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Peer prediction mechanisms incentivize agents to truthfully report their signals, in the absence of a verifica-
tion mechanism, by comparing their reports with those of their peers. Prior work in this area is essentially
restricted to the case of homogeneous agents, whose signal distributions are identical. This is limiting in many
domains, where we would expect agents to differ in taste, judgment, and reliability. Although the Correlated
Agreement (CA) mechanism [Shnayder et al. 2016a] can be extended to handle heterogeneous agents, there
is a new challenge of efficiently estimating agent signal types. We solve this problem by clustering agents
based on their reporting behavior, proposing a mechanism that works with clusters of agents, and designing
algorithms that learn such a clustering. In this way, we also connect peer prediction with the Dawid and
Skene [1979] literature on latent types. We retain the robustness against coordinated misreports of the CA
mechanism, achieving an approximate incentive guarantee of ¢-informed truthfulness. We show on real data
that this incentive approximation is reasonable in practice, even with a small number of clusters.
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1 INTRODUCTION

Peer prediction is the technique of eliciting truthful information in the absence of verification by
comparing an agent’s response with those of their peers. Peer prediction mechanisms incentivize
users to provide honest reports when the reports cannot be verified, either because there is no
objective ground truth or because it is costly to acquire the ground truth. Peer prediction mech-
anisms leverage correlation in the reports of peers to score contributions. The main challenge of
peer prediction is to incentivize agents to put in effort to obtain a signal or form an opinion and
then honestly report to the system. In recent years, peer prediction has been studied in several
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domains, including peer assessment in massively open online courses (MOOCs) [Gao et al. 2016;
Shnayder and Parkes 2016], for feedback on local places in a city [Mandal et al. 2016], and in the
context of collaborative sensing platforms [Radanovic and Faltings 2015a].

The simplest peer prediction mechanism is output agreement, which pairs up two users and
rewards them in the event that their reports agree (the ESP game [Von Ahn and Dabbish 2004] can
be interpreted this way). However, output agreement is not incentive aligned for reports of a priori
unlikely signals. As a result, there has been a lot of attention in recent years on finding methods
that work more generally and provide robustness to coordinated misreports.

All existing, general methods are essentially restricted to settings with homogeneous partici-
pants, whose signal distributions are identical. This is a poor fit with many suggested applications
of peer prediction. Consider, for example, the problem of peer assessment in MOOCs. DeBoer
et al. [2013] and Wilkowski et al. [2014] observe that students differ based on their geographi-
cal locations, educational backgrounds, and level of commitment, and indeed the heterogeneity
of assessment is clear from a study of Coursera data [Kulkarni et al. 2015]. Simpson et al. [2013]
observed that the users participating in a citizen science project can be categorized into five distinct
groups based on their behavioral patterns in classifying an image as a Supernovae or not. A similar
problem occurs in determining whether a news headline is offensive or not. Depending on which
social community a user belongs to, we should expect to get different opinions [Zafar et al. 2016].
Moreover, Allcott and Gentzkow [2017] report that leading to the 2016 U.S. presidential election,
people were more likely to believe the stories that favored their preferred candidate; Fourney et al.
[2017] find that there is very low connectivity among Trump and Clinton supporters on social
networks, which leads to confirmation bias among the two groups and clear heterogeneity about
how they believe whether a piece of news is “fake” or not.

One obstacle to designing peer prediction mechanisms for heterogeneous agents is an impossi-
bility result. No mechanism can provide strict incentives for truth-telling to a population of hetero-
geneous agents without knowledge of their signal distributions [Radanovic and Faltings 2015c].
This negative result holds for minimal mechanisms, which only elicit signals and not beliefs from
agents. One way to alleviate this problem, without going to non-minimal mechanisms, is to use
reports from the agents across multiple tasks to estimate their signal distributions. This is our
goal: We want to design minimal peer prediction mechanisms for heterogeneous agents that use
reports from the agents for both learning and scoring. We also want to provide robustness against
coordinated misreports.

As a starting point, we consider the correlated agreement (CA) mechanism proposed by
Shnayder et al. [2016a]. If the agents are homogeneous and the designer has knowledge of their
joint signal distribution, then the CA mechanism is informed truthful, i.e., no strategy profile, even
if coordinated, can provide more expected payment than truth-telling, and the expected payment
under an uninformed strategy (where an agent’s report is independent of her signal) is strictly
less than the expected payment under truth-telling. These two properties remove any incentive
for coordinated deviations and strictly incentivize the agents to put effort into acquiring signals,
respectively. In a detail-free variation, in which the designer learns the signal distribution from
reports, approximate incentive alignment is provided (still maintaining the second property as a
strict guarantee). The detail-free CA mechanism can be extended to handle agent heterogeneity,
but a naive approach would require learning the joint signal distributions between every pair of
agents, and the total number of reports that need to be collected would be prohibitive for many
settings.

Our contributions: We design the first minimal and detail-free mechanism for peer prediction
with heterogeneous agents, where the learning component has sample complexity that is only
linear in the number of agents, while providing an incentive guarantee of approximate informed
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truthfulness. Like the CA mechanism, this is a multi-task mechanism in that each agent makes re-
ports across multiple tasks. Our mechanism is robust to any coordination between agents as long
as the task assignments are such that from an agent’s perspective every other agent is equally
likely to be her peer. Hence, our mechanism is robust to any coordination between agents that
happens prior to task assignment. Our mechanism will also be robust to coordinations after task
assignments as long as the agents are not able to figure out which agents are more likely to be
their peers based on the identity of the tasks they are assigned. For example, in the context of a
MOOC, the organizer can anonymize the homeworks to be graded, and hence, it will require a lot
of effort for students to figure out whose homeworks they are grading even after the homeworks
have been assigned for grading. Since our mechanism has a learning component, the task assign-
ments to agents should also be such that both the goals of incentive alignment and learning are
simultaneously achieved. We consider two assignment schemes under which these goals can be
achieved and analyze the sample complexity of our methods for these schemes.

The mechanism clusters the agents based on their reported behavior! and learns the pairwise
correlations between these clusters. The clustering introduces one component of the incentive
approximation, and it could be problematic in the absence of a good clustering such that agents
within a cluster behave similarly. Using eight real-world datasets, which contain reports of users
on crowdsourcing platforms for multiple labeling tasks, we show that the clustering error is small
in practice even when using a relatively small number of clusters. The second component of the
incentive approximation stems from the need to learn the pairwise correlations between clusters;
this component can be made arbitrarily small using a sufficient number of signal reports.

Another contribution of this work is to connect, we believe for the first time, the peer pre-
diction literature with the extensive and influential literature on latent, confusion matrix models
of label aggregation [Dawid and Skene 1979]. The Dawid-Skene model assumes that signals are
generated independently, conditional on a latent attribute of a task and according to an agent’s
confusion matrix. We cluster the agents based on their confusion matrices and then estimate the
average confusion matrices within clusters using recent developments in tensor decomposition al-
gorithms [Anandkumar et al. 2014; Zhang et al. 2016]. These average confusion matrices are then
used to learn the pairwise correlations between clusters and design reward schemes to achieve
approximate informed truthfulness.

In effect, the mechanism learns how to map one agent’s signal reports onto the signal reports of
the other agents. For example, consider the context of a MOOC, in which an agent in the “accurate”
cluster accurately provides grades, an agent in the “extremal” cluster only uses grades “A” and
“E,” and an agent in the “contrarian” cluster flips good grades for bad grades and vice versa. The
mechanism might learn to positively score an “A” report from an “extremal” agent matched with
a “B” report from an “accurate” agent, or matched with an “E” report from a “contrarian” agent for
the same essay. In practice, our mechanism will train on the data collected during a semester of
peer assessment reports and then cluster the students, estimate the pairwise signal distributions
between clusters, and accordingly score the students (i.e., the scoring is done retroactively).

1.1 Related Work

We provide a brief review of the related work in peer prediction and suggest Faltings and Radanovic
[2017] for a detailed discussion. We focus our discussion on related work about minimal mecha-
nisms but remark that we are not aware of any non-minimal mechanisms (following from the work

10ne could also consider clustering the agents based on their observable covariates as long as agents with similar covariates
have similar “signal type.” However, in the applications that we consider in this article, for example MOOCs, such covariates
may not be observable, and hence, we only rely on agent reports for clustering.
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of Prelec [2004]) that handle agent heterogeneity. Miller et al. [2005] introduce the peer prediction
problem and propose an incentive-aligned mechanism for the single-task setting. However, their
mechanism requires knowledge of the joint signal distribution and is vulnerable to coordinated
misreports. In regard to coordinated misreports, Jurca et al. [2009] show how to eliminate unin-
formative, pure-strategy equilibria through a three-peer mechanism, and Kong et al. [2016] provide
amethod to design robust, single-task, binary signal mechanisms (but need knowledge of the joint
signal distribution). Frongillo and Witkowski [2017] provide a characterization of minimal (single
task) peer prediction mechanisms.

Witkowski and Parkes [2013] introduce the combination of learning and peer prediction, cou-
pling the estimation of the signal prior together with the shadowing mechanism. Some results
make use of reports from a large population. Radanovic and Faltings [2015b], for example, estab-
lish robust incentive properties in a large-market limit where both the number of tasks and the
number of agents assigned to each task grow without bound. Radanovic et al. [2016] provide com-
plementary theoretical results, giving a mechanism in which truthfulness is the equilibrium with
the highest payoff in the asymptote of a large population and with a structural property on the
signal distribution.

Dasgupta and Ghosh [2013] show that robustness to coordinated misreports can be achieved
for binary signals in a small population by using a multi-task mechanism. The idea is to reward
agents if they provide the same signal on the same task, but punish them if one agent’s report on
one task is the same as another’s on a different task. The Correlated Agreement (CA) mechanism
[Shnayder et al. 2016a] generalizes this mechanism to handle multiple signals and uses reports to
estimate the correlation structure on pairs of signals without compromising incentives. In related
work, Kong and Schoenebeck [2016] show that many peer prediction mechanisms can be derived
within a single information-theoretic framework. Their results use different technical tools than
those used by Shnayder et al. [2016a] and also include a different multi-signal generalization of
the Dasgupta-Ghosh mechanism that provides robustness against coordinated misreports in the
limit of a large number of tasks. Shnayder et al. [2016b] adopt replicator dynamics as a model of
population learning in peer prediction and confirm that these multi-task mechanisms (including
the mechanism by Kamble et al. [2015]) are successful at avoiding uninformed equilibria.

There are very few results on handling agent heterogeneity in peer prediction. For binary sig-
nals, the method of Dasgupta and Ghosh [2013] is likely to be an effective solution, because their
assumption on correlation structure will tend to hold for most reasonable models of heterogene-
ity. But it will break down for more than two signals, as explained by Shnayder et al. [2016a].
Moreover, although the CA mechanism can in principle be extended to handle heterogeneity, it is
not clear how the required statistical information about joint signal distributions can be efficiently
learned and coupled with an analysis of approximate incentives. For a setting with binary signals
and where each task has one of a fixed number of latent types, Kamble et al. [2015] design a mech-
anism that provides strict incentive compatibility for a suitably large number of heterogeneous
agents and when the number of tasks grows without bound (while allowing each agent to only
provide reports on a bounded number of tasks). Their result is restricted to binary signals and re-
quires a strong regularity assumption on the generative model of signals. Kong and Schoenebeck
[2016] design an information theoretic framework for peer prediction. Their mechanism pays each
agent the mutual information between her report and her peer’s report. This mechanism can be
extended to the heterogeneous agents setting as long as we can measure the mutual information
between all pairs of agents. However, such a mechanism would require the agents to provide re-
ports on a large number of tasks.

