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Abstract

We show how to use“complementarypriors” to
eliminatethe explaining away effects that make
inference dif�cult in densely-connectedbelief
netsthat have many hiddenlayers. Using com-
plementarypriors,we derive a fast,greedyalgo-
rithmthatcanlearndeep,directedbeliefnetworks
one layer at a time, provided the top two lay-
ersform anundirectedassociative memory. The
fast,greedyalgorithmisusedto initializeaslower
learningprocedurethat�ne-tunestheweightsus-
ing a contrastive versionof thewake-sleepalgo-
rithm. After �ne-tuning, a network with three
hiddenlayersformsaverygoodgenerativemodel
of the joint distribution of handwrittendigit im-
agesandtheir labels.Thisgenerativemodelgives
betterdigit classi�cation than the bestdiscrimi-
native learningalgorithms.Thelow-dimensional
manifoldsonwhichthedigits lie aremodelledby
long ravines in the free-energy landscapeof the
top-level associative memoryandit is easyto ex-
ploretheseravinesby usingthedirectedconnec-
tionsto displaywhattheassociative memoryhas
in mind.

1 Intr oduction

Learningis dif�cult in densely-connected,directedbeliefnets
thathavemany hiddenlayersbecauseit is dif�cult to infer the
conditionaldistribution of thehiddenactivities whengivena
datavector. Variationalmethodsusesimpleapproximations
to the true conditionaldistribution, but the approximations
may be poor, especiallyat the deepesthiddenlayer where
the prior assumesindependence.Also, variationallearning
still requiresall of theparametersto be learnedtogetherand
makesthelearningtimescalepoorlyasthenumberof param-
etersincreases.

We describea model in which the top two hiddenlayers
form anundirectedassociativememory(see�gure 1) andthe
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remaininghiddenlayersform a directedacyclic graphthat
converts the representationsin the associative memoryinto
observablevariablessuchasthepixelsof animage.This hy-
brid modelhassomeattractive features:

1. Thereis a fast,greedylearningalgorithmthatcan�nd
a fairly good set of parametersquickly, even in deep
networkswith millions of parametersandmany hidden
layers.

2. The learningalgorithmis unsupervisedbut canbe ap-
plied to labeleddataby learningamodelthatgenerates
boththelabelandthedata.

3. Thereis a �ne-tuning algorithm that learnsan excel-
lent generative model which outperformsdiscrimina-
tive methodson the MNIST databaseof hand-written
digits.

4. Thegenerativemodelmakesit easyto interpretthedis-
tributedrepresentationsin thedeephiddenlayers.

5. Theinferencerequiredfor formingaperceptis bothfast
andaccurate.

6. The learning algorithm is local: adjustmentsto a
synapsestrengthdependonly on the statesof the pre-
synapticandpost-synapticneuron.

7. The communicationis simple: neuronsonly needto
communicatetheir stochasticbinarystates.

Section2 introducesthe ideaof a “complementary”prior
which exactly cancelsthe “explaining away” phenomenon
thatmakesinferencedif�cult in directedmodels.An exam-
ple of a directedbelief network with complementarypriors
is presented.Section3 shows the equivalencebetweenre-
strictedBoltzmannmachinesand in�nite directednetworks
with tiedweights.

Section 4 introducesa fast, greedy learning algorithm
for constructingmulti-layer directednetworks one layer at
a time. Usinga variationalboundit shows thataseachnew
layer is added,the overall generative model improves. The
greedyalgorithmbearssomeresemblanceto boostingin its
repeateduseof the same“weak” learner, but insteadof re-
weightingeachdata-vectorto ensurethatthenext steplearns
somethingnew, it re-representsit. The “weak” learnerthat
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Figure1: The network usedto model the joint distribution
of digit imagesanddigit labels. In this paper, eachtraining
caseconsistsof animageandanexplicit classlabel,but work
in progresshasshown that the samelearningalgorithmcan
beusedif the “labels” arereplacedby a multilayerpathway
whoseinputsarespectrogramsfrom multipledifferentspeak-
erssayingisolateddigits. Thenetwork thenlearnsto generate
pairsthatconsistof animageanda spectrogramof thesame
digit class.

is usedto constructdeepdirectednetsis itself anundirected
graphicalmodel.

Section5 shows how the weights producedby the fast
greedyalgorithmcanbe �ne-tuned usingthe “up-down” al-
gorithm. This is a contrastive versionof the wake-sleepal-
gorithm Hinton et al. (1995) that doesnot suffer from the
“mode-averaging”problemsthatcancausethewake-sleepal-
gorithmto learnpoorrecognitionweights.

Section6 shows the patternrecognitionperformanceof
a network with three hidden layers and about 1.7 million
weightson the MNIST setof handwrittendigits. Whenno
knowledgeof geometryis provided and thereis no special
preprocessing,thegeneralizationperformanceof thenetwork
is 1.25%errorsonthe10; 000digit of�cial testset.Thisbeats
the 1.5% achieved by the bestback-propagation netswhen
they arenot hand-craftedfor this particularapplication.It is
alsoslightly betterthanthe1.4%errorsreportedby Decoste
and Schoelkopf (2002) for supportvector machineson the
sametask.

Finally, section7 shows whathappensin themind of the
network whenit is runningwithout beingconstrainedby vi-
sualinput. Thenetwork hasa full generative model,so it is
easyto look into its mind– wesimplygenerateanimagefrom
its high-level representations.

Throughoutthepaper, we will considernetscomposedof

Figure2: A simple logistic belief net containingtwo inde-
pendent,rarecausesthatbecomehighly anti-correlatedwhen
weobserve thehousejumping.Thebiasof � 10ontheearth-
quakenodemeansthat,in theabsenceof any observation,this
nodeis e10 timesmorelikely to beoff thanon. If theearth-
quakenodeis onandthetrucknodeis off, thejumpnodehas
a total input of 0 which meansthat it hasanevenchanceof
beingon. Thisis amuchbetterexplanationof theobservation
that the housejumpedthanthe oddsof e� 20 which apply if
neitherof thehiddencausesis active. But it is wastefulto turn
on bothhiddencausesto explain theobservationbecausethe
probabilityof thembothhappeningis e� 10 � e� 10 = e� 20.
Whentheearthquakenodeis turnedonit “explainsaway” the
evidencefor thetrucknode.

stochasticbinaryvariablesbut theideascanbegeneralizedto
othermodelsin which the log probabilityof a variableis an
additive functionof thestatesof its directly-connectedneigh-
bours(seeAppendixA for details).

2 Complementarypriors

Thephenomenonof explainingaway (illustratedin �gure 2)
makes inferencedif�cult in directedbelief nets. In densely
connectednetworks, the posteriordistribution over the hid-
denvariablesis intractableexceptin a few specialcasessuch
as mixture modelsor linear modelswith additive Gaussian
noise.Markov ChainMonteCarlomethods(Neal,1992)can
be usedto samplefrom the posterior, but they aretypically
very timeconsuming.Variationalmethods(NealandHinton,
1998) approximatethe true posteriorwith a more tractable
distributionandthey canbeusedto improvealowerboundon
the log probabilityof the trainingdata. It is comfortingthat
learningis guaranteedto improve a variationalboundeven
whenthe inferenceof the hiddenstatesis doneincorrectly,
but it would bemuchbetterto �nd a way of eliminatingex-
plainingaway altogether, evenin modelswhosehiddenvari-
ableshave highly correlatedeffectson the visible variables.
It is widely assumedthatthis is impossible.

