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Abstract

We consider the chromatic number of graphs with maximum degree A. For suffi-
ciently large A, we determine the precise values of k for which the barrier to (A+1—k)-
colourability must be a local condition, i.e. a small subgraph. We also show that for
A constant and sufficiently large, (A + 1 — k)-colourability is either NP-complete or
can be solved in linear time, and we determine precisely which values of k correspond
to each case.
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1 An overview

1.1 The results

In 1852, Francis Guthrie asked if every map could be coloured with four colours so that
each pair of countries which share a boundary receive different colours. This problem can be
formulated in the language of graph theory (see [25] for an introduction to this language),
as follows. We have a graph G = (V, F) where V' is the set of countries and two vertices are
joined by an edge e of E if they have a common boundary. This graph is planar, i.e. it can
be drawn in the plane so that edges intersect only at their common endpoints.

In this language, Guthrie’s question is:

Can the vertices of every planar graph be coloured with four colours so that no
edge is monochromatic?

This question was finally answered in the affirmative in 1976, by Appel and Hakken[1]
(see also [29]). It was the first of many problems which have been formulated in terms of
graph colouring.

A k-colouring of a graph is a colouring of its vertices with k colours so that no edge is
monochromatic. The chromatic number of G, denoted x(G), is the minimum k& for which
such a colouring exists.

In general, the chromatic number of a graph can be forced to be large by its global
structure rather than by small hard to colour subgraphs. Indeed, as shown by Erdos[12], for
every ¢ > 2 and N there is a graph which has chromatic number ¢ but all of whose subgraphs
with at most NV vertices have chromatic number 2. A fundamental problem in graph theory
is to characterize families of graphs for which the chromatic number is determined locally
rather than globally.

The smallest graph with chromatic number ¢ is a clique with ¢ vertices (in a clique every
two vertices are adjacent, and hence receive different colours). What can we say about the
structure of c-colourable graphs on which we are forced to use ¢ colours because they contain
a clique of size ¢? Unfortunately, not very much. Given any c-colourable graph, we can take
its (disjoint) union with a clique of size ¢ to obtain a graph in this class. If, instead, we
ask about the structure of graphs such that for every induced subgraph H, the chromatic
number of H is equal to the size of the largest clique in H, then we obtain the celebrated
perfect graphs. These graphs were defined by Berge[4], motivated by a question of Shannon



in information theory. A perfect graph contains no odd cycle of length at least five as an
induced subgraph, since these cycles have chromatic number three but contain no clique of
size three. Furthermore, perfect graphs do not contain the complements of such cycles as
induced subgraphs, since the complement of an odd cycle of length 2k +1 > 5 has chromatic
number k + 1 but the size of its largest clique is k. Recently, Chudnovsky et al.[9] proved
Berge’s celebrated Strong Perfect Graph Conjecture which states that perfect graphs are
precisely those graphs which satisfy these two conditions.

Another theorem yielding a family of graphs for which the chromatic number is deter-
mined by a clique is Brooks’ Theorem|[7], one of graph theory’s foundational results. The
degree of v, deg(v), is the number of vertices adjacent to v. A simple greedy colouring
procedure (colour the vertices in any order, using on v a colour not yet used on any of its
neighbours) yields that the chromatic number of a graph exceeds its maximum vertex degree
by at most one. That is, using A(G) to denote the maximum vertex degree in G, we have:
X(G) < A(G) + 1. Brooks’ Theorem determines when this bound is tight. It states that for
A(G) > 3, if x(G) = A(G) + 1 then G contains a clique of order A(G) + 1; i.e. for such
graphs, the chromatic number is determined by a clique. (The analagous result is not true
for A(G) = 2 as the odd cycles show).

Reed|28] settled a conjecture of Beutelspacher and Herring[5], by showing that for A(G)
large enough, if x(G) = A(G) then G has a clique of size A(G). Borodin and Kostochka|6]

conjectured that this is true as long as A(G) is at least nine.

It is natural to ask whether these results can be extended to show that for every k there
is a Ay such that if A(G) > Ay and x(G) = A(G) + 1 — k then G has a clique of size
A(G)+1—k. In fact this conjecture fails for the next value of k, two. To see this consider a
graph obtained by adding all edges between a cycle of length five and a clique of size A — 4.
However, the results of this paper imply that for A(G) large enough, if x(G) = A(G)—1 then
G must contain either a clique of size A(G)—1 or the graph described in the previous sentence
(see [15]). So for such graphs, while x(G) is not determined by a clique on x(G) vertices, it
is determined by something very close to a clique - by a subgraph on approximately x(G)
vertices.

This leads us to ask when the chromatic number of a graph is determined by a subgraph
with approximately x(G) vertices. Erdos’ result shows that this is not true for general graphs.
But the results of the past few paragraphs suggest that for large enough A, perhaps it is
true whenever x(G) is sufficiently close to its upper bound of A(G)+1. A construction from
Embden-Weinert et al[11] shows that it is not true for some graphs with x(G) = A — [v/A]:

Definition: ka is the maximum integer k such that (k + 1)(k + 2) < A. Note that



VA =1>kx>VA-3.

Theorem 1 For every A > 2 and 2 < ¢ < A — 1 — ka, there are arbitrarily large graphs
G with mazximum degree A and with x(G) = ¢+ 1 such that every proper subgraph H C G
satisfies x(H) < c.

In this paper, we prove that for large enough A, if x(G) > A(G) + 1 — ka, then x(G) is
indeed determined by a subgraph of size approximately x(G); specifically by a subgraph of

size at most A(G) + 1 < x(G) + /x(G):

Theorem 2 There is an absolute constant Ay such that for any A > Ag and ¢ > A+1—ka,
if G has mazximum degree A and if x(G) = ¢+ 1 then G contains a subgraph H such that

(1) [H < A+1;

(ii) X(H) = ¢+ 1.

We conjecture that Theorem 2 in fact holds for every A (see Conjecture 6 below).

This leaves only the case ¢ = A — ka. For some values of A, this case is as in Theorem
1 and for all others it is as in Theorem 2 but with a weaker upper bound on |H|. We state
this precisely in the next subsection, when we have developed the relevant machinery. Thus,
for large A, we determine precisely how close ¢ must be to A 4+ 1 for c-colorability to be a
local rather than a global property. Conjecture 6 implies that this holds for every A.

We say a graph is /-critical if its chromatic number is ¢ but all of its proper subgraphs
can be (¢ — 1)-coloured. So Theorem 2 implies that for ¢ > A+ 1 — ka and A large, all
(c+ 1)-critical graphs have bounded size while Theorem 1 says that for ¢ < A — 1 — ka this
is not true. When ¢ = A — ka then, roughly speaking, for most values of A, all (A —ka+1)-
critical graphs have size at most O(A%?2). For some values of A, the (A — ka + 1)-critical
graphs can have arbitrary size, but the large ones all have a fairly simple structure.

We give the simple short proof of Theorem 1 in the next subsection. It is Theorem 2,
and the similar case ¢ = A — ka, on which we will have to spend the most effort.



1.2 Focussing on the threshold using reducers

Suppose G has a uniquely c-colourable subgraph D such that only one colour class in this
unique colouring contains vertices with neighbours outside D. Clearly G is c-colourable if
and only if the graph obtained from G by deleting D and adding a vertex adjacent to all the
vertices of G — D that have a neighbour in D is c-colourable. In such a situation, this new
graph is the c-reduction of G via D and G is the c-expansion of the new graph via D.

We are interested in such subgraphs which have a special form.

Definition: A c-reducer consists of a clique C' with ¢ — 1 vertices and a stable set S such
that every vertex of C' is adjacent to all of S but none of V(G) — S — C.

We often drop the “c” when its value is clear from context.

Definition: We say that a c-reducer D = (C,S5) is deleteable if there are fewer than c
vertices of V(G) — D with a neighbour in S.

Any c-colouring of G — D for a deleteable c-reducer D of GG, can be extended to a
c-colouring of the c-reduction of G by D, since the only uncoloured vertex in this graph
has fewer than ¢ neighbours. Thus, G is c-colourable if and only if G with D deleted is
c-colourable. This fact explains our choice of terminology.

We would like to iteratively apply c-expansion to build larger and larger (¢ + 1)-critical
graphs of maximum degree A. Suppose then, that we apply one such expansion and thereby
construct a critical c-reducer D = (C,S) in a (¢ 4+ 1)-critical graph of maximum degree
A. The bound on the degrees of the vertices in C' implies that |S| < A — ¢+ 2. The
bound on the degrees of the vertices in S implies that each such vertex can have at most
A — c+ 1 neighbours outside D. Thus, the degree of the vertex we expanded can be at most
(A —c+2)(A —c+1). Furthermore, we have:

Observation 3 For ¢ > 3: if G is a (¢ + 1)-critical graph with mazimum degree A, and
v is a vertex in G with degree at most (A — ¢+ 2)(A — ¢+ 1), then we can construct a
(¢ + 1)-critical c-ezpansion of G with mazximum degree at most A.

Proof First note that A > ¢ in any (¢ + 1)-critical graph. Now take a (¢ + 1)-clique
C and a stable set S of size min{A —c+2,deg(v)}, and join all of C to all of S. Delete v and
join every neighbour of v to a vertex in S so that each vertex in S is joined to at least one and
at most 1" = min{A —c+1, ¢ — 1} neighbours of v. This is possible if | S| < deg(v) < |S|x T}
the lower bound is trivial, and the upper bound follows from hypothesis when T'= A —c+1.



When T'< A—c+1, we have c—1 < A—c+1landsoc < A+1and [S| = A—c+2> A,
This yields |S| x T' = [S|(c— 1) > A > deg(v) for ¢ > 3.

It is an easy exercise to verify that the resulting expansion is (¢ + 1)-critical. O

In the other direction, we have:
Observation 4 Every c-reduction of a (¢ + 1)-critical graph is (¢ + 1)-critical.

We omit the easy proof.

Observation 3 implies that we can build larger and larger (¢ 4 1)-critical graphs with
maximum degree A by repeatedly expanding a (¢ + 1)-clique provided ¢ < A and (A +2 —
c)(A+1—-c¢)>Ajie. ¢ <A —1—ka. This proves Theorem 1.

On the other hand, if ¢ > A+ 1 —ka then (A —c+2)(A—c+1) < ka(ka +1) <
A +1—ka < c. It follows that for such values of ¢, we cannot build (¢ + 1)-critical graphs
via c-expansions since the c-reducer formed by any c-expansion is deleteable. This gives us
some hope that Theorem 2 might hold.

Finally reducers allow us to characterize for which values of A there are arbitrarily large
(c + 1)-critical graphs of maximum degree A at the threshold ¢ = A — ka.

In order to do so, we apply the following strengthening of Theorem 2 which is the main
result of this paper:

Theorem 5 There is an absolute constant Ag such that for any A > Ag and ¢ > A — ka,
if G has mazimum degree at most A, x(G) = ¢+ 1 and either

(a) c > A+1—Fka; or
(b) G has no c-reducer

then there is some vertez v in G such that the subgraph induced by {v} UN (v) has chromatic
number ¢ + 1.

We don’t specify Ag; instead we implicitly take it to be large enough to satisfy the many
inequalities arising in our proof. We think that it can be omitted; i.e. that Theorem 5 holds
for every A:

Conjecture 6 The condition “A > Ay” can be removed from Theorem 5.
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Before turning to what happens at the threshold, we note that Theorem 5 easily implies
Theorem 2 where H is the subgraph induced by {v} UN(v), since |H| = deg(v) +1 < A+ 1.

We now show how Theorem 3 gives us a better understanding of what happens at the
threshold ¢ = A—ka. Every (¢+1)-critical subgraph G with maximum degree A arises from a
graph of size at most A+1 via a series of c-expansions using c-reducers. If (ka+1)(ka+2) = A
then this series can be unlimited. If (ka + 1)(ka +2) < A — 1 this is not the case, as we
now explain.

Corollary 7 There exists Ay such that for every constant A > Ay and every 0 < k < A:

(a) Forc> A+ 1—ka, every (c+ 1)-critical graph has size at most A + 1.
(b) For c < A —1—ka, there are arbitrarily large (¢ + 1)-critical graphs.

(c) For c = A — ka, every (c+ 1)-critical graph can be formed by starting with a (¢ + 1)-
critical graph of size at most A + 1 and then applying a sequence of c-expansions.
Furthermore:

(i) if (ka + 1)(ka +2) < A — 1 then every (¢ + 1)-critical graph has size at most
(A —|- 1)2]{?A,'

(i) if (ka + 1)(ka + 2) = A then there are arbitrarily large (¢ + 1)-critical graphs.

Proof Parts (a,b) follow immediately from Theorems 2 and 1. For part (c): set
¢ = A —ka and consider a (c+ 1)-critical graph G. By Theorem 5, either G has a c-reducer,
or G has a vertex v with x({v} UN(v)) = ¢+ 1. In the former case, G is a c-expansion of a
smaller (c+ 1)-critical graph, by Observation 4. In the latter case, since G is (c+ 1)-critical,
G ={v} UN(v) and so |G| < A + 1. This proves the first assertion of part (c).