Finally, we consider only binary effort of a user, i.e., the agent either invests effort and receives an
informed signal or does not invest effort and receives an uninformed signal. Shnayder et al. [2016a]
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work with the binary effort setting and provide strict incentive for being truthful. Therefore, as
long as the mechanism designer is aware of the cost of investing effort, the payments can be
scaled to cover the cost of investing effort. The importance of motivating effort in the context of
peer prediction has also been considered by Liu and Chen [2017b] and Witkowski et al. [2013].2
See Mandal et al. [2016] for a setting with heterogeneous tasks but homogeneous agents. Liu and
Chen [2017a] also designed single-task peer prediction mechanism for the same setting but only
when each task is associated with a latent ground truth.

2 MODEL

Let notation [¢] denote {1,...,t} for t € N. We consider a population of agents P = [{] and use
indices such as p and q to refer to agents from this population. There is a set of tasks M = [m]. For
example, a task can be either grading an essay or answering a question in an online rating sytem.
When an agent performs a task, she receives a signal from N = [n]. Such a signal usually indicates
the quality of the task, i.e., the number of points assigned to the essay or how good the food is at
a restaurant. The agents need to put in some effort to get an informative signal about the task. As
mentioned before, we assume that the effort of an agent is binary, i.e., either the agent puts full
effort and receives an informative signal or the agent puts no effort and receives a signal drawn
uniformly at random. We also assume that the tasks are ex ante identical; that is, the signals of an
agent for different tasks are sampled i.i.d. For example, in the essay-grading scenario, if the essays
assigned to any student are drawn uniformly at random from a large population of essays, the
student’s signal distribution for an assigned essay is ex ante almost identical to any other assigned
essay.

Each agent is assigned a set of tasks and she decides, for each task, whether to put in effort and
receive an informative signal or put in no effort and receive a random signal. This provides the
agent with a set of signals, one for each task. Then the agent reports back to mechanism designer a
set of signals, one for each assigned task. Before putting in any effort to receive informative signals,
the agents have no knowledge about the tasks apart from the fact they are ex ante identical. Once
the agents receive their signals, their reports are determined completely by these signals. In other
words, the agents do not use any additional information to determine their reports. We will assume
that, for each task, the message space and the signal space are the same. Since the payments made
to the agents depend on their reported signals (messages), the reported signals can be very different
than the observed signals. The goal of a peer prediction mechanism is to ensure that the agents put
effort into all the tasks and report their signals truthfully. For the MOOC setting, a student spends
some amount of time to figure out the grade of each of her assigned essays. She might also decide to
not look at an essay and report an arbitrary grade. The goal of our mechanism is to ensure that the
students put in some effort to determine the grades of the essays and report them truthfully back
to the platform. We work in the setting where the agents are heterogeneous, i.e., the distribution
of signals can be different for different agents. These differences are captured by the agents’ types,
and we say that the agents vary by signal type. In peer prediction, we compare the reports of an
agent to the reports of their peers on the same tasks, and hence, we also need to talk about joint
signal distribution of pairs of agents in addition to the signal distribution of an individual agent.
In our setting, these joint signal distributions can be different for different pairs of agents.

Let S,, Sy denote random variables for the signal observed by agents p and g on some task.
Let D, 4(i,j) denote the joint probability that agent p receives signal i while agent q receives

2Cai et al. [2015] work in a different model, showing how to achieve optimal statistical estimation from data provided by
rational agents. They only focus on the cost of effort. They do not consider possible misreports, and thus their mechanism
is also vulnerable to coordinated misreports.
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signal j on a task, i.e., D, ¢(i, j) = Pr(S, = i,Sq = j). Let D, (i) and D, (j) denote the corresponding
marginal probabilities, i.e., D, (i) = Pr(S, = i) and, D4(j) = Pr(Sq = j). An important part of our
mechanisms are the delta matrices that are defined as follows. We define the Delta matrix A, 4
between agents p and q as

Apq(i-J) = Dp,q(isj) = Dp(i) - Dg(j), Vi.j € [n]. 1)

The delta matrices capture the correlation between pairs of realized signals. For example, if
Dp ¢(1,2) = Dy ¢(1,2) = D,y (1)Dg(2) > 0. This implies that Pr[S, = 1|S, = 2] > Pr[S, = 1]. There-
fore, the event of agent p observing signal 1 is positively correlated with the event of agent g ob-
serving signal 2. This would also mean that the event that agent p receives signal 1 and agent ¢
receives signal 2 is more likely when these signals are for the same task than when they are for
different tasks. Our mechanism will use these correlations to decide the score for an agent given
the reports of the agent and her peers. The correlated agreement (CA) mechanism [Shnayder et al.
2016a] also uses these delta matrices to construct a scoring mechanism for agent reports; however,
they work in a setting where agents are exchangeable, i.e., the delta matrix A 4 is the same for all
pairs p, q of agents.

Example 2.1. For two agents p and g, consider the following joint signal distribution D, 4 is

0.2 03
DP’q_[o.l 0.4]

with marginal distributions D, = [0.5 0.5] and D4 = [0.3 0.7], the Delta matrix A, 4 is
0.2 03 0.5 0.05 —0.05
Br.q = [0.1 0.4] - [0.5] o3 07]= [—0.05 0.05 ] '

An agent’s strategy defines, for every signal it may receive and each task it is assigned, a proba-
bility distribution over signals it will report. Shnayder et al. [2016a] show that it is without loss of
generality for the class of mechanisms we study in this article to assume that an agent’s strategy
is uniform across different tasks. Hence, we will make the assumption that an agent’s strategy
is uniform across tasks. Formally, let R, denote the random variable for the report of agent p
for a given task. The strategy of agent p, denoted FP, defines the distribution of reports for each
possible signal i, with Ffr = Pr(Rp = r|S, = i). Therefore, if there are n signals, then the strategy
F? : [n] — P,, where P, is the set of all possible distributions with support in [n]. The collection
of agent strategies, denoted {F},cp, is the strategy profile. A strategy of agent p is informedif there
exist distinct i, j € [n] and r € [n] such that Ffr # F? | ie., if not all rows of FP are identical. We

Jre
say that a strategy is uninformed otherwise.

2.1 Multi-task Peer Prediction

In this article, we consider multi-task peer prediction mechanisms defined in Shnayder et al. [2016a]
and extend them to the setting of heterogeneous agents. In these mechanisms, each agent performs
multiple tasks, and the score of an agent depends on its reports and the reports of its peers. For each
agent, a random subset of her tasks is designated as bonus tasks, and its complement is designated
as penalty tasks, without the knowledge of the agent. These mechanisms are characterized by
scoring matrices for each pair of agents, which are used to score agents’ reports. In our mechanism,
the scoring matrix S, 4 : [n] X [n] — {0, 1} for agent pair p and g will be such that S, 4(i,j) = 1
when the event that agent p receives signal i is positively correlated with the event that agent
q receives signal j on the same task, otherwise S, 4(i,j) = 0. We will thus use the delta matrices
(which will be learnt from agent reports) to design these scoring matrices.
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For signals i and j, if Sp, 4 (i, /) = 1, then, for each bonus task of an agent p, we will add 1 to her
score for reporting i when the report of its peer agent g on the same task is j, otherwise, we will
not add anything. Additionally, for each bonus task of agent p, we randomly select a penalty task
and subtract some score her total score based on her report on the penalty task. For signals i and
J>if Sy ¢(i, j) = 1, then, we will subtract 1 from her score for reporting i on the penalty task when
the report of its peer agent g on a different task is j, otherwise, we will not subtract anything. The
penalty is included in the score to avoid “uninformative equilibria,” where agents agree to report
the same signal on every task without investing effort in gathering the signals. The total score of
an agent will be the sum of all the scores over all bonus tasks calculated this way.

In our mechanism, the score of an agent on a bonus task will be “+1” when its report is positively
correlated with the report of its peer agent on the same task. The score of an agent on a penalty task
will be “~1” when its report is positively correlated with the report of its peer on a different task.
The intuition behind our mechanism is that when signals i and j of agents p and q are correlated,
then it will be more likely that agents receive this pair of signals on tasks they share than on tasks
they do not share. Hence, the overall score will be positive in expectation when agents are truthful.
Whenever the agents use any uninformed strategy then the event that “the report of agent p is i
and the report of agent g is j” is as likely to happen when they perform the same task as it is when
they perform different tasks. Hence, the expected payment of any uninformed strategy will be
zero. The correlated agreement (CA) mechanism [Shnayder et al. 2016a] also uses a scoring matrix
for scoring agent. However, in their homogeneous setting, only one scoring matrix is required,
because the delta matrices are the same for each pair of agents. In our heterogeneous setting, we
have to use different scoring matrices for different pairs of agents.

Formally, for agent p, we denote the set of her bonus tasks by Mf and the set of her penalty
tasks by M‘; . To calculate the payment to an agent p for a bonus task t € M?, we do the following:

(1) Randomly select an agent g € P\ {p} such that t € M/, and the set M} U M has at least
2 distinct tasks, and call g the peer of p.

(2) Picktaskst’ € Mf and t” € M randomly such thatt’ # t” (¢’ and ¢”’ are the penalty tasks
for agents p and g, respectively).

(3) Let the reports of agent p on tasks t and ¢’ be r;, and r%, respectively, and the reports of

agent q on tasks t and t”" be r, and r;//, respectively.

(4) The payment of agent p for task ¢ is then Sy, 4(r5,75) = Sp.q(rp .75 ).

The total payment to an agent is the sum of payments for the agent’s bonus tasks.

2.2 Task Assignments

Since we work in the setting where agents perform multiple tasks, it is important to address
how these tasks are assigned to agents. Our mechanism has two requirements from any task
assignment.

(1) From an agent’s perspective, every other agent is equally likely to be her peer. This re-
quires agents not to know each other’s task assignments before deciding a strategy. For
example, if agents of one “type” are more likely to be peers with agents of another “type”
based on their task assignments, then they can coordinate amongst themselves to decide a
more profitable strategy than truth-telling. Our mechanism will be robust to coordinations
that happen before the task assignments. Our mechanism will also be robust to coordina-
tions after task assignments as long as the agents are not able to figure out which agents
are more likely to be their peers based on the identity of the tasks they are assigned.
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(2) We should always be able to find a peer agent g for any agent p. Precisely, the tasks are
assigned in a way that for every agent p, we can find a peer agent g such that g has
performed at least one bonus task that p has performed, and we have reports from p and
q for two different tasks that are not the same as the bonus task.

In addition, our mechanism has a learning component, where we learn about the correlation
between agents’ signals and also cluster agents into groups. Hence, to learn these quantities, we
need to collect sufficient reports from each agent. This imposes some other requirements for the
task assignment. In Section 4, we propose two task assignment schemes that a principal can use
that satisfy all these requirements.

2.3 Expected Payments

The expected payment to agent p under strategy profile {F?},cp for any bonus task performed by
her, equal across all bonus tasks as the tasks are ex ante identical, is given as

1— . . p q
-1 Z ZDp,q(l,J) Z Fir,,Fjrqu,q(rp,rq)

q#p \ ForTq

D D) D FL S Da() D FE Spg(rpiry)
i p J Tq

= A (D) = DpODG()) D F S5 (1)

q#p i,j Tp,Tq

1
— P P
71 E E Ap,q(laJ) § F,'rpF;Irqu,q(’"pJq)- (2)

q#p i.j Tp:Tq

up (FP, {F}gzp)

2.4 Informed Truthfulness

Following Shnayder et al. [2016a], we define the notion of approximate informed truthfulness for
a multi-task peer prediction mechanism.