A logistic belief net(Neal,1992)is composedof stochas-
tic binary units. Whenthe net is usedto generatedata,the



probability of turning on unit i is a logistic function of the
statesof its immediateancestors,j , andof theweights,wij ,
on thedirectedconnectionsfrom theancestors:

p(si = 1) =
1

1 + exp(� bi �
P

j sj wij )
(1)

wherebi is the bias of unit i . If a logistic belief net only
hasonehiddenlayer, the prior distribution over the hidden
variablesis factorial becausetheir binary statesare chosen
independentlywhenthemodelis usedto generatedata.The
non-independencein the posteriordistribution is createdby
the likelihoodtermcomingfrom thedata.Perhapswe could
eliminateexplaining away in the �rst hiddenlayer by using
extra hiddenlayersto createa “complementary”prior that
hasexactly the oppositecorrelationsto thosein the likeli-
hoodterm. Then,whenthe likelihoodterm is multiplied by
theprior, we will geta posteriorthatis exactly factorial.It is
notatall obviousthatcomplementarypriorsexist,but �gure 3
shows a simpleexampleof anin�nite logistic belief netwith
tied weightsin which thepriorsarecomplementaryat every
hiddenlayer(seeAppendixA for amoregeneraltreatmentof
theconditionsunderwhichcomplementarypriorsexist). The
useof tied weightsto constructcomplementarypriors may
seemlike a meretrick for making directedmodelsequiva-
lent to undirectedones. As we shall see,however, it leads
to a novel and very ef�cient learningalgorithm that works
by progressively untying the weightsin eachlayer from the
weightsin higherlayers.

2.1 An in�nite dir ectedmodelwith tied weights

We can generatedata from the in�nite directednet in �g-
ure3 by startingwith a randomcon�gurationat anin�nitely
deephiddenlayer1 andthenperforminga top-down “ances-
tral” passin which thebinarystateof eachvariablein a layer
is chosenfrom the Bernoulli distribution determinedby the
top-down input coming from its active parentsin the layer
above. In this respect,it is just likeany otherdirectedacyclic
belief net. Unlike otherdirectednets,however, we cansam-
ple from thetrueposteriordistribution over all of thehidden
layersby startingwith a datavectoron thevisible unitsand
then using the transposedweight matricesto infer the fac-
torial distributionsover eachhiddenlayer in turn. At each
hiddenlayer we samplefrom the factorial posteriorbefore
computingthe factorialposteriorfor the layer above2. Ap-
pendixA shows that this proceduregivesunbiasedsamples
becausethe complementaryprior at eachlayer ensuresthat
theposteriordistribution really is factorial.

Sincewecansamplefrom thetrueposterior, wecancom-
pute the derivatives of the log probability of the data. Let

1Thegenerationprocessconvergesto thestationarydistribution
of the Markov Chain, so we needto start at a layer that is deep
comparedwith thetime it takesfor thechainto reachequilibrium.

2This is exactly thesameasthe inferenceprocedureusedin the
wake-sleepalgorithm(Hintonetal., 1995)for themodelsdescribed
in this paperno variationalapproximationis requiredbecausethe
inferenceproceduregivesunbiasedsamples.

usstartby computingthederivative for a generative weight,
w00

ij , from aunit j in layerH 0 to unit i in layerV0 (see�gure
3). In a logistic belief net, themaximumlikelihoodlearning
rule for asingledata-vector, v 0, is:

@logp(v 0)
@w00

ij
= < h0

j (v0
i � v̂0

i )> (2)

where< �> denotesan averageover the sampledstatesand
v̂0

i is theprobabilitythatunit i wouldbeturnedon if thevisi-
ble vectorwasstochasticallyreconstructedfrom thesampled
hiddenstates.Computingthe posteriordistribution over the
secondhiddenlayer, V1, from thesampledbinarystatesin the
�rst hiddenlayer, H0, is exactly the sameprocessasrecon-
structingthedata,sov1

i is asamplefrom aBernoulli random
variablewith probability v̂0

i . The learningrule cantherefore
bewrittenas:

@logp(v 0)
@w00

ij
= < h0

j (v0
i � v1

i )> (3)

Thedependenceof v1
i on h0

j is unproblematicin thederiva-
tion of Eq. 3 from Eq. 2 becausêv0

i is anexpectationthat is
conditionalon h0

j . Sincethe weightsarereplicated,the full
derivativefor agenerativeweightis obtainedby summingthe
derivativesof thegenerativeweightsbetweenall pairsof lay-
ers:

@logp(v 0)
@wij

= < h0
j (v0

i � v1
i )>

+ < v1
i (h0

j � h1
j )>

+ < h1
j (v1

i � v2
i )>

+ ::: (4)

All of theverticallyalignedtermscancelleaving theBoltz-
mannmachinelearningruleof Eq. 5.

3 RestrictedBoltzmann machinesand
contrastivedivergencelearning

It may not be immediatelyobvious that the in�nite directed
net in �gure 3 is equivalent to a RestrictedBoltzmannMa-
chine (RBM). An RBM hasa single layer of hiddenunits
which arenot connectedto eachotherandhave undirected,
symmetricalconnectionsto a layerof visible units. To gen-
eratedatafrom an RBM, we can start with a randomstate
in oneof thelayersandthenperformalternatingGibbssam-
pling: All of the units in one layer are updatedin parallel
giventhecurrentstatesof theunitsin theotherlayerandthis
is repeateduntil thesystemis samplingfrom its equilibrium
distribution. Notice that this is exactly the sameprocessas
generatingdatafrom thein�nite belief netwith tied weights.
To performmaximumlikelihoodlearningin anRBM, wecan
usethedifferencebetweentwo correlations.For eachweight,
wij , betweenavisibleunit i andahiddenunit, j wemeasure
the correlation< v0

i h0
j > when a datavector is clampedon
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Figure3: An in�nite logisticbeliefnetwith tiedweights.The
downward arrows representthe generative model. The up-
ward arrows arenot part of the model. They representthe
parametersthat areusedto infer samplesfrom the posterior
distributionateachhiddenlayerof thenetwhenadatavector
is clampedonV0.

thevisible unitsandthehiddenstatesaresampledfrom their
conditionaldistribution, which is factorial. Then,usingal-
ternatingGibbssampling,werun theMarkov chainshown in
�gure 4 until it reachesits stationarydistributionandmeasure
thecorrelation< v1

i h1
j > . Thegradientof thelog probability

of thetrainingdatais then

@logp(v 0)
@wij

= < v0
i h0

j > � < v1
i h1

j > (5)

This learningrule is the sameas the maximumlikelihood
learning rule for the in�nite logistic belief net with tied
weights, and eachstep of Gibbs samplingcorrespondsto
computingthe exact posteriordistribution in a layer of the
in�nite logisticbeliefnet.