To prove part (ii), begin with any (¢ + 1)-critical graph of maximum degree A (eg. a
(¢ + 1)-clique), and repeatedly apply Observation 3 to expand on any vertex and obtain a
larger (¢ + 1)-critical graph. We can expand on a vertex so long as it has degree at most
(ka+1)(ka+2) and since this value is A, we can expand on any vertex. Thus, we can carry
out this procedure an arbitrary number of times.

To prove part (i), set ¢ = A — ka and consider a (¢ + 1)-critical graph Gy. We will
prove a limit on how many times it can be expanded. Suppose G is a c-expansion of G
replacing a vertex v by a reducer D with corresponding partition into a clique C' and a stable
set S joined by all possible edges. Because G is (¢ + 1)-critical, it has minimum degree at
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least c. So there are degg, (v) > ¢ = A — ka edges out of D in G;. By the properties of
a reducer, the number of such edges is at most |S|(A+ 1 —¢), and |S| < A+ 2 —¢. This
implies [S| = A+2—csince (A+1—c)(A+1—-¢c)=(ka+1? <A—-—ka—-1<c
Therefore every vertex of C' has degree (|C] —1)+|S|=(c—2)+ (A+2—¢) =Ain G;.
Furthermore, -, csdeg(w) = |C||S| — degg, (v). Therefore, defining the deficiency of v to
be def(v) = A — deg(v), we have:

> def(w) = A[S|—|C|S|—degg, (v) = (A+1—c)(A+2—c)—degg, (v) > A—degg, (v) = def(v).
weS

Thus, if v has degree A — 1, then every vertex of D has degree A in GG; and no further
expansions are possible in this part of the graph. More generally, a simple inductive argument
yields that the number of vertices in the subgraph obtained from expanding v and then
recursively expanding the nodes in the reducer thereby obtained is at most (A + 1)def(v).
Thus, if we start with a (¢4 1)-critical graph with at most A+ 1 vertices, since this graph has
minimum degree at least ¢ and hence total deficiency at most (A 4+ 1)(A —¢) = (A + 1)ka,
we can only expand until it has size (A + 1)%ka. O

In [15] (see also [14]) we use Corollary 7 to explicitly list all (¢ + 1)-critical graphs for
c>A—5and A > A,.

The following observation, along with hypothesis (b) of Theorem 5, allows us to ignore
reducers in proving that theorem.

Observation 8 If D = (C,S) is a non-deleteable reducer in a graph with mazimum degree
A, and if ¢ > A — ka then we must have ¢ = A — ka and |S| = ka + 2.

Proof Since D is non-deleteable, there are at least ¢ edges from S to G — D. Every
vertex in S has at most A—|C| = A—c+1 neighbours in G— D and by considering the degree
of a vertex in C, we have |S| < A—c+2. Therefore (A—c+1)(A—c+2) > c. If ¢ > A—ka+1
then this yields ka(ka+1) > A—ka+1and so (ka+2)(ka+1) > A—ka+1+2(ka+1) > A
which violates the definition of ka. Therefore ¢ = A — ka and so |S| < A—c+2=kx+2.
If |S| < ka + 1 then we must have (ka +1)(A—c+1) > cand so (ka +1)(ka+1) > A —ka
and thus (ka +2)(ka +1) > A — ka + (ka + 1) > A which again violates the definition of
kn. O

1.3 Algorithmic Implications

Another corollary of our main theorem is that for every constant A > A,, we determine
(under the hypothesis that P # NP) the precise values of ¢ for which one can test in
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polynomial time whether a graph of maximum degree A is c-colourable. This is well-known
to be trivial for ¢ < 2. Embden-Weinert et al[11] used their construction (see Section 1.2) to
prove that for 3 < ¢ < A—ka—1, we cannot test for c-colourability of graphs with maximum
degree A in polytime unless P = NP. On the other hand, Theorem 5 easily implies that
for every constant A > Ay and every ¢ > A — ka, there is a linear time deterministic
algorithm to test whether graphs of maximum degree A are c-colourable. Furthermore,
there is a polynomial time deterministic algorithm that will produce a c-colouring whenever
one exists.

For the case where A is not constant, the threshold for polynomial testability of c-
colouring is (probably) higher: at A — O(log A). We will give the formal statements and
proofs of these results in Section 11.

2 A Preliminary Proof Sketch

Our proof combines probabilistic arguments with a structural decomposition.

2.1 The Probabilistic Method

The Lovasz Local Lemma is a powerful tool which allows us to prove the existence of colour-
ings whose local behaviour is that which we would expect from a random colouring. We
introduce it in the next section and illustrate its power by proving the following result
(which is a key part of the proof of our main theorem).

Lemma 9 There exists a Ao such that for A > Aq, if H has max degree A and each of its
vertices either

(i) has fewer than A — 3v/A neighbours; or

(ii) has at least 900A3/% non-adjacent pairs of neighbours

then there is a A — 2v/A colouring of H.

To prove this lemma, we actually prove the following result which easily implies it:



Lemma 10 There exists a Ag such that for every A > Aq, and every graph H of maximum
degree A the following holds:

There is a A—2v/A colouring of a subgraph of H such that for every vertex v of H which
has at least 900A%/? non-adjacent pairs of neighbours:

there are at least 2v/A + 1 colours which appear on two neighbours of v. (1)

Lemma 10 yields Lemma 9 as follows:

Proof of Lemma 9 We use the same Ag as in Lemma 10. We apply Lemma 10 to obtain
a partial colouring of H. We then attempt to extend our partial colouring to a A — 2v/A
colouring of H by greedily colouring the uncoloured vertices of H in any order. We claim
that throughout this process at most A — 2v/A — 1 colours appear in the neighbourhood
of any vertex, and hence this greedy procedure will succeed. Our claim clearly holds for
vertices of degree less than A — 3v/A. It holds for the other vertices by the hypothesis of
Lemma 9 and the properties of the partial colouring returned by Lemma 10. O

To prove Lemma 10, we analyze the partial colouring in which each vertex is randomly
assigned a uniform colour from {1,2,..., A — 2\/K}, where these choices are independent,
and retains the colour provided it is assigned to none of its neighbours. We show that the
probability that (1) fails for a specific v in this random colouring is very small. The Local
Lemma then allows us to show that there is a colouring where this local property holds for
every v.

We leave the details of the proof of Lemma 10 to the next section, closing this subsection
with two remarks.

The colourings guaranteed to exist only look like a random colouring locally. In a truly
random colouring of a large enough graph, although most vertices would satisfy (1), there
would with high probability be some vertex on which (1) would fail. For this reason, we call
both the colourings and the process used to create them pseudorandom.

To prove that (1) holds for v with high probability we consider the random variable
counting the number of colours appearing twice in the neighbourhood of v. We compute
the expected value of this random variable and then use a concentration inequality to show
that the variable is close to its expected value with high probability. Such concentration
inequalities form part of our probabilistic toolbox presented in more detail in Section 3.
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2.2 The Structural Decomposition

Our key structural result implies that every large (c+ 1)-critical graph either has a subgraph
which is quite similar to a deleteable c-reducer, or is easy to handle using the technique of
the previous section. We start with two definitions:

Definition: D is a c-near-reducer if it consists of a clique C with ¢ — 1 vertices, and a stable
set T' with A —c+1 vertices such that every vertex of C'is joined to every vertex of T'. Note
that this implies that each vertex of C' has at most one neighbour outside of D.

Definition: D is a c-quasi-reducer in G if it consists of a clique C' with between ¢ and
A — 108v/A vertices and a set of [ < ¢ — |C'| stable sets T7, ..., T; such that for each T;:

(a) the set of vertices outside D which have a neighbour in 7; is less than ¢;
(b) if |T;| > 2 then every vertex of T; sees all of C; and
(c) if |T;] = 2 then either

(i) there is z € C such that both vertices of T; see all of C' — z, or

(ii) one vertex of T; sees all of C, and the other vertex of T; sees at least % of the
vertices of C'.

Again, we often drop the “¢” when its value is clear from context. Note that every
c-reducer is a c-near-reducer and every c-near-reducer is a c-quasi-reducer.

Lemma 11 There is a Aqg such that for A > Ag and ¢ > A — ka the following holds:
If G is a (¢ + 1)-critical graph of mazimum degree at most A which has no vertex that is

adjacent to all other vertices, then G can be partitioned into Xy, ..., Xy, S such that

(a) each X; induces a quasi-reducer, and

(b) each vertex of S satisfies hypothesis (i) or (ii) of Lemma 9.

Remark: Note that any (¢ + 1)-critical graph with more than A + 1 vertices satisfies
the conditions of Lemma 11.

We present this result in Section 4, where we strengthen it via a sequence of lemmas
which imposes increasingly stronger conditions on the quasi-reducers of the decomposition.
We close this section with a few more definitions.
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Definition: An internal neighbour of v € X; is a neighbour of v that is also in X;. All
neighbours of v in G — X; are external neighbours. For a stable set p of X;, we say a vertex
w is an (internal/external) neighbour of p if it is an (internal /external) neighbour of a vertex
in p.

2.3 Putting It All Together

Our approach to proving Theorem 5 is straightforward. We fix A > Ag and ¢ > A — ka
and let G be a minimum counterexample with respect to A, ¢; i.e. a counterexample with
the smallest possible number of vertices. G clearly satisfies the conditions of Lemma 11,
so we can apply that lemma to obtain a decomposition of G. Applying Lemma 9, we can
c-colour the subgraph of G induced by S. We would now like to extend this colouring to the
quasi-reducers, thereby completing it.

In doing so, we would like to mimic our approach for deleteable c-reducers from Section
1.2. As in that case, we contract each stable set into a single vertex and colour these vertices
before we colour the cliques of the quasi-reducers.

The difficulty is that the vertices in the clique of a quasi-reducer may have neighbours
outside the quasi-reducer. Indeed a quasi-reducer could simply consist of a clique C' of size
c. Each of its vertices then could have A — ¢ external neighbours. If there was a colour %
appearing on an external neighbour of every vertex of C, then we could not use this colour
on C' and hence would need at least ¢ 4+ 1 colours to complete the colouring.

As this specific example illustrates, in choosing our intial colouring of S, and in extending
it, we need to take care that for each clique of a quasi-reducer, no colour which does not
appear in the quasi-reducer is used on the external neighbourhood of a large majority of the
vertices in the clique. In order to do so we:

(A) Massage the graph by adding edges between pairs of vertices that we want to get
different colours and contracting a stable set into a vertex if we want its members to get
the same colour. This results in a graph F', such that a c-colouring of F' easily yields a
c-colouring of G.

(B) Choose our initial colouring of S and its extension using the probabilistic method. We
can thereby ensure that its local behaviour is what we would expect of a random colouring.
Here, we focus on one specific aspect of the behaviour: for each clique of a quasi-reducer and
colour ¢, how many vertices of the clique have an external neighbour of colour i?

(C) Interleave the colouring of the big stable sets of the quasi-reducers with the colouring
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of the cliques within them. The reason for doing so will become clear later. For the moment,
the reader may choose to ignore this last complication. Doing so will only aid her intuition
as to the structure of the proof.

More specifically, we prove Theorem 5 by combining two lemmas:

Lemma 12 For any minimum counterexample G to Theorem 2, we can find a graph F of
mazimum degree 102A, whose c-colourability implies the c-colourability of G, and a partition
of the vertices of F into S, B, Ay, ..., A; such that:

(a) Every A; is a clique with ¢ — 103V A < |4, < c.
(b) Euvery vertex of A; has at most 108v/A neighbours in F — A;.

(c) There is a set All; C B of ¢ — | A;| vertices which are adjacent to all of A;. Every other
vertex of F' — A; is adjacent to at most % + 108V A wertices of A;.

(d) Every vertex of S either has fewer than A — 3v/A neighbours in S or has at least
900AVA non-adjacent pairs of neighbours within S.

(e) Every vertex of B has fewer than ¢ — /A + 9 neighbours in F — U, A;.

(f) If a vertex v € B has at least ¢ — A1 neighbours in F — U,;A;, then there is some i
such that: v has at most c — v A + 9 neighbours in F — A; and every vertex of A; has
1
at most 30A1 neighbours in F — A;.

(g) For every A;, every two vertices outside of A;UAll; which have at least 2AT netghbours
in A; are joined by an edge of F.

Lemma 13 Any graph F with a decomposition {S, B, Ay, ..., A;} as in Lemma 12, has a
c-colouring.

These yield our main theorem:

Proof of Theorem 5: We choose GG to be a minimum counterexample to Theorem 5.
Lemmas 12 and 13 imply that x(G) < ¢, which is a contradiction. O

In the next section, we will present our probabilistic tools. We give the proof of Lemma
12 in Sections 4 and 5. We prove Lemma 13 using a pseudorandom iterative colouring
procedure in Sections 6 to 10. We close by discussing algorithmic implications in Section 11.
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3 The Probabilistic Method and a First Application

3.1 Some Powerful Tools

The following lemma has a three line proof but nevertheless is extremely powerful and has
had scores of applications. One of its applications is in this paper.

The Lovasz Local Lemmal([13] Let Ay, ..., A,, be a set of random events so that for each
1< <n:
(i) Pr(4;) < p; and
(i) A; is mutually independent of all but at most d other events.

