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Abstract

The ability to reason about action and change
has long been considered a necessary component
for any intelligent system. Many proposals have
been offered in the past to deal with this prob-
lem. In this paper, we offer a new approach to
belief change associated with performing actions
that addresses some of the shortcomings of these
approaches. In particular, our approach is based
on awell-developed theory of action in the situa-
tion calculus extended to deal with belief. More-
over, our account handles nested belief, belief in-
trospection, mistaken belief, and handles belief
revision and belief update together with iterated
belief change.

1 Introduction

An agent acting in its environment must be capable of rea-
soning about the state of its environment and keeping track
of any changes to the environment due to the performing
of actions. Various theories have been developed to give
an account of how this can be achieved. Foremost among
these are theories of belief change and theories for reason-
ing about action. While originating from different initial
motivations, the two are united in their aim to have agents
maintainamodel of theenvironment that matchesthe actual
environment as closely as possible given the available in-
formation. Animportant consideration isthe ability to deal
with more than one change; known as the problem of iter-
ated belief change.

In this paper, we consider a new approach for modeling it-
erated belief change using the language of the situation cal-
culus [15]. While our approach is limited in its applicabil-
ity, we feel that it is conceptually very simple and offers a
number of useful features not found in other approaches:

o Itiscompletely integrated with a well-devel oped the-
ory of action in the situation calculus [18] and its ex-
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tension to handle knowledge expansion [19]. Specif-
ically, how beliefs change in our account is smply a
special case of how other fluents change as the result
of actions, and thus among other things, we inherit a
solution to the frame problem.

o Like Scherl and Levesque [19], our theory accommo-
datesboth belief updateand belief expansion. Thefor-
mer concerns beliefs that change as the result of the
realization that the world has changed; the latter con-
cerns beliefs that change as the result of new informa-
tion acquired.

e Unlike Scherl and Levesgue, however, our theory is
not limited to belief expansion; rather it deals with the
more general case of belief revision. It will be pos-
sible in our model for an agent to believe some for-
mula¢, acquireinformation that causesit to changeits
mind and believe —¢ (without believing the world has
changed), and later go back to believing ¢ again. In
Scherl and L evesgue and in other approaches based on
thiswork such as[12, 13], new information that con-
tradicts previousbeliefs cannot be consi stently accom-
modated.

e Because belief change in our model is always the re-
sult of action, our account naturally supports iterated
belief change. Thisis simply the result of a sequence
of actions. Moreover, each individual action can po-
tentially cause both an update (by changing the world)
and arevision (by providing sensing information) in a
seamless way.

o Like Scherl and Levesque and unlike many previous
approachesto belief change, e.g., [9, 11], our approach
supports belief introspection: an agent will know what
it believes and does not believe. Furthermore, it has
information about the past, and so will also know what
it usedto believe and not believe. Finally, an agent will
be able to predict what it will believe after it acquires
information through sensing.



¢ Unlike Scherl and Levesque, our agents will be able
tointrospectively tell the difference between an update
and arevision asit moves from believing ¢ to believ-
ing —¢. In the former case, the agent will believe that
it believed ¢ in the past, and that it was correct to do
s0; in the latter case, it will believe that it believed ¢
in the past but that it was mistaken.

Therest of the paper isorganized asfollows: in the next sec-
tion, we briefly review the situation calculus including the
Scherl and Levesque [19] model of belief expansion, and
we review the most popular accounts of belief revision, be-
lief update and iterated belief change; in Section 3, we mo-
tivate and define a new belief operator as a modification to
the one used by Scherl and Levesgue; in Section4, weprove
some properties of thisoperator, justifying the points made
above; in Section 5, we show the operator in action on a
simple example, and how an agent can change its mind re-
peatedly; in Section 6, we consider the importance of our
work and compare it to some of the existing approaches to
belief change; in the final section, we draw some conclu-
sions and discuss future work.

2 Background

The basis of our framework for belief change is an action
theory [18] based on the situation calculus [15], and ex-
tended to include a belief operator [19]. In this section, we
beginwith abrief overview of the situation calculusandfol-
low it with a short review of belief change.

2.1 Situation Calculus

The situation calculus is a predicate calculus language for
representing dynamically changing domains. A situation
represents a snapshot of the domain. There is a set of ini-
tial situations corresponding to the waysthe agent® believes
the domain might beinitially. The actua initial state of the
domain is represented by the distinguished initial situation
constant, Sg, which may or may not be among the set of
initial situations believed possible by the agent. The term
do(a, s) denotes the unique situation that results from the
agent performing action a in situation s. Thus, the situa-
tions can be structured into a set of trees, where the root of
each treeisaninitial situation and the arcs are actions. The
initial situations are defined as those situations that do not
have a predecessor:

Definition 1

Init(s) e —Ja,s’.s = do(a, s").
Predicates and functions whose value may change from sit-
uation to situation (and whose last argument is a situation)

1The situation cal culus can accommodate multiple agents, but
for the purposes of this paper we assume that there is a single
agent, and all actions are performed by that agent.

arecalledfluents. For instance, we usethefluent INR; (s) to
represent that the agentisinroom R, insituation s. The ef-
fects of actions on fluents are defined using successor state
axioms [18], which provide a succinct representation for
both effect axiomsand frameaxioms[15]. For example, as-
sumethat there are only two rooms, R; and R-, and that the
action LEAVE takes the agent from the current room to the
other room. Then, the successor state axiom for INR; is:2
INR; (do(a, s)) =

((=INRy(s) A a = LEAVE) V (INR1(s) A a # LEAVE)).
This axiom asserts that the agent will bein R, after doing
some action iff either the agent isin Ry (—INR;(s)) and
leavesit or theagentiscurrently in R, andtheactionisany-
thing other than leaving it.

Moore[16] defined apossible-worldssemanticsfor amodal
logic of knowledge in the situation calculus by treating
situations as possible worlds. Scherl and Levesgue [19]
adapted the semantics to the action theories of Reiter [18].
The idea is to have an accessibility relation on situations,
B(s', s), whichholdsif insituation s, thesituation s” iscon-
sidered possible by the agent. Note, the order of the argu-
mentsisreversed from the usual conventionin modal logic.