Definition 2.2 (e-informed truthfulness). We say that a multi-task peer prediction mechanism is
e-informed truthful, for some ¢ > 0, if and only if for every strategy profile {F?},cp and every
agent p € P, we have u, (I, {I}42p) > uy(FP, {F9}42p) — €, where I is the truthful strategy, and
up (L, (T} gzp) > up (Fé’, {F?}42p) where Fé’ is an uninformed strategy.

An e-informed truthful mechanism ensures that every agent prefers (up to ¢) the truthful strat-
egy profile over any other strategy profile and strictly prefers the truthful strategy profile over
any uninformed strategy. Moreover, no coordinated strategy profile provides more expected util-
ity than the truthful strategy profile (up to ¢). For a small ¢, this is responsive to the main concerns
about incentives in peer prediction: a minimal opportunity for coordinated manipulations and a
strict incentive to invest effort in collecting and reporting an informative signal.®

2.5 Learning and Agent Clustering

Suppose that one knows A, ; for every pair of agents, then one can calculate the scoring matrices
Sp,q according to these delta matrices and use these scoring matrices to score the agents. It is not

3We do not model the cost of effort explicitly in this article, but a binary cost model (effort — signal, no-effort — no signal)
can be handled in a straightforward way. See Shnayder et al. [2016a].
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hard to prove (see Lemma 3.4 for a proof) that such an extension of the CA mechanism will be
informed truthful. However, we seek to design a detail-free mechanism where one does not have
the knowledge of delta matrices, and one needs to learn them from agent reports. However, it
would require Q(£?) samples to learn the delta matrices between every pair of agents, which will
often be impractical. Rather, the number of reports in a practical mechanism should scale closer
to linearly in the number of agents.

In response, we will assume that agents can be (approximately) clustered into a bounded number
K of agent signal types, such that agents of the same type have similar signal distributions. Hence,
a cluster of agents will be treated as a meta-agent, and we will work with signal distributions of
these meta-agents. Formally, let Gy, . .., Gk denote a partitioning of agents into K clusters. With
a slight abuse of notation, we also use G(p) to denote the cluster to which agent p belongs.

To reduce the sample complexity of our mechanism, we want that the clustering of agents to
be such that for each pair p, g of agents, the signals of meta-agents (clusters) G(p) and G(q) are
correlated in a similar manner as the signals of agents p and q. With this in mind, for s, t € [K], let
us define the cluster Delta matrix between clusters G5 and G, to be the average signal correlation
taken over all pairs of agents p € G5 and g € Gy, i.e.,

m ZPEGs,qEGt Ap,q ifs #1
Ag,.6, = . . :
1Gs =G, 2p.qeGoqtp Dpg ifs=t
Now, the clustering of agents should be such that for each pair of agents p, g, we should be able
to use Ag(p),G(q) as a proxy for A, 4. This allows us to learn the Delta matrices for every cluster
pair, instead of learning Delta matrices for every agent pair. This intuition results in the following
definition of an & -accurate clustering:

Definition 2.3. We say that clustering Gy, . . ., Gk is €;-accurate, for some ¢; > 0, if for every pair
of agents p,q € P,
1Ap,q = Ac(p),c(q)llt < €1, 3)
where Ag(p),6(q) is the cluster Delta matrix between clusters G(p) and G(q).

Example 2.4. Let there be four agents p,q,r, and s. Let the pairwise Delta matrices be the
following:

A - 0.15 —0.15 _[-0.15  0.15 _[-0.05  0.05
~47 015 0.15 | "”" "] 0.15 —-0.15|"7°* 7] 0.05 —0.05

A _[005 00s] o _[-015 o015] . _[015 0.5
r = 10.05 -0.05|" """ " |015 -0.15]>""% 7 |-0.15 0.15 |

In this example, agents p and q tend to agree with each other, while agents r and s tend to agree
with each other while disagreeing with p and q. Let the clustering be Gy, G, where p, g belong to
G, and r, s belong to G,. Then the cluster Delta matrices are the following:

0.15 —-0.15 —-0.1 0.1 0.15 -0.15
, A6, = )

Ac.ei=|_o15 015 0.1 —0.1 -0.15  0.15

] » AG,6, =

It is easy to observe that Gy, G; is a 0.2-accurate clustering.

Our mechanism will use an estimate of Ag(p),G(q) (instead of A, 4) to define the scoring matrix
Sp,q- Thus, the incentive approximation will directly depend on the accuracy of the clustering as
well as how good the estimate of Ag(y),G(q) iS-

There is an inverse relationship between the number of clusters K and the clustering accuracy
&1: The higher the K, the lower the ¢;. In the extreme, we can let every agent be a separate cluster
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2:10 A. Agarwal et al.

(K = {), which results in ¢; = 0. But a small number of clusters is essential for a reasonable sample
complexity, as we need to learn O(K 2) cluster Delta matrices. For instance, in Example 2.4, we need
to learn three Delta matrices with clustering, as opposed to six without clustering. In Section 4, we
give a learning algorithm that can learn all the pairwise cluster Delta matrices with O(K) samples
given a clustering of the agents. In Section 5, we show using real-world data that a reasonably
small clustering error can be achieved with relatively few clusters.

3 CORRELATED AGREEMENT FOR HETEROGENEOUS AGENTS

In this section, we define our Correlated Agreement for Heterogeneous Agents (CAHU) mecha-
nism, presented as Algorithm 1. Our mechanism builds upon the multi-task Correlated Agreement
(CA) mechanism of Shnayder et al. [2016a], which uses the correlation between signals of different
agents to design a scoring matrix to score the agents. However, since we work in a heterogeneous
setting, we will need to design different scoring matrices for different pairs of agents based on the
different correlations between different pairs.

For intuition, consider the case when one has knowledge of the Delta matrices for all pairs of
agents. In this case, in the multi-task peer prediction framework defined in Section 2.1, the scoring
matrices S, 4 can be defined such that S, 4(i,j) =1 when A, 4 > 0, and S, 4(i, j) = 0 otherwise.
Such a mechanism will be 0-informed truthful, as we prove in Lemma 3.4.

However, to design a detail-free mechanism with low sample complexity, we will assume that
we have a clustering of agents such that the average cluster Delta matrices can be used as a proxy
for agent Delta matrices. Hence, our mechanism works with a clustering of agents and uses the
cluster Delta matrices to design scoring matrices for pairs of agents. Here, we will describe our
mechanism when a clustering as well as estimates of cluster Delta matrices are given as inputs
to the mechanism. In Section 4, we will see how one can learn such a clustering and estimates of
Delta matrices from agents’ reports.

Specifically, CAHU takes as input a clustering Gy, . . ., Gg of agents. It also takes as input ma-
trices {ZGS,G, }s,ze[k]> Which are estimates of the cluster Delta matrices {Ag,, G, }s,e[x] defined in
Section 2.5. The scoring matrix S, , for agent pair p and g is then defined such that S, 4(i,j) = 1
when Ag(p),6(q) > 0, and S, 4(i, j) = 0 otherwise, where G(p) and G(q) denote the clusters that p
and q belong to, respectively. The CAHU mechanism then calculates the reward of an agent ac-
cording to the framework of multi-task peer prediction discussed in Section 2.1. This would mean
that an agent p gets a positive score whenever her report and her peer ¢’s report on a bonus task is
such that there is positive correlation between the corresponding signals of clusters G(p) and G(q).
However, we also include a penalty when this happens on different tasks. The idea is that if the
clustering is -accurate and the estimates of cluster Delta matrices are accurate, then the mech-
anism should retain its truthfulness properties. With this in mind, we define an (¢, £;)-accurate
input to the algorithm as follows:

Definition 3.1. We say that a clustering {G;}s¢[x] and the estimates {ZGS,G, }s,te[k] are (1, €2)-
accurate if

o [[Ap g —Acp).c(gllh < ¢ for all agents p, g € P, i.e, the clustering is ¢;-accurate, and
o |Ag,.G, — ZGS,Gz Iy < & forall clusters s, t € [K], i.e., the cluster Delta matrix estimates are
&y-accurate.

An ¢ clustering intuitively means that if we pick one agent from cluster G and another agent
from cluster G, then their signal correlation is determined by the pair of clusters up to an error &
and is independent of the identities of the agents. However, ¢;-accurate clustering simplly means
that we can estimate the cluster delta matrices up to an error ¢;. When we have a clustering and
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estimates of the delta matrices that are (e, £2)-accurate, we prove that the CAHU mechanism
is (¢1 + €2)-informed truthful. In Section 4, we present algorithms that can learn an ¢;-accurate
clustering and ¢;-accurate estimates of cluster Delta matrices.

Throughout the rest of this section, we will use ¢ to denote the clustering error and ¢, to denote
the learning error. We remark that the clustering error ¢; is determined by the level of similarity
present in agent signal-report behavior, as well as the number of clusters K used, whereas the
learning error ¢, depends on how many samples the learning algorithm sees.

ALGORITHM 1: Mechanism CAHU
Require:
A clustering Gy, . .., Gk such that [|Ap ¢ — Acpy.cglh < e forall p,q € P;

estimates {ZGS,Gz }s,re[k] such that IIZGS’G[ - Ag,,6,lh < e foralls,t € [K]; and

for each agent p € P, her bonus tasks Mf, penalty tasks Mp, and responses {r‘g}berqu.

Ensure:
1: for every agent p € P do
2: for every task b € Mf do > Reward response VZ
3: q < uniformly at random conditioned on b € M? U M;] and (either IM;] | =2, |M§ | >2
or Mg # M‘g) > Peer agent
4 Pick tasks b’ € M’; and b € Mg randomly such that " # b”’ > Penalty tasks
5 Sp.g < Sign(Ac(p).c(q)
6: Reward to agent p for task b is Sp, 4 (ri rZ) = Sp.q (rZ, rZ,,)
7 end for
8: end for

TSign(x) = 1if x > 0, and 0 otherwise.

3.1 Analysis of CAHU

In this section, we will prove the incentive properties of the CAHU mechanism. We will first
present an overview of the proof before presenting it formally. Recall that the expected payment
of an agent in this setting is the following:

1
— P P rq
up(FP {FYgzp) = 7-1 Z Z Ap.q(i.]) Z F EirySpa(rpsq) -
q#p i,j Ip,Tq

One can think of the expected payment to an agent p to be the average over all other agents g, the
expected payment when g is p’s peer agents. The expected payment when q is p’s peer agent is
given by the quantity 3; ; Ap (i, ) - Drprg FfrpF;Irqu,q(rp, rq)-

For intuition, let us only consider deterministic strategies in this discussion. Our proof covers
general randomized strategies. For deterministic strategies, we have that

D FL L Spq(rparg) = Spq(FILF])

Tp:Tq
where Ff and F ;1 denote (deterministic) reports of agents p and q given signals i and j, respectively.
In this case, the expected payment for p when g is her peer is }; ; Ap (i, j) - Sp’q(Ff, FJ‘.]). Suppose
that A, 4 has positive diagonals, and negative non-diagonals, and the scoring matrix S, , is the
identity matrix; then, it is not hard to see that the maximum value of }}; ; A, 4(i, ) - Sp, q(Ff ,F ;1)

for any deterministic F¥ and F? is the trace of the matrix Ap,q. Moreover, this maximum is
achieved when FP and F? are truthful. Also, suppose that agents p and g adopt an uniformed
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2:12 A. Agarwal et al.

strategy—say, reporting “1” for every task—then the expected paymentis }; ; Ay 4(i, ) - Sp.q(1,1),
which is zero, since the sum of the entries of the Delta matrices is always zero. For the gen-
eral case, we will show that the maximum expected payment to p when agent q is her peer is
given by 3 ; Ap q(i, j) - Sign(A,,4(i, j)). Hence, when S, 4 = Sign(A, 4(i, j)), then this maximum
is achieved when the agents are truthful. Also, the payment of any uninformed strategy is 0. Since
this holds for any peer agent g, this would imply informed truthfulness of the mechanism where
Sp.q = Sign(Ap (i, j)). A similar argument also follows for any mixed strategies. A formal proof
is presented in Lemma 3.4 and is very similar to the proof of informed truthfulness of the CA
mechanism [Shnayder et al. 2016a].