If pd < 1 then Pr(A; U...UA,) > 0.

The lemma is powerful because it allows us to deduce global results via a local analysis.
The best way to explain this is via an example. We give one in the next subsection, where
we prove Lemma 10.

The binomial random variable BIN(n,p) is the sum of n independent 0 — 1 random
variables each of which is equal to 1 with probability p. The following special case of
Chernoft’s original bound|[8] can be found in [25]:

The Chernoff Bound For any 0 <t < np:
Pr(|BIN(n,p) — np| > t) < 2013,

The following is a simple corollary of Hoeffding’s Inequality[17] or Azuma’s Inequality|[2],
as described in [25]:

Simple Concentration Bound: Let X be a non-negative random variable determined
by the independent trials T, ..., T,,. Suppose that for every set of possible outcomes of the
trials, we have:

(i) changing the outcome of any one trial can affect X by at most c.
Then for any 0 <t < Exp(X), we have
2

Pr(|X — Exp(X)| > t) < 2¢ 27,
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Talagrand’s Inequality requires another condition, but often provides a stronger bound
when Exp(X) is much smaller than n. Rather than providing Talagrand’s original statement
from [31], we present the following useful reworking, which we prove in an appendix:

Talagrand’s Inequality Let X be a non-negative random variable determined by the in-

dependent trials T1, ..., T,,. Suppose that for every set of possible outcomes of the trials, we
have:

(i) changing the outcome of any one trial can affect X by at most ¢; and

(ii) for each s > 0, if X > s then there is a set of at most rs trials whose outcomes certify
that X > s.

Then for any t > 0, we have

+2

Pr(|X — Exp(X)| > t 4+ 20c\/rExp(X) + 64c’r) < e 8& @m0,

McDiarmid extended Talagrand’s Inequality to the setting where X depends on indepen-
dent trials and permutations, a setting that arises often in this paper. Again, we present
a useful reworking rather than the original inequality. The derivation can also be found in
the appendix. Talagrand[31] derived a similar result for the case where there is exactly one
permutation.

In the context of this inequality, a choice means either (a) the outcome of a random trial
or (b) the position that a particular element gets mapped to in a permutation.

McDiarmid’s Inequality[22] Let X be a non-negative random variable determined by in-
dependent trials 11, ..., T,, and independent permutations 11y, ..., IL,,. Suppose that for every
set of possible outcomes of the trials and permutations, we have:

(i) changing the outcome of any one trial can affect X by at most c;
(i) interchanging two elements in any one permutation can affect X by at most c¢; and

(iii) for each s > 0, if X > s then there is a set of at most rs choices whose outcomes
certify that X > s.
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Then for any t > 0, we have

+2

Pr(|X — Exp(X)| >t + 25¢\/rExp(X) + 128¢*r) < 4e” 823 ®me(010) ,

Note that in both Talagrand’s Inequality and McDiarmid’s Inequality, if ¢ > 50c¢y/rExp(X))+
256¢%r then by substituting ¢/2 for ¢ in the above bounds, we obtain the more concise:

t2
Pr(|X — Exp(X)| > t) < de 52 Exe(X)+) (2)
and for McDiarmid’s Inequality:
+2

Pr(|X — Exp(X)| > t) < de” 25 Exp(X) ), (3)

Those are the bounds that we will usually use.

3.2 Proof of Lemma 10

Remark: The arguments in this section have appeared in several other papers. The reader
who is familiar with, eg., [28, 25] may choose to skip to the next section.

We obtain a partial colouring of H as follows:

1. We activate each vertex of H with probability %.

2. Each activated vertex in H is assigned a uniformly random colour from {1, ..., ¢}. These
choices are made independently.

3. We uncolour every vertex that has a neighbour with the same colour.

We will apply the Lovasz Local Lemma to prove that with positive probability the resul-
tant colouring satisfies condition (1) of Lemma 10. For each v € H with at least 900A%?2 non-
adjacent pairs of neighbours, define £ (v) to be the event that v has fewer than 3v/A colours
that appear at least twice in its neighbourhood. We will prove below that Pr(E;(v)) < A~

It is straightforward to check that each E;(v) is mutually independent of all the E; (w) for
vertices w at distance more than 4 from v in H. Thus, each event is mutually independent of
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all but fewer than A* other events. Thus, our lemma follows from the Lovasz Local Lemma

since A710 x A* < i.

We now fix a v € H and bound Pr(E;(v)). We let Q be a collection of 900A%/? pairs of
non-adjacent neighbours of v. We consider the random variable Y which counts the number
of pairs in 2 which (i) are both assigned the same colour, (ii) both retain that colour, and
(iii) are the only two vertices in N(v) that are assigned that colour. Clearly Y is a lower
bound on the number of colours appearing at least twice in N(v).

The probability that some non-adjacent pair u, w € N(v) satisfies (i) is & x -t x . The
total number of neighbours of v, u,w in H is at most 3A. Given that they satisfy (i), u, w
also satisfy (ii) and (iii) if none of those vertices are activated and assigned the colour of
u, v, and this occurs with probability at least (1 — %)M. Therefore,

81
Exp(Y) > 900A%/2 x Tooe < exp(—3A/c) > 4VA.

So if E;(v) holds then Y must differ from its mean by at least v/A.

We will apply Talagrand’s Inequality to show that Y is highly concentrated. To do so,
we consider two related variables: Y] is the number of colours assigned to both members of
at least one pair in ; Y3 is the number of colours that are (i) assigned to both members
of at least one pair in 2 and (ii) also assigned to one of their neighbours or to at least one
other vertex in N(v). Note that Y =Y} —Y,. Thus, if F(v) holds then either Y; or Y5 must
differ from its mean by at least %\/Z Note that:

2 2
Exp(¥s) < Exp(Yi) < ¢ x (900A%/2) x <%> <%) < 1200VA.

If Y1 > s then there is a set of at most 4s trials whose outcomes certify that Y; > s,
namely the activation and colour assignment for s pairs of variables. Also, changing the
outcome of any individual random trial can only affect Y; by at most 2 since at worse it
affects whether Y; counts the old colour and the new colour of a vertex whose colour is
changed. Therefore, applying (2) with ¢ = 2,7 = 4 yields:

Pr(|Y; — Exp(Y)| > %\/Z) <dexp (—1A/(32 x 4 x 4 x 1201VA)) < %A‘lo.

Similarly, if Y5 > s then there is a set of at most 6s trials whose outcomes certify that
Y5 > s: the activation and colour assignment for s pairs of variables and for each pair the
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activation and assignment of the same colour to a neighbour of one member of the pair or
to another member of N(v). Also, changing the outcome of any individual random trial can
only affect Y5 by at most 2 for the same reason as for X;. Therefore, applying (2) with
c=2,r =06 yields:

Pr(|Ys — Exp(Ys)| > %ﬂ) <dexp (—1A/(32 x 4 x 6 x 1201VA)) < %A‘w.

Therefore, [Pr(Y — Exp(Y)| > VA < A710, O

4 The Structural Decomposition

In this section we prove Lemma 11. In addition, we show that in a minimum counterexample
to Theorem 5, none of the X; can be reducers or near-reducers. Thus we assume throughout
that G is (¢ + 1)-critical and contains no vertex that is adjacent to all the other vertices.

We start with a decomposition introduced in [28]. The following result is essentially
Lemma 15.2 of [25], and actually holds for all graphs of maximum degree A, for any A.

Definition: We set d = 10%/A and, following Section 15.2 of [25], call a vertex sparse if it
has at most (g) — dA edges in its neighbourhood.

Lemma 14 There is a partition of V(G) into sets Xy, ..., X, and S such that:

(a) ¥i, A —105VA < |X;| < A+ 100VA;
(b) Vi, there are at most 107A%? edges from X; to G — X;;
(¢) Vi,a vertex is adjacent to at least % vertices of X; iff it is in X;;

(d) every vertex in S is sparse.

We note that every sparse vertex satisfies (i) or (ii) of Lemma 9. Thus, to prove Lemma
11 given Lemma 14, it is enough to prove that each X; is a quasi-reducer. To begin, we show
that under this hypothesis each X; has a c-colouring.

Lemma 15 For every i, x(X;) < c.
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Proof Suppose X; is not c-colourable. Since G is (¢ + 1)-critical, we must have
G = X;. We let M be a maximum matching in G, chosen subject to this to maximize the
sum of the degrees (in G) of the vertices within it. M has fewer than |G| — ¢ edges as
otherwise, we can colour G with ¢ colours using the edges of M as the only non-singleton
colour classes. Thus, by Lemma 14(a), M has at most 107v/A edges, and the clique C
induced by the vertices of G not in M has at least A — 107v/A vertices.

By the maximality of M, for every edge of M, either (i) one endpoint is adjacent to
every vertex in C' or (ii) for some z in C' both endpoints of M are adjacent to every vertex
in C'— z. Since G is (¢ + 1)-critical, it has minimum degree at least ¢, and so each vertex
in M is non-adjacent to at most (|G| — ¢) vertices. It follows that for each edge of M, the
endpoints have a total of at least 2|C'| — (|G| — ¢) neighbours in C' and so there are at least
2|C||M| — |IM|(|G] — ¢) edges from C to M. Thus the average degree of the vertices in C is

at least |G| — 1 — %

By our bounds on the size of M and G, if A is large enough, this is at least |G| —1—10%.
Thus, |G| < A+ 1+10". This bound on |G| implies that both |M| and |G| — ¢ are at most
A+14+10"%—c < vVA+10'. By exploiting the bound from the last paragraph on the number
of edges from M to C', we obtain that for large enough A, the average degree of the vertices
in C'is at least 2| M| — % > |G| —3. It follows that G has at most A+ 2 vertices. Since
|IM| < |G|—(c+1) < A+1—c < ka+1 thisyields that |C] > c+1—|M| > c—ka > A—2k.

We now count the non-edges between C' and the vertices of M again, being a bit more
careful. Consider some edge e = wv of M. The number of edges from {u,v} to C is at
least 2|C| — 2 in case (ii) above, but can be smaller in case (i) if u is adjacent to all of
C and v is adjacent to as much of G — C as possible. Since v is non-adjacent to u, v is
adjacent to at least deg(v) —2|M|+2 > ¢ —2|M|+ 2 vertices in C. Hence there are at most
|IC| +2(|M| — 1) — ¢ < |G| — ¢ — 2 non-edges between any edge of M and C. So, letting
E(C, M) be the number of nonedges between C' and V (M), we have:

[E(C,M)| < [M|(|G|—c—2) < (ka+1)ka < (ka+1)(ka+2)—2ka—2 < A=2ka—2 < |C].

Thus, some vertex v € C' is adjacent to all of V(M) and so v is adjacent to all vertices in G
(other than v), thus contradicting the hypothesis of Lemma 11. O

We next prove that in any c-colouring of an X;, the majority of the colour classes are
singletons which together form a clique.

Lemma 16 For each i, G[X;] has no matching of size [10>v/A].
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Proof Suppose that M is a matching of size [102y/A] in G[X;]. Let R be the
unmatched vertices in X;; by Lemma 14(a), A — 10%/A < |R| < A 4 10°/A. For each
pair u,v that are matched in M, the number of neighbours of u in X; plus the number of
neighbours of v in X; is at least 3A/2, by Lemma 14(c). Thus there are at least 3A/2 —
4|M|—|R| > |R|/3 vertices in R that are adjacent to both of u, v. So on average, a vertex of R
is adjacent to both members of at least |M|/3 pairs. This implies that at least |R|/5 > A/10
members of R are adjacent to both members of at least |M|/10 pairs. Let Z be A/10 such
vertices in R.

Any vertex of R— Z that is adjacent to less than half of Z must have at least A — (| X;| —
51Z|) > A/25 neighbours outside of X;. Thus, Lemma 14(b) implies that there are at least
A/2 vertices in R — Z which are adjacent to at least half of Z. Let Y be a set of A/2 such
vertices.

Since G is (c+ 1)-critical, we can c-colour G — X;. We will extend that c-colouring to X;
greedily as follows, thus obtaining a contradiction.

1. Colour the vertices of M, assigning the same colour to both members of each matched
pair. This is possible because, by Lemma 14(c), each pair has at most A/2 + |[M| < ¢
previously coloured neighbours.

2. Colour the vertices of X;—Y —Z— M. This is possible since each such vertex has at most
A/4 neighbours outside of X; (by Lemma 14(c)) and at most | X;| — |Z] — |Y| < A/2
previously coloured neighbours in X;.

3. Colour the vertices of Y. This is possible since each vertex of Y has at least £|Z| >
A /20 uncoloured neighbours and hence at most 19A /20 < ¢ coloured neighbours.

4. Colour the vertices of Z. This is possible since each vertex of Z has at least |M|/10 >
10v/A colours that appear twice in its neighbourhood, and thus has at most A —
10v/A < ¢ colours appearing in its neighbourhood.

|

We now describe how to construct a particular c-colouring of each X;, which will demon-
strate that X; is a quasi-reducer. There are two cases.

Construction

Case 1: G[X;] has a matching of size at least | X;| — c.
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Let M be a maximum matching in G[X;]. Each edge of M forms a colour class of size 2.
The remaining vertices are singleton colour classes.