Levesque[13] introduced a predicate, S-(a, s), to describe
the result of performing the binary-valued sensing action a.
SF(a, s) holds iff the sensor associated with a returns the
sensing value 1 in situation s. Each sensing action senses
some property of the domain. The property sensed by an
action is associated with the action using a guarded sensed
fluent axiom[10]. For example, supposethat therearelights
in Ry and R, andthat LIGHT, (s) (LIGHT(s), resp.) holds
if thelightin Ry (R2, resp.) ison. Then:

INR1(s) D (SF(SENSELIGHT, s) = LIGHT (s))
=INRy (s) D (SF(SENSELIGHT, s) = LIGHT(s))
can be used to specify that the SENSELIGHT action senses
whether the light in the room where the agent is currently

located is on.

Scherl and Levesgue [19] defined a successor state axiom
for B that shows how actions, including sensing actions, af -
fect the beliefs of the agent. We use the same axiom (with
some notational variation) here:

Axiom 1 (Successor State Axiomfor B)

B(s",do(a, s)) =
3As'[B(s’, s) A s"” = do(a, s') A (SF(a,s') = SF(a, s))].

Thesituations s” that are B-related to do(a, s) arethe ones
that result from doing action a inasituation s’, such that the
sensor associated with action a has the same valuein s’ as
it doesins. Wewill seein Section 3 how a modal belief
operator can be defined in terms of this fluent.

2We adopt the convention that unbound variables are univer-
sally quantified in the widest scope.



There are various ways of axiomatizing dynamic applica-
tionsin the situation calculus. Herewe adopt asimpleform
of the guarded action theories described by De Giacomo
and Levesque [10] consisting of: (1) successor state ax-
ioms® for each fluent (including B and pl introduced be-
low), and guarded sensed fluent axioms for each action, as
discussed above; (2) unique names axioms for the actions,
and domain-independent foundational axioms (similar to
the ones given by Lakemeyer and Levesque [12]), which
we do not describe further here; and (3) initial state axioms,
which describe theinitial state of the domain and theinitial
beliefs of the agent.* For simplicity, we assume here that
all actions are aways executable and omit the action pre-
condition axiomsand referencesto a Poss predicate that are
normally included in situation cal culus action theories.

In what follows, we will use ¥ to refer to a guarded ac-
tion theory of thisform. By a domain-dependent fluent, we
mean a fluent other than B or pl, and a domain-dependent
formula is one that only mentions domain-dependent flu-
ents. Finally, we say that a domain-dependent formulais
uniformin s iff s isthe only situation termin that formula.

2.2 Belief Change

Before formally defining a belief operator in thislanguage,
we briefly review the notion of belief change asit existsin
the literature. Belief change, simply put, aims to study the
manner in which an agent’s epistemic (belief) state should
change when the agent is confronted by new information.
In the literature,® there is often a clear distinction between
two forms of belief change: revision and update. Both
forms can be characterized by an axiomatic approach (in
termsof rationality postulates) or through various construc-
tions (e.g., epistemic entrenchment, possible worlds, etc.).
The AGM theory [9] is the prototypical example of belief
revision while the KM framework [11] is often identified
with belief update.

Intuitively speaking, belief revisionis appropriate for mod-
eling static environments about which the agent has only
partial and possibly incorrect information. New informa
tion is used to fill in gaps and correct errors, but the envi-
ronment itself does not undergo change. Belief update, on
the other hand, is intended for situations in which the envi-
ronment itself is changing due to the performing of actions.

For completeness and later comparison, we list here the

3We could use the more general guarded successor state ax-
ioms of De Giacomo and Levesgue [10], but regular successor
state axioms suffice for the simple domain we consider here.

4These are axioms that only describeinitial Situations. Reiter
[18] has S, astheonly initial situation, but to formalize belief, we
need additional ones.

SWe shall restrict our attention to approachesinthe AGM vein
[1, 9, 11] although there are many others.

AGM postulates[1, 9] for belief revision. By K x¢ wemean
the revision of belief state K by new information ¢.°

(K*1) K x ¢ isdeductively closed

(K*2) o€ Kx¢

(K*3) Kx¢9CK+¢

(K*4) If-¢¢ K,thenK + ¢ C K * ¢

(K*5) Kx¢=LiffE ¢

(K*6) IfE¢=9¢,thenK x¢ = K * ¢

(K*7)  Kx(¢A)C(Kxg)+

(K*8) If-yp¢& Kxo,then(K*x¢)+¢¥ C K« (pA)

Katsuno and Mendelzon provide the following postulates
for belief update, where K o ¢ denotes the update of K by
formula¢.”

(Kel) K o ¢ isdeductively closed
(Ke2) @9€EKog
(Ke3) Ifpe K, thenKo¢p=K
(Ked) Kogp=LiffKElorgpEL
(KoB) IfEg¢=9¢,thenKo¢ =K o
(KoB) Ko (o A1) C (K o)+
(Ke7) If K iscompleteand -y € K o ¢,

then (K o ¢) + 1 C K o (¢ Av)
(Ko8)  If [K] # 0, then Ko¢:ﬂwE[K]wo¢

One of the major issuesin thisareaisthat of iterated belief
change, i.e., modeling how the agent’s beliefs change after
multiple belief revisions or updates occur. Two of the main
developments in this area are the work of Darwiche and
Pearl [6] and Boutilier [4]. Darwiche & Pearl put forward
thefollowing postulatesasaway of extendingthe AGM re-
vision postulatesto handle iterated revision.®

(DPL) If ¢ |= ¢, then (K + ¢) %1 = K % 1)
(DP2)  If ¢ |2 =, then (K * ¢) %1 = K # 1)
(DP3) If¢ € K * 1, theng € (K * &) * ¢
(DP4)  1f ¢ & K # 1, then—¢ & (K * ¢) * 1)

In Section 6.2, wereturn to consider the extent to which our
framework satisfies these postul ates.

5Inthe AGM theory, K isaset of formulae and ¢ isaformula
taken from an object language £ containing the standard boolean
connectives and the logical constant L (falsum). Furthermore, K
is a set of formulae (from £) closed under the deductive conse-
guence operator C'n associated with the underlying logic. The op-
eration K + ¢ denotesthe belief expansion of X by ¢ and isde-
finedas K + ¢ = Cn(K U {¢}). [K] denotesthe set of all con-
sistent complete theories of £ containing K.

