 norm
permutation-imariant NearesiNeighbor 4.0
20,000examples& L3 norm
permutation-imariant NearesiNeighbor 4.4
20,000examples& L2 norm
unpermutedmages Backprop 0.4
extra datafrom cross-entrop & early-stopping
elasticdeformations convolutionalneuralnet
unpermutedieslewed Virtual SVM 0.56
imagesgxtradata degree9 polynomialkernel
from 2 pixel transl.
unpermutedmages Shape-contd features 0.63
hand-codednatching
unpermutedmages Backpropin LeNet5 0.8
extra datafrom cornvolutionalneuralnet
afne transformations
Unpermutedmages Backpropin LeNet5 0.95
convolutionalneuralnet




10 Appendix

A Complementary Priors

General complementarity

Considera joint distribution over obsenables x, andhiddenvariablesy . For agivenlikelihoodfunction,P (xjy), we de ne
the correspondindamily of complementarypriorsto be thosedistributions,P (y), for which the joint distribution, P(x;y) =
B(ij)P(y), leadsto posteriorsP (yjx), thatexactly factorise,i.e. leadsto a posteriorthat canbe expressedasP (yjx) =

i P(yjix).

Not all functionalformsof likelihoodadmita complementaryrior. In thisappendixwe will shav thatthefollowing family
constitutesll likelihoodfunctionsadmittinga complementaryprior:

0 1
: 1 X
Pidy) = 5ep@ ey + (0A
0 ’ 1
X
= ep@ (Gy)+ (x) log (y)A (11)

J

where is thenormalisatiorterm. For this assertiorto hold we needto assumeositivity of distributions:thatbothP (y) > 0
andP (xjy) > Ofor everyvalueof y andx. Thecorrespondindgamily of complementarpriorsthenassumeheform:

0 1

1 X
P(y)= cexp@og (y)+  j()A (12)

j
whereC is a constanto ensurenormalisation.This combinationof functionalformsleadsto the following expressiorfor the

joint: 0 1
1 X X

POGY)= cexp@ 06y + 00+ j(y)A (13)

j j

To prove our assertionwe needto shav that every likelihood function of the form in Eq. 11 admitsa complementary
prior, andalsothatcomplementaritympliesthe functionalform in Eq. 11. Firstly, it canbedirectly veri ed thatEq. 12is a
complementaryrior for thelikelihoodfunctionsof Eq. 11. To show thecorverse let usassumehatP (y) is acomplementary
prior for somelikelihoodfunctionP (xjy). Noticethatthefactorialform of the posteriorsimply meanghatthejoint distribution
P(x;y) = P(y)P(xjy) satis esthefollowing setof conditionalindependenciesy; ?? yy jx for everyj 6 k. This setof
conditionalindependenciess exactly thosesatis ed by an undirectedgraphicalmodelwith an edgebetweenevery hidden
variableand obsenred variableand amongall obsenred variables(Pearl,1988). By the Hammerslg-Clifford Theorem,and
usingour positivity assumptionthejoint distribution mustbe of theform of Eq. 13, andtheformsfor thelikelihoodfunction
Eq.11 andprior Eq. 12 follow from this.

Complementarity for in nite stacks

We now considera subsebf modelsof the form in Eq. 13 for which thelikelihoodalsofactorises.This meansthatwe now
have two setsof conditionalindependencies:
Y
P(xijy) (14)
Yoo
P(y;ix) (15)
j

P(xjy)

P(yix)

This conditionis usefulfor our constructiorof thein nite stackof directedgraphicalmodels.

Identifying the conditionalindependenciem Eq. 14 and 15 asthosesatis ed by a completebipartite undirectedgraph-
ical model, and acain using the Hammerslg-Clifford Theorem(assumingpositiity), we seethat the following form fully



characteriseall joint distributionsof interest,

0 1
1 X X X
P(x;y) = Z exp@ i (Xisyj)+ i(xi) + P (y)A (16)
B i i
while thelik elihoodfunctionstake on theform,
0 1
. X X
P(xjy) = exp@ i (Xiy) + i(xi) log (y)A (17)

H] i

Althoughit is notimmediatelyolvious, the mamginal distribution over the obserables x, in Eq. 16 canalsobe expressed
asanin nite directedmodelin whichthe parametersle ning the conditionaldistributionsbetweerayersaretied together

An intuitive way of validatingof this assertions asfollows. Considemneof the methodsby which we mightdrav samples
from the mauginal distribution P (x) implied by Eq. 16. Startingfrom an arbitrary con guration of y we would iteratively
perform Gibbssamplingusing,in alternation the distributionsgivenin Eq. 14 and15. If we run this Markov chainfor long
enoughthen,sinceour positivity assumptiongnsurethatthe chainmixesproperly we will eventuallyobtainunbiasedsamples
from thejoint distribution givenin Eq. 16.