Case 2: G[X;] has no matching of size at least |X;| — c.

Note that |X;| > ¢ or else we would trivially be in Case 1. This, plus the fact that
X(G[X;]) < ¢, means that we can take a colouring of G[X;], which uses ezactly ¢ colours. For
each j let \; be the number of colour classes of size j. Note that, since |X;| < A + 106V/A
(by Lemma 14(a)) and since ¢ > A —ka > A —+/A+1, we can assume that \; = 0 for each
j > (10% + 1)VA.

We choose our colouring to be optimal with respect to the following criteria amongst all
colourings using exactly ¢ colours.

1. First, \; is as small as possible.

2. Second, subject to 1, the sequence A gs /x, ..., A2 is lexicographically minimum.

End of Construction
Definition: Let C; denote the set of colour classes in X; of size 1.

We now use these colourings to show that each X, is a quasi-reducer with clique C; and
whose stable sets are the colour classes of size at least two. We will need:

Observation 17 If our colouring was constructed via Case 2, then there was at least one
colour class of size greater than 2.

Proof If every colour class has size at most 2, then the colour classes of size 2 form

a matching in G[X;] of size exactly | X;| — ¢; this would put us in Case 1. O

Observation 17 implies:
Lemma 18 C; is a clique in G of size at least A — 2 x 106V/A.

Proof First we show that C; is a clique in G. This is true if we carry out the
reduction described in Case 1, since M is a maximum matching and |M| < 10°V/A by
Lemma 16. So we can assume that we carry out the reduction of Case 2. By Observation 17,
there is at least one colour class p of size at least 3. Suppose that u,v € C; are not adjacent.
Then by making {u,v} a colour class and by splitting p into 2 colour classes, we obtain a
colouring using exactly ¢ colours and with fewer classes of size 1. Therefore C; is a clique.
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Note that if we performed the reduction of Case 2 then since all classes outside of C; have
size at least two, and since we have exactly ¢ colour classes, we have C; +2(c— |Cy]|) < |X;| <
A +10°/A (by Lemma 14(a)). So C; > 2¢ — (A +10°V/A) > A —2 x 10%/A. On the other
hand, if we performed the reduction of Case 1 then by Lemma 16, |C;] > | X;| —2 x 102V/A >
A — 2 x [105V/A] (by Lemma 14(a)). O

We also have:

Lemma 19 FEvery vertex in C; is adjacent to every vertex in any colour class of X; that has
size at least 3.

Proof Suppose that v € C; is not adjacent to u € p where p is a colour class of size
at least 3. Thus we applied Case 2 of our construction to X;. By making {u,v} a colour
class and p — u a colour class, we obtain a colouring using exactly ¢ colours and with fewer
classes of size 1, thus contradicting our choice of the colouring of X;. O

Lemma 20 Suppose that {u,v} is a colour class. Then either

(i) there is some x € C; such that u,v are both adjacent to all of C; — x; or

(ii) one of {u,v} is adjacent to all of C;, and the other is adjacent to all but at most
2 +10"V/A wvertices of C;.

Proof Case A: One of the vertices is adjacent to all of C;; w.l.o.g. assume it is u.
By Lemma 14(c), v is adjacent to at least 22 vertices in X;. At most |X;| — |Cj| < 10"VA
(by Lemmas 14(a) and 18) of them are not in C;. This yields (ii), since |C;] < A.

Case B: There are z,y € C; so that u is not adjacent to x and v is not adjacent to y.
If x # y then we know that we did not perform Case 1 of the reduction since replacing uv
by ux and vy would yield a matching larger than M. So by Observation 17, there must be
a colour class p of size at least three in the colouring. But by making {u,z} and {v,y} two
colour classes, and splitting p in two, we obtain a colouring using ¢ colours with fewer classes
of size 1. Thus we must have x = y and so (i) holds. O

Lemmas 18, 19 and 20 establish that X; satisfies most of the definition of a quasi-reducer.
All that remains is to bound the number of external neighbours of the classes of size at least
two. We will need the following two lemmas.
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Lemma 21 Consider any two colour classes py, py where |p1| — 2 > |p2| > 2. Then every
vertex in py has at least one neighbour in ps.

Proof Suppose that v € p; has no neighbour in py. Then by moving v from p; to
p2, we obtain a colouring using exactly ¢ colours in which the sequence )\(106 VA Ay is
lexicographically smaller, thus contradicting our choice of the colouring in our construction.

O

Recall from our construction that A\, is the number of colour classes of size ¢ in X;.

Lemma 22 For any X; that has a colour class of size at least 3:

S DA <At 1 on
>3 3

Proof By Lemma 17, we know that |C;| > A — 2 x 10%/A. So, by Lemma 20, The
number of edges between C; and a colour class of size 2 is at least |C;](2 — % —2x106/A) >
%|C’Z| By Lemma 19, every vertex of C; is adjacent to every member of every colour class
of size greater than 2. Lemma 18 implies that every vertex of C; is also adjacent to every
other vertex of C;. Combining these results implies that the average degree of the vertices
of C; in G[X|] is at least |C| — 1+ %& + > >3l < A, since the average degree of a vertex
in C; is at most A.

Since there is a colour class of size at least 3, we are in Case 2 of the construction. So
|Ci| + X452 Ae = ¢ The lemma follows by subtracting this inequality from the previous one.
O

Lemmas 21 and 22 allow us to bound the sizes of the colour classes:

Lemma 23 For any X; for which we applied Case 2 of the construction, there is no colour
class of size greater than A — c+ 2. Furthermore, if there is a colour class of size A —c+1
then X; is a near-reducer and if there is a colour class of size A —c+ 2 then X; is a reducer.

Proof If there is a colour class of size at least A — ¢ + 2, then since there are c
colour classes in total, applying Lemma 22, we obtain that this is the only colour class of
size exceeding 1. By Lemma 19 this implies that X; is a c-reducer.

Assume there is a colour class p of size A — ¢ + 1. By the preceding paragraph, we can
assume that there is no colour class of size at least A — ¢+ 2. So since we applied Case 2 of
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the construction, we must have |p| > 3. By Lemma 22 either this is the only colour class of
size exceeding 1 or there is one other such colour class and it has size 2. By Lemma 19, if X
is not a near-reducer then there is such a colour class p’ of size 2. By Lemma 20, and the fact
that [C;| > 22 (by Lemma 18), there is a set Z of at least £ vertices of C; which see all of p'.
By Lemma 19, these vertices also see all of p. If |p| > 3 then Lemmas 19 and 21 imply that
every vertex in p has at least ¢ — 1 neighbours in X; and hence at most A — ¢+ 1 neighbours
outside X;. It follows that there are at most (A—c+1)(A—c+1) < (ka+1)? < A—kpr—1<c
vertices of G — X; adjacent to vertices of p. If |p| = 3 then Lemma 19 implies that every
vertex in p has at least ¢ — 2 neighbours in Xj;, and so there are at most 3(A —c+2) < ¢
vertices of G — X; adjacent to vertices of p.

Since G is (¢ + 1)-critical, we can c-colour G — X;. We extend this to a c-colouring of G
as follows: (a) First colour all of p with a colour not appearing on any of the fewer than ¢
vertices of G — X; adjacent to p. (b) Then colour the two vertices of p’ with a colour not
appearing on any of their at most 2 x % neighbours in G — X; (by Lemma 14(c)) nor on p.
(c) Next colour all of C; — Z which is possible since each vertex in this set has % uncoloured
neighbours in Z. (d) Finally colour Z which is possible since each vertex of Z sees all the
A — ¢+ 3 vertices of p U p/ and those are coloured using two colours. This contradiction
implies the desired result. o

And finally we bound the size of the external neighbourhoods of the colour classes of
size at least two. Parts (a,b) of the following lemma are enough to prove that X; is a
quasi-reducer. The remaining parts will be used in the proof of Lemma 12.

Lemma 24 (a) If a colour class is not the unique largest colour class in X;, then it has
at most % + 10v/A eaternal neighbours.

(b) If X; is not a reducer or near-reducer then every colour class p of X;, has at most
¢ — VA + 3 external neighbours.

(¢) If X; is not a reducer or near-reducer and there is a colour class p of X; with more
than ¢ — 108V A eaternal neighbours then |Ci| > ¢ — 2 x 10° and each vertex of C; has
at most 3 x 10® external neighbours.

(d) If X; is not a reducer or near-reducer and there is a colour class p of X; with more
than ¢ — 2v/A + 3 external neighbours then |C;| = ¢ — 1 and each vertex of C; has at
most 5 external neighbours.
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(e) If X; is not a reducer or near-reducer and there is a colour class p of X; with more
than ¢ — 2A3/* external neighbours then |C;| > ¢ — 5AY4 and each vertex of C; has at
most 8AY* external neighbours.

Proof We first prove (a). Every vertex v which is a singleton colour class has at
most § external neighbours by Lemma 14(c) and hence satisfies (a).

If |p| = 2 then by Lemma 20, at least one member of p has at least |C;| —1 > A —107v/A
(by Lemma 18) neighbours within X; and thus at most 10"V/A external neighbours. By
Lemma 14(c), the other member of p has at most % external neighbours. Thus they have
a total of at most % + 107v/A external neighbours which is less than % for A sufficiently
large. So any such colour class satisfies (a).

So we assume |p| > 3. By Lemma 19, every vertex of p sees all of C;. So we know
that there are at most |p|107v/A edges from p to vertices outside X;. So we are done unless
lp| > ﬁ\ﬂ Suppose that there are j colour classes (including p) of size at least |p| — 1.
By Lemma 22, j(|p| —2) < A—c+1andso |p| < (A—c+1+2j)/jand j < A—c+1 < VA
By Lemmas 19 and 21 each vertex in p is adjacent to a member of each of the ¢ — j colour
classes of size less than |p| — 1 and so has at most A — ¢+ j external neighbours. Therefore,
the number of external neighbours of p is at most (A — ¢+ j)(A —c+ 1+ 2j5)/j. For j
between 2 and \/Z, this is easily seen to be at most %A +10VA since ¢ > A — VA + 2. If
j = 1 then p is the unique largest colour class, and so this finishes the proof of part (a).

We turn now to (b), (c), and (d). Since 2A+10v/A < ¢—10%V/A, by the above remarks
we can restrict our attention to unique largest colour classes p such that |p| > 3 and j = 1.

Since X; is not a reducer or near-reducer, Lemma 23 implies |p| < A — c.

We first focus on the case |p| < A —c¢ — 1. Since j = 1, we know by Lemma 21 that
every vertex of p has at least ¢ — 1 neighbours in X; and hence at most A — ¢+ 1 neighbours
outside X;. So, using the facts that ¢ > A — ka, (ka + 1)(ka +2) < A and ka > VA — 3,
the number of external neighbours of p is at most

Ip[(A—c+1) < (ka—1)(ka+1) < (ka+2)(ka+1) = (ka+1) —2(VA=2) < c—2VA+3.

Thus (b,d) hold for this case. Furthermore, if |p| < A — ¢ — 10® then p has at most
Ipl(A —c+1) < (ka — 10%)(ka + 1) < ¢ — 108V/A external neighbours and so (c) holds.

Suppose that |p| > A—c—10%. By Lemma 22, 2, plus the sum of || — 1 over all colour
classes p/ # p with |p/| > 3 is at most A —c+1— (]p| — 1) < 10® + 1. Each colour class
of size at least 2, other than p, contributes at least % to that sum. Thus, there are at most

25



2% (10841)+1 < 2x 10® —1 colour classes of size at least 2 and so |C;] > ¢—2x 10®+1. By
Lemmas 18 and 19, each vertex of C; has at least |Cy] — 1+ [p| > A—c—108+¢c—2x 10® =
A — 3 x 108 neighbours in X; and hence has at most 3 x 108 neighbours outside of X;. Thus
(c) holds (even when [p| = A —¢).

We now turn to the remaining case for (b,d): |p| = A — ¢. The same argument used
twice already above yields that p has at most [p|(A —c+ 1) < ka(ka +1) <c—VA+1
external neighbours, and so (b) holds. Furthermore, applying Lemma 22 as in the previous
paragraph yields that there are at most 3(A —c¢+1 — (|p| — 1)) + 1 = 4 colour classes of
size at least 2. Hence |C;| > ¢ — 4. By the same argument as the previous paragraph, each
vertex of C; has at least |C;| — 1+ |p| > ¢—5+ A —c = A — 5 neighbours in X; and hence
has at most 5 neighbours outside of X;. This proves (d).

The proof of (e) is similar. Again, we can assume that p is the unique largest colour
class, and that there is no colour class of size p — 1. If [p| < A — ¢ — 3AY* then p has at
most |p[(A —c+ 1) < (ka — 3AY4)(ka + 1) < ¢ — 2A%* external neighbours. So we can
assume |p| > A — ¢ —3AY4. Thus there are at most 2(A—c+1—(Jp| —1))+1 < 5AY/1 —1
colour classes of size at least two and so |C;| > ¢ — 5AY* + 1 and each vertex of C; has at
least |Cy] — 1+ |p| > A — 8AY* internal neighbours. This proves (e). O

Proof of Lemma 11: Consider a graph GG as in Lemma 11, and the decomposition of
G that is ensured by Lemma 14. The sparseness of the vertices in S easily implies condition
(b) of Lemma 11.