However, we use approximate cluster Delta matrices instead of agent Delta matrices to design
the scoring matrices. Hence, we need to additionally worry about the effect of approximations
due to clustering and learning on the incentive properties of our mechanisms. We will show that
even under these approximations a truthful strategy will attain an expected reward that is close
to the maximum possible expected reward. Precisely, we will show that when the clustering is
e1-accurate and the cluster Delta matrix estimates are &;-accurate, then the expected reward of
a truthful strategy is at most (¢; + ¢;) away from the maximum reward under any strategy and
scoring matrices. Also, the expected reward of any uninformed strategy will always be zero. This
will imply that CAHU is (&; + ¢2)-informed truthful.

We will first need the following technical lemmas before proceeding to the main proof.

LEMMA 3.2. For any matrix S € {0,1}™", and any probability distributions ¢ € P, and ¢ € Py,
where P, is the set of all probability distributions over [n], we have that

D UnStrir), <1

ri,ry€[n]

Proor. The factthat 3, ,,crn)¥n S (r1,72)¢r, = 0follows easily from the fact that ¢,, > 0, $,, >
0, and S (r1,r2) = 0 for all r; and r,. The other direction follows from the following:

Z ‘prl ry, 12 ¢r2 = Z ‘prl Z §(r1,r2)¢r2

ri,r2€(n] ri€[n] ry€n]
<D U )14 (S(ri,r2) <1)
ri€[n] r2€[n]
= > Yn -1 (Srocn) $r, = 1)
ri€[n]
=1 (Zrle lﬁrl - 1)

O

We now prove another technical lemma that gives an upper bound on the maximum payoff to
an agent p under any scoring matrix.

LEMMA 3.3. Let {@,,q}p,qu be an arbitrary set of scoring matrices where @,,q € {0, 1}"" denotes
the score matrix for agent p and agent q. Then for every strategy profile {F1}cp, we have that

D Bpgli) DL FL L S ) < D Apgli)).

i,j Tp.Tq i,j:Ap, q(i,))>0
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Proor. We have that

- P pd T
Zquo DOV Sty = DL Byl D FL L Spq(rpery)

Tp:Tq (,1):8p,q(i,7)>0 TpsTq
. P pd T
DL D) DL FE S (rprg). (@)
(1.7)ipq (1.]) <O Torq

Now, we make two observations. First,

D Mgz Y Bpgld) D FD FL Spg(rpry).

i jip.q(i.))>0 (i.))Dp.q(i.j)>0 Tprq

which follows from Lemma 3.2 as Dirpirg Ff’rPFjr Sp q(rp,rg) < 1. Second,

. . v qg o
Np,q(i,]) Z Fjrijrqu,q(rpa rq) <0,
(1,/):8p, (i, 7)<O 'p:Tq

which again follows from Lemma 3.2 as Drprg Flrp e Sp q(rpsrg) =
Now, the desired bound follows from Equation (4) and the two observations above. O

We will now analyze our mechanism formally using the above lemmas. The derivation of the
following result closely follows a similar analysis due to Shnayder et al. [2016a]. We use u,,(-) to
denote the utility of agent p when the scoring matrices are Sign(A,, 4(i, j)), for all pairs p, g.

LEMMA 3.4. For a strategy profile {Fq}qu and an agent p € P, define

* P *
up(FP’ q#p) ZZAP q(l ) Z FlrpF]qrq p-q rp’rq)
q;tp ij TpsTq
where Sy, (i, j) = Sign(Ap,q(i. ) for alli,j € [n]. Then, u, (I, {I}¢zp) > p(Fp {F9}4%p). Moreover,
for any uninformed strategy FPLup (LI} gzp) > up(r, {F7)gzp). This implies informed-truthfulness

of the mechanism where Sy, . is used for scoring agents p and q.

Proor. Let 1[:] denote the indicator function. Then the utility of the truthful strategy profile
{I, {I}4%p} is given by

(L Mgerip) = 575 Zqum Do Ali=rp] -1l =rgl - S 4 (rpo1g)
qu\ Tp:Tq
—g > Zqu(lJ S, q(0.J)
qeP\{p

‘ a

=0 2L 2L Duglid)

qeP\{p}i.j:0p,q(i,j)>0

)

The utility of any other strategy proﬁle {FP,{F1}44,} is given by

u, (FP {FYgep\(p)) = {,— Z ZAp q(i.)) Z Ep Fh Sp.q(pq)-

qeP\{p Tp:Tq

From Lemma 3.3, we then have
uy (L AT} gepyip)) = up (FPL {F Y} gep\(p))-
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For an uninformed strategy F” such that all the rows of F? are the same, i.e., Flp = ¢ for all i
where ¢/ is a probability distribution, we have

% P 4
UP(FP, {F7) q;tp Z ZAP q(l 7 Z Fzr,,Fjrq P»q(ri”rq)
q¢P i,j Tp:Tq
ZZAP q(l ] Z ¢rp Jrg ,q(rp’rq)
‘I¢P i,j Tp:Tq

- f_ > Z > Fl pq(rp,rq)<Zqu 1]))

qeP\{p} J rp.rq
The last equality follows, since the row/column sum of delta matrices is zero. However,
uy (I, {I}g2p), being a sum of only positive entries, is strictly greater than 0. ]

We now prove our main theorem that (& + ¢2)-informed truthfulness holds when (e, &;)-
accurate clustering and learning holds.

THEOREM 3.5. With (&1, &2)-accurate clustering and learning, mechanism CAHU is (&1 + &2)-
informed truthful if ming uy (I, {I}¢2p) > €1 + &2. In particular,

(1) For every profile {Fi},cp and agent p € P, we have u,(I, {I}42p) = up(FP, {F}4sp) —
&1 — €&g.
(2) For any uninformed strategy FP, uy (I, {I}g2p) > up(Fp, {F9}g2p).

Proor. Fix a strategy profile {F?},cp. We first show that u;(]l, {I}g2p) = up(FP,{F9}42p) and
then show that Iu;(]l, {Igzp) — up (L, {T}g2p)| < &1 + &2. These together imply that u, (I, {I}4+,) >
up(FP,{F}44p) — €1 — €. For the former, we first observe (similarly, as in proof of Lemma 3.4) that
the utility of truthful reporting when the scoring matrix S;’ q(i, J) = Sign(A,, 4(i, j)), is given by

* 1 . .
u, (I, {Tgepr\(p)) = 71 Z B Z A Ap,q (i, ).
qeP\{p} i,j:Dp, 4 (i,j)>0

The utility u, (F?, {F7}4cp\(p)) of an agent p for any strategy profile {F?, {F7},ep\(p)} under our
mechanism, when the scoring matrix Sp q= Sign(ZG(p) G(q))» is given by

up(FP AF N gervip) = 7= D D Dpa(ied) D Fhy S Spq(rpery).
qu\ {p} i.Jj TpsTq

Now, using Lemma 3.3 and the expressions for uy, (I, {I}ep\(p}) and uy (FP,{F}4ep\(p)), we have
that

up (L {I}gep\ip)) = up(FP {F}gep\(p))-

For the latter, we have

ity (L Dhgzp) = up (L D)l = |77 D D Bpg (i) (Sign(Apg)i = Sign(Baip).i)is)

qeP\ip} i.j
@)
1 N .=
<73 PZ\; }Z |Ap,q(la])(81gn(Ap,q)i,j - Slgn(AG(p),G(q))i,j)l
qeP\{p} i.j
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_1 . . b . .
S7oa D DB (i) = Bopciq (i.))]
qeP\{p} i.Jj
1 _
T -1 Z I1Ap,q = Acp). Gl
qeP\{p}
_1 —
s -1 Z 18p.q = Acp).c@ll + 1AGp).6(a) = Bep).cglls
qeP\{p}
1
<€_1 Z &+ & =€+ &
qeP\{p}

To show that the third transition holds, we show that |a - (Sign(a) — Sign(b))| < |a — b| for all
real numbers a, b € R. When Sign(a) = Sign(b), this holds trivially. When Sign(a) # Sign(b), note
that the RHS becomes |a| + [b|, which is an upper bound on the LHS, which becomes |a|. The
penultimate transition holds by &;-accurate clustering and e;-accurate estimates of cluster Delta
matrices. This proves the first part of the theorem.

Now, we prove the second part of the theorem. For an uninformed strategy F” such that all the
rows of F? are the same, i.e., Fp 1/ for all i where ¢ is a probability distribution, we have

up(FP {F ) gzp) = ZZqu i,J) Z Flr,, Jrqqu (rp.q)

q#) i,j TpsTq
27 2 2 Baltd) D VT Spalrpere)
q#p i,j Tp:Tq

= f_ Z Z Z wrp ]rqSP»q(rP’rq) (ZAP,q(isj)):O,

qeP\{p} J rpsrq
where the last equality follows, because the rows and columns of A, , sum to zero. Since
lup (I AT gp) — up (L, {T}gep)| < €1 + &2, we have

up (I L gzp) = uy (L {l}gzp) — €1 — €2 > 0,

as u, (I, {I}g%p) > &1 + & for any p. O

P
The CAHU mechanism always ensures that there is no strategy profile that gives an expected
utility more than &, + £, above truthful reporting. The condition min, u;‘, (I, {l}gzp) > €1 + &5 is
required to ensure that any uninformed strategy gives strictly less than the truth-telling equilib-
rium. This is important to promote effort in collecting and reporting an informative signal. Note
that the learning error ¢; can be made if we have sufficient amount of data. Therefore, we need to
guarantee that min, uy (I, {I}42p) > &1 to ensure that any uninformed strategy gives strictly less
than the truth-telling. Writing it out, this condition requires that for each agent p the following

holds:
1
2 2 Ml > e ©)

AP i, jil\p, (i,))>0

In particular, a sufficient condition for this property is that for every pair of agents, the expected
reward on a bonus task in the CA mechanism when making truthful reports is at least ¢y, i.e., for
every pair of agents p and g,

DT Apglid) > e (7)

b,JiBp,q(i,)>0
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In turn, as pointed out by Shnayder et al. [2016a], the LHS in Equation (7) quantity can be
interpreted as a measure of how much positive correlation there is in the joint distribution on
signals between a pair of agents. Note that it is not important that this is same-signal correlation.
For example, this quantity would be large between an accurate and an always-wrong agent in a
binary-signal domain, since the positive correlation would be between one agent’s report and the
flipped report from the other agent.