Now let usimaginethatwe unroll this sequencef Gibbsupdatesn space— suchthatwe considereachparallelupdateof
thevariablesto constitutestatesof a separatdayerin a graph. This unrolledsequencef stateshasa purelydirectedstructure
(with conditionaldistributionstakingtheform of Eq. 14 and15in alternation) By equivalenceto the Gibbssamplingscheme,
aftermary layersin suchanunrolledgraph,adjacenpairsof layerswill have ajoint distribution asgivenin Eg. 16.

We can formalize this intuition for unrolling the graphasfollows. The basicideais to constructa joint distribution by
unrolling agraph“upwards” (i.e. moving away from the data-layetto successiely deepemiddenlayers),sothatwe canputa
well-de ned distribution over anin nite stackof variables.Thenwe verify somesimple maginal and conditionalproperties
of this joint distribution, andshav thatour constructionis the sameasthatobtainedby unrolling the graphdowvnwardsfrom a
very deeplayer.

Letx = x@;y = y©@ . x@,yD . x@.y@:::: beasequencéstack)of variablesthe rst two of which areidenti ed as

our original obsered and hiddenvariables,while x() andy () areinterpretedas a sequencef successiely deeperayers.
First,de ne thefunctions

0 1
1 X X X
FGy) = Zexp@ 5 0y + i)+ i (Y))A (18)
B i j
X
fx(xd= f(x%9 (19)
%0
fy(y9= f(x%9 (20)
o (x9y9 = f (x%y9=f,(y9 (21)
gy (y9Ix9 = £ (x%y9=f, (x9 (22)

over dummyvariablesy % x°. Now de ne ajoint distribution over our sequencef variables(assumingrst-order Markovian
dependeny) asfollows:

P(x@;y©@)=f(x@;y©®) (23)
PxMjy® V) = g(xVjy" V) =120 (24)
P(y®ixM) = g,(yVjx®) =120 (25)
We verify by inductionthatthe distribution hasthe following maminal distributions:
P(x) = f(x®) i= 012 (26)
P(y®) =f,(y®) =012 (27)



Fori = Othisis givenby de nition of thedistributionin Eq.23 andby Egs.19and20. Fori > 0, we have:
f(X(|),y(| 1))

X
My = iy 1) (i Dy =

y(i D y(i D

fyy® D) = F(xO) (28)

andsimilarly for P (y (). Now we seethatthefollowing “downward” conditionaldistributionsalsohold true:
P(x(jy®) = P(xyM)=P(y®) = g (xVjy V) (29)
POOx(™) = Py ix(™)=p(x (") = g,(yjx ") (30)
Soour joint distribution over the stackof variablesalsogivesthe unrolledgraphin the “downward” direction,sincethe con-

ditional distributionsin Eq. 29 and 30 arethe sameasthoseusedto generatea samplein a downwardspassandthe Markov
chainmixes.

Inferencein this in nite stackof directedgraphsis equivalentto inferencein the joint distribution over the sequencef
variables. In otherwords, given x© we cansimply usethe de nition of the joint distribution Egs. 23, 24 and 25 to obtain
a samplefrom the posteriorsimply by samplingy @ jx©@ | x@ jy© y@jx@ - This directly shavs that our inference
procedurds exactfor theunrolledgraph.

B Pseudo-Codd-or Up-Down Algorithm

We now present'MATLAB-style” pseudo-codéor animplementatiorof the up-davn algorithmdescribedn section5 and
usedfor back- tting. (This methodis a contrastve versionof thewake-sleepalgorithm(Hinton etal., 1995).)

The codeoutlinedbelon assumesa network of thetypeshavn in Figurel with visible inputs,labelnodes andthreelayers
of hiddenunits. Before applyingthe up-davn algorithm,we would rst performlayerwise greedytraining asdescribedn
sections3 and4.