If X; is a reducer or near-reducer then it is easy to verify that the unique stable set in X;
has at most ¢ external neighbours. Otherwise, Lemma 24(a,b) imply that every colour class
of size at least two in X; has fewer than c¢ external neighbours. This, along with Lemmas
18, 19 and 20 prove that X; is a quasi-reducer. O

We strengthen Lemma 11 by showing that for minimum counterexamples to Theorem 5,
the X; can be neither reducers nor near-reducers. Recall that we fix A > Ay and ¢ > A —ka
and say that G is a minimum counterexample to Theorem 5 if it is a counterexample with
the smallest possible number of vertices for those values of A, c.

Observation 25 In a minimum counterexample to Theorem 5, no X; is a reducer.

Proof If G is a minimum counterexample to Theorem 5, then G is (¢ + 1)-critical.
Therefore, G cannot contain a reducible c-reducer and so by Observation 3 we have ¢ =
A — ka. Thus, G contains no reducers by the hypothesis of Theorem 2. O
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Lemma 26 In a minimum counterezample to Theorem 5, no X; is a near-reducer.

Remark: In the future, when we apply Lemma 24, we implicitly exploit Observation 25 and
Lemma 26 to remove from that lemma the conditions that X; is not a reducer or near-reducer.

Proof of Lemma 26: Suppose X; is a near-reducer, with corresponding clique K; and
stable set S;. By the minimality of GG, there is a c-colouring of G — X;; we will extend this
c-colouring to G. If some vertex v € K; has no neighbour in G — X, then we can extend
any such colouring, as we now show.

Since |S;|+|K;| = A, every vertex of K; has at most one neighbour outside of X;. We first
colour all of the vertices of S; using a colour not appearing on the at most |S;[(A — | K;|) =
(A—c+1)(A—c+1) < (ka+1)(ka+1) < A—(ka+1) < ¢ neighbours of S; in G — X;. We
then colour all of the vertices of K; — v, which is possible because at most ¢ — 2 colours are
forbidden because they are used on X; and at most 1 is forbidden by a neighbour outside of
X;. Finally we colour v with the unique colour not yet appearing in X;.

So we can assume that every vertex of K; has a neighbour in G — X;. We want to colour
G — X; so that these neighbours do not all get the same colour. To this end consider the set
7 of vertices of G — X; with neighbours in K;. If any two vertices of Z are adjacent, then
any colouring of G — X; will suffice since those two vertices will have different colours; so we
can assume that Z is a stable set. If there is a vertex z of Z with fewer than ¢ — 1 neighbours
outside of X;, then fix a colouring of G — X; and check if there is some colour appearing on
all of the elements of Z. If there is then recolour z with some other colour which appears on
none of its neighbours, to produce the desired colouring of G — Xj.

Otherwise, |Z| > [A_u({c”_lﬂ = [355=1 > ka + 1. For each pair of vertices = and y in
Z, consider the graph obtained from G — X; by adding the edge zy. Since G is a minimum
counterexample to Theorem 5, G — X;+zy has a c-colouring unless in this graph either (i) xy
is contained in a reducer, or (ii) there is a vertex v such that x,y € {v}UN(v) and the graph
induced by {v} U N(v) is not c-colourable. In either case, « and y are both dense vertices
in G — X; with at least A — 2¢/A common neighbours. Such a c-colouring of G — X; + zy
would be a c-colouring of G — X; in which Z is not monochromatic, as desired. It follows
that if we cannot find such a colouring of G — X; then there is some j such that Z C X; and
in every c-colouring of X, all the vertices of Z receive the same colour; thus, Z is contained
in a colour class of X;. But there are ¢ — 1 edges from this colour class to X;, so applying
Lemma 24(b), we obtain that X, is a near-reducer with Z C S;. Simply counting shows

that all of the edges leaving S; go to K;.

We construct a directed graph on the X; which are near-reducers by adding an edge from
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i to j if all the edges from S; to G — X, go to X;. Clearly this graph has maximum outdegree
1. So, it either has a vertex of indegree zero or is a set of directed cycles. In the latter case,
we consider some such cycle J. The X; that are on J form a component of G so by the
minimality of G they must span G. For each X; on J, we colour all the vertices in .S; with
colour 1, and colour K; using the colours 2, ..., c. This yields a c-colouring of G and thereby
a contradiction.

So we can assume that there is a near-reducer X; with indegree zero in this graph, which
by the argument above implies that we can colour G' — X so that there are two vertices v
and w in K; whose neighbours outside of X; are coloured with different colours. We extend
our colouring by first giving all of S; the same colour. We then colour w, giving preference
to the colour assigned to the neighbour of v outside X;. The only reason we fail to use
this colour is if we have already used it on the vertices of S;. In either case, we colour the
remaining vertices of K, colouring v last. Since every colour incident to v appears in Xj,
we will be able to colour v, thereby obtaining a c-colouring of G. O

5 Massaging the Decomposition

In this section we prove Lemma 12 which we restate for the reader’s convenience:

Lemma 12 We can find a graph F of mazimum degree 10°A, whose c-colourability
implies the c-colourability of G, and a partition of the vertices of F into S, B, Ay, ..., Ay such
that:

(a) Bvery A; is a clique with ¢ — 103v/A < |4;] < e.
(b) Every vertex of A; has at most 108v/A neighbours in F — A;.

(c) There is a set All; C B of c— | A;| vertices which are adjacent to all of A;. Every other
vertex of F' — A; is adjacent to at most % + 103V/A wvertices of A;.

(d) Bvery vertex of S has degree at most A and either has fewer than A —3v/A neighbours
in S or has at least 900AVA non-adjacent pairs of neighbours within S.

(e) Every vertex of B has fewer than ¢ — /A + 9 neighbours in F — U, A;.

(f) If a vertex v € B has at least ¢ — AT neighbours in F — U,;A;, then there is some i
such that: v has at most ¢ — v A + 9 neighbours in F — A; and every vertex of A; has
1
at most 30A1 neighbours in F' — A;.
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(9) For every A;, every two vertices outside of A;UAll; which have at least 2AT neighbours
in A; are joined by an edge of F.

The starting point for the proof of Lemma 12 is the decomposition into X7, ..., X;, S given
by Lemma 11. The first step in our construction of F' will be to contract the non-singleton
stable sets of each X, into vertices as we did with reducers. If we were to let B be the set of
these contracted vertices, let A; be the clique formed by the singleton colour classes of X;,
and leave S unchanged then (a) and (b) would follow from the definition of a quasi-reducer,
(d) would follow from Lemma 11(b), (e) would follow from Lemma 24(b), and (f) would
follow from Lemma 24(b,e) (letting A; be the clique from the quasi-reducer X; containing
v).

Conditions (c) and (g) were added to give us better control over the pseudorandom
colouring process. In particular, these conditions will help us ensure that for most colours
a, not too many vertices of A; have a neighbour of colour a. (Thus our approach is slightly
more nuanced than the sketch in Section 2.3 suggests. In fact, we can let up to ¢ — |4,]
colours appear on external neighbours of all vertices in A; without precluding a colouring;
these will be the colours on the vertices of All;.)

To ensure that conditions (c¢) and (g) hold we will need to massage the graph obtained
in the first step of the proof by contracting vertices and adding edges, while ensuring that
the other properties continue to hold. This may increase the maximum degree, but it will

remain O(A).

We describe a three step process for constructing F' in the next three subsections. We
then prove that F' has the properties claimed in the lemma.

5.1 Constructing G’
We construct a graph G’ as follows:

1. For each Xj, if our colouring of the X; used r < ¢ colours then we add ¢ — r vertices
to C; adding edges so they are adjacent to all of X;, and

2. We contract each stable set of X, into a vertex and add edges so that the vertices of
X; form a clique D; of size c.

Clearly, if we can c-colour GG/, then we can c-colour G: simply give each vertex of X; the
colour that it, or the vertex that it was contracted to, received in D;. The way in which we
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selected the vertices to be contracted ensures that this will be a valid colouring.

Note that G’ may have maximum degree greater than A. Note also that the analogue of
Lemma 14(c) does not hold here; in particular, perhaps v € D; has more than %A neighbours
in some D;. Nevertheless, we do have the following properties:

Lemma 27 For each i:

(a) |Di] = ¢;
(b) every vertez in C; has at most 2 x 105v/A neighbours in G' — D;;
¢) every vertex in S has degree at most A in G’ and is adjacent to at most 22 wvertices in
(c) every 9 j ;
Di;'
(d) |D; — Cy] <3 x 105VA.

(e) every vertex in D; has degree at most 2A in G'.

Proof Our construction implies that (a) holds. Lemma 18 then yields (b) and (d).
We obtain (c) by combining Lemma 14(c) and the fact that every edge from a vertex v € S
to D; corresponds to an edge from v to X;.

For part (e): Lemma 24(b) implies that every stable set of X; has fewer than A external
neighbours. (In fact, this is also implied by the definition of a quasi-reducer.) Part (a)
implies that the vertex it is contracted to has ¢ — 1 < A neighbours in D; for at total of
fewer than 2A neighbours in G’. Parts (a,b) imply that each vertex in C; has degree at most
c+2x105%V/A < 2A in G O

Definition: As with X;, an internal neighbour of v € D; is a neighbour of v that is also in
D; and all neighbours of v in G — D; are external neighbours.

5.2 The First Modification

We now present our first modification, which enforces Lemma 12(c). Before doing so, we
remind the reader why we want that condition to hold.

Since each D; is a c-clique, we must ensure that, in our c-colouring, every colour appears
on a vertex of D;. One difficulty in doing so is that a vertex u in some D; might be adjacent
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to almost all of some D;. If we are not careful, we could end up colouring all the non-

neighbours in D; of such a vertex u with colours different from that appearing on u. This

would exclude the use of the colour appearing on w in D; thereby preventing a c-colouring

of G'. The way we deal with this issue is to plan in advance which member of D; will be

assigned the colour of each external vertex that is adjacent to too much of D;. We will take
3A

“too much” to mean “more than =3 vertices in Cy.

We will define, for some of the vertices v € D;, a set R, which contains vertices outside
of D, that have more than % neighbours in C;. We note that, by Lemma 27(b,c), these
vertices are all in D; — C}; for some j # 7. In our colouring, we will ensure that v and all
members of R, receive the same colour.

We will define R; to be the vertices v € D; for which R, is defined.

We begin with those b € U, (D; — C;) that have at least |C;| — A%* neighbours in C.
Note that, by Lemma 27(b), there are at most 2 x 106v/A|Cy| /(| D;| — A¥*) < 107/A such
vertices. Note furthermore that, by Lemma 24(a), there is at most one such vertex in each
.Dj.

We process these vertices one-at-a-time. We say that v € D; is eligible for b € D; if (i)
v has fewer than %A + 10v/A external neighbours and (ii) b is not adjacent to v nor to any
members of R,. By Lemma 24(a), condition (i) rules out at most one vertex. By Lemma
24(b), and the fact that no other vertex in D; can be in any R,, condition (ii) rules out at
most ¢ — /A + 3 vertices. So, at least (|D;| —1) — (¢ — VA +3) = /A — 4 vertices of D; are
eligible for b. Amongst all those eligible vertices, we select a v for which |R,| is (currently)
smallest and we place b into R,. Since we only do this for at most 107v/A vertices b, and
since each has at least /A — 4 eligible vertices to choose from, this guarantees that every
R, contains at most 2 x 107 vertices.

Next we process those b with between 22 and |C;| — A%* neighbours in C;. By Lemma
27(b), the total number of vertices we process in the two phases is at most 2 x 10°AVA / % <

10"V/A. So, when we come to process a vertex b in this phase, the number of vertices eligible
for b will be at least the number of non-neighbours of b in C; minus the number of v € C; with
R, # (0, which is at least A**—10"VA > 1A% Thus, we can process these vertices one-at-
a-time, adding at most one of them to each R,. This guarantees that |R,| < 2x107+1 < 1085

We now note some consequences of the way in which we constructed each R,:
Lemma 28 For each D;, and each v € R;:

(a) Uyper, Ry is the set of vertices not in D; which have more than %A neighbours in C;;
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(b) Every vertex of R, is in D; — (C; U R;) for some j, and there is no v # u with
R,N R, # 0;

(¢c) vU R, is an independent set;
(d) |R;| <10"VA;
(e) |R,| < 108%;

(f) the external degree of v plus the sum over each b € R, of the number of external
neighbours of b outside of D; is at most 3A + 103A%/4;

Before proving this lemma, we show how we use it to modify G":

Modification 1: For every v € U!_; R;, we contract R, into v. We define A; = C;\R;. So
the D;’s may now intersect, but by Lemma 28(b), the A;’s are still disjoint. We will set
All; = D; — A;. Note that after Modification 1, each D; is still a clique and so every vertex
in All; is adjacent to all of C; (as required in Lemma 12(c)).

The effect of this contraction is equivalent to enforcing a rule that all vertices in R, must
get the same colour as v. Recall that this was our goal: U,cg, R, are all those vertices u ¢ D;
for which we had to select in advance a v € D; that would have the same colour as wu.