"To facilitate comparison with the AGM postulates, we have
reformulated the original postulates of Katsuno and Mendelzon
into an equivalent set using AGM-styleterminology [17]. For ren-
derings of these postulates and the AGM postulates above in the
KM-style, refer to Katsuno & Mendelzon [11].

8Again, we have trang ated the Darwiche and Pearl postulates
into AGM-style terminology rather than KM-style terminology
used inthe original paper.
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Figure 1: An example of belief update and revision.

3 Définition of the Belief Operator

In this section, we define what it means for an agent to be-
lieve aformula ¢ in a situation s, i.e., Bel(¢, s). Since ¢
will usually contain fluents, we introduce a special symbol
now asa placehol der for the situation argument of these flu-
ents, e.g., Bel(INR; (now), s). ¢[s] denotestheformulathat
results from substituting s for now in ¢. To make the for-
mulae easier to read, we will often suppress the situation
argument of fluents in the scope of a belief operator, e.g.,
Bel(INRy, s).

Scherl and L evesque [19], defineamodal operator for belief
in terms of the accessibility relation on situations, B(s', s).
For Scherl and L evesque, thebelieved formul ae arethe ones
true in al accessible situations:

Definition 2
Belsy, (¢, s) £ Vs'(B(s',5) D ¢[s']).

To understand how belief changeworks, both in Scherl and
Levesgue and here, consider the exampleillustrated in Fig-
urel. Inthisexample, we havethreeinitial situations.S, Sy,
and S;. Sy and S, are B-related to S (i.e., B(S1,.5) and
B(S3,5)), asindicated by the arrows labeled B. (Ignore
the circles around certain situations for now.) In al three
situations, the agent isnot intheroom R;. In .S and S, the
lightin R, ison,andin S; thelightisoff. Soat .S, the agent
believesitisnotin Ry (i.e., thatitisin Rs), but it hasno be-
liefsabout the statusof thelightin R;. Wefirst consider the
action of leaving R2, which will lead to abelief update. By
the successor state axiom for B, both do(LEAVE, S;) and
do(LEAVE, S,) are B-related to do(LEAVE, S). Inthefig-
ure, these three situations are called .57, S% and .S, respec-
tively. The successor state axiom for INR; causes INR; to

hold in these situations. Therefore, the agent believes INR;
in S’. By the successor state axiom for LIGHT;, which we
state below, the truth value of LIGHT; would not change as
the result of LEAVE.

Now the agent performs the sensing action SENSELIGHT.
According to the sensed fluent axioms for SENSELIGHT,
SF(SENSELIGHT, 5*) holdsfor situation S* iff thelight is
onintheroominwhichtheagentislocatedin .S*. Inthefig-
ure, thelightin Ry isonin S’ and S5, but notin S;. So, SF
holds for SENSELIGHT in the former two situations but not
in the latter. The successor state axiom for B ensures that
after doing a sensing action A, any situation that disagrees
with the actual situation on the value of S- for A isdropped
fromthe B relationinthe successor state. Inthefigure, S’ is
the actual situation. Since S} disagreeswith .S’ onthevalue
of SF for SENSELIGHT, do(SENSELIGHT, S7) (labeled S
in the figure) is not B-related to do(SENSELIGHT, S’) (la
beled S”). On the other hand, 5%, and .S” agree on the value
of SF for SENSELIGHT, so do(SENSELIGHT, S%) (labeled
SY in thefigure) is B-related to S”. The result is that the
agent believesthe lightisonin S”. Thisis an example of
belief expansion because the belief that the light is on was
simply added to the belief state of the agent.

Our definition of Bel is similar to the one in Scherl and
Levesgue, but we are going to generalize their account in
order to be able to talk about how plausible the agent con-
siders a situation to be. Plausibility is assigned to situa-
tionsusing afunction pl(s), whoserangeisthenatural num-
bers, where lower values indicate higher plausibility. The
pl function only has to be specified over initia situations,
using an initial state axiom. The plausibility of successor
situations is left unchanged using the following successor
state axiom:

Axiom 2 (Successor State Axiom for pl)
pl(do(a, s)) = pl(s).

Unlike Scherl and Levesque, we will say that the agent be-
lieves a proposition ¢ in situation s, if ¢ holdsin the most
plausible B-related situations. Here is our definition of the
belief operator:

Definition 3

def

Bel(, 5) £
VSI[i(f//j s)A (Vs .B(s",s) Dpl(s') <pl(s”))] D

That is, ¢ isbelieved at s precisely when it holds at all the
most plausible situations B-related to s. Note that the ac-
tual numbers assigned to the situations are not relevant. All
that isimportant is the ordering of the situations by plausi-
bility. We could have used any total pre-order on situations
for this purpose, but using < on natural numbers simplifies
the presentation of our framework.



We now returnto theinitial situationsin Figure 1, and add a
plausibility structureto the belief state of the agent by sup-
posing that S; is more plausible than .S, (indicated by the
circlesurrounding .Sy ). For example, supposethat pl(S1) =
0 and pl(S2) = 1. Now, the beliefs of the agent are deter-
mined only by S;. Therefore, the agent now has a belief
about the light in R, in S, namely that the light is off. Af-
ter leaving R- and entering R, the agent continues to be-
lieve that the light is off. After doing SENSELIGHT, S} is
dropped from B as before, so now SY is the most plausi-
ble accessible situation, which meansthat it determinesthe
beliefs of the agent. Since the light is on in S, the agent
believesitisonin S”. Since the agent goes from believing
the light is off to believing it is on, thisis a case of belief
revision.

Both accounts of belief handle belief introspection of cur-
rent and past beliefs. In order to obtain positive and neg-
ative introspection of beliefs, we require B to be initially
transitiveand euclidean. For notational simplicity, we com-
bine the two constraintsinto asingle constraint, which says
that any situation that is B-related to an initial situation s
is B-related to the same situations as s. We assert this con-
straint as an initial state axiom:

Axiom 3
Init(s) A B(s',s) D (Vs".B(s",s') = B(s", s)).

Asin Scherl and L evesque, the successor state axiom for B
ensuresthat this constraint is preserved over all situations:

Theorem 1
B(s',s) D (Vs".B(s",s') = B(s",5)).

In order to clarify how thisconstraint ensuresthat introspec-
tion is handled properly, we will show that in the example
illustrated in Figure 1, the agent positively introspects its
past beliefs. First, we need some notation that allows us to
talk about the past. We use Previously(¢, s) to denote that
¢ held in the situation immediately before s:

Definition 4
Previously(o, s) « Ja, s'.s = do(a, s') A ¢[s'].