\% UP-DOWNALGORITHM

\%

\% the data and all biases are row vectors.

\% the generative model is: lab <--> top <--> pen --> hid --> Vvis

\% the number of units in layer foo is numfoo

\% weight matrices have names fromlayer_tolayer

\% "rec" is for recognition biases and "gen" is for generative biases.
\% for simplicity, the same learning rate, r, is used everywhere.

\% PERFORMA BOTTOM-UPPASS TO GET WAKE/POSITIVE PHASE PROBABILITIES
\% AND SAMPLE STATES

wakehidprobs = logistic(data*vishid + hidrecbiases);

wakehidstates = wakehidprobs > rand(1, numhid);

wakepenprobs = logistic(wakehidstates*hidpen + penrechiases);

wakepenstates = wakepenprobs > rand(1, numpen);

postopprobs = logistic(wakepenstates*pentop + targets*labtop + topbiases);
postopstates = waketopprobs > rand(1, numtop));

\% POSITIVE PHASE STATISTICS FOR CONTRASTIVEDIVERGENCE
poslabtopstatistics = targets’ * waketopstates;
pospentopstatistics = wakepenstates' * waketopstates;

\% PERFORMumCDiters GIBBS SAMPLING ITERATIONS USING THE TOP LEVEL
\% UNDIRECTEDASSOCIATIVE MEMORY

negtopstates = waketopstates; \% to initialize loop

for iter=1:numCDiters
negpenprobs = logistic(negtopstates*pentop’ + pengenbiases);
negpenstates = negpenprobs > rand(1, numpen);

neglabprobs softmax(negtopstates*labtop’ + labgenbiases);
negtopprobs logistic(negpenstates*pentop+neglabprobs*labtop+topbiases);
negtopstates = negtopprobs > rand(1, numtop));



end;

\% NEGATIVE PHASE STATISTICS FOR CONTRASTIVEDIVERGENCE
negpentopstatistics = negpenstates*negtopstates;
neglabtopstatistics = neglabprobs*negtopstates;

\% STARTING FROMTHE END OF THE GIBBS SAMPLING RUN, PERFORMA
\% TOP-DOWNGENERATIVEPASS TO GET SLEEP/NEGATIVE PHASE PROBABILITIES
\% AND SAMPLE STATES

sleeppenstates = negpenstates;

sleephidprobs = logistic(sleeppenstates*penhid + hidgenbiases);
sleephidstates = sleephidprobs > rand(1, numhid);

sleepvisprobs = logistic(sleephidstates*hidvis + visgenbiases);
\% PREDICTIONS

psleeppenstates = logistic(sleephidstates*hidpen + penrecbiases);
psleephidstates = logistic(sleepvisprobs*vishid + hidrecbiases);
pvisprobs = logistic(wakehidstates*hidvis + visgenbiases);
phidprobs = logistic(wakepenstates*penhid + hidgenbiases);

\% UPDATESTO GENERATIVEPARAMETERS

-hidvis = hidvis + r*poshidstates*(data-pvisprobs);
visgenbiases = visgenbiases + r*(data - pvisprobs);

penhid = penhid + r*wakepenstates*(wakehidstates-phidprobs);
hidgenbiases = hidgenbiases + r*(wakehidstates - phidprobs);
\% UPDATESTO TOP LEVEL ASSOCIATIVE MEMORYARAMETERS

labtop = labtop + r*(poslabtopstatistics-neglabtopstatistics);

labgenbiases = labgenbiases + r*(targets - neglabprobs);

pentop = pentop + r*(pospentopstatistics - negpentopstatistics);
pengenbiases = pengenbiases + r*(wakepenstates - negpenstates);
topbiases = topbiases + r*(waketopsates - negtopstates);
\%UPDATESTO RECOGNITION/INFERENCEAPPROXIMATIONPARAMETERS
hidpen = hidpen + r*(sleephidstates*(sleeppenstates-psleeppenstates));
penrechiases = penrechiases + r*(sleeppenstates-psleeppenstates);
vishid = vishid + r*(sleepvisprobs™(sleephidstates-psleephidstates));

hidrecbiases = hidrecbiases + r*(sleephidstates-psleephidstates);