Note that Lemma 28(b) implies that the modification is well-defined in that no vertex is
contracted into two different vertices and no member of U!_, R; is contracted into another
vertex. Note also that Lemma 28(c) implies that a c-colouring of the modified graph yields
a c-colouring of G. And note that the contracted vertices may have degree higher than A,
but Lemmas 28 and 27(e) ensure that none have degree higher than 2 x 108A.

And finally, note that Lemma 28(f) implies Lemma 12(c).

Proof of Lemma 28 Parts (a,b,c) are guaranteed by the way we choose R, the fact
3A

that, by Lemma 24(b), no vertex of G’ can have =7 neighbours in two different D;’s, and
Lemma 27(b,c) which implies that we need not place any vertices in S U (U;C;) into R,.
For part (d): by Lemma 27(b), at most 2 x 105AvA/(2A) < 107V/A vertices lie in the
union of all the R,’s. Part (e) is described above. For part (f): in the first phase of
the construction, we add at most 2 x 107 vertices to R, and by Lemma 24(b) each such
vertex has at most ¢ — VA + 3 — (|C;| — A¥*) < 2A3%* external neighbours outside of
D;. In the second phase, we add at most one vertex and by Lemma 24(b) it has at most
c—VA+3— 3A < 1A external neighbours outside of D;. By condition (i) of the definition
of “eligible”, the external degree of v is at most %A + 10v/A. So we have a total of at most

IA+10VA +2 x 107 x 2A%4 + IA < 3A + 108A%/4, O
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5.3 Owur Second Modification

As we said above, every colour must appear on D;, since it is a c-clique. Thus every colour
not on D; — A; must appear on A;. This will be impossible if there is some such colour that
appears in the external neighbourhoods of every vertex of A;.

We started to deal with this problem in the previous subsection with Modification 1. In
particular, we ensured that there is no one vertex outside of D; that is adjacent to too many
vertices of A;. However, we still might have the problem that a vertex appears on several
vertices outside of D;, which between them are adjacent to all of A;. In this section, we
present some further definitions, results and a modification which will help us to prevent
that from occurring.

Definition: Big; is the set of vertices not in D; with at least A%1 neighbours in A;, after
Modification 1 is applied. Each pair of members of some Big, are said to be big-neighbours.

Modification 2: We add an edge between every pair of big-neighbours, thus turning each
Big; into a clique.

Thus, for each colour ¢, at most one vertex outside of D; with more than A% neighbours
in D; can be assigned a. So a cannot be forbidden from all of A; because it appears on
only a few vertices which between them are adjacent to all of A;. The only remaining thing
to worry about is that a appears on many vertices which between them are adjacent to all
of A;. When we construct our colouring, we will see that we can prevent this using our
probabilistic tools.

The following lemma with respect to Big, will be useful when we analyze the effects of
Modification 2.

Lemma 29 In the graph formed by applying Modification 1 to G':
(a) |Big;| < 108A3/.
(b) No vertex has more than 10'SA7/0 big-neighbours.
(c) If v € A; then v is not in any Big;.

(d) Ifv € S is in Big, for at least one i, then the number of neighbours v has in S plus the
number of big-neighbours v has in S is at most A — LA/,
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Note that adding these edges may increase some vertex degrees, but Lemma 29(b) ensures
that these increases are only o(A).

Proof (a) The number of edges from D; to G' — D; before Modification 1 is at most
the number of edges from X; to G — X;, which is at most 10’A%2 by Lemma 14(b). In the
proof of Lemma 28(d), we showed that at most 107v/A vertices were contracted into vertices
of R; during Modification 1. Each of these vertices has less than 2A neighbours outside of
D; (by Lemma 24(b)). So the total number of edges from D; to G' — D; after Modification
1 is at most 3 x 107A%?2 and so |Big;| < 3 x 107A%/2/AY10 < 108A3/°,

(b) By Lemma 28(e), no vertex is the contraction of more than 108 vertices of G’. Lemma
24(b) implies that, before Modification 1, each vertex had degree less than 2A. So after
Modification 1, no vertex has degree greater than 2 x 108A. Therefore no vertex can belong
to Big; for more than 2 x 103A/A%10 = 2 x 108AY/1° cliques D;. So by part (a), each vertex
has at most 2 x 103AY10 x 107A%/5 < 106 A7/10 big-neighbours.

(c) By Lemma 28(b), v did not gain any new neighbours during Modification 1 so by
Lemma 27(b), v has at most 2 x 10°v/A external neighbours. Thus v has fewer than A%1°
neighbours in each A;.

(d) Let £ be the number of A; with v € Big;. Then v has at least £ x A% neighbours
outside of S. By part (a), v has at most ¢ x 103A%° < 1¢A%0 big-neighbours. So the

number of neighbours of v in S plus the number of big-neighbours of v in S is at most
A—ExA9/10+€x%A9/1OgA—%Ag/lo. O

5.4 Proof of Lemma 12

F is the graph formed by applying Modifications 1 and 2 to G’. We close this section by
proving the properties of F' that are listed in Lemma 12.

Proof of Lemma 12: We define All; to be D; — A;. If any member of D; — A; was
contracted into some v during Modification 1, then we include v in All;. Thus we may have
All; N Ally # 0. We define B to be Ui_; All,.

We begin by bounding the maximum degree in F. Lemma 27(c,e) implies that the
maximum degree in G’ is at most 2A. Lemma 28(e) ensures that the maximum degree after
Modification 1 is at most 2 X 108A. And Lemma 29(b) ensures that no vertex gains more
than 10"™A7/19 new neighbours during Modification 2. So the maximum degree in F is at
most 2 x 108A + 10'6A7/10 < 10°A.
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Part (a): A; C C; so it is a clique of size at most |D;| = ¢. Lemmas 27(d) and 28(d)
yield that its size is at least ¢ — 3 x 10°v/A — 10"VA > ¢ — 1 x 108VA.

Part (b): Consider any v € A;. By the calculations of part (a), v has fewer than 210%v/A
neighbours in D; — A;. Lemma 27(b) implies that, in G’, v has at most 2 x 10%v/A neighbours
outside of D;. Since v € A; = C;\R;, Lemma 28(b) implies that v did not gain any new
neighbours from Modification 1. Lemma 29(c) implies that v did not gain any new neighbours
from Modification 2. So v has at most 2108v/A + 2 x 10°v/A < 10%V/A neighbours outside
of Az

Part (c): |All;| = |D;| — |Ai] = ¢ — |4;|. Lemma 28(a) implies that any vertex outside
of A; U All; = D, that had more than %A neighbours in A; was contracted into a vertex of
All; during Modification 1, and Lemma 28(f) implies that Modification 1 did not cause any
other vertices outside of D; to have more than 3A + 10%v/A neighbours in A;. Lemma 29(c)
implies that no vertex gained any new neighbours in A; from Modification 2.

Part (d): Consider any v € S. If v is not in any Big, then its degree in F' is at most
its degree in GG and hence at most A. Otherwise, its degree in F' is less than A by Lemma
29(d).

Now suppose that, in F', v has more than A — 3v/A neighbours in S. Note that any
edges in S that are in the graph F' but not in the graph G, were added by Modification 2.
By Lemma 29(d), v is not in any Big;,.

For each u € N(v) N S, if u € Big, for some D; then, in the graph G, u has at most
A — AY19 peighbours in S and hence is non-adjacent to at least A%1° — 3v/A members of
N(v)NS. By Lemma 29(b), u is non-adjacent to at least A%10 —3/A —1016AT/10 > L A9/10
members of N(v)NS. It follows that if at least 3600A%1° neighbours of v gained new edges
during Modification 2 then v has, in the graph F, at least 900Av/A pairs of non-adjacent
neighbours in S.

So suppose that at most 3600A%/ neighbours of v in S gained new edges during Modfi-
cation 2. Then the total number of edges added to N(v) NS is at most (360036/10) < AVA.

So by Lemma 14(d), in the graph F, N(v) NS has at most (?) — (10° + 1)AVA edges.

Straightforward calculations imply that, in the graph F, v has at least 900AVA pairs of
non-adjacent neighbours in S.

Part (e): This is a simple corollary of part (f).

Part (f): We will first establish that v did not gain any new neighbours during Modi-
fications 1 and 2. Suppose that vertices were contracted into v during Modification 1; i.e.
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v € R; for some D;. The number of neighbours that v has in F' — UA; is at most the sum
of: (i) the external degree of v plus the sum over each b € R, of the number of external
neighbours of b outside of Dj; (ii) |D; — A,| plus the sum of | D, — A,| over all D, that contain
a member of R,; and (iii) the total number of big-neighbours of v and all members of R,.
By Lemma 28(f), (i) is at most 2A + 108v/A. By Lemma 28(e) and by part (a), (ii) is at
most 10° x (10%v/A). By Lemma 29(b), (iii) is at most 10'6A7/'°. This yields a total of less
that ¢ — A3/ thus contradicting the hypothesis of part (f).

Suppose that v € Big; for some Dj; i.e. v has at least A% neighbours in D;. By part

(a), v has at most |D; — A;| < 10%v/A neighbours in D; — A;, and so v has at least 2A%/10
in A;. By Lemma 29(b), v gained at most 10'°A7/1° new neighbours during Modification
2. By the previous paragraph, v was not contracted in Modification 1. So v has at most
A=A L 10M0ATI0 < A— AP/ neighbours in F'—U; D; thus contradicting the hypothesis
of part (f).

Since v € B we have that v € D; — A; for some i. By Lemma 24(e), |D; — C;| < 5AY4
and every vertex of C; has at most 8AY* neighbours in G’ — D;. Thus, the total number
of edges from C; to G’ — D; is at most 8AY4|C;| < 8A%4. So by the construction of R;, at
most 8A%1/(3A) < 11AY* vertices are in Uyep, R, and so |R;| < 11AY*. Thus, no vertex
of A; has more than |R;|+|D; — C;| < 16AY4 neighbours in D; — A;. By Lemmas 28(b) and
29(c), no vertex of A; gained any new neighbours during Modifications 1 and 2. So every
vertex of A; has at most 8AY* + 16AY* < 30A'/* neighbours in F — A,.

Now we bound the number of neighbours that v has in ' — A;. Let p be the colour class
of X; corresponding to v. The number of neighbours that v has in F' — A; is the number
of external neighbours of p plus |D; — A;| — 1. The former term is at most ¢ — VA + 3,
by Lemma 24(b) (and Lemma 26). By part (a), |D; — A;] < 105%v/A. So if p has at
most ¢ — 108v/A external neighbours, then v has fewer than ¢ — v/A neighbours in F — A;.
Else, by Lemma 24(c), |C;| > ¢ — 2 x 10® and each vertex of C; has at most 3 x 10®
external neighbours. Every member of U,cg, R, is adjacent to at least % vertices of C; and
so |R;] <3 x10%|Ci|/(3A) < 4 x 10%. Therefore, |D; — A;] <2 x 10% +4 x 10% < 10°. Thus,
if p has at most ¢ — v/A — 10% external neighbours then v has at most ¢ — v/A neighbours in
F — A;. If p has more than ¢ — v/A — 10° external neighbours then applying Lemma 24(d)
in the same way yields |Cj| = ¢ — 1 and |R;| < |5]|Ci|/(3A)] < 6. So |D; — A;| <7 and v
has at most A — /A 4 9 neighbours in F — A;.

Part (g): By Lemma 29 (b), if a vertex outside of A; U All; = D; has at least 2A%10 >
A0 1 106 AT/10 neighbours in A; after Modification 2 then it must be in Big;. So any two
such vertices were joined during Modification 2.
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6 The Pseudorandom Process: A High Level Overview

The rest of the paper is devoted to proving Lemma 13; i.e. to showing that F' can be
c-coloured.

We begin with a sketch of the proof. We will colour the graph in stages, at each stage
being careful so as to ensure that we can extend our colouring to the whole graph in later
stages. We have to be most careful about extending the colouring to the cliques A;. When
we come to colour A;, we will use the at least ¢ — |All;| > | A;| colours that do not appear on
All; (see Lemma 12(c)). It turns out that it is sufficient to ensure that for each uncoloured
A;, every colour which does not appear on a vertex of All; appears on neighbours of at most
%A vertices of A;.

In each stage, we will choose our colouring pseudorandomly. For ease of discussion,
suppose that we do so in an (oversimplified) manner in which each vertex gets a uniformly
random colour. By Lemma 12(b), every vertex of A; has O(v/A) neighbours outside of
A;UAIL; and so for any fixed colour z, the expected number of vertices of A; with a neighbour
outside of A; U All; that gets colour z is |A4;| x O(@) = O(V/A). Of course we cannot
prove that this random variable is typically near its expectation, as there may be a vertex
v ¢ A; UAl; with a large number, say %, neighbours in A;. In that case, those % vertices of
A; will each have a neighbour (namely v) in F' — A; U All; assigned one colour (namely the
colour of v). However, Lemma 12(g) (i.e. Modification 2) ensures that at most one vertex
b ¢ A; U All; with more than 2A%1° neighbours in A; will have colour z, and Lemma 12(c)
(i.e. Modification 1) ensures that b has at most 2A neighbours in A;. To make use of these
properties, we define:

Definition:

e Big is the set of vertices not in A; U All; with at least 2A%1° neighbours in A;.

e Notbig(i, z) is the number of vertices of A; which have a neighbour v ¢ A;UAIll;UBig;
with colour z.