Maximizing the log probability of the data is exactly
the sameas minimizing the Kullback-Leibler divergence,
K L(P0jjP1

� ), betweenthedistribution of thedata,P 0, and
the equilibrium distribution de�ned by the model, P 1

� . In
contrastive divergencelearning(Hinton, 2002),we only run
theMarkov chainfor n full steps3 beforemeasuringthesec-
ondcorrelation.This is equivalentto ignoringthederivatives

3Eachfull stepconsistsof updatingh given v thenupdatingv
givenh.
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Figure4: This depictsa Markov chainthat usesalternating
Gibbssampling.In onefull stepof Gibbssampling,thehid-
denunitsin thetop layerareall updatedin parallelby apply-
ing Eq. 1 to the inputsreceived from the the currentstates
of thevisible units in thebottomlayer, thenthevisible units
areall updatedin parallelgiventhecurrenthiddenstates.The
chainis initialized by settingthe binary statesof the visible
units to bethesameasa data-vector. Thecorrelationsin the
activitiesof avisibleandahiddenunit aremeasuredafterthe
�rst updateof the hiddenunits and again at the end of the
chain. Thedifferenceof thesetwo correlationsprovidesthe
learningsignalfor updatingtheweighton theconnection.

thatcomefrom thehigherlayersof thein�nite net. Thesum
of all theseignoredderivatives is the derivative of the log
probability of the posteriordistribution in layer Vn , which
is alsothederivative of theKullback-Leiblerdivergencebe-
tweentheposteriordistributionin layerVn , Pn

� , andtheequi-
librium distribution de�ned by themodel. Socontrastive di-
vergencelearningminimizesthedifferenceof two Kullback-
Leiblerdivergences:

K L(P0jjP1
� ) � K L(Pn

� jjP1
� ) (6)

Ignoringsamplingnoise,this differenceis never negative
becauseGibbssamplingis usedto produceP n

� from P0 and
Gibbssamplingalwaysreducesthe Kullback-Leiblerdiver-
gencewith theequilibriumdistribution. It is importantto no-
tice that P n

� dependson the currentmodel parametersand
the way in which P n

� changesas the parameterschangeis
beingignoredby contrastive divergencelearning.This prob-
lemdoesnotarisewith P 0 becausethetrainingdatadoesnot
dependon theparameters.An empiricalinvestigationof the
relationshipbetweenthe maximumlikelihood and the con-
trastive divergencelearningrulescanbe found in Carreira-
PerpinanandHinton (2005).

Contrastive divergencelearningin a restrictedBoltzmann
machineis ef�cient enoughto bepractical(MayrazandHin-
ton, 2001). Variationsthat usereal-valuedunits anddiffer-
entsamplingschemesaredescribedin Tehet al. (2003)and
have beenquitesuccessfulfor modelingtheformationof to-
pographicmaps(Welling et al., 2003),for denoisingnatural
images(RothandBlack, 2005)or imagesof biologicalcells
(Ning et al., 2005). Marks andMovellan (2001)describea
way of usingcontrastive divergenceto performfactoranaly-
sisandWellingetal. (2005)show thatanetworkwith logistic,
binaryvisible unitsandlinear, Gaussianhiddenunitscanbe
usedfor rapid documentretrieval. However, it appearsthat



theef�ciency hasbeenboughtat a high price: Whenapplied
in the obvious way, contrastive divergencelearningfails for
deep,multilayernetworkswith differentweightsateachlayer
becausethesenetworkstake far too longevento reachcondi-
tional equilibriumwith aclampeddata-vector. Wenow show
thattheequivalencebetweenRBM'sandin�nite directednets
with tied weightssuggestsanef�cient learningalgorithmfor
multilayernetworksin which theweightsarenot tied.

4 A greedylearning algorithm for
transforming representations

An ef�cient way to learna complicatedmodelis to combine
asetof simplermodelsthatarelearnedsequentially. To force
eachmodelin thesequenceto learnsomethingdifferentfrom
the previous models,the datais modi�ed in someway after
eachmodel hasbeenlearned. In boosting(Freund,1995),
eachmodelin thesequenceis trainedonre-weighteddatathat
emphasizesthecasesthattheprecedingmodelsgotwrong.In
oneversionof principalcomponentsanalysis,thevariancein
amodeleddirectionis removedthusforcingthenext modeled
direction to lie in the orthogonalsubspace(Sanger,1989).
In projectionpursuit(FriedmanandStuetzle,1981),thedata
is transformedby nonlinearlydistortingonedirectionin the
data-spaceto remove all non-Gaussianityin that direction.
Theideabehindour greedyalgorithmis to allow eachmodel
in the sequenceto receive a different representationof the
data.Themodelperformsa non-lineartransformationon its
input vectorsandproducesasoutputthevectorsthatwill be
usedasinput for thenext modelin thesequence.

Figure5 showsamultilayergenerativemodelin whichthe
top two layersinteractvia undirectedconnectionsandall of
the otherconnectionsaredirected. The undirectedconnec-
tionsatthetopareequivalentto having in�nitely many higher
layerswith tiedweights.Therearenointra-layerconnections
and,to simplify theanalysis,all layershavethesamenumber
of units. It is possibleto learnsensible(thoughnot optimal)
valuesfor theparametersW 0 by assumingthat theparame-
tersbetweenhigherlayerswill beusedto constructacomple-
mentaryprior for W 0. This is equivalentto assumingthatall
of theweightmatricesareconstrainedto beequal.The task
of learningW 0 underthis assumptionreducesto thetaskof
learninganRBM andalthoughthis is still dif�cult, goodap-
proximatesolutionscanbefoundrapidlyby minimizingcon-
trastive divergence.OnceW 0 hasbeenlearned,thedatacan
be mappedthroughW T

0 to createhigher-level “data” at the
�rst hiddenlayer.

If the RBM is a perfectmodel of the original data, the
higher-level “data” will alreadybemodeledperfectlyby the
higher-level weight matrices.Generally, however, the RBM
will not be ableto modelthe original dataperfectlyandwe
can make the generative model better using the following
greedyalgorithm:

1. LearnW 0 assumingall theweightmatricesaretied.

2. FreezeW 0 andcommitourselvesto usingW T
0 to infer

Figure5: A hybrid network. The top two layershave undi-
rectedconnectionsandform anassociativememory. Thelay-
ers below have directed,top-down, generative connections
that can be usedto map a stateof the associative memory
to animage.Therearealsodirected,bottom-up,recognition
connectionsthatareusedto infer a factorialrepresentationin
onelayerfrom thebinaryactivities in thelayerbelow. In the
greedyinitial learningtherecognitionconnectionsaretied to
thegenerative connections.

factorial approximateposteriordistributions over the
statesof the variablesin the �rst hiddenlayer, even if
subsequentchangesin higher level weightsmeanthat
this inferencemethodis no longercorrect.

3. Keepingall the higher weight matricestied to each
other, but untiedfrom W 0, learnanRBM modelof the
higher-level “data” thatwasproducedby usingW T

0 to
transformtheoriginaldata.

If this greedyalgorithmchangesthe higher-level weight
matrices,it is guaranteedto improve the generative model.
As shown in (NealandHinton,1998),thenegative log prob-
ability of a singledata-vector, v 0, underthemultilayergen-
erative modelis boundedby a variationalfreeenergy which
is theexpectedenergy undertheapproximatingdistribution,
Q(h0jv 0), minusthe entropy of that distribution. For a di-
rectedmodel, the “energy” of the con�guration v 0; h0 is
givenby:

E(v 0; h0) = �
�
logp(h0) + logp(v 0jh0)

�
(7)

Sotheboundis:

logp(v 0) �
X

all h 0

Q(h0jv 0)
�
logp(h0) + logp(v 0jh0)

�

�
X

all h 0

Q(h0jv 0) logQ(h0jv 0) (8)



whereh0 is abinarycon�gurationof theunitsin the�rst hid-
denlayer, p(h0) is theprior probabilityof h0 underthecur-
rent model(which is de�ned by the weightsabove H 0) and
Q(�jv 0) is any probability distribution over the binary con-
�gurations in the �rst hiddenlayer. The boundbecomesan
equalityif andonly if Q(�jv 0) is the true posteriordistribu-
tion.