The incentive properties of the mechanism are retained when used together with learning the
cluster structure and cluster Delta matrices. However, we do assume that the agents do not reveal
their task assignments to each other. If the agents were aware of the identities of the tasks they are
assigned, then they could coordinate on the task identifiers to arrive at a profitable coordinated
strategy. This is reasonable in practical settings, as the number of tasks is often large. The next
theorem shows that even if the agents could set the scoring matrices to be an arbitrary function S
through any possible deviating strategies, it is still beneficial to use the scoring matrices estimated
from the truthful strategies. Let S be an arbitrary scoring function, i.e., @,,q specifies the score
matrix for two agents from p and q. We will write i, (F?, {F?}4%,) to denote the expected utility of

agent p under the CAHU mechanism with the reward function S and strategy profile (F?, {F?}4,).

THEOREM 3.6. Let {§p,q }p.qep be an arbitrary set of scoring matrices where §p,q € {0, 1}™*" denotes
the score matrix for agent p and agent q. Then for every profile {F9},cp and agent p € P, we have

(1) up(ﬂ, {H}qip) P ﬁp(Fp, {Fq}qstp) — & — &.

(2) If minyuy(I,{T}qsp) > €1, then for any uninformed strategy F?, up (L, (T} gzp) >
A P q
up(FO,{F }q;tp)~

Proor. Similar to the proof of Lemma 3.4, the utility of truthful reporting when the scoring
matrix Sy, . (i, j) = Sign(Ap,q(i. j)), is given by

1
G Dgerip) =5 D, D, Bnalid)

qeP\{p} i,j:Ap, 4 (i,7)>0

The utility i, (F?, {Fq}qep\ 1) of an agent p for any strategy profile {F”, {F9},4cp\(p)} When the

scoring matrix is Sp,q, is given by

. _ P 4 T
Uy (FP {F T} gep(p)) = Z ZAP ) Z FirijrqSPsq(rP’rq)'

qu\ ) TpTq

Now, using Lemma 3.3 and the expressions for u;(]l, {I}gep\(p)) and i, (F?, {F}4epy(p)), We have
that

u;(I[, {]I}q¢p) = ap(Fp, {Fq}qip)~

Now the proof of Theorem 3.5 shows that u, (I, {I}¢zp) = u, (L, {I}42p) — &1 — &. Using the re-
sult above, we get u, (I, {I}g2p) = 6, (I, {I}42p) — €1 — &. Similar to the proof of Theorem 3.5, it
can be shown that i, (FP {F 1} 42p) = 0 for any uninformed strategy Fé’ . The proof of Theorem 3.5
also shows that u, (I, {I}4+) can be made positive whenever min,, u;(I[, {T}gzp) > €1 O

The above theorem implies that the incentive properties of our mechanism hold even when
agents are allowed to coordinate their strategies and the mechanism is learned using reports from
these coordinated strategies. To be precise, recall that u, (I, {I}4xp) is the expected payment to
agent p when the mechanism learns the true Delta matrix and the agent reports truthfully. This
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Fig. 1. Fixed task assignment. Fig. 2. Uniform task assignment.

is no less than the expected payment minus & + ¢, when the mechanism learns any other delta
matrices and the agents misreport in any arbitrary way:.

4 LEARNING THE AGENT SIGNAL TYPES

In this section, we provide algorithms for learning a clustering of agent signal types from reports,
and further, for learning the cluster pairwise A matrices. The estimates of the A matrices can
then be used to give an approximate-informed truthful mechanism. Along the way, we couple our
methods with the latent “confusion matrix” methods of Dawid and Skene [1979].

Recall that m is the total number of tasks about which reports are collected. Reports on m;
of these tasks will also be used for clustering, and reports on a further m; of these tasks will be
used for learning the cluster pairwise A matrices. We consider two different schemes for assigning
agents to tasks for the purpose of clustering and learning (see Figures 1 and 2):

(1) Fixed Task Assignment: Each agent is assigned to the same, random subset of tasks of
size my + my of the given m tasks.

(2) Uniform Task Assignment: For clustering, we select two agents r; and ry, uniformly
at random, to be reference agents. These agents are assigned to a subset of tasks of size
my(<m). For all other agents, we then assign a required number of tasks, s;, uniformly
at random from the set of m; tasks. For learning the cluster pairwise A-matrices, we also
assign one agent from each cluster to some subset of tasks of size s, selected uniformly
at random from a second set of my(<m — my) tasks.

For each assignment scheme, the analysis establishes that there are enough agents who have
done a sufficient number of joint tasks. Table 1 summarizes the sample complexity results, stating
them under two different assumptions about the way in which signals are generated.

4.1 Clustering
We proceed by presenting and analyzing a simple clustering algorithm.

Definition 4.1. A clustering Gy, . .., Gk is e-good if for some y > 0

G(q) =G(r) = 1Apg — Aprlli < e—4y Vp e [L]\ g1}, (8)
G(q) # G(r) = l1Apg — Aprlli > eVp € [£]\ {q, 1}. 9)

We first show that an e-good clustering, if exists, must be unique.

For an arbitrary m;, this bound is Km; as long as m; is Q(n” /(¢’)?).
*In the no assumption approach (respectively, Dawid-Skene Model), ¢ is the error in the estimation of the joint probability
distribution (respectively, aggregate confusion matrix).
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Table 1. Sample Complexity for the CAHU Mechanism

No Assumption

Dawid-Skene

Fixed Assignment

Clustering: O (l;—";)

Learning: O ( (Ii’;i )

Clustering: O (l;—'l;)

Learning: 0 ( é’,’;z )

Uniform Assignment

Clustering: O (‘;—”; + ml)

Learning: O (Km;/g1 / &)

Clustering: O (%2 + ml)

Kn’ )+

Learning: 0 ( )7

The rows indicate the assignment scheme and the columns indicate the modeling assumption. Here, ¢ is the
number of agents, n is the number of signals, ¢ is a parameter that controls learning accuracy*, y is a clustering
parameter, K is the number of clusters, and m; (resp. my) is the size of the set of tasks from which the tasks
used for clustering (respectively, learning) are sampled.

THEOREM 4.2. Suppose there exist two clustering {G;}je(x) and {T;}ie[x/) that are e-good. Then
K’ = K and G; = Ty ;) for some permutation 7 over [K].

Proor. Suppose Equations (8) and (9) hold with parameters y; and y,, respectively, for the clus-
terings {G;}je(x] and {T}ie[k’]. If possible, assume there exist T; and G; such that T; \ G; # 0,
Gi\T; #0, and T; N G; # 0. Pick s € T; N G; and r € G; \ T;. Then, we must have, for any p ¢
{g,s. 7},

(1) lApr = Apslly > ¢ (inter-cluster distance in {T;};c[x]).
(2) 1Ay, = Apslly < & — 4yy (intra-cluster distance in {G;}j¢[k])-

This is a contradiction. Now suppose K’ > K. Then there must exist T; and Ty such that T; U Ty C
G;j for some j. Pick ¢ € T; and r € Ti. Then, for any p ¢ {q, 7},

(1) lApg = Dprlly > ¢ (inter-cluster distance in {T;};c[x)-
(2) 11Apg = Aprlli < & — 4y (intra-cluster distance in {G;}e[k])-

This leads to a contradiction and proves that K’ < K. Similarly, we can prove K < K’. Therefore,
we have shown that for each each G; there exists i such that G; = T;. O

Since there is a unique e-good clustering (up to a permutation), we will refer to this clustering as
the correct clustering. The assumption that there exists an e-good clustering is stronger than Equa-
tion (3) introduced earlier. In particular, identifying the correct clustering needs to satisfy Equa-
tion (9), i.e., the A-matrices of two agents belonging to two different clusters are different with
respect to every other agent. So, we need low inter-cluster similarities in addition to high intra-
cluster similarities. The pseudo-code for the clustering algorithm is presented in Algorithm 2. This
algorithm iterates over the agents and forms clusters in a greedy manner. In particular, as Figure 3
shows, it checks whether i and g, are in the same cluster by estimating A, 4, and A,, ;. First, we

prove that as long as we can find an agent p; that has Q(w) tasks in common with both g,
and i, then the clustering produced by Algorithm 2 is correct with probability at least 1 — 8.
THEOREM 4.3. If for alli € P and q; € G(i) there exists p;, which has Q(M) tasks in com-

mon with both q; and i, then Algorithm 2 recovers the correct clustering, i.e., Gt =G; fort=1,...,K
with probability at least 1 — 6.

We need two key technical lemmas to prove Theorem 4.3. The first lemma shows that to estimate
Ap, 4 with an L1 distance of at most y, it is sufficient to estimate the joint probability distribution
Dp, 4 with an L1 distance of at most y/3. With this, we can estimate the delta matrices of agent
pairs from the joint empirical distributions of their reports.
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Fig. 3. Algorithm 2 checks whether i and g; are in the same cluster by estimating Ap, 4, and Ap, ;.

ALGORITHM 2: Clustering

Require: ¢,y such that there exists an e-good clustering with parameter y.

Ensure: A clustering {G;}f: "

:Ge0,Ke0 > G is the list of clusters, K = |G]

2: Make a new cluster G; and add agent 1

3 AddGito G, K « K+1

4: fori=2,...,0do

5. fort e [K]do

6: Pick an arbitrary agent g; € Gy

7 Pick p; € [I]\{i,q:} (Fixed) or p; € {r1,r2} \ {i,q:}(Uniform), such that p; has at least
Q(w) tasks in common with both q; and i

8: Let Ap,, 4, be the empirical Delta matrix from reports of agents p; and g;
9: Let Ap,,i be the empirical Delta matrix from reports of agents p; and i

10 end for

11: if 3r € [K] : 1Ap,.q; — Ap,.illL < € — 2y then

12: add i to G; (with ties broken arbitrarily for f)

13: else

14: Make a new cluster Gk +1 and add agent i to it

15: Add Gy, t0 G K« K+1

16: end if

17: end for

LEMMA 4.4. Forallp,q € P, |IDp g — Dpglli < y/3= 10 q— Dpglh <.
Proor.
1Apg = Dp.glli = D |Ppg(i. /) = Dp()Dg(i) = (Dp.q(is ) = Dp(D)Dg ()|
i,j
= " Dp.q(i:) = Dp.gi: D] + D" [Dp()Dg(i) = Dy(i)Dg(i) + Dy(i)Dg(j) = Dy (i) Dg ()|
i,j ij
<y13+ ) Dp(i) Y [Dg() = D] + D, Dg(i) D, |Dp(i) = Dy )
i Jj Jj i
<y/3+ ) Dgli) = Dgli)| + D [Dp(i) = Dy )]
Jj i
<Y/3+ ). [Dpg(is)) = Dpglis D] + D |Pp.g i, 1) = Dpg i, )|
i,j i,j

<y,

as required. O
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The second lemma is about learning the empirical distributions of reports of pairs of agents.
This can be proved using Theorems 3.1 and 2.2 from the work of Devroye and Lugosi [2012].

LEmMA 4.5. Any distribution over aﬁnite domain Q is learnable within a L1 distance of d with
probability at least 1 — § by observing O( log(l/é)) samples from the distribution.

We can use the above lemma to show that the joint distributions of reports of agents can be
learned to within an L1 distance y with probability at least 1 — §/K¢ by observing O(;—z log(K¢/9))
reports on joint tasks.