We will always be able to ensure that Notbig(i,z) is o(A). So at any point in our
colouring process, at most 3A 4 o(A) < 2A vertices of A; will have a neighbour outside of
A; U All; with colour x.

We begin by colouring S so that each Notbig(i, z) is o(A). We do so by applying an
iterative colouring algorithm to S. The first iteration is different from the others. We extend
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the proof of Lemma 10 to show that we can partially colour S so that every vertex has at
most % colours appearing in its neighbourhood and if it has degree exceeding A — 3v/A
then it has at least 3A repeated colours. In addition, we can do so while keeping every
Notbig(i, z) small. We then finish the colouring, exploiting the fact that for every vertex v,
the number of colours available at v exceeds the number of uncoloured vertices in N(v) by

at least VA.

We would now like to colour the vertices of B, using the same technique in order to keep
Notbig(i, z) bounded for each i and z. By Lemma 12(e), we know that for each vertex v
of B, given the colouring of the rest of B U S, there will be at least v/A — 9 colours which
do not appear on its neighbours in v, so if we picked an extension of our colouring to B at

random, then the probability v gets any particular colour is at most \/Zl_g‘ This bounds
the expectation of the increase in Notbig(i, z) during this phase by | A4;| x O(\/%Z_g) =0(A);

unfortunately, this bound is too large for our purposes. To deal with this problem, we will
actually interleave the colourings of the A; with our colourings of the vertices in B.

Definition:

e By is the set of those vertices in B which have degree at most A — A%* in F — UA;;
[} BL =B - BH;

e A; is the set of those A; such that every vertex of A; has at most 30A/* neighbours
outside of A; U All;

[ ] AH:A—AL.

We will first colour the vertices of By, then those A; in Ay, then the vertices in By,
then those A; in A;. When colouring By, each vertex will have at most A — A3/ coloured
neighbours, and so the probability that a particular colour x appears on a particular member
of By is at most A=3/4. Thus the expected increase in Notbig(i, ) while colouring By is at
most |A;] x O(25) = o(A).

When colouring By, we have already coloured the members of Ay, so we only need bound
the increase Notbig(i, z) for each A; € Ap. Lemma 12(f) implies that each b € By, has at most
c—+/ A neighbours outside of Ay, and it follows as above that the probability that a particular
colour x appears on a particular member of By, is at most A™'/2. Thus for any A; € Ay, the

expected increase in Notbig(i, x) while colouring By, is at most | A;| X O(A\/Ig) =o(A).
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Furthermore, we will be able to prove that these increases in Notbig(i, x) are concentrated
enough to enable us to colour all of B whilst keeping Notbig(i, z) sufficiently small for all
uncoloured A;.

Our algorithm has three main subroutines.

The first, which we apply only once on S to ensure that there are repeated colours in the
neighbourhoods of high degree vertices, is a simple modification of that used in the proof of
Lemma 10.

The second is used in colouring S, By, and By. It takes an uncoloured subgraph H with
an upper bound on the number of neighbours any uncoloured A; has in H, and lower bounds
on the number colours available to the vertices of H. It colours H so that for every colour
x and every uncoloured A;, the increase in Notbig(i, ) is o(A). (There is no need to bound
this increase for any coloured A;, since the only purpose of the bound is to help us colour
A;.) This is a simple iterative procedure.

The third procedure is used to colour some of the A;’s. It requires that for each A; that we
wish to colour, and for every colour not already used in All;, there are not too many vertices
of A; with a neighbour of this colour; say at most %. It assigns a random permutation of
the colours not used on All; to A;. It then recolours any vertex which receives a colour also
appearing on an external neighbour. Each v € A; has at most O(\/Z) external neighbours
(by Lemma 12(b)) and the probability of v receiving one of the O(v/A) colours from those
neighbours is at most O(v/A)/|A;| = O(A™'/?), so the expected number of vertices in A;
that need to be recoloured is at most |A;| x O(A~'/?) = O(v/A). This is a manageably
small number, and because we insisted that at the start of this procedure, no more than %A
vertices in A; had neighbours with any given colour, we will be able to recolour by having
each of the vertices in conflict switch colours with a suitable vertex in A;. More strongly,
this hypothesis ensures that there will be at least A/20 suitable vertices from which to pick,
and so we can show that the probability that a vertex v ends up with a particular colour «
is at most O(A™1). This ensures that when colouring Ay, for every A; € Ay and colour z,
the expected increase in Nothig(i, z) is at most O(v/A). By applying the Local Lemma we
can show that with positive probability, at the end of the procedure every such Notbig(i, )
still has size at most O(A/20).

We describe the iterative colouring procedure used on S, By, and By in Section 8. We
describe our procedure for colouring the A; in Section 9. We then go on to describe how we
apply these procedures in each phase of our process to prove Lemma 13. First however, we
present a lemma which we will need in analyzing both of these procedures.
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7 Bounding Notbig(i, z)

Here we present a lemma which will be used several times to prove that Notbig(i,z) does
not grow too large.

Suppose that we have a collection of at most A subsets of V(F'). Each set contains at
most Q vertices. No vertex lies in more than 2A%19 sets. We conduct a random experiment
where each vertex is marked with probability at most 1/(Q x A'/?). The vertices are not
necessarily marked independently, but the experiment has the following property:

(P7.1) For any set of ¢ > 1 vertices, the probability that all are marked is at most
1/(Q x AVP)E,

Lemma 30 The probability that at least A¥/%0 sets contain at least one marked vertez is at
most exp(—A/40),

When we use this to bound Notbig(i, z), the sets will be the external neighbourhoods
of the vertices in A;, after removing the vertices of Big;” from those neighbourhoods. Thus,
there are |A4;| < A such sets and no vertex lies in more than 2A%10 sets as otherwise it
would be in Big;. Typically, a vertex is marked if it receives the colour x. So the increase
in Notbig(i, z) will be the number of sets that contain at least one marked vertex. Our
goal is roughly to keep that number less than A'/2°. We have no hope of showing that,
with exponentially low probability, this number will be less than 2A%19, as it might become
that high with the marking of a single vertex. So we choose A37/% which is asymptotically
between 2A%10 and A/20,

Proof For each 1 < i < 9, let T} be the set of vertices lying in between AG~D/10 and
A1 sets. Let E; denote the event that at least $A%/10 sets contain a marked member of

T;. Note that if at least A37/40 sets contain at least one marked vertex, then at least one F;
must hold.

Since the sizes of the sets total at most AQ, |T;| < AQ/AWV/10 If E; holds, then at
least § A3T/10 /A0 members of T; must be marked. Therefore, applying (P7.1), we have:
1 .
(i—l)/lO §A37/4=0/Az/10
Pr(E;) < <1AA6234/%0/N/10> (QAll/5>
9
éA37/4O/Ai/10

eAQ/A(i—l)/lo
< <%(A37/40/Ai/10) X QA1/5>
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9¢ éA37/4O/Ai/10

- <A1/40>

Since $A3/40 /N0 > LAV and 9e/AV40 < L this yields that Pr(E;) < §exp(—AY*0).
So the probability that at least one F; holds is at most exp(—A!/4%). 0

8 An Iterative Colouring Procedure

In this section, we describe the technique that we use to colour S, By, and By. In order
to have it apply to all three situations, we use preconditions that are somewhat general,
although not nearly as general as possible.

In this setting, F' may be partially coloured, but every A; is either completely coloured
or completely uncoloured. We are given an uncoloured subgraph H of F' — U;A; (and so H
has maximum degree A by Lemma 12(d,e)). We wish to extend our partial colouring to H.
For each vertex u € H we are given an initial list L(u) of the colours available to u. We have
values X > %\/Z and U > A% such that:

(P8.1) every uncoloured vertex in each A; has at most U neighbours in H — All;;

(P8.2) for all u € H, |L(u)] is at least 5U x A and is at least deg(u) + X.

The main thrust of (P8.2) is that each vertex in H initially has at least 5U x A!/® available
colours and throughout the procedure will always have at least X available colours.

Lemma 31 We can extend our partial colouring to H such that for every uncoloured A; € A
and every colour z, Notbig(i, z) increases by at most A2,

We will colour H using a two step pseudorandom procedure.

Step 1: We fix a small constant rmooos > € > 0 and carry out I = [2A¢log A iterations.

In each iteration, we will analyze the following random colouring procedure:

1. We activate each uncoloured u € H with probability a = A7

2. We assign each activated u a uniformly random colour from L(u).
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3. If two activated neighbours receive the same colour, we uncolour them both.

4. Each activated u that is still coloured is uncoloured with probability ¢(u) where g(u) is
defined so that u has probability exactly %oz of being activated and retaining a colour.

5. For each vertex u which retains a colour z, we remove z from L(v) for each v € Ny (u).

Note that it is possible to define g(u) as desired since, defining N;j(u) to be the set of
uncoloured neighbours of u in H, the probability of an activated u being uncoloured in the
third step is at most:

> Pr(uis assigned z) x Y oPr(u is assigned z)
x€L(u) w €N1(u)
a

= TZ)| > ) Pr(v is assigned x)
u
a

u'€N1 (u) x€L(u)

< Tl 2,

M)
()

< «,

since |L(u)| > |Ny(u)| (by (P8.2)). Thus, the probability of being activated and not being
uncolored in the third step is at least a(1 — a) > s So g(u) is well-defined as a function
of the lists of u and Ny (u).

Our analysis allows us to prove the following:

Lemma 32 After I iterations, with positive probability:

(a) FEach u € H has at most A* uncoloured neighbours in H.
(b) Each uncoloured vertex in UA; has at most A*°¢ uncoloured neighbours in H.

. . 1
(¢) For every A; and colour x, Notbig(i,z) < 1A/20,
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We choose a partial colouring satisfying (a)-(c) of this lemma.

Step 2: To finish the colouring we analyze a different procedure. Note that for every
ve H, |L(w)| > X by (P8.2) and the fact that at most degy(v) colours have been removed
from L(v).

1. For each uncoloured v € H, we choose a uniformly random subset L'(v) C L(v) of size
9 A 200

2. We colour all such v from their sublists, one-at-a-time.
Of course, the second step is possible because of Lemma 32(a).

Lemma 33 With positive probability, for every uncoloured A; and colour z, at most 1 A'9/20
vertices of A; have neighbours outside of Big; with colour x in their sublists.

We choose a set of lists as guaranteed by Lemma 33.

Proof of Lemma 31: By Lemma 32(c), for each 4, at most $A'9/20 vertices of A; have
neighbours outside of Big;" that were given colour z during Step 1. By Lemma 33, for each
1, at most %Alg/ 20 vertices of A; have neighbours outside of Big;” that were given colour x
during Step 2, since in order for a vertex to be given colour x, x must appear on its sublist.

O

8.1 Proofs of Lemmas 32 and 33

To prove Lemma 32, we will recursively obtain a bound U; on the maximum number of
uncoloured external neighbours of a vertex of U;A; after the i iteration. We also obtain
upper and lower bounds d; (v) and d; (v) on the number of uncoloured neighbours of a vertex
v € H after the i"* iteration. These bounds are defined as follows:

1
Uy =U,; foreach i > 0,U; = (1 — §A_E) x U;_1 + UZ-A‘_Q{E’O
and for each vertex v € H,
1
df (v) = degy (v); for each ¢ > 0,d; = (1 - §A_E) x di | 4 (df )90

1
dy (v) = degy (v);for each i > 0,d; = (1 — §A_€> X d;_, — (d 1)49/50

71—
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Some standard analysis shows that the small order terms in these definitions do not
accumulate substantially, and so we obtain:

Lemma 34 (a) if U; > A% then
1 B 7

(b) if di (v) > A% then

1

: (1 - %A‘E)idegH(v) < d; (v) < df(v) <2 (1 - %A‘E)idegﬂ(v)

We will defer the proof until the end of this subsection. For now, note the immediate
corollary:

Corollary 35 (a) if d; (v) > A%, then d; (v) > 1d (v);
(b) if di (v),U; > A% then dj (v) > iUZ- X (degy(v)/U).

Proof of Lemma 32 We will apply the Lovasz Local Lemma to each iteration of the
procedure to prove inductively that with positive probability, after ¢« < I iterations:

(8.1) IfU; > %A2006 then every uncoloured vertex in U;A; has at most U; uncoloured external
neighbours in H.

(8.2) For every vertex v € H, if dj (v) > A% then v has between d; (v) and d; (v)
uncoloured neighbours in H.

(8.3) For every uncoloured A; and colour x, |[Notbig(j, z)| increases by at most A!%/20 =¢/41og A
during iteration 4.

These will establish Lemma 32 as follows. (1 — $A™) A < 1 < A< 50 by Lemma
34, Up < AP < A0 and d; (v) < AP < A0 for all v (since degy(v) < A by
Lemma 12(d,e) as H C B U S). Furthermore, these parameters decrease by less than half,
and so there are i1,i5(v) < I such that 1A% < U; < A2 and, if degy(v) > A0,
gAY < dn o (v) < $A%% Thus (8.1) applied at iteration 4; establishes part (a) and (8.2)
applied at iteration iy(v) establishes part (b) as d; ., (v) < 4d,,,(v) < A*< (by Corollary
35(a)). Part (c) follows from (8.3) since the number of iterations is I = [2A°log A].
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Our statements hold trivially for ¢ = 0. Consider some larger value of ¢ < I and suppose
that the statements hold for all smaller values of 7. We will prove that with positive prob-
ability, the random choices made during iteration ¢ will result in the statements holding for
this value 7.