Whenall of theweightmatricesaretied together, thefac-
torial distribution over H 0 producedby applying W T

0 to a
data-vector is the true posteriordistribution, so at step2 of
the greedyalgorithmlogp(v 0) is equalto the bound. Step
2 freezesboth Q(�jv 0) and p(v 0jh0) and with theseterms
�x ed,thederivativeof theboundis thesameasthederivative
of X

all h 0

Q(h0jv 0) logp(h0) (9)

Somaximizingtheboundw.r.t. theweightsin thehigherlay-
ersis exactly equivalentto maximizingthelog probabilityof
a datasetin which h0 occurswith probability Q(h0jv 0). If
theboundbecomestighter, it is possiblefor logp(v 0) to fall
even thoughthe lower boundon it increases,but logp(v 0)
cannever fall below its valueat step2 of the greedyalgo-
rithm becausethe boundis tight at this point andthe bound
alwaysincreases.

The greedyalgorithmcanclearly be appliedrecursively,
soif weusethefull maximumlikelihoodBoltzmannmachine
learningalgorithmto learneachsetof tied weightsandthen
we untie thebottomlayerof thesetfrom theweightsabove,
we can learn the weightsone layer at a time with a guar-
antee4 thatwe will never decreasethe log probabilityof the
dataunderthefull generative model. In practice,we replace
maximumlikelihoodBoltzmannmachinelearningalgorithm
by contrastive divergencelearningbecauseit workswell and
is muchfaster. The useof contrastive divergencevoids the
guarantee,but it is still reassuringto know that extra layers
areguaranteedto improve imperfectmodelsif we learneach
layerwith suf�cient patience.

To guaranteethat the generative model is improved by
greedily learningmore layers, it is convenient to consider
modelsin whichall layersarethesamesizesothatthehigher-
level weightscanbe initialized to the valueslearnedbefore
they areuntiedfrom theweightsin thelayerbelow. Thesame
greedyalgorithm,however, canbeappliedevenwhenthelay-
ersaredifferentsizes.

5 Back-Fitting with the up-down algorithm

Learningthe weight matricesonelayer at a time is ef�cient
but not optimal.Oncetheweightsin higherlayershave been
learned,neitherthe weightsnor the simpleinferenceproce-
dureareoptimalfor thelowerlayers.Thesub-optimalitypro-
ducedby greedylearningis relatively innocuousfor super-
visedmethodslikeboosting.Labelsareoftenscarceandeach

4Theguaranteeis on theexpectedchangein thelog probability.

labelmayonly provideafew bitsof constraintontheparame-
ters,soover-�tting is typically moreof aproblemthanunder-
�tting. Goingbackandre�tting theearliermodelsmay, there-
fore, causemore harm than good. Unsupervisedmethods,
however, canusevery largeunlabeleddatasetsandeachcase
may be very high-dimensionalthus providing many bits of
constrainton a generative model. Under-�tting is thena se-
riousproblemwhich canbealleviatedby a subsequentstage
of back-�tting in whichtheweightsthatwerelearned�rst are
revisedto �t in betterwith theweightsthatwerelearnedlater.

After greedilylearninggoodinitial valuesfor theweights
in every layer, we untie the “recognition” weights that are
usedfor inferencefrom the “generative” weights that de-
�ne themodel,but retainthe restrictionthat theposteriorin
eachlayermustbeapproximatedby afactorialdistribution in
which thevariableswithin a layerareconditionallyindepen-
dentgiven the valuesof the variablesin the layer below. A
variantof thewake-sleepalgorithmdescribedin Hintonetal.
(1995)canthenbeusedto allow thehigher-level weightsto
in�uence the lower level ones. In the “up-pass”,the recog-
nition weightsare usedin a bottom-uppassthat stochasti-
cally picksa statefor every hiddenvariable. Thegenerative
weightson the directedconnectionsarethenadjustedusing
themaximumlikelihoodlearningrule in Eq. 25. Theweights
on theundirectedconnectionsat the top level arelearnedas
beforeby �tting thetop-level RBM to theposteriordistribu-
tion of thepenultimatelayer.

The “down-pass”startswith a stateof the top-level asso-
ciativememoryandusesthetop-downgenerativeconnections
to stochasticallyactivate eachlower layer in turn. During
the down-pass,the top-level undirectedconnectionsandthe
generative directedconnectionsare not changed. Only the
bottom-uprecognitionweightsaremodi�ed. This is equiva-
lent to thesleepphaseof thewake-sleepalgorithmif theas-
sociativememoryis allowedto settleto its equilibriumdistri-
bution beforeinitiating thedown-pass.But if theassociative
memoryis initializedby anup-passandthenonly allowedto
run for a few iterationsof alternatingGibbssamplingbefore
initiating the down-pass,this is a “contrastive” form of the
wake-sleepalgorithm which eliminatesthe needto sample
from theequilibriumdistribution of theassociative memory.
Thecontrastive form also�x esseveralotherproblemsof the
sleepphase.It ensuresthattherecognitionweightsarebeing
learnedfor representationsthat resemblethoseusedfor real
dataandit alsohelpsto eliminatetheproblemof modeaver-
aging. If, givena particulardatavector, thecurrentrecogni-
tion weightsalwayspick a particularmodeat thelevel above
andignoreotherverydifferentmodesthatareequallygoodat
generatingthedata,thelearningin thedown-passwill not try
to alter thoserecognitionweightsto recover any of theother
modesas it would if the sleepphaseuseda pure ancestral
pass.A pureancestralpasswould have to startby usingpro-
longedGibbssamplingto getanequilibriumsamplefrom the
top-level associative memory. By usinga top-level associa-

5Becauseweightsareno longertied to theweightsabove them,
v̂0

i mustbe computedusingthe statesof the variablesin the layer
above i andthegenerativeweightsfrom thesevariablesto i .



Figure6: All 49casesin whichthenetwork guessedright but
hada secondguesswhoseprobability waswithin 0:3 of the
probabilityof thebestguess.Thetrueclassesarearrangedin
standardscanorder.

tive memorywe alsoeliminatea problemin thewake phase:
Independenttop-level units seemto be requiredto allow an
ancestralpass,but they meanthatthevariationalapproxima-
tion is verypoorfor thetop layerof weights.

AppendixB speci�esthedetailsof theup-down algorithm
usingmatlab-stylepseudo-codefor thenetwork shown in �g-
ure 1. For simplicity, thereis no penaltyon the weights,no
momentum,and the samelearningrate for all parameters.
Also, thetrainingdatais reducedto asinglecase.