Wewant to show that Bel (Previously(Bel (—=LIGHT1)), S”)°
holds, i.e., in S”, the agent believes that in the previous
situation it believed that the light in R; was off. Con-
sider a situation S* that is among the most plausible
B-related situations to S”. In this example, there is
only one such situation, namely, S¥/. We need to show
that Previoudy(Bel(—LIGHT),Sy) holds, i.e, that
Bel(—LIGHT, S5) holds. By Theorem 1, S is B-
related to the same situations as S’, i.e, S; and Sj.
Since Si is more plausible than S}, we only require

Recall that we omit the situation argument of fluents in the
scope of a Bel operator whenever possible.

that =LIGHT(S7) holds. Since this is true, we see that
Bel(Previously(Bel (—LIGHT,)), S) isalso true.

The specification of pl and B over theinitial situationsisthe
responsibility of the axiomatizer of the domain in question.
This specification need not be complete. Of course, amore
complete specification will yield more interesting proper-
ties about the agent’s current and future belief states.

We have another constraint on the specification of B over
the initial situations: the situations B-related to an initial
situation are themselvesiinitial, i.e., the agent believes that
initially nothing has happened. We assert this constraint as
aninitial state axiom:

Axiom 4
Init(s) A B(s', s) D Init(s’).

4 Properties

In this section, we highlight some of the more interesting
properties of our framework. In order to clarify our ex-
planations and facilitate a comparison with previous ap-
proaches to belief change, it will be important for us to at-
tach a specific meaning to the use of the termsrevision and
update, which we shall do here.

4.1 Belief Revision

Recall (Section 2.2) that belief revision is suited to the
acquisition of information about static environments for
which the agent may have mistaken or partial information.
In our framework, thiscan only be achieved through the use
of sensing actions. We suppose that to revise by a formula
¢, thereis a corresponding sensing action capable of deter-
mining the truth value of ¢. Moreover, we assume that this
sensing action has no effect on the environment; the only
fluent it changesis B.1°

More formally, we define arevision action as follows:

Definition 5 (Revision Action for ¢)

A revision action A for a formula ¢ (uniform in now)
wrt action theory X is a sensing action satisfying ¥
[Vs.SF(A,s) © ¢[s]] A [VsVE.F(Z,s) © F(Z,do(A,s)]
(for every domain-dependent fluent F').

We now show that belief revisions are handled appropri-
ately in our system in the sense that if the sensor indicates
that ¢ holds, then the agent will indeed believe ¢ after per-
forming A. Similarly, if the sensor indicatesthat ¢ isfalse,
then the agent will believe —¢ after doing A.

Theorem 2
Let A bearevision action for formula ¢ (uniformin now).

Thisisnot an overly strict imposition for we can capture sens-
ing actions that modify the domain by “decomposing” the action
into a sequence of non-sensing actions and sensing actions.



It follows that:
Y = [Vs.¢[s] D Bel(¢,do(A, s))] A
[Vs.m¢[s] D Bel(—¢, do(A, s))]

If theagent isindifferent towards ¢ before doing the action,
i.e., doesnot believe ¢ or —¢, thisisa case of belief expan-
sion. If, before sensing, the agent believes the opposite of
what the sensor indicates, then we have belief revision.

Note that this theorem also follows from Scherl and
Levesgue's theory. However, for Scherl and Levesque, if
the agent believes ¢ in S and the sensor indicates that ¢
is false, then in do(4, S), the agent’s belief state will be
inconsistent. The agent will then believe all propositions,
including —¢. In our theory, the agent’s belief state will be
consistent in this case, as long as there is some situation
S’, accessible from S that agrees with S on the value of
the sensor associated with A (here, A can be any action,
not just arevision action):

Theorem 3
Y EVa,s{[3s".B(s',s) A (SF(a,s') = F(a,s))] D
—-Bel(FALSE, do(a, s))}

Since S’ isnot necessarily among the most plausible acces-
sible situations, the agent can consistently believe ¢ in S
and —¢ in do(A4, S). Asadirect corollary to this result, if
we restrict our attention to revision actionsfor ¢ wherethe
agent considers ¢ is possible, it will not hold inconsistent
beliefs after performing A.

Corollary 4
Let A bearevisionactionfor aformula ¢ (uniformin now).

It follows that:
Y E(3s.B(s',s) A(9[s'] = ¢[s]) D

~Bel (FALSE, do(A, s)).

4.2 Beélief Update

Belief update refersto the belief changethat takes place due
to achange in the environment. In analogy to revision, we
introduce the notion of an update action. (Recall that we
assume that actions are aways possible.)

Definition 6 (Update Action for ¢)

An update action A for a formula ¢ (uniformin now) wrt
action theory X isa non-sensing action that always makes
¢ truein the environment. That is, ¥ = V¥s.¢[do(A, s)] A
Vs.SF (A, s).

As with Scherl and Levesque's theory, the agent’s beliefs
are updated appropriately when an update action A for ¢
occurs, in the sense that the agent will believe ¢ after A is
performed.

Theorem 5
Let A bean updateaction for aformula ¢ (uniformin now).

It follows that:
Y | Vs. Be(¢, do(A4, s))

In our framework, we can represent actions that do not fall
under the category of update actions. Of particular interest
are oneswhose effects depend on what istrue in the current
situation. We can prove an anal ogous theorem for such ac-
tions. Let A beanon-sensingaction, i.e., Vs.SF (A4, s). Fur-
ther suppose that A is an action that causes ¢’ to hold, if ¢
holds beforehand, and that the agent believes ¢ in S. Then
after performing A in .S, the agent ought to believe that ¢’
holds:

Theorem 6
Y EBe(d,s) A (Vs'.SF(A,s)) A
(Vs'.¢[s'] D ¢'[do(A, s")]) D
Bel(¢’, do(A, s)).

4.3 Introspection

In Section 3, we claimed that the agent can introspect its be-
liefs. We do indeed have this as a theorem.

Theorem 7
S | [Bel(¢, 5) D Bel(Bel(4), 5)] A
[-Bel(¢,s) D Bel(—Bd(4), s)].

Thisis astraightforward consequence of Theorem 1.