COROLLARY 4.6. For any agentpalrp, q € P, the joint distribution of their reports Dy, , is learnable
within an L1 distance of y using O(" log(Kt/8)) reports on joint tasks with probability at least
1-0/K¢.

We are now ready to prove Theorem 4.3.

Proor oF THEOREM 4.3. The proof is by induction on the number of agents £. Suppose all the
agents up to and including i — 1 have been clustered correctly. Consider the ith agent and suppose
i belongs to the cluster G;. Suppose G; # 0. Then, using the triangle inequality, we have

1Ap..qr = Dprillt < I1Apge = Bprogellt + 18p,.q, = Dppiills + 1Ap,,i = Bp,.ill1-

Since q; € Gy, wehave ||A,, 4, — Ap,.illi < €/2 — 4y. Moreover, using Lemma 4.4 and Corollary 4.6,
we have that, with probability at least 1 — 6/K¢, Ay, q, = Dp,.q. 1t <y and [|A,, i = Ay, ill <.
This ensures that ||Ap, 4, — Ap,.ill1 < /2 — 2y. However, pick any cluster G such that s # t and
G # 0. Then

”AP5,45 - APs»iul = ”APS’LIS - Aps,i” - ”APS’QS - APs»qSHI - ”Aﬁs»i - APs»illl'

Since i ¢ Gs, we have ||A, 4. — Ay illi > /2. Again, with probability at least 1 — §/K¢, we have
||Aps,qs = Apq.lli <y and ||Aps,i — Ap,,illi <y. This ensures that ”Aps,qs - Aps,iHl > ¢ef2-2y.
This ensures that condition on line (11) is violated for all clusters s # ¢. If G, # 0, then this con-
dition is satisfied and agent i is added to cluster G,, otherwise the algorithm makes a new cluster
with agent i. Now note that the algorithm makes a new cluster only when it sees an agent belong-
ing to a new cluster. This implies that K = K. Taking a union bound over the K choices of g, for
the K clusters, we see that agent i is assigned to its correct cluster with probability at least 1 — §/¢.
Finally, taking a union bound over all the £ agents, we get the desired result. ]

Next, we show how the assumption in regard to task overlap is satisfied under each assignment
scheme and characterize the sample complexity of learning the clusterings under each scheme. In
the fixed assignment scheme, all the agents are assigned to the same set of m; = Q()’/’—Z log(K¢/9))
tasks. Thus, for each agent pair g; and i, any other agent in the population can act as p;. The total
number of tasks performed is O({;/—”z2 log(K¢/6)).

In the uniform assignment scheme, we select two agents r; and r, uniformly at random to be
reference agents and assign these agents to each of m; = Q()’/’—Z log(K¢/)) tasks. For all other

agents, we then assign s; = Q(’;—z log(K¢/6)) tasks uniformly at random from this set of m; tasks. If
my = sy, then the uniform task assignment is the same as fixed task assignment. However, in appli-
cations (e.g., Karger et al. [2011]) where one wants the task assignments to be more uniform across
tasks, it will make sense to use a larger value of m;. The reference agent r; can act as p, for all agent
pairs q; and i other than r;. Similarly, reference r, can act as p, for all agent pairs q; and i other than
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re.1f q; = ryand i = ry or q; = rp and i = rq, then any other agent can act as p;. The total number
of tasks performed is Q(‘;/—"zZ log(K¢/8) + my), which is sufficient for the high-probability result.

4.2 Learning the Cluster Pairwise A Matrices

We proceed now under the assumption that the agents are clustered into K groups, Gy, ..., Gg.
Our goal is to estimate the cluster-pairwise delta matrices Ag,, ¢, as required by Algorithm 1. We
estimate the Ag,, ;, under two different settings: when we have no model of the signal distribution
and in the Dawid-Skene latent attribute model.

ALGORITHM 3: Learning-A-No-Assumption

:fort=1,...,Kdo
Choose agent q; € G; arbitrarily.
: end for
: for each pair of clusters Gs, G; do
Let g5 and g; be the chosen agents for G5 and Gy, respectively.
Let Dqs,q: be the empirical estimate of Dy, 4, such that IIDqs,q[ — Dy, q,ll1 < €’ with probability at
least 1 — §/K?
Let Ag,,q, be the empirical Delta matrix computed using Dy, 4,

AN A R o>

>

8: Set AGs,Gz = AQs,Qt
9: end for

4.2.1 Learning the A-Matrices with No Assumption. We first characterize the sample complex-
ity of learning the A-matrices in the absence of any modeling assumptions. To estimate Ag,_ g,,
Algorithm 3 first picks agent g; from cluster G;, estimates Ag, 4,, and uses this estimate in place
of Ag,.,. For the fixed assignment scheme, we assign the agents g5 to the same set of tasks of size
O(ﬁ log(K/98)). For the uniform assignment scheme, we assign the agents to subsets of tasks of
an appropriate size among the pool of m; tasks.

K
s=1’

pair of agents qs, q; is O(ﬁ log(K/§8)), then Algorithm 3 guarantees that for all s, t, ||Ag, 6, —
Ag,.q, i < 3¢’ + 2¢ with probability at least 1 — 8. The total number of samples collected by the al-

gorithm is O(% log(K/8)) (respectively, O(Km;/8 (g,z)z log(K/8))w.h.p.) under the fixed (respec-

tively, uniform) assignment scheme.

THEOREM 4.7. Given an e-good clustering {Gs} if the number of shared tasks between any

We first prove a sequence of lemmas that will be used to prove the result.
LEMMA 4.8. For every pair of agents p, q, we have

”Ap,q - AG(p),G(q)”l <2 ”Aa,c - Ab,c||1~

max
a,b,ceP:G(a)=G(b)
Proor. Let Ap G(g) = W 2reG(q) Ap.r» then using the property of clusters, we have

1

”AP"] - AG(P),G(‘I)HI = AP"Z - |G(p)| IG(q)l ZueG(p),veG(q) Ay .

1
[ | A _A
H GG Zeccwrweci (g = Auo)
1
< [Gone@ 2
GO .

1

”Ap,q - Au,v”l
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1
S SaTa 1Ap,q = Buglli + [1Au,q — Buolh
CPIC@] HEG@,)Z,;EG@ pia = Bl 1B = Buo
1
< ——— 2 m Agc—A
IG(p)|1G(q)] Z abechimycm e T el
ueG(p),veG(q)
=2 max “Aa,c - Ab,c”b
a,b,ceP:G(a)=G(b)
as required. ]

The next lemma characterizes the error made by Algorithm 3 in estimating the Ag, ;,-matrices.

LEMMA 4.9. For any two agents p € G and q € Gy, IIDp,q ~Dpqlh <&'= ||Ap,q -Ag,.6lh <
3¢’ + 2e.

PrOOF. Lemma 4.4 shows that ||D, g — Dy glli < &' = |Ap g — Apqglli < 3¢
Now,

18p,g = 86,6l < 1Apq = Apglli + 11Ap.g = A, < 3¢” + 2e.
The last inequality uses Lemma 4.8 ]

ProoF (THEOREM 4.7). By Lemma 4.5, to estimate D,, , within a distance of ¢’ with probability

at least 1 — §/K?, we need O( (5,2)2 log(K?/6)). By a union bound over the K? pairs of clusters, we
see that with probability at least 1 — &, we have ||Dg, 4, — Dq..q,|l1 < ¢’. This proves the first part
of the theorem. When the assignment scheme is fixed, we can assign all the same tasks to K agents
{q:} |, and hence the total number of samples is multiplied by K.

However, under the uniform assignment scheme, suppose each agent {q,}X  is assigned to a
subset of s, tasks selected uniformly at random from the pool of m, tasks. Now consider any
two agents gs; and g;. Let X; be an indicator random variable that is 1 when i € [m;,] is in-
cluded in tasks of gs, and 0 otherwise. Also, let Y; be a similar random variable for the tasks
of gq;. Let Z; = X; X Y;. The probability that both agents are assigned to a particular task i,
Pr(Z; = 1) = (sz/m3)?. Therefore, the expected number of overlapping tasks among the two agents

2 2
ismy - (2£)2 = 2L je, E[Y;Zi] = -2. Now, we want to bound the deviations from this expecta-
my my ! my

tion. Let R; = E[Z;’fl ZilX1,...,X;, Y1,...,Y;], then R; is a Doob martingale sequence for Z{:l Z;.
Also, it is easy to see that this martingale sequence is bounded by 1,i.e., |[Rj11 — R;j| < 1. Therefore,
we apply the Azuma-Hoeffding bound (Lemma 4.10) as

4
Z Z; < 2exp _ 2

- 13 ~ 8m3 .
Now substituting s, = mg/g -LY? where L = O ("—2 log(Kz/ﬁ)), we get

()
Z Zi < mg/4L/2
i

2

S
> 2
2m2

Pr

Pr < 2exp {—\/m_ng} .

Taking a union bound over K? pairs of agents, if each agent completes mg/ 8. L1/2 tasks selected
uniformly at random from the pool of m; tasks, then the probability that any pair of agents has a
number of shared tasks L is at least 1 — K2 exp{—+/mzL?}, which is exponentially small in m,. O

LEMMA 4.10. Suppose X, n > 1 is a martingale such that X, = 0 and |X; — X;—1| < 1 for each
1 < i < n. Then for everyt > 0

Pr[|X,| > t] < 2exp{—t*/2n).
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4.2.2  Learning the A-matrices under the Dawid-Skene Model. In this section, we assume that
the agents receive signals according to the Dawid and Skene [1979] model. Here, each task has
a latent attribute and each agent has a confusion matrix to parameterize its signal distribution
conditioned on this latent value. Recall two notations from the introduction: D, (i) is the mar-
ginal probability of observing signal i for agent p, and D, 4(i, j) is the joint probability that the
agents p and q observe signals i and j, respectively. Then the Dawid-Skene Model is formally
defined as:

e Let {m}}_, denote the prior probability over n latent values.
e Agent p has confusion matrix CP € R™", such that Cg. =D,(Sy = jIT = i) where T is the
latent value. Given this, the joint signal distribution for a pair of agents p and q is

Dy o(Sp=i,5,=J) = Z wCh Ol (10)
k=1
and the marginal signal distribution for agent p is

n
D,(Sp = i) = Z mCh. (11)
k=1

For cluster G;, we write C* = ﬁ Ypec, CP to denote the aggregate confusion matrix of G;. As
before, we assume that we are given an ¢-good clustering, Gy, . . ., Gk, of the agents. Our goal is
to provide an estimate of the Ag,, g,-matrices.

Lemma 4.11 proves that to estimate Ag, g, within an L1 distance of ¢’, it is enough to esti-
mate the aggregate confusion matrices within an L1 distance of ¢’/4. So, to learn the pairwise
delta matrices between clusters, we first ensure that for each cluster G;, we have ||C! — C!||; <
¢’ /4 with probability at least 1 — §/K and then use the following formula to compute the delta
matrices:

Ag,.q, (i, )) Z Gy _k] Z i Cy, Z ﬂkC (12)

LEMMA 4.11. For all Gg,Gp, [IC?—C%l <é'/4 and |ICb - CP|y <¢'/4 = |Ag,.c, -

Al <€
Proor.

. 1 . 1 . ) .
AG,.6, (1)) = G.1Gal Z Apq(ij) = 1G.11Gal Z Dyp,q(isj) = Dp(i)Dg ()

a b p€Ga,qeGy, a b P€Ga,qeGy

1 Z Z D q
= — ﬂkc C Zﬂ'kc ZC
|Gal |Gyl peGaraeG, k ki

1 1
p q
Z”" 1Gal chi Gyl chj
k 4 peG, bl jeG,
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LA IS

Z 1
- Tk
|Gal p€Ga q€Gy

= Z mCELCh, — Z mCl, Z mCl.