6 Performanceon the MNIST database

6.1 Training the network

The MNIST databaseof handwrittendigits contains60,000
training imagesand 10,000test images. Resultsfor many
differentpatternrecognitiontechniquesarealreadypublished
for thispublicly availabledatabasesoit is idealfor evaluating
new patternrecognitionmethods.For the“basic” versionof
theMNIST learningtask,no knowledgeof geometryis pro-
videdandthereis no specialpre-processingor enhancement
of thetrainingset,soanunknown but �x edrandompermuta-
tion of thepixelswouldnotaffect thelearningalgorithm.For
this “permutation-invariant” versionof the task,thegeneral-
izationperformanceof our network was1.25%errorson the
of�cial testset. Thenetwork6 shown in �gure 1 wastrained
on 44,000of the training imagesthat weredivided into 440
balancedmini-batcheseachcontaining10 examplesof each
digit class.Theweightswereupdatedaftereachmini-batch.

6Preliminaryexperimentswith 16 � 16 imagesof handwritten
digits from the USPSdatabaseshowed that a goodway to model
the joint distribution of digit imagesandtheir labelswasto usean
architectureof this type,but for 16 � 16 images,only 3=5 asmany
unitswereusedin eachhiddenlayer.

Figure7: The125testcasesthatthenetwork gotwrong.Each
caseis labeledby the network's guess.The true classesare
arrangedin standardscanorder.

In the initial phaseof training, the greedyalgorithmde-
scribedin section4 wasusedto train eachlayer of weights
separately, startingat thebottom. Eachlayerwastrainedfor
30 sweepsthroughthe training set (called “epochs”). Dur-
ing training,theunitsin the“visible” layerof eachRBM had
real-valuedactivities between0 and1. Thesewerethe nor-
malizedpixel intensitieswhen learningthe bottom layer of
weights.For traininghigherlayersof weights,thereal-valued
activities of thevisible units in theRBM weretheactivation
probabilitiesof thehiddenunitsin thelower-level RBM. The
hiddenlayerof eachRBM usedstochasticbinaryvalueswhen
thatRBM wasbeingtrained.Thegreedytrainingtook a few
hoursper layer in Matlab on a 3GHz Xeon processorand
when it was done,the error-rate on the test set was 2.49%
(seebelow for detailsof how thenetwork is tested).

When training the top layer of weights(the onesin the
associative memory)the labelswereprovided aspart of the
input. Thelabelswererepresentedby turningononeunit in a
“softmax” groupof 10units.Whentheactivitiesin thisgroup
werereconstructedfrom theactivities in thelayerabove,ex-
actly oneunit wasallowedto beactive andtheprobabilityof



pickingunit i wasgivenby:

pi =
exp(x i )P
j exp(x j )

(10)

where x i is the total input received by unit i . Curiously,
thelearningrulesareunaffectedby thecompetitionbetween
unitsin asoftmaxgroup,sothesynapsesdonotneedto know
whichunit is competingwith whichotherunit. Thecompeti-
tion affectstheprobabilityof a unit turningon, but it is only
thisprobabilitythataffectsthelearning.

After thegreedylayer-by-layertraining, thenetwork was
trained,with a different learningrateandweight-decay, for
300epochsusingtheup-down algorithmdescribedin section
5. The learningrate, momentum,and weight-decay7 were
chosenby training the network several timesandobserving
its performanceon a separatevalidation set of 10,000im-
agesthat weretaken from the remainderof the full training
set. For the �rst 100 epochsof the up-down algorithm,the
up-passwas followed by threefull iterationsof alternating
Gibbssamplingin the associative memorybeforeperform-
ing thedown-pass.For thesecond100epochs,six iterations
wereperformed,and for the last 100 epochs,ten iterations
wereperformed.Eachtimethenumberof iterationsof Gibbs
samplingwasraised,theerroron thevalidationsetdecreased
noticeably.

Thenetwork thatperformedbeston thevalidationsetwas
thentestedandhadanerrorrateof 1.39%.Thisnetwork was
thentrainedonall 60,000trainingimages8 until its error-rate
on the full training setwasaslow asits �nal error-ratehad
beenon the initial training setof 44,000images.This took
a further 59 epochsmaking the total learningtime abouta
week. The �nal network hadan error-rateof 1.25%9. The
errorsmadeby the network areshown in �gure 7. The 49
casesthat thenetwork getscorrectbut for which thesecond
bestprobabilityis within 0.3of thebestprobabilityareshown
in �gure 6.

Theerror-rateof 1.25%comparesvery favorablywith the
error-rates achieved by feed-forward neural networks that
have one or two hiddenlayersand are trainedto optimize
discriminationusingtheback-propagationalgorithm(seeta-
ble 1, appearingafter the references). When the detailed
connectivity of thesenetworks is not hand-craftedfor this

7No attemptwasmadeto usedifferentlearningratesor weight-
decaysfor differentlayersandthelearningrateandmomentumwere
always set quite conservatively to avoid oscillations. It is highly
likely that the learningspeedcouldbeconsiderablyimprovedby a
morecarefulchoiceof learningparameters,thoughit is possiblethat
thiswould leadto worsesolutions.

8The trainingsethasunequalnumbersof eachclass,so images
wereassignedrandomlyto eachof the600mini-batches.

9To checkthat further learningwould not have signi�cantly im-
provedtheerror-rate,thenetwork wasthenleft runningwith a very
small learningrateandwith the testerrorbeingdisplayedafterev-
ery epoch. After six weeksthe testerror was �uctuating between
1.12%and1.31%andwas1.18%for theepochonwhichnumberof
trainingerrorswassmallest.

particulartask,thebestreportederror-ratefor stochasticon-
line learningwith a separatesquarederroron eachof the10
outputunits is 2.95%. Theseerror-ratescan be reducedto
1.53%in a net with onehiddenlayer of 800 units by using
small initial weights,a separatecross-entropy error function
oneachoutputunit, andverygentlelearning(JohnPlatt,per-
sonalcommunication).An almostidenticalresultof 1.51%
wasachieved in a net that had500 units in the �rst hidden
layer and 300 in the secondhidden layer by using “soft-
max” outputunitsandaregularizerthatpenalizesthesquared
weightsby anamountthatis carefullychosenusingavalida-
tion set.For comparison,nearestneighborhasa reporteder-
ror rate(http://oldmill.uchicago.edu/wilder/Mnist/) of 3.1%
if all 60,000trainingcasesareused(whichis extremelyslow)
and4.4%if 20,000areused.Thiscanbereducedto 2.8%and
4.0%by usinganL3 norm.

Theonly standardmachinelearningtechniquethatcomes
closeto the1.25%error rateof our generative modelon the
basic task is a supportvector machinewhich gives an er-
ror rate of 1.4% (Decosteand Schoelkopf, 2002). But it
is hard to seehow supportvector machinescan make use
of the domain-speci�ctricks, like weight-sharingand sub-
sampling,which LeCunet al. (1998)useto improve theper-
formanceof discriminative neural networks from 1.5% to
0.95%. Thereis no obvious reasonwhy weight-sharingand
sub-samplingcannotbe usedto reducethe error-rateof the
generative modelandwe arecurrentlyinvestigating this ap-
proach.Furtherimprovementscanalwaysbeachievedby av-
eragingtheopinionsof multiple networks,but this technique
is availableto all methods.

Substantialreductionsin theerror-ratecanbeachievedby
supplementingthedatasetwith slightly transformedversions
of the training data. Using one and two pixel translations
Decosteand Schoelkopf (2002) achieve 0:56%. Using lo-
cal elasticdeformationsin a convolutional neuralnetwork,
Simardet al. (2003) achieve 0:4% which is slightly better
thanthe0:63%achievedby thebesthand-codedrecognition
algorithm(Belongieet al., 2002). We have not yet explored
the useof distorteddatafor learninggenerative modelsbe-
causemany typesof distortion needto be investigatedand
the�ne-tuning algorithmis currentlytooslow.