4.4 Awarenessof Mistakes

In Section 3, we also claimed that the agent can introspect
its past beliefs. Now suppose that the agent believes ¢ in S,
and after performing asensing action A in S, the agent dis-
coversthat ¢ isfalse. Indo(A, S), the agent should believe
that in the previous situation ¢ wasfalse, but it believed ¢
wastrue. In other words, the agent should believethat it was
mistaken about ¢. We now state atheorem that saysthat the
agent will indeed believethat it was mistaken about ¢. First
note that thisonly holdsif A does not affect ¢. If A causes
¢ to become false, then there is no reason for the agent to
believethat ¢ wasfalsein the previoussituation. Inthethe-
orem, we rule out this case by stating in the antecedent that
for any situation S’, ¢ holdsin S’ iff ¢ holdsin do(4, S’).

Theorem 8

¥ |= Bel(¢, s) A Bel(=¢, do(a, s)) A

(¥s' ('] = oldo(a, s)]) >
Bel(Previously(—¢ A Bel(¢)), do(a, s)).

In Section 6.2, we will discuss to what extent standard
AGM revisionand KM update postul atesare satisfied in our
framework.

5 Example

We now present an exampleto illustrate how this theory of
belief change can be applied. We model aworld in which
there are two rooms, R; and R,. The agent can move be-
tween the rooms. Each room containsalight that can be on
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Figure 2: Theinitial state of the example domain.

or off. The agent has two binary sensors. One sensor de-
tects whether or not the light is on in the room in which the
agent is currently located. The other sensor detectswhether
or not theagent isin R;.

We have three fluents: LIGHT(s) (LIGHT2(s), resp.),
which holds iff thereislight in R, (R2, resp.) in situation
s, and INR (s), which holdsif theagentisin Ry in s. If the
agentisnotin Ry, thenitisassumedtobein R,. Thereare
three actions: the agent leaves the room it isin and enters
theother room (LEAVE), theagent senseswhether itisin R,
(SENSEINR;), and the agent senses whether the light is on
intheroominwhichitiscurrently located (SENSELIGHT).

The successor state axioms and guarded sensed fluent ax-
iomsfor our example, whichwewill call £, areasfollows:

LIGHT; (do(a, s)) = LIGHT(s)
LIGHT2(do(a, s)) = LIGHT(s)
INR;(do(a, s)) =
((=INRy(s) A a = LEAVE) V (INR1(s) A a # LEAVE))
TRUE D (SF(LEAVE, s) = TRUE)
INR1(s) D (SF(SENSELIGHT, s) = LIGHT1(s)
=INRy(s) D (SF(SENSELIGHT, s) = LIGHT(s))
TRUE D (SF(SENSEINR{, s) = INRy (s))

Next we must specify the initial state. This includes both
the physical state of the domain and the belief state of the
agent. First we describe the initial physical state of the do-
main, by saying which domain-dependent fluents hold in
the actual initial situation, Sg. Initidly, the lightsin both
rooms are on and the agent isin R (thisis illustrated on
the left side of Figure 2):

LIGHT{(So) A =INR;(Sg) A LIGHT2(Sp).

Theinitial belief state of the agent isillustrated in Figure 2.
It shows that in the most plausible (the ones with plausibil-
ity Ointhefigure) B-related situationsto Sy, —LIGHT; and

INR; hold. Inthe next most plausible (the oneswith plausi-
bility 1) B-related situationsto Sy, LIGHT; and INR; hold.
In the third most plausible (the ones with plausibility 2) B-
related situations to Sy, LIGHT, and —INR; hold. There
is aso at least one situation in the latter group in which
LIGHT; holds and one in which —LIGHT; holds. Specify-
ing thisbelief state directly can be cumbersome. For exam-
ple, the axiom for the situations with plausibility 1is:

(3s.Init(s) A B(s,So) Apl(s) = 1) A

(Vs.Init(s) Apl(s) =1 D LIGHT1(s) A INRy(s)).
For now, wewill not enumeratethe set of axiomsthat spec-
ify the belief state shown in Figure 2. But we assume that
we have such a set which, together with the axiomsfor the
initial physical state, we refer to as 7. After we have dis-
cussed the example, we will show that there is amore ele-
gant way to specify theinitial belief state of the agent. So
for this example, X consists of the foundational axioms,
unique namesaxioms, Axioms 14, £, and I, for which we
get the following:

Theorem 9 Thefollowing formulae are entailed by X::
i. Bel(=LIGHT; A INRy, So)
ii. Bel(LIGHT1 A INRy, do(SENSELIGHT, Sp))
iii. Bel(—=INRy, do(SENSEINR1, dO(SENSELIGHT, Sp)))
iv. Bel(Previously(—INR; A Bel(INR;)),
do(SENSEINR;, do(SENSELIGHT, Sp)))

V. —Bel(LIGHT;, do(SENSEINRy, do(SENSELIGHT, Sp))) A
—Bel(—LIGHT1, do(SENSEINR; , do( SENSELIGHT, Sp)))

vi. Bel(INRy,
do(LEAVE, do(SENSEINR;, dO(SENSELIGHT, Sg))))
vii. Bel(LIGHTy,

do(SENSELIGHT,
do(LEAVE, do(SENSEINRy,
do(SENSELIGHT, S))))).

We shall now give a short, informal explanation of why
each part of the previous theorem holds.

i. In the most plausible situations B-related to Sy,
—LIGHT; A INR; holds.

ii. Eventhoughtheagent believesthatitisin Ry initialy,
itisactually in R,. Therefore, itslight sensor is mea-
suring whether there is light in R, even though the
agent thinks that it is measuring whether there islight
in Ry. It turns out that there islight in R, in Sy, so
the sensor returns 1. Since the agent believes that the
light sensor is measuring whether thereislight in R,
and in all the situations with plausibility O, thereis no
light in Ry, those situations are dropped from the B
relation. In the situations with plausibility 1, the light
isonin Ry, so those situations are retained. In those
situations LIGHT; A INR; holds and those fluents are
not affected by the SENSELIGHT action, so the agent
believes LIGHT; A INR; after doing SENSELIGHT.



iii. Now the agent senses whether itisin R;. Againthe
agent’s most plausible situations conflict with what is
actually the case, so they are dropped from the B re-
lation. The situations with plausibility 2 become the
most plausible situations, so the agent believesit isnot
in Ry.

iv. By Theorem 8, the agent realizesthat it was mistaken
about beingin R;.

v. Among the situations with plausibility 2, there is one
in which the light ison in R; and one in which it is
not on. Therefore, the agent is unsure as to whether
thelight ison.

vi. Now the agent leaves R, and enters R,. Thishappens
in all the B-related situations as well. Therefore, the
agent believesthat it isin R,. Thisis an example of
an update.

vii. Thelight in R; was on initialy, and since no action
was performed that changed the state of the light, the
light remains on. After checking its light sensor, the
agent believesthat thelightisonin R;.

