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CSC 304 — Algorithmic Game Theory and Mechanism Design
Midterm 1, October 21, 2019

This test has six (6) pages. Make sure that you have a complete paper.
Answer all questions on this paper. You are allowed to use one 8.5”x11” aid sheet of handwritten notes on

one side. No other materials or aids of any type are permitted.

Time: 50 minutes; Total Marks: 55

Q1. Nash Equilibria (25 pts)

Consider the following normal-form game involving two players. The row player (Alice) and the column
player (Bob) have four actions each. In each cell of the payoff matrix, the first number indicates the payoff
to the row player (Alice) and the second number indicates the payoff to the column player (Bob). In this
game, the payoffs are negative, so the players actually incur costs.

A B C D
w ( 57 8) ( 5a 4) ( 87 7) (_17_7)
X ( 47 7) ( 3a 7) ( 77 8) (_67 _8)
Y | (=7,-5) | (=6,—4) | (=5,-5) | (=3,—4)
Z | (=3,-5) | (=7,=5) | (—=6,—6) | (—=5,—6)
(a) [2.5 points] If Alice plays W, what is Bob’s best response? You do not need to justify your answer.

(b) [2.5 points] If Bob plays C, what is Alice’s best response? You do not need to justify your answer.

(c) [5 points] It is possible to iteratively eliminate strictly dominated actions and reduce the game to a 2 x 2
game in which only two actions of each player remain. State which actions you would remove and in which
order. You do not need to justify your answer.

(d) [5 points] In the reduced 2 x 2 game produced in part (c), find all (if any) pure Nash equilibria. You only
need to identify the equilibria; no explanation is needed.

(e) [10 points] In the reduced 2 x 2 game produced in part (c), find all mixed Nash equilibria, apart from
those already found in part (d), using the indifference principle. Show your calculation for full marks. In all
Nash equilibria, clearly express which action each player is playing with what probability.
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Q2. Approximate Nash Equilibria (10 pts)

In a 2-player normal-form game, let § = (s, s2) denote a strategy profile, where s1 and s5 are the (possibly
mixed) strategies of players 1 and 2, respectively. Let 71 () and 72 () denote the expected payoffs to players
1 and 2 respectively under 5. Assume that 71 (5) and m2(5) are in the interval [0, 1] for all §.

For ¢ > 0, we say that § = (s1, s2) is an e-Nash equilibrium if no player can increase her reward by more
than € by switching to another strategy. That is,

m1(81,82) > (8], 82) — €,Vs], and

mo(s1, 82) > ma(s1, 55) — €,Vsh.
Note that when € = 0, this is simply the Nash equilibrium definition.
Now, construct a specific strategy profile 5= (s1, s2) as follows.
* Let a; be an arbitrary action of player 1.

* Let ag be an action of player 2 that is best response to player 1 playing a; (i.e. ag € argmax, m2(ay,t)).

Let @} be an action of player 1 that is best response to player 2 playing as (i.e. ¢} € arg max, 71 (¢, az)).
* Let s1 be the mixed strategy where player 1 plays a1 and a} with probability 1/2 each.
* Let so be the pure strategy where player 2 plays as deterministically.

Show that § = (s1, s2) must be a (1/2)-Nash equilibrium of the game.

[Hint: Write down the expected payoff to each player in this strategy profile. Observe that each player is
receiving the optimal payoff with some probability and a possibly suboptimal payoff with the remaining
probability, given the strategy of the other player. Use this to show that a player cannot increase her payoff
by more than 1/2 by switching to any other strategy.]
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Q3. Stackelberg Equilibria (20 pts)

Consider the following game between two players. Again, the row player is Alice, the column player is
Bob, the first number in each cell denotes the payoft to Alice, and the second number in each cell denotes
the payoff to Bob.

A B
X [ (3,1) | (5,0)
Y | (1,0) | (2,1)

(a) [5 points] Suppose both players have to choose their strategies simultaneously. Identify the unique Nash
equilibrium of the game by iteratively eliminating strictly dominated actions. You only need to write down
the actions removed, the order in which they are removed, and the unique Nash equilibrium; no further
explanation is needed.

(b) [5 points] Suppose Alice can commit first and decides to commit to a pure strategy. Which pure strategy
would be best for her to commit to? What would be her reward in the resulting outcome? Justify your
answer.

(c) [10 points] Suppose Alice can commit first and decides to commit to a mixed strategy. Which mixed
strategy would be best for her to commit to? What would be her reward in the resulting outcome? Justify
your answer. Assume that Bob breaks ties in favor of Alice, that is, whenever Bob is indifferent between his
two actions, he chooses the one that would give Alice a higher payoff.

[HINT: Find the highest payoff that Alice can obtain when she commits to a mixed strategy that makes Bob
play A. Then find the highest payoff that Alice can obtain when she commits to a mixed strategy that makes
Bob play B. And finally, choose the higher of the two payoffs.]
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