6.2 Testingthe network

One way to test the network is to usea stochasticup-pass
from the imageto �x the binary statesof the 500 units in
the lower layerof theassociative memory. With thesestates
�x ed,thelabelunitsaregiveninitial real-valuedactivities of
0:1andafew iterationsof alternatingGibbssamplingarethen
usedto activatethecorrectlabelunit. This methodof testing
giveserror ratesthatarealmost1% higherthanthe ratesre-
portedabove.

A bettermethodis to �rst �x thebinarystatesof the500
unitsin thelower layerof theassociativememoryandto then
turn on eachof the label units in turn andcomputethe ex-
actfreeenergy of theresulting510componentbinaryvector.



Figure 8: Eachrow shows 10 samplesfrom the generative
modelwith aparticularlabelclampedon. Thetop-level asso-
ciativememoryis runfor 1000iterationsof alternatingGibbs
samplingbetweensamples.

Almost all thecomputationrequiredis independentof which
labelunit is turnedon(TehandHinton,2001)andthismethod
computestheexactconditionalequilibriumdistribution over
labelsinsteadof approximatingit by Gibbssamplingwhich
is what thepreviousmethodis doing. This methodgiveser-
ror ratesthatareabout0.5%higherthantheonesquotedbe-
causeof the stochasticdecisionsmadein the up-pass. We
canremove this noisein two ways. Thesimplestis to make
theup-passdeterministicby usingprobabilitiesof activation
in placeof stochasticbinary states.The secondis to repeat
thestochasticup-passtwentytimesandaverageeitherthela-
belprobabilitiesor thelabellog probabilitiesover thetwenty
repetitionsbeforepicking thebestone.Thetwo typesof av-
eragegive almostidenticalresultsandtheseresultsarealso
very similar to usinga deterministicup-pass,which wasthe
methodusedfor thereportedresults.

7 Looking into the mind of a neural network

To generatesamplesfrom themodel,we performalternating
Gibbssamplingin thetop-level associative memoryuntil the
Markov chainconvergesto theequilibriumdistribution. Then
we usea samplefrom this distribution asinput to the layers
below andgeneratean imageby a singledown-passthrough
the generative connections.If we clampthe label units to a
particularclassduring the Gibbs samplingwe can seeim-
agesfrom themodel's class-conditionaldistributions.Figure
8 showsasequenceof imagesfor eachclassthatweregener-
atedby allowing 1000iterationsof Gibbssamplingbetween
samples.

We can also initialize the stateof the top two layersby
providing a randombinary imageas input. Figure9 shows
how the class-conditionalstateof the associative memory
then evolves when it is allowed to run freely, but with the

Figure 9: Eachrow shows 10 samplesfrom the generative
modelwith a particularlabel clampedon. The top-level as-
sociative memoryis initialized by anup-passfrom a random
binary imagein which eachpixel is on with a probabilityof
0:5. The�rst columnshows theresultsof a down-passfrom
this initial high-level state.Subsequentcolumnsareproduced
by 20 iterationsof alternatingGibbssamplingin theassocia-
tivememory.

labelclamped.This internalstateis “observed” by perform-
ing a down-passevery 20 iterationsto seewhat theassocia-
tive memoryhasin mind. This useof the word “mind” is
not intendedto be metaphorical. We believe that a mental
stateis thestateof a hypothetical,externalworld in which a
high-level internal representationwould constituteveridical
perception.Thathypotheticalworld is whatthe�gure shows.

8 Conclusion

We have shown that it is possibleto learna deep,densely-
connected,belief network onelayer at a time. The obvious
way to do this is to assumethat thehigherlayersdo not ex-
ist whenlearningthelower layers,but this is not compatible
with theuseof simplefactorialapproximationsto replacethe
intractableposteriordistribution. For theseapproximationsto
work well, we needthetrueposteriorto beascloseto facto-
rial aspossible.So insteadof ignoringthehigherlayers,we
assumethat they exist but have tied weightswhich arecon-
strainedto implementa complementaryprior thatmakesthe
true posteriorexactly factorial. This is equivalentto having
an undirectedmodelwhich canbe learnedef�ciently using
contrastive divergence.It canalsobeviewedasconstrained
variationallearningbecausea penaltyterm– thedivergence
betweenthe approximateandtrue posteriors– hasbeenre-
placedby the constraintthat the prior mustmake the varia-
tionalapproximationexact.

After eachlayer hasbeenlearned,its weightsareuntied
from the weights in higher layers. As thesehigher-level
weightschange,thepriors for lower layersceaseto becom-



plementary, sothetrueposteriordistributionsin lower layers
arenolongerfactorialandtheuseof thetransposeof thegen-
erative weightsfor inferenceis no longercorrect.Neverthe-
less,wecanuseavariationalboundto show thatadaptingthe
higher-level weightsimprovestheoverall generative model.

To demonstratethe power of our fast, greedy learning
algorithm, we usedit to initialize the weights for a much
slower �ne-tuning algorithmthat learnsan excellentgener-
ative modelof digit imagesand their labels. It is not clear
that this is thebestway to usethe fast,greedyalgorithm. It
might be betterto omit the �ne-tuning andusethe speedof
the greedyalgorithmto learnan ensembleof larger, deeper
networksor amuchlargertrainingset.Thenetwork in �gure
1 hasaboutasmany parametersas0:002 cubic millimeters
of mousecortex (HoraceBarlow, pers. comm.), andseveral
hundrednetworks of this complexity could �t within a sin-
gle voxel of a high resolutionfMRI scan.This suggeststhat
muchbiggernetworksmayberequiredto competewith hu-
manshaperecognitionabilities.

Ourcurrentgenerativemodelis limited in many ways(Lee
andMumford,2003).It is designedfor imagesin whichnon-
binaryvaluescanbetreatedasprobabilities(which is not the
casefor naturalimages);its useof top-down feedbackduring
perceptionis limited to theassociativememoryin thetoptwo
layers;it doesnothaveasystematicwayof dealingwith per-
ceptualinvariances;it assumesthatsegmentationhasalready
beenperformedandit doesnot learnto sequentiallyattendto
themostinformative partsof objectswhendiscriminationis
dif�cult. It does,however, illustratesomeof the major ad-
vantagesof generative modelsascomparedto discriminative
ones:

1. Generative modelscan learn low-level featureswith-
out requiring feedbackfrom the label and they can
learnmany moreparametersthandiscriminative mod-
elswithout over�tting. In discriminative learning,each
trainingcaseonly constrainstheparametersby asmany
bits of informationasarerequiredto specifythe label.
For a generative model, eachtraining caseconstrains
theparametersby thenumberof bits requiredto spec-
ify theinput.

2. It is easyto seewhatthenetwork haslearnedby gener-
atingfrom its model.

3. It is possibleto interpretthenon-linear, distributedrep-
resentationsin thedeephiddenlayersby generatingim-
agesfrom them.