Now

1AG,.G, = DGa.Gylh = Z |Aca G, (1)) = Aca,cb(i,j)|

_kj Z ﬂkC Z ﬂkaJ (Z ﬂkC k] Z ﬂkC Z ﬂkC )
k

< Zﬂ'ké _kj ZﬂkC“ Cb ZﬂkCZiZﬂkéll;j —Z]TkCZiZﬂ'kCZj
Lj Ik i,j Ik k k k

4G = > e+ > L, Z T CYLCh

k k

ki Z ﬁkc Z nkC,‘ji Z ﬂkcll;j + Z ﬂkc_zi Z ;rkCZj - Z nkC,‘:l. Z nkC,l;j

k k k k k k

Tk

—ZMZF l
+;”kzc;iznk,z\czv,.
SOENNCRCIEEIESY

<2||c'“—ca||1+2||c”—c”||1<4><g/4=g. O

ZﬂkZC Zﬂk/Z‘C_‘z,i—C“

a b
Ckl Ckl

We now turn to the estimation of the aggregate confusion matrix of each cluster. Let us assume
for now that the agents are assigned to the tasks according to the uniform assignment scheme, i.e.,
agent p belonging to cluster G, is assigned to a subset of B, tasks selected uniformly at random

from a pool of m; tasks. For cluster G,, we choose B, = |’an‘ In (mZK

). This implies:
1) For each j € [m;], Pr[agent p € G, completes task j] = log(mzK/f)
gentp P [Gal
is equally likely to complete every task j.
(2) Pr[task j is unlabeled by G,] = (1 — log(lr";K/'B))IG al f Taking a union bound over

al
the m, tasks and K clusters, we get the probability that any task is unlabeled is at
most . Now if we choose f = 1/poly(m;), we observe that with probability at least

1 — 1/poly(mz), each task j is labeled by some agent in each cluster when B, = é(%)

,i.e., each agent p in G,

All that is left to do is to provide an algorithm and sample complexity for learning the aggregate
confusion matrices. For this, we will use n dimensional unit vectors to denote the reports of the
agents (recall that there are n possible signals). In particular, agent p’s report on task j, r,; € {0, 1}".
If p’s report on task j is ¢, then the cth coordinate of r; is 1, and all the other coordinates are 0. The
expected value of agent p’s report on the jth task is E[r,;] = >} _; 77.'kC£ The aggregated report for
a cluster G; is given as R;; = ﬁ 2peG, Toj-
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Suppose we want to estimate the aggregate confusion matrix C! of some cluster G;. To do so,
we first pick three clusters Gy, G,, and G; and write down the corresponding cross-moments. Let
(a, b, c) be a permutation of the set {1, 2, 3}. We have:

E[Rq] = ) mCy, (13)
k
E[Rq; ® Ry;] = anc;j ®Ch, (14)
k
E[Rqj ® Rpj ® Rej] = > mCL @ Cl @ Cf. (15)
k

The cross moments are asymmetric; however, using Theorem 3.6 in the work by Anandkumar
et al. [2014], we can write the cross-moments in a symmetric form.

LEMMA 4.12. Assume that the vectors {Cl', ...,CLY} are linearly independent for each t € {1,2,3}.
For any permutation (a, b, c) of the set {1, 2,3} define
R}; = E[Rj ® Ry;](E[Rqj ® Ry;]) 'Ry
R;U' = E[ch ® Raj](E[ij ® Raj])ilej’
M, = E[R}; ® R} ] and Ms = E[R}; ® R, ® R,;].

n n
Then M, = Z mCp ® C{ and Ms = Z 1 CL ® CL ® CY.
k=1 k=1
We cannot compute the moments exactly, but rather estimate the moments from samples ob-
served from different tasks. Furthermore, for a given task j, instead of exactly computing the ag-
gregate label R, we select one agent p uniformly at random from G, and use agent p’s report on
task j as a proxy for Ry;. We will denote the corresponding report as Rg ;- The next lemma proves

that the cross-moments of {jo }!I;:l and {Ry; };(:1 are the same.
LEMMA 4.13.

(1) For any group G, E[Raj] = E[R4].
(2) For any pair of groups G, and Gy, E[f?aj ® ij] = E[R4j ® Rp;j].
(3) For any three groups G,, Gy, and G., E[ﬁuj ® ﬁbj ® 1~2C]~] =E[Rqj ® Rpj ® R.j].

Proor.

1. First moments of {}igj}K=1 and {Ry; }5:1 are equal:

g

BlRy) = 5= > Elry] = EIR)

p€Ga

2. Second order cross-moments of {jo };(:1 and {Ry; };(:1 are equal:

E[Ruj ® Ryj] = Z mkE[Rqyj ® Ryjly; = k] = ZﬂkE[Raﬂyj = k] ® E[Ry;ly; = k]
% 3

1 1
— § § P § q| _ § a b _
= Tk |G | Ck ®(|Gh| Ck) = ﬂka ® Ck = E[Raj ®ij].
k 4l peG, k

q€Gyp
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3. Third order cross-moments of {f?gj }‘(I;=1 and {Ry; }!I;:l are equal:

E[Raj ®febj ®ch] = Z JTkE[Raj ®ﬁbj ®§cj|yj = k]
k

= D mElRyly; = k] @ B[Ry ly; = K] ® E[Rejly; = k]
k

‘Z |G|Z’< |G|Z JraPIt

reGe

= Z 1C8 ® CL ® CS = E[Ryj ® Ry; ® Rej].
k

The next set of equations shows how to approximate the moments M, and Ms:

-1

1 my 1 my
R,={— > Rjy®Rypy||— > Rajy ®Ryy| Ry
aj s Z:; cj bj m; Zzll aj bj aj
1 my 1 my !
Ry; = m_zZRCf"g’R“f’ m_ZZij’@’Raj’ Rypjs
MZZ—ZR, ®R 77 and M3—_ZR/ ®R,/®ch

A. Agarwal et al.

(16)

(17)

(18)

ALGORITHM 4: Estimating Aggregate Confusion Matrix

Require: K clusters of agents Gi, Go, . .., Gk and the reports jo € {0,1}" for j € [m] and g € [K]

Ensure: Estimate of the aggregate confusmn matrices CY for all g € [K]
1: Partition the K clusters into groups of three
2: for Each group of three clusters {g4, g, g} do

3. for (a.b,c) € {(9p.9cs9a), (9es 9as 9b)s (9a- gp» gc)} do

4: Compute the second and the third order moments My € R Nz e RPXnxn 5 Compute CY
and T1 by tensor decomposition

5: Compute whitening matrix QO € R™" such that 0T M0 = I

6: Compute eigenvalue-eigenvector pairs (&, ﬁk)zzl of the whitened tensor M3 (0, Q, Q) by using
the robust tensor power method

7: Compute wg = a 2and ji = (0o,

8: Fork=1,...,n set the kth column of C¢ by some [ whose kth coordinate has the greatest
component, then set the kth diagonal entry of IT by Wy

9: end for

10: end for

We use the tensor decomposition algorithm (4) on M, and Ms to recover the aggregate confusion
matrix C¢ and II, where II is a diagonal matrix whose kth component is 77, an estimate of 7. To
analyze the sample complexity of Algorithm 4, we need to make some mild assumptions about the

problem instance. For any two clusters G, and Gy, define S, = E[R4; ® Ry;]
We make the following assumptions:

— b
= ZZ:l ﬁkcz ® Ck'

(1) There exists o7, > 0 such that 0,(Sq) > oy, for each pair of clusters a and b, where o, (M)

is the smallest eigenvalue of M.
(2) k = ming e Mingepy) min,»s {CL, — CL} >
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The first assumption implies that the matrices S, are non-singular. The smallest eigenvalue of
Sap controls how many samples we need to approximate S,; from its sample mean. The second
assumption implies that within a group, the probability of assigning the correct label is always
higher than the probability of assigning any incorrect label. Note that this assumption might be
false for an individual confusion matrix. However, we are averaging over all the users within
a cluster to get the cluster average confusion matrix, and unless a large fraction of individuals
within a cluster has the propensity to mislabel, i.e., assign large probability on incorrect labels, this
assumption is usually satisfied. The following theorem gives the number of tasks each agent needs
to complete to get an ¢’-estimate of the aggregate confusion matrices. We will use the following
two lemmas due to Zhang et al. [2016]:

LEMMA 4.14. For any é < or/2, the second and the third empirical moments are bounded as
max{[|M — Malop, M5 — Msllop) < 31¢/07
with probability at least 1 — § where § = 6 exp(—(ymzé — 1)?) + nexp(—(Vmy/né — 1)?)
LEMMA 4.15. For any é < k/2, if the empirical moments satisfy
max{ || M, — Mallop, M5 — Ms|lop} < €H

1 263/ o3/
for H := min % 1/2 i’
2’ 15n(2407" +2V2) 4v3720% + 8n(24/0 +2V2) |

then ||C¢ = Cllop < \né, ||H—H||op < € with probabllzty at least 1 — 06 where § is defined in
Lemma 4.14.

Zhang et al. [2016] prove Lemma 4.14 when M, is defined using the aggregate labels Ryj. How-
ever, this lemma holds even if one uses the labels Rg j- The proof is similar if one uses Lemma 4.13.
We now characterize the sample complexity of learning the aggregate confusion matrices.

THEOREM 4.16. Forany e’ < min{ %, %}n2 and d > 0, if the size of the universe of shared tasks m,
o
is at leastO(( oT log( "K)), then we have ||C* — C*||; < &’ for each cluster G;. The total number of
samples collected by Algorithm 4 is O(Kmy) under the uniform assignment scheme.
PRrooOF. Substituting ¢ = E]HO‘ /31 in Lemma 4.14, we get

max{||Mz — Mallop, M3 — Ms|lop} < &H

1/2 A H 3
with probability atleast 1 — (6 + n) exp(—(% — 1)?). This substitution requires §1Haz/31 <
o1/2. Since H < 1/2, it is sufficient to have
< 31/0}. (19)

Now using Lemma 4.15, we see that IIC_’C Cllop < vné; and ||IT - I|l,, < & with the above

probability. It can be checked that H >
1/2 gAl
7130nW -

530, - Lhis implies that the bounds hold with probability at

least 1 — (6 + n) exp(— (=2 1)). The second substitution requires
& < «k/2. (20)
Therefore, to achieve a probability of at least 1 — §, we need

2
- 7130%n3 e (6+n)
my > ——— o .
2 Efail & 1)
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It is sufficient that

n’ n
2 O\ g og (5)

to ensure [|C°~Cllop < Vné. For each k, |ICf = Cilli < VRIICE = Crlla < VnlICE = Cllp <
néy. Substituting & =¢&n* we get ||C°=Clly =X}, IIC5 = Cklly < n*é =& when my =
Q((gz)z 11
ability at least 1 — 8K. Substituting §/K instead of § gives the bound on the number of samples.
Substituting &’ = ;/n? in Equations (19) and (20), we get the desired bound on &’.

Now to compute the total number of samples collected by the algorithm, note that each agent
in cluster G, provides = o log( 7 2) samples. Therefore, total number of samples collected from

log(%)). By a union bound, the result holds for all the clusters simultaneously with prob-

cluster G, is my Iog(KZ’ :

) and the total number of samples collected over all the clusters is

Km; log( Kglz ).