This example shows that the agent’s beliefs change appro-
priately after both revision actions and update actions. The
example also demonstrates that our formalism can accom-
modate iterated belief change. The agent goes from believ-
ing that the light is not on, to believing that it is on, to not
believing one way or the other, and then back to believing
that itison.

To facilitate the specification of theinitial belief state of the
agent, wefind it convenient to defineanother belief operator
=, in the spirit of the conditional logic connective [14]:

Definition 7
6= p E
Vs'[B(s',8) A g[s'] A
Vs"(B(s",s) A ¢[s"] D pl(s) < pl(s”)) D
Y[s']].

¢ =, 1 holdsif in the most plausible situations B-related
to s where ¢ holds, ¢ aso holds. Notethat for any situation
S, Bel(¢, S) isequivaent to (TRUE =5 ¢).

We can use this operator to specify theinitial belief state of
the agent without having to explicitly mention the plausi-
bility of situations. To obtain the results of Theorem 9, it
sufficesto let I be the following set of axioms:

LIGHT(Sg) A =INR;(Sg) A LIGHT2(S0)

TRUE =5, 7LIGHT; A INRy

LIGHT; =5, INRy

—(LIGHT2 A =INRy =5, LIGHT;)

=(LIGHTy A =INR; =5, “LIGHT)
It is easy to see that the belief state depicted in Fig-

ure 2 satisfies these axioms. In the most plausible worlds,
(-LIGHT; A INRy) holds. In the most plausible worlds

wherethelightin R, ison, theagentisin R;. Finaly, the
last two axioms state that among the most plausible worlds
wherethe light isonin R, and the agent isin R, thereis
onewheretheislight isoff in R, and oneinwhich thelight

ison (resp.).
6 Discussion

Therearevariousaspectsof our framework that deservefur-
ther consideration. We addresswhat we consider to be some
of the more important issues here.

6.1 Plausibility Ordering

Our plausibility functionisbased on ordinal conditional ()
functions[6, 21]. However, our assignment of plausibilities
to situations is fixed, whereas the plausibility assigned to a
world using a x-function can change when revisions occur.
The dynamics of belief in our framework derives from the
dynamicsof the B relation, rather than that of the plausibil-
ity assignment.

In Darwiche and Pearl’s framework [6], the x-ranking of
aworld that does not satisfy the formulain a revision in-
creases by 1. However, if the world satisfies the revi-
sion formulain future revisions, the world's k-ranking de-
creases, and if it decreases to O, the world will help deter-
mine the beliefs of the agent. In our framework, when a
sensing action occurs, any situation S’ that disagrees with
the actual value of the sensor is removed from the B rela-
tion (actually, its successor is removed). The successors of
S’ will never be readmitted to B, so they will never help
determine the beliefs of the agent.

One may think that having a fixed plausibility assignment
limits the applicability of our approach. Consider an ex-
ample!! where, most plausibly, a cat is asleep at home, but
where after phoning home, most plausibly, the cat is awake.
(Nothing is certain in either case.) This might seem to re-
quire adjustment of the plausibility assignment.

To handle this example, we need first to observe that in the
actiontheory we are using, actionsaretaken to be determin-
istic, with effects described by successor state axioms, quite
apart from properties of belief and plausibility. If in some
situations a phone action wakes the cat, and in others not,
then there hasto be someproperty M such that wecan write
a successor state axiom of the following form:
AWAKE(do(a, s)) = (¢ = PHONE A M (s))

V [...other actions that can wake cats. . ]

V (AWAKE(s) A [a iSnot some put-to-sleep action)).
For example, M could represent that “the phone’s ringer
is loud enough to wake the cat”. With this model, we can
then arrange the B relation in the initial situation so that
there are 4 groups of situations s’ B-related to .S, where

e are indebted to Jim Delgrande for this example.



the following hold (in order of decreasing plausibility):
M(s") A =AWAKE(s"), M (s") A AWAKE(s"), =M (s') A
- AWAKE(s"), and =M (s") A AWAKE(s"). Thenwe obtain:

Bel(—AWAKE, Sp)
but
Bel (AWAKE, do(PHONE, Sp))
as desired.'? Of course, we also get that
Bel (M, Sp)

but this is to be expected: why would we think it most
likely that the cat would be awake after the phone rings if
we didn’t also think it most likely that the ringer was loud
enough to waken it? Thus, changing our minds about the
plausibility of the cat being awake does not require us to
change the plausibility ordering over situations.

We can also handle a belief-revision variant of this ex-
ample where we change our mind about whether phoning
homewakesthe cat. For example, imagineasensing action
EXAMINERINGER that informs us that M isfalseinitialy
(e.g., theringer on the phoneis set to low). Then, we get

Bel(—~AwAKE, do(PHONE, dO(EXAMINERINGER, Sp))).

Infact, in the process of devel oping the approach described
in this paper, we experimented with various schemes where
the plausibility assigned to situations could be updated. But
we found that this led to problems for introspection. Con-
sider a scheme where we combine the plausibility assign-
ment with the belief accessibility relation by adding an ex-
traargument to the B relation, i.e., where B(s', n, s) means
that insituation s theagent thinks s’ isplausibleto degreen.
In order to ensure that beliefs are properly introspected, the
relation would haveto satisfy a constraint similar to the one
given in Theorem 1, but taking plausibilitiesinto account.
That isto say, all the B-related situations to a situation s
must have the same belief structure as s, i.e., they should
be B-related to the same situations with the same plausibil -
itiesas s. Unfortunately, this conflicts with some of our in-
tuitions about how to change plausibilitiesto accommodate
new information.