4. The superiorclassi�cationperformanceof discrimina-
tive learningmethodsonly holdsfor domainsin which
it is notpossibleto learnagoodgenerativemodel.This
setof domainsis beingerodedby Moore's law.
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9 Tables

Versionof MNIST task Learningalgorithm Testerror%
permutation-invariant Ourgenerative model 1.25

784�>500�>500<�� >2000<�� >10
permutation-invariant SupportVectorMachine 1.4

degree9 polynomialkernel
permutation-invariant Backprop784�>500�>300�>10 1.51

cross-entropy & weight-decay
permutation-invariant Backprop784�>800�>10 1.53

cross-entropy & earlystopping
permutation-invariant Backprop784�>500�>150�>10 2.95

squarederror& on-lineupdates
permutation-invariant NearestNeighbor 2.8

All 60,000examples& L3 norm
permutation-invariant NearestNeighbor 3.1

All 60,000examples& L2 norm
permutation-invariant NearestNeighbor 4.0

20,000examples& L3 norm
permutation-invariant NearestNeighbor 4.4

20,000examples& L2 norm
unpermutedimages Backprop 0.4

extradatafrom cross-entropy & early-stopping
elasticdeformations convolutionalneuralnet

unpermuteddeskewed Virtual SVM 0.56
images,extradata degree9 polynomialkernel
from 2 pixel transl.
unpermutedimages Shape-context features 0.63

hand-codedmatching
unpermutedimages Backpropin LeNet5 0.8

extradatafrom convolutionalneuralnet
af�ne transformations
Unpermutedimages Backpropin LeNet5 0.95

convolutionalneuralnet

Table1: Theerrorratesof variouslearningalgorithmson theMNIST digit recognitiontask.Seetext for details.



10 Appendix

A ComplementaryPriors

General complementarity

Considera joint distribution over observables,x, andhiddenvariables,y . For a givenlikelihoodfunction,P(x jy ), we de�ne
thecorrespondingfamily of complementarypriorsto bethosedistributions,P(y ), for which thejoint distribution,P(x; y ) =
P(x jy )P(y ), leadsto posteriors,P(y jx), that exactly factorise,i.e. leadsto a posteriorthat canbe expressedasP(y jx) =Q

j P(yj jx ).

Not all functionalformsof likelihoodadmitacomplementaryprior. In thisappendixwewill show thatthefollowing family
constitutesall likelihoodfunctionsadmittingacomplementaryprior:

P(x jy ) =
1


( y )
exp

0

@
X

j

� j (x ; yj ) + � (x)

1

A

= exp

0

@
X

j

� j (x ; yj ) + � (x) � log 
( y )

1

A (11)

where
 is thenormalisationterm.For thisassertionto holdweneedto assumepositivity of distributions:thatbothP(y ) > 0
andP(x jy ) > 0 for everyvalueof y andx. Thecorrespondingfamily of complementarypriorsthenassumetheform:

P(y ) =
1
C

exp

0

@log 
( y ) +
X

j

� j (yj )

1

A (12)

whereC is a constantto ensurenormalisation.This combinationof functionalformsleadsto thefollowing expressionfor the
joint:

P(x; y ) =
1
C

exp

0

@
X

j

� j (x ; yj ) + � (x) +
X

j

� j (yj )

1

A (13)

To prove our assertion,we needto show that every likelihood function of the form in Eq. 11 admitsa complementary
prior, andalsothatcomplementarityimplies the functionalform in Eq. 11. Firstly, it canbedirectly veri�ed thatEq. 12 is a
complementaryprior for thelikelihoodfunctionsof Eq.11. To show theconverse,let usassumethatP(y ) is acomplementary
prior for somelikelihoodfunctionP(x jy ). Noticethatthefactorialform of theposteriorsimplymeansthatthejoint distribution
P(x; y ) = P(y )P(x jy ) satis�esthe following setof conditionalindependencies:yj ?? yk j x for every j 6= k. This setof
conditionalindependenciesis exactly thosesatis�ed by an undirectedgraphicalmodelwith an edgebetweenevery hidden
variableandobserved variableandamongall observed variables(Pearl,1988). By the Hammersley-Clifford Theorem,and
usingour positivity assumption,thejoint distribution mustbeof theform of Eq.13, andtheformsfor thelikelihoodfunction
Eq.11andprior Eq.12 follow from this.

Complementarity for in�nite stacks

We now considera subsetof modelsof the form in Eq. 13 for which the likelihoodalsofactorises.This meansthatwe now
have two setsof conditionalindependencies:

P(x jy ) =
Y

i

P(x i jy ) (14)

P(y jx) =
Y

j

P(yj jx ) (15)

Thisconditionis usefulfor ourconstructionof thein�nite stackof directedgraphicalmodels.

Identifying the conditionalindependenciesin Eq. 14 and15 asthosesatis�ed by a completebipartiteundirectedgraph-
ical model, andagain using the Hammersley-Clifford Theorem(assumingpositivity), we seethat the following form fully



characterisesall joint distributionsof interest,

P(x; y ) =
1
Z

exp

0

@
X

i;j

	 i;j (x i ; yj ) +
X

i


 i (x i ) +
X

j

� j (yj )

1

A (16)

while thelikelihoodfunctionstakeon theform,

P(x jy ) = exp

0

@
X

i;j

	 i;j (x i ; yj ) +
X

i


 i (x i ) � log 
( y )

1

A (17)

Althoughit is not immediatelyobvious,themarginal distribution over theobservables,x, in Eq. 16 canalsobeexpressed
asanin�nite directedmodelin which theparametersde�ning theconditionaldistributionsbetweenlayersaretied together.

An intuitivewayof validatingof thisassertionis asfollows. Consideroneof themethodsby whichwemightdraw samples
from the marginal distribution P(x) implied by Eq. 16. Startingfrom an arbitrarycon�guration of y we would iteratively
performGibbssamplingusing,in alternation,thedistributionsgiven in Eq. 14 and15. If we run this Markov chainfor long
enoughthen,sinceourpositivity assumptionsensurethatthechainmixesproperly, wewill eventuallyobtainunbiasedsamples
from thejoint distributiongivenin Eq. 16.

Now let usimaginethatwe unroll this sequenceof Gibbsupdatesin space— suchthatwe considereachparallelupdateof
thevariablesto constitutestatesof a separatelayer in a graph.This unrolledsequenceof stateshasa purelydirectedstructure
(with conditionaldistributionstakingtheform of Eq. 14and15 in alternation).By equivalenceto theGibbssamplingscheme,
aftermany layersin suchanunrolledgraph,adjacentpairsof layerswill have a joint distributionasgivenin Eq. 16.

We can formalize this intuition for unrolling the graphas follows. The basicidea is to constructa joint distribution by
unrolling a graph“upwards”(i.e. moving away from thedata-layerto successively deeperhiddenlayers),sothatwe canput a
well-de�ned distribution over an in�nite stackof variables.Thenwe verify somesimplemarginal andconditionalproperties
of this joint distribution,andshow thatour constructionis thesameasthatobtainedby unrolling thegraphdownwardsfrom a
verydeeplayer.