O

Discussion. If the algorithm chooses m; = (5((8,)"%), then the total number of samples col-
L

lected under the uniform assignment scheme is at most é((g,;’ﬁ) So far, we have analyzed the
L

Dawid-Skene model under the uniform assignment scheme. When the assignment scheme is fixed,
the moments of R,; and R, need not be the same. In this case, we will have to run Algorithm 4
with respect to the actual aggregate labels {R ~}K This requires collecting samples from every

member of a cluster, leading to a sample complexity of O(—5— @ )2 7 log( "K))

To estimate the confusion matrices, Zhang et al. [2016] requrre each agent to provide at least
O log((€ +n)/8)/(¢')?) samples. Our algorithm requires O(n’ log(nK/8)/(¢’)?) samples from
each cluster. The increase of n? in the sample complexity comes about, because we are estimating
the aggregate confusion matrices in L1 norm instead of the infinity norm. Moreover, when the
number of clusters is small (K < ), the number of samples required from each cluster does not
grow with ¢. This improvement is due to the fact that, unlike Zhang et al. [2016], we do not have
to recover individual confusion matrices from the aggregate confusion matrices.

Note that the approach based on the work of Dawid and Skene [1979], for the uniform assign-
ment scheme, does not require all agents to provide reports on the same set of shared tasks. Rather,
we need that for each group of three clusters (as partitioned by Algorithm 4 on line 1) and each
task, there should exist one agent from those three clusters who completes the same task. In par-
ticular, the reports for different tasks can be acquired from different agents within the same cluster.
The assignment scheme makes sure that this property holds with high probability.

We now briefly compare the learning algorithms under the no-assumptions and model-based
approach. When it is difficult to assign agents to the same tasks, and when the number of signals is
small (which is often true in practice), the Dawid-Skene method has a strong advantage. Another
advantage of the Dawid-Skene method is that the learning error ¢’ can be made arbitrarily small,
since each aggregate confusion matrix can be learned with arbitrary accuracy, whereas the true
learning error of the no-assumption approach is at least 2¢ (see Theorem 4.7) and depends on the
problem instance.

5 CLUSTERING EXPERIMENTS

Our goal in this section is to empirically evaluate the incentive that an agent has to use a non-
truthful strategy under the CAHU mechanism in real-world scenarios. Recall that this incentive
error comes from two sources:
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e The clustering error. This represents how “clusterable” the agents are. From theory, we have
the upper bound &; = max, 4] 1Ap,q — Ac(p),G(q)ll1-

e The learning error. This represents how accurate our estimates for the cluster Delta matrices
are. From theory, we have the upper bound &, = max; je[x] lAc,.6; — Ac,.c; lh-

Given this, the CAHU mechanism is (&1 + ¢2)-informed truthful (Theorem 3.5).

In our experiments, we focus solely on the clustering error due to two reasons. First, the available
real-world datasets have little overlap between the tasks performed by different agents, making it
harder for us to learn their true pairwise A-matrices up to a reasonable accuracy and evaluate the
error in our estimation. Note that the overlap is only needed to be able to evaluate the learning
error of our approach; under the Dawid-Skene model, we do not require any overlap when using
our approach in practice.

More importantly, the clustering error and the learning error differ in a key sense. Even with
the best possible clustering, the clustering error ¢; cannot be made arbitrarily small with a fixed
number of clusters, because it depends on how close the signal distributions of the agents really are.
In contrast, the learning error ¢, of the no-assumption approach is 3¢’ + 2¢; (Theorem 4.7), from
which the part that does not depend on clustering (¢’) can be made arbitrarily small by simply
acquiring a sufficient amount of data about agents’ behavior. Similarly, the learning error ¢, in
the Dawid-Skene approach—which we use in this experiment—can be made arbitrarily small, too
(Theorem 4.16). Hence, given a sufficient amount of data from the agents, the total error would be
dominated by the clustering error ¢;. In particular, we show that in practice even a relatively small
number of clusters leads to a small clustering error.

We use eight real-world crowdsourcing datasets. Six of these datasets are from the SQUARE
benchmark [Sheshadri and Lease 2013], selected to ensure a sufficient density of worker labels
across different latent attributes as well as the availability of latent attributes for sufficiently many
tasks. In addition, we also use the Stanford Dogs dataset [Khosla et al. 2011] and the Expressions
dataset [Mozafari et al. 2012, 2014]. Below, we briefly describe the format of tasks, the number of
agents ¢, and the number of signals n for each dataset.*

Adult: Rating websites for their appropriateness, £ = 269, n = 4.

BM: Sentiment analysis for tweets, £ = 83, n = 2.

CI: Assessing websites for copyright infringement, £ = 10, n = 3.

Dogs: Identifying species from images of dogs, { = 109, n = 4.

Expressions: Classifying images of human faces by expression, £ = 27, n = 4.

HCB: Assessing relevance of web search results, £ = 766, n = 4.

SpamCF: Assessing whether response to a crowdsourcing task was spam, £ = 150, n = 2.
WB: Identifying whether the waterbird in the image is a duck, £ = 53, n = 2.

Since all datasets specify the latent value of the tasks, we adopt the Dawid-Skene model and
estimate the confusion matrices from the frequency with which each agent p reports each label j
in the case of each latent attribute i.

We first use a clustering algorithm to cluster the estimated confusion matrices. Typical clus-
tering algorithms take a distance metric over the space of data points and attempt to minimize
the maximum cluster diameter, which is the maximum distance between any two data points in a
cluster. In contrast, our objective function (Equation (21)) is a complex function of the underlying
confusion matrices. We therefore compare two approaches:

4We filter each dataset to remove tasks for which the latent attribute is unknown and remove workers who only perform
such tasks. € is the number of agents that remain after filtering.
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(1) In this approach, we cluster the confusion matrices using the standard k-means++ algo-
rithm with the L2 norm distance (available in Matlab) and hope that resulting clustering
leads to a small error.’

(2) In the following lemma, we derive a distance metric over confusion matrices for which
the maximum cluster diameter is provably an upper bound on the clustering error and use
k-means++ with this metric (implemented in Matlab).® Note that computing this metric
requires knowledge of the prior over the latent attribute (e.g., in the WB dataset, this would
require knowing the probability that a random image of a waterbird is a duck), which can
be estimated easily from a small amount of ground truth data.

LEMMA 5.1. For all agents p, q,r, we have [[Ap ¢ — DNp rlli < 2+ Xp mx X5 ICZj - C,’(jl.

Proor. We have

1Apg = Aprlls = D A gi) = Apr (i )]
i,j

= " |Dp.q(i) = Dp(i)Dg() = Dy (i, J) + Dy(i) D1 ()|

ij

= > IDp.g(i.J) = Dp.r (i) = Dp(D)(Dg(i) = D, ()|
i,j
_Z Zﬂkcp Cq anc ancp chq ZmC’)
D) ECACREIRRLANEICEES)
zzw ~G N XY m Sl -
i J Kk I
= 2L 2 melel = Clr 2 2m 2l =
J ok 1
<Zﬂk2|ckj- DRI e
k J k 1 Jj
=Z”"Z‘CZJ_ +ZIIHZZ|C?J.— lrj
J
=2 an2|cq - ¢},

as required. ]

Zc

Using Z cro=1

Using Z me =1
k

5We use L2 norm rather than L1 norm, because the standard k-means++ implementation uses as the centroid of a cluster
the confusion matrix that minimizes the sum of distances from the confusion matrices of the agents in the cluster. For L2
norm, this amounts to averaging over the confusion matrices, which is precisely what we want. For L1 norm, this amounts
to taking a pointwise median, which does not even result in a valid confusion matrix. Perhaps for this reason, we observe
that using the L1 norm performs worse.

®For computing the centroid of a cluster, we still average over the confusion matrices of the agents in the cluster. Also,
since the algorithm is no longer guaranteed to converge (indeed, we observe cycles), we restart the algorithm when a cycle
is detected, at most 10 times.
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Fig. 4. The incentive error as a fraction of the maximum payoff of an agent, averaged over agents, on eight

different datasets when using k-means++ with the L2 metric and with our custom metric.
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Fig. 5. The incentive error as a fraction of the expected payoff of an agent, averaged over agents, on eight
different datasets when using k-means++ with the L2 metric and with our custom metric.

Note that Y, 7y 3; ICZJ. - ]2]. < |ICT = C" ||y, because }; IC?J. - l’j < |IC? - C"||;. Lemma 5.1,
along with Lemma 4.8, shows that the incentive error due to clustering is upper bounded by four
times the maximum cluster diameter under our metric, which defines the distance between C? and
C" as Xp mx 2 ICZJ. - ]zj .

For each dataset, we vary the number of clusters K from 5% to 15% of the number of agents in the
dataset. Within the k-means++ algorithm, we use 20 random seeds and choose the best clustering
produced.

Next, we compute the clustering error. Instead of using the weak bound max, 4[] [1Ap,q —
AG(p),G(g)lll on the clustering error (which is nevertheless helpful for our theoretical results), we
use the following tighter bound from the proof of Theorem 3.5:

1
|u;(]1’ {H}qip) - up(He {H}q¢p)| =7,

-1 Z Z Ap,q(i,j)(Sign(Ap,q)i,j - Sign(ZG(p),G(q))i,j) :

geP\ip} ij
(21)
Assuming no learning error, this would be an upper bound on the incentive that agent p has
to use a non-truthful strategy under the CAHU mechanism. We compare this bound to both the
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maximum payoff that agent p can receive and the expected payoff that agent p would receive
under our mechanism and plot the result averaged over p. Figures 4(a) and 4(b) similarly show the
incentive of an average agent as a fraction of her maximum payoff with the standard L2 metric
and with our custom metric, respectively. Figures 5(a) and 5(b) show the incentive of an average
agent as a fraction of her expected payoff with standard L2 metric and with our custom metric,
respectively. We note that the expected payoff is a stronger and more realistic benchmark than the
maximum payoff.

In comparison to both the maximum and the expected payoffs, the incentive error is small—less
than 20% of the expected payoff and less than 5% of the maximum payoff—even with the number
of clusters K as small as 15% of the number of workers. The number of agents does not seem to
significantly affect this bound as long as the number of clusters is a fixed percentage of the number
of agents. We also note that using our custom metric leads to a somewhat smaller error than using
the standard L2 norm.

6 CONCLUSION

We have provided the first general solution to the problem of peer prediction with heterogeneous
agents. This is a compelling research direction, where new theory and algorithms can help to
guide practice. In particular, heterogeneity is likely to be quite ubiquitous due to differences in
taste, context, judgment, and reliability across users. Beyond testing these methods in a real-world
application such as marketing surveys, there remain interesting directions for ongoing research.
For example, is it possible to solve this problem with a similar sample complexity but without a
clustering approach? Is it possible to couple methods of peer prediction with optimal methods for
inference in crowdsourced classification [Ok et al. 2016] and with methods for task assignment
in budgeted settings [Karger et al. 2014]? This should include attention to adaptive assignment
schemes [Khetan and Oh 2016] that leverage generalized Dawid-Skene models [Zhou et al. 2015]
and could connect to the recent progress on task heterogeneity within peer prediction [Mandal
et al. 2016]. Finally, it is worth investigating if we can cluster the agents based on some observ-
able characteristics such as demographics, reputation scores, and so on, and reduce the sample
complexity of the original mechanism.
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