Consider an example where we have two situations
Sp and 51, and where initially the agent considers sit-
uation S; more plausible than Sy, i.e, B(S1,0,S0),
B(SO,l,SO), 3(51,0,51), B(So,l,sl). Notice
that Sy and S; have the same belief structure. Sup-
pose that LIGHT:(Sp) A SF(SENSELIGHT,S;) and
-LIGHT(S1) A —SF(SENSELIGHT,S;) hold.  The
natural way to update the plausibilities after sensing
would be to make the most plausible situations from
a situation do(SENSELIGHT,s) be the ones that agree
with s on the vaue of SF(SENSELIGHT). So, if we

2\We can also handle a variant where nothing is believed about
the cat sleeping initially by making the first two groups the most
plausible.

let Sj denote do(SENSELIGHT,S;) and Sj denote
do(SENSELIGHT, S1), then in Sg, S; should be more
plausible than S} and in 57, S} should be more plausible
than Sj. But this would violate the constraint that B-
related situations have the same belief structure, and cause
introspection to fail.

One way to avoid this problemwould be to update the plau-
sibilitiesof all situationsbased on what holdsin the* actual’
situations, i.e., Sy and its successors (this focuses attention
on beliefs that hold in actual situations, which is what we
normally do anyway). Friedman and Halpern [8] essen-
tially use this approach. For the example above, we would
look at how the plausibilities should changein S}, and adjust
the plausibilities in the situations B-related to .S (in this
casejust.S]) inthesameway. Wewouldthen havethat Sj, is
more plausiblethan S} inboth S} and Sy, i.e., B(S}, 0, S3),
B(S1,1,5), B(S;,0,51), B(St,1,51). Notice that S}
and S} have the same belief structure, so the constraint vi-
olation mentioned above is resolved.

Unfortunately, under this new scheme we have a prob-
lem with beliefs about future beliefs. If we were
to redefine Bel in the obvious way to accommo-
date the extra argument in B, our example would
entail the very counterintuitive Bel(—LIGHT; A
Bel(LIGHTy, do(SENSELIGHT, now)), Sp), i.e, in Sg,
the agent believes that the light is not on but thinks that
after sensing he will believe that it is on. Our approach—
which uses a fixed plausibility ordering on situations and
simply drops situations that conflict with sensing results
from the B relation—avoids both of these problems.

Another interesting difference between our approach and
many of the proposals for modifying the plausibility order-
ing [4, 6, 21, 22] is that they adopt orderings over possi-
ble worlds which do not contain a history of the actionsthat
have taken place in the world. Our approach, on the other
hand, is based on situations, which do have such histories.
While Friedman and Halpern [8] do not adopt situations,
their possible worlds (runs) do include a history.

6.2 Comparison with AGM and KM

In order to effect a comparison with established belief
change frameworks—in particular, the AGM and KM
frameworks—we need to first establish a common footing.
The first notion to establish is what is meant by the epis-
temic (or belief) state of the agent. We define abelief state
(relative to a given situation) to consist of those formulae
believed true at a particular situation. We limit our atten-
tion to formulae uniform in a situation since the AGM and
KM are state-based methods, and so thereisno need to con-
sider beliefs regarding more than one situation, i.e., situa-
tions other than the one currently under consideration.



Definition 8 (K3)
Let t bea ground situation term. WWe denote a belief state at
t by K; and defineit as follows:

K: = {¢ : ¥ = Bel(¢, t) and ¢ isuniformin now}

It iseasly verified that K. is closed under deduction.

We first define abelief expansion operator (K + ¢), which
returnsthe set of (uniform) formul ae that the agent believes
areimplied by ¢ at ¢.

Definition 9 (K; + ¢)
Let¢ beaground situationtermand ¢ bea formula uniform
in now. We denote the expansion of K; with ¢ by K; + ¢
and defineit as follows:

Ki+¢ = {¢ : T |E Bel(¢ D, t) and ¢ uniformin now}

Next, we define the revision of K; by A for ¢ (K; x4 ¢) as
the belief set held by the agent in the situation that results
from performing revision action A for ¢. Inthe AGM set-
ting, arevision K x ¢ isinterpreted astherevision of beliefs
K after learning ¢. In our case, we do not know whether ¢
will be true until after performing A. Accordingly, we de-
finearevision of K; by A for ¢ only inthe casethat ¢ hap-
pensto betruein situation ¢ (i.e., ¢[t] holds).

Definition 10 (K x4 ¢)

Let ¢ bea ground situation term, ¢ be a formula uniformin
now, and A bearevisionactionfor ¢. Wedefinetherevision
of K; by A for ¢ to be

Ki %4 ¢ = Kdo(A, t)

whenever ¢[¢]. If —¢[t], then K; xa ¢ isundefined.
We now state the relationship with the AGM theory.

Theorem 10 Let ¢ be a ground situation term, ¢ be a for-
mula uniformin now, and A be a revision action for ¢. If
K x4 ¢ isdefined, then it satisfies AGM postulates (K* 1)—
(K*4) and (K*6).

Noticethat postul ate (K*5) isnot satisfied because the agent
will end up in inconsistency, if in ¢ there are no B-related
situations where ¢ holds. In our framework, the agent is
also not capabl e of recovering frominconsistency. Onceev-
erythingis believed possible at a situation (i.e., it hasno B-
related situations), thereis no action that can be performed
to remedy this. Also notethat it does not make sensein our
framework to sense (or, for that matter, try to bring about)
aformula ¢ known to be necessarily false (i.e., = —¢).

Now, we take the update of a belief state K; by update ac-
tion A for formula¢ to bethe set of beliefsheld by the agent
in the situation that results from performing A. Recall that
A causes ¢ to hold.

Definition 11 Let ¢ be a ground situation term, ¢ be a for-
mula uniformin now, and A be an update action for ¢. \We
define the update of K; by A for ¢ to be:

Kioa 9= Kdo(A, t)
If no action makes ¢ true, then K; o4 ¢ isundefined.

The essential difference between the definitions of revision
and update is that the former is effected by sensing (revi-
sion) actions while the latter by non-sensing (update) ac-
tions and the two are dealt with quite differently in our
framework. We now compare with the KM theory.

Theorem 11 Let ¢ be a ground situation term, ¢ be a for-
mula uniformin now, and A be an update action for ¢. If
K oa ¢ isdefined, then it satisfies KM postulates (Ko1)—
(Ko2) and (Kod)—(Ko5).