Let x = x (0) ; y = y (0) ; x (1) ; y (1) ; x (2) ; y (2) ; : : : bea sequence(stack)of variablesthe �rst two of which areidenti�ed as
our original observed andhiddenvariables,while x ( i ) andy ( i ) are interpretedasa sequenceof successively deeperlayers.
First,de�ne thefunctions

f (x0; y 0) =
1
Z

exp

0

@
X

i;j

	 i;j (x0
i ; y0

i ) +
X

i


 i (x0
i ) +

X

j

� j (y0
j )

1

A (18)

f x (x0) =
X

y 0

f (x0; y 0) (19)

f y (y 0) =
X

x 0

f (x0; y 0) (20)

gx (x0jy 0) = f (x0; y 0)=f y (y 0) (21)

gy (y 0jx0) = f (x0; y 0)=f x (x0) (22)

over dummyvariablesy 0, x0. Now de�ne a joint distribution over our sequenceof variables(assuming�rst-order Markovian
dependency) asfollows:

P(x (0) ; y (0) ) = f (x (0) ; y (0) ) (23)

P(x ( i ) jy ( i � 1) ) = gx (x ( i ) jy ( i � 1) ) i = 1; 2; : : : (24)

P(y ( i ) jx ( i ) ) = gy (y ( i ) jx ( i ) ) i = 1; 2; : : : (25)

Weverify by inductionthatthedistributionhasthefollowing marginaldistributions:

P(x ( i ) ) = f x (x ( i ) ) i = 0; 1; 2; : : : (26)

P(y ( i ) ) = f y (y ( i ) ) i = 0; 1; 2; : : : (27)



For i = 0 this is givenby de�nition of thedistribution in Eq.23andby Eqs.19and20. For i > 0, wehave:

P(x ( i ) ) =
X

y ( i � 1)

P(x ( i ) jy ( i � 1) )P(y ( i � 1) ) =
X

y ( i � 1)

f (x ( i ) ; y ( i � 1) )
f y (y ( i � 1) )

f y (y ( i � 1) ) = f x (x ( i ) ) (28)

andsimilarly for P(y ( i ) ). Now weseethatthefollowing “downward” conditionaldistributionsalsohold true:

P(x ( i ) jy ( i ) ) = P(x ( i ) ; y ( i ) )=P(y ( i ) ) = gx (x ( i ) jy ( i ) ) (29)

P(y ( i ) jx ( i +1) ) = P(y ( i ) ; x ( i +1) )=P(x ( i +1) ) = gy (y ( i ) jx ( i +1) ) (30)

Soour joint distribution over thestackof variablesalsogivestheunrolledgraphin the“downward” direction,sincethecon-
ditional distributionsin Eq. 29 and30 arethesameasthoseusedto generatea samplein a downwardspassandtheMarkov
chainmixes.

Inferencein this in�nite stackof directedgraphsis equivalent to inferencein the joint distribution over the sequenceof
variables. In otherwords,given x (0) we cansimply usethe de�nition of the joint distribution Eqs.23, 24 and25 to obtain
a samplefrom the posteriorsimply by samplingy (0) jx (0) , x (1) jy (0) , y (1) jx (1) , : : :. This directly shows that our inference
procedureis exactfor theunrolledgraph.

B Pseudo-CodeFor Up-Down Algorithm

We now present“MATLAB-style” pseudo-codefor an implementationof the up-down algorithmdescribedin section5 and
usedfor back-�tting. (Thismethodis acontrastiveversionof thewake-sleepalgorithm(Hintonetal., 1995).)

Thecodeoutlinedbelow assumesa network of thetypeshown in Figure1 with visible inputs,labelnodes,andthreelayers
of hiddenunits. Beforeapplyingthe up-down algorithm,we would �rst performlayer-wise greedytraining asdescribedin
sections3 and4.

\% UP-DOWNALGORITHM
\%
\% the data and all biases are row vectors.
\% the generative model is: lab <--> top <--> pen --> hid --> vis
\% the number of units in layer foo is numfoo
\% weight matrices have names fromlayer_tolayer
\% "rec" is for recognition biases and "gen" is for generative biases.
\% for simplicity, the same learning rate, r, is used everywhere.

\% PERFORMA BOTTOM-UPPASS TO GET WAKE/POSITIVE PHASE PROBABILITIES
\% AND SAMPLESTATES
wakehidprobs = logistic(data*vishid + hidrecbiases);
wakehidstates = wakehidprobs > rand(1, numhid);
wakepenprobs = logistic(wakehidstates*hidpen + penrecbiases);
wakepenstates = wakepenprobs > rand(1, numpen);
postopprobs = logistic(wakepenstates*pentop + targets*labtop + topbiases);
postopstates = waketopprobs > rand(1, numtop));

\% POSITIVE PHASE STATISTICS FOR CONTRASTIVEDIVERGENCE
poslabtopstatistics = targets' * waketopstates;
pospentopstatistics = wakepenstates' * waketopstates;

\% PERFORMnumCDiters GIBBS SAMPLING ITERATIONS USING THE TOP LEVEL
\% UNDIRECTEDASSOCIATIVE MEMORY
negtopstates = waketopstates; \% to initialize loop
for iter=1:numCDiters

negpenprobs = logistic(negtopstates*pentop' + pengenbiases);
negpenstates = negpenprobs > rand(1, numpen);
neglabprobs = softmax(negtopstates*labtop' + labgenbiases);
negtopprobs = logistic(negpenstates*pentop+neglabprobs*labtop+topbiases);
negtopstates = negtopprobs > rand(1, numtop));



end;
\% NEGATIVE PHASE STATISTICS FOR CONTRASTIVEDIVERGENCE
negpentopstatistics = negpenstates'*negtopstates;
neglabtopstatistics = neglabprobs'*negtopstates;

\% STARTING FROMTHE END OF THE GIBBS SAMPLING RUN, PERFORMA
\% TOP-DOWNGENERATIVE PASS TO GET SLEEP/NEGATIVE PHASE PROBABILITIES
\% AND SAMPLESTATES
sleeppenstates = negpenstates;
sleephidprobs = logistic(sleeppenstates*penhid + hidgenbiases);
sleephidstates = sleephidprobs > rand(1, numhid);
sleepvisprobs = logistic(sleephidstates*hidvis + visgenbiases);

\% PREDICTIONS
psleeppenstates = logistic(sleephidstates*hidpen + penrecbiases);
psleephidstates = logistic(sleepvisprobs*vishid + hidrecbiases);
pvisprobs = logistic(wakehidstates*hidvis + visgenbiases);
phidprobs = logistic(wakepenstates*penhid + hidgenbiases);

\% UPDATESTO GENERATIVE PARAMETERS
-hidvis = hidvis + r*poshidstates'*(data-pvisprobs);
visgenbiases = visgenbiases + r*(data - pvisprobs);
penhid = penhid + r*wakepenstates'*(wakehidstates-phidprobs);
hidgenbiases = hidgenbiases + r*(wakehidstates - phidprobs);

\% UPDATESTO TOP LEVEL ASSOCIATIVE MEMORYPARAMETERS
labtop = labtop + r*(poslabtopstatistics-neglabtopstatistics);
labgenbiases = labgenbiases + r*(targets - neglabprobs);
pentop = pentop + r*(pospentopstatistics - negpentopstatistics);
pengenbiases = pengenbiases + r*(wakepenstates - negpenstates);
topbiases = topbiases + r*(waketopsates - negtopstates);

\%UPDATESTO RECOGNITION/INFERENCEAPPROXIMATIONPARAMETERS
hidpen = hidpen + r*(sleephidstates'*(sleeppenstates-psleeppenstates));
penrecbiases = penrecbiases + r*(sleeppenstates-psleeppenstates);
vishid = vishid + r*(sleepvisprobs'*(sleephidstates-psleephidstates));
hidrecbiases = hidrecbiases + r*(sleephidstates-psleephidstates);