Notice that postulate (K«3) is not satisfied because an up-
date action for ¢ may have other effects, so despite the fact
that the agent believes ¢ beforehand, we cannot guarantee
that nothing will change. Boutilier [5] has a problem with
this postulate ((U2) in the KM rendering) for similar rea-
sons. Inhisframework, (update) actions haveplausibilities,
and the most plausible action explaining the new informa-
tion is assumed to have taken place. It could be that this
action has other effects. To satisfy this postulate, he intro-
ducesanull event and considersamodel inwhich thisisthe
most plausible event at any world.

In our framework, iterated revision corresponds to the per-
forming of at least two consecutive revision actions. We
now show that there is some correspondence with the Dar-
wiche and Pearl account of iterated belief revision.

Theorem 12 Let ¢t be a ground situation term, ¢ and v be
formulae uniformin now, A be a revision action for ¢, and
B bearevision action for 1. Thenif x4 and x5 are defined,
they satisfy postulates (DP1), (DP3) and (DP4).13

Interestingly, changes of the type described by (DP2) are
not defined according to our view of belief revision. In the
casewhere sensing ¢ allowsusto conclude—¢, itisnot de-
fined to first sense for v and subsequently to sensefor ¢.

6.3 Previous Work

Belief change in the situation calculus has already been
dealt with by Scherl and Levesque[19]. However, as noted
previously, while they can handle belief update, they are
limited to belief expansion. del Val and Shoham [7] also
address the issue of belief changein the situation calculus,
and their theory dealswith both revision and update. How-
ever, they cannot represent nested belief and consequently
cannot deal with the issues of belief introspection and mis-
taken belief.

Bapplying Definition 10, we have that (K+4) *5 ¢ =
Kdo(s,doa,y @K *5 ¢ = Ko -



There are a variety of frameworks that accommodate both
belief revision and belief update. As noted, this is one
strength of the proposal by del Va and Shoham [7]. In
amore traditional belief change setting, Boutilier [3] aso
provides a general framework that alows for both these
forms of change. However, this framework cannot deal
with introspection in the object language. One approach
that supports both belief revision and update and also han-
dles introspection is Friedman and Halpern [8]. Their ap-
proach to revision and update is fairly standard, but set
within avery general modal logic framework that combines
operators for knowledge, belief (interpreted a using plau-
sibility ordering), and time. But they do not discuss in-
teractions between revision and update and introspection.
We aso think that it may suffer from some of the problems
mentioned in Section 6.1 that prompted us to abandon ap-
proaches based on updating plausibilities.

7 Conclusionsand Future Work

We have proposed an account of iterated belief change that
integratesinto awell-devel oped theory of action in the situ-
ation calculus [18]. This has some advantages, in that pre-
vious work on the underlying theory can be exploited for
dealing with issues such as solving the frame problem, per-
forming automated reasoning about the effects of actions,
specifying and reasoning about complex actions, etc. Our
framework supportstheintrospection of beliefsand ensures
that the agent is aware of when it was mistaken about its
beliefs. Our account of iterated belief change differs from
previous accountsin that, for us, the plausibility assignment
to situations remains fixed over time. The dynamics of be-
lief derivesfrom the dynamics of the B modality and of the
domain-dependent fluents. We showed that our theory sat-
isfies the majority of the AGM, KM, and DP postul ates.

Our approach does have some limitations. In this paper, we
have only looked at cases of belief change where the sen-
sorsare accurate, so that the agent only revisesitsbeliefsby
sentences that are actually true. It isthe case that our suc-
cessor state axiom for B ensuresthat the agent believesthe
output of its sensor after sensing. Also, our guarded sensed
fluent axioms allow only hard (but context-dependent) con-
straintsto be specified between the output of the sensor and
the associated fluent; one cannot state that the sensor isonly
correct with a certain probability. However, we can aso
use beliefs to correlate sensor values to the associated flu-
ents instead of guarded sensed fluent axioms. Thus, we
could specify that the agent prefers histories where the sen-
sors agree with the associ ated fluentsmore often to histories
where they agree less often. We will explore this approach
in future work. Note that Bacchus et al. [2] have a proba
bilistic account of noisy sensorsin the situation calculus.

In Theorem 10, we saw that our framework captures some,
but not all, of the AGM revision postulates. In particular,

the agent may end up believing everything after arevision
by aconsistent formulag, if noneof its B-alternatives satis-
fies ¢, violating (K*5). This, together with the fact that we
never update the plausibility assignment, may suggest that
our account has limited expressiveness. But we maintain
that thisis not the case. The example of Section 6.1 shows
that we can handle some cases where a plausibility assign-
ment update seems to be required. As well, we can con-
struct theorieswhere the (K*5) postulate does hold. Thisis
done by ensuring that the B relation contains enough situ-
ationsinitially.* The need to ensure that enough epistemic
alternatives are initially present if one wants to avoid in-
consistency is not specific to our approach. In most frame-
works, asimilar issue ariseswith respect to revision by con-
junctive observations. In future work, we will investigate
the expressive limits of our framework.

We could also extend the framework by having multiple
agents that act independently and impart information to
each other. Instead of beliefs changing only through sens-
ing, they would also change as a result of inform actions.
Shapiro et al. [20] provide a framework for belief expan-
sion resulting from the occurrence of inform actions in the
situation calculus, which we would like to generalize to
handle belief revision.

Lakemeyer and Levesque[12] incorporatethe logic of only
knowing into the Scherl and L evesgue framework of belief
update and expansion. The traditional belief (and knowl-
edge) operator specifies formulae that are believed (or
known) by the agent, but there could be others. The ‘only
knows' operator isusedto describeall that the agent knows,
i.e,, aformula that corresponds exactly to the knowledge
state of theagent. Infuturework, wewouldliketo definean
analogous‘only believes' operator that could be used to de-
scribe exactly what the agent believesin a framework that
supports belief revision aswell as belief expansion.
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1“Note also that when no guarded sense fluent axiom is appli-
cable, the value of an SF fluent is unconstrained and can vary
freely. There can be B-aternatives that differ only in the value
of the SF fluent after some sequence of sensing actions has been
performed. By modifying the definition of x4, and ensuring that
there are enough B alternatives, we can model iterated revisions
involving contradictory information where the agent’s beliefs re-
main consistent, i.e., where K * ¢ * - [~ L.
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