For each uncoloured vertex v € A, define E;(v) to be the event that v violates (8.1). For
each vertex v € H, define Fy(v) to be the event that v violates (8.2). For each uncoloured
A; € A and colour z define E3(j,z) to be the event that A;, x violate (8.3). We will prove
that each of these events holds with probability at most A~1Y.

For each vertex v, define D(v) to be the set consisting of: (i) Fi(u) and Ey(u) for
every vertex u of distance at most 4 from v; and (ii) E3(j, ) for every colour x and every
uncoloured set A; containing a vertex of distance at most 4 from v. For each uncoloured set
Aj, define D(j) = Uyea, D(v). It is straightforward to check that the random choices which
determine whether E;(v) holds have no affect on whether any events outside of D(v) hold;
it follows that E;(v) is mutually independent of all events outside of D(v). Similarly, Es(v)
and FEs(j, x) are mutually independent of all events outside of D(v) and D(j) respectively.
Since F has maximum degree at most 10°A, each D(v) has size less than 3 x 10%A* and so
each D(j) has size less than 3 x 10°cA® (as |A;] < A). Thus with positive probability, none
of these events hold since 3 x 109cA® x A™10 < 1.

Bounding Pr(Es(j,x)):

We begin with Pr(F3(j,x)) as it is the shortest of the three arguments. Consider any
uncoloured A; and colour z. We will apply Lemma 30 with @ = max(U;_1, 3A%%) to bound
Pr(E;3(j,2)). To do so, we will show that for every vertex v € H, at the beginning of
iteration i we have |L(v)| > QAY®.

At most degy; (v) colours are removed from L(v). So by (P8.2), |L(v)| > X > L\/A. This
establishes |L(v)| > QAY® for the case where @ < $A%10 and so we can assume Q = U;_;
(since € < 555) and U;_y > SA¥10. By (P8.2), L(v) initially has size at least 5UAY, so if
degy (v) < 4UAY? then L(v) will always have size at least UAY® > U;_; A5, Suppose that
degy(v) > 4UAYS. Using the facts that U;_; > 1A%10 >> A150€ and that d;_, (v) > 1d; (v),
a simple inductive application of Corollary 35(b) implies that d; (v) > 1U; x (4AY%) >>
A% for every j < i — 1; in particular, d;_;(v) > U, AY> = QAY>. Since |L(v)| is at least
the number of uncoloured neighbours of v in H, (8.2) establishes that |L(v)| > QA'®.

By applying induction, and using (8.1), we know that at the beginning of iteration 4,
every vertex in A; has at most ) uncoloured neighbours in H. Also, the probability that a
vertex v € H receives colour z is at most 1/L(v) > 1/(QA'®). Furthermore, these colour
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assignments are independent and so (P7.1) holds. Therefore, since A'%/20/log® A > A37/10,
Lemma 30 implies that Pr(Es3(j, 2)) < exp(—AY4%) < A=10 as required.

Bounding Pr(E;(v)):

Next, we turn to Pr(E;(v)). Consider any uncoloured vertex v € U;A;. Since H C
F — Uj;A;, every neighbour of v in H is external. So by induction, we can assume that at
the beginning of the ith iteration, v has at most U;_; neighbours in H that are not coloured.
Let Y be the number of these neighbours which have colours at the end of iteration i. The
probability of any particular uncoloured vertex becoming coloured in iteration i is exactly

lA_e and so Exp(Y) = %A‘EUi_l. Thus, if Ei(v) holds, then Y must differ from its mean

by more than U, 49/ 0,

Let Y7 be the number of neighbours of v that get activated, and let Y5 be the number
that get activated and have their colours removed. Note that Y = Y] — Y5 and so if E;(v)
holds then either Y; or Y; differs from its mean by more than U 49/ 50 Y] is a binomial
variable. So the Chernoff Bound implies that the probability of Yl dlfferlng from its mean
by that much is at most 2exp(—U; 1% /(12U;_1 A=) < AT since Uiy > A% So we

turn our attention to Y5.

Rather than showing directly that Y5 is concentrated, it will be more convenient to deal
with Y] which we define to be the number of uncoloured neighbours of v that are activated
and (i) have their colours removed, or (ii) are assigned a colour that is assigned to at least
log A neighbours of v. Clearly Y, < Y. Furthermore, it is straightforward to show that,
with high probability, Y5 = Y as follows:

For each vertex u, we will use d(u) to denote the number of neighbours of u in H that
do not have colours at the beginning of iteration 1.

If Yo # Y, then some colour x must be assigned to at least log A neighbours of v.
Applying (8.1), (8.2) and Lemma 34 we have: d(v) < U;_1 < 2(1—3A)""'U, and for every
uw e Ny(v), du) > di(u) > (1= 1A=t degy(u). By (P8.2) the number of colours
available for u € Ng(v) is at least

max{degy (u) + X,5U x A5} — —d;_,(u))

i—1
> max{degy(u) + X,5U x A/°} — A_E) ) deg(u)

wlr—t l\DIF—‘

i—1
> max{degy(u) + X,5U x AY/°} — < _E) ) max{deg (u) + X,5U x AY?}
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> 1<1—1A—‘1>H><5UA1/5
= 2 2

> ZAVE’J@).

Therefore,

d() /5 15, o8l de/5  \'# _
Pr(Y; #Y)) < ZAVS > < _— 1IN0,
(2 72 Yy) Sex <logA> <4 d() =0 Al/5log A <

Note that, since [Y — Y| < A, this implies that [Exp(Y3) — Exp(Y5)| < 1A = o(1).

We wish to show that Pr(|Yz — Exp(Y3)| > %Uff{so) < £A71% By the preceding bound
on Pr(Y; # Yy) and on |Exp(Y2) —Exp(Y3)], it will suffice to show that Pr(|Y; —Exp(Y3)| >
LU0y < 1A-10,

We will apply Talagrand’s Inequality. It will be helpful to consider each v € H to be
involved in two random trials. The first one combines Steps 1 and 2: v is assigned the label
“unactivated” or “activated with colour z” for some = € L(v); the first label is given with
probability 1 — A™¢ and each of the other labels with probability A=¢/|L,|. In the second
random trial, v is labelled “uncoloured” with probability ¢(v), even if v was unactivated or
lost its colour in Step 3. Of course, from the view of the algorithm, it is pointless to carry
out the second step on vertices that don’t have colours at the beginning of Step 4, but doing
so has the technical advantage that all our random trials are independent in the sense that
the outcome of one trial does not affect whether another is carried out.

If Y] > s then there is a set of at most (log A) X s random trials that certify this
fact, namely for each of s vertices counted by Y;: the activation and colour assignment of
the vertex and either the choice to uncolour that vertex in Step 4, or the activation and
assignment of the same colour to either a neighbour of the vertex or to log A — 1 other
vertices in N(v). Also, changing the outcome of one of the random trials can only affect Y,
by at most log A: in the extreme cases, changing the colour of u from Red to Blue either
(i) causes u and fewer than log A of its neighbours with colour Blue to be uncoloured, (ii)
causes v and log A — 1 other vertices in N(v) with colour Blue to be counted by Y3, or (iii)
reduces the number of vertices in N(v) with colour Red to below log A thus causing them
all to not be counted by Y;. (Remark: this is the benefit of working with Y, rather than Y5;
a single colour assignment could potentially affect Y5 by a much larger amount.) Also note
that Yo < U;_; and so Exp(Y3) < U;_;. Therefore, applying (2) with ¢ = r = log A yields:

Pr(|Y; — Exp(Yy)| > 1U,2%) < dexp(— (JU2™)?/(3210g” A(U;_y + LUE™))) < 247,
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since U;_; > A?%%¢. This implies Pr(F;(v)) < A7,
Bounding Pr(FE(v)).

The proof that Pr(Fy(v)) < A™'% is very similar to that for F;(v). The main difference
is that for each u € Ny (v), degy(u) may be a lot bigger than degy(v), and this makes it
more difficult to bound the analogue of Pr(Y; # Y3).

For each vertex u, we will again use d(u) < d;”;(u) to denote the number of neighbours
of u in H that do not have colours at the beginning of iteration ¢. We use L, to denote
the set of colours that are available for u at the beginning of iteration i. By (P8.2), |L,| >
d(u) + X > d(u).

Consider any v € H with d; (v) > A% We define Z; analogously to Y;. So we let
Z1 be the number of neighbours of v that get activated, and let Z, be the number that get
activated and then have their colours removed. Again, it suffices to prove that with high
probability, neither Z; nor Z, differs from its mean by more than (d;—1(v)™)*/*". The
Chernoff Bound implies that the probability of Z; differing from its mean by that much is
at most

2 ({2 () (1247, (1)) < 2A70

since d;_;(v) > d; (v) > £A?™<. So we turn our attention to Z,.

We partition the vertices of Ny (v) that are not coloured at the beginning of iteration i
into NoUNp where N contains those vertices u with d(u) > d(v)*/* and Np contains those
with d(u) < d(v)¥*. We let Z¢, Zp be the number of vertices in N, Np respectively that
get activated and uncoloured during this iteration. Thus Zy = Zo + Zp.

A similar argument to that used for Y> shows that Zo is concentrated: Let Zf be the
number of vertices in N¢ that get activated and (i) are uncoloured or (ii) are assigned a

colour that is assigned to at least d(v)*'® members of N¢. Since |[N¢| < d(v) and each
vertex u € Ng has L, > d(u) > d(v)**, the probability that Zo # Z, is at most

- g(v)s/lo

¢ x (ai()% ()1 -T2 A (J@):/ilo(fzzmsm) <A

since d(v) > di_,(v) > LA, As |Zo—Z,| < A, this implies [Exp(Zc) —Exp(Z4)| = o(1).

By the same arguments as for Yy: If Z > s then there are d(v)*/'s trials whose
outcomes certify this fact. Each trial can affect Z/, by at most d(v)3/'°. So applying (2) with
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¢ =71 =d(v)¥1 yields

Pr(|Zo — Exp(Zo)| > §(da(v)*™)
< dexp (< g(di )P (128(d4 (0) (A4 (0)(d (0) + 1 (d 4 (0))))
< FATH

and so
Pr(|Zc — Bxp(Zc)| > H(d,(0)/) < }a".

Zp requires a bit more care. We first expose the assignments to all vertices other than
Np - we denote this assignment by H. We will then focus on the conditional distribution
of Zp. Our first step is to show that, with high probability, the conditional mean does not
differ from the mean by very much:

Claim: Pr(|Exp(Zp|H) — Exp(Zp)| > L(d;_1(v))*%") < LA710,

Proof: For any assignment H to the vertices of H — Np, we use uy to denote the
conditional expectation Exp(Zp|H). Note that, the expected value of iy over the space of
random colourings of H — Np is equal to the expected value of Zp over the space of random
colourings of H. So our claim simply says that pyy is concentrated.

For each uw € Np, we define F, = F,(H) C L, to be the set of colours in L, that are
assigned by H to vertices in Ny(u) — Np. We start by using Talagrand’s Inequality to show
that | F,| is highly concentrated.

F, is determined by the independent colour assignments to the vertices of H — Np. If
|F,| > s then there is a set of s assignments that certifies this fact; namely the assignments
of different colours to s vertices. The assignment to one vertex can affect |F,| by at most one,
since it contributes at most one new colour to F,. Since |F,| < |L,| we have Exp(F,) < |Ly|.
Therefore, applying (2) with ¢ = r =1 yields:

Pr(|F,| — Exp(|F.]) > A|L,|) < dexp (—A 7 Ly2/(32(| L] + A™7|L,]))) < 1A,

since by (P8.2) we have |L,| > X > 1VA.

Therefore, the probability that there is at least one vertex u € Np for which |F,| differs
from its mean by more than A™'/?|L,| is at most |[Np| x A7 < 1A710 So we assume
that there is no such u, and show that this implies |py — Exp(uy)| < 3(di_y(v))**/%.

Given a particular assignment ‘H to H — Np, and colour v € L,, the probability that u

keeps its colour if it is assigned v is 0 if v € F,, and otherwise is (1 —q(u)) [T, (1 — ﬁ) where
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the product is over all vertices w € N(u)NNp with v € L(w). Noting that the latter product
is at most 1 and is not a function of F,, it follows that changing whether v € F,, affects the
probability that u retains its colour by at most 1/|L,|. Therefore, since |F,| differs from its
mean by at most A~'/®|L,| the conditional probability that u is uncoloured differs from its
mean by at most A™'/%. y5, is the sum over all u € Np of these probabilities and so

_ |
[12¢ = Bxp(pr)| < ATV INp| < S (dizy ()",

since |Np| < dj,(v) < 4d;_,(v) (by Corollary 35(b)), and d;_;(v) < A. This proves our
claim. QED

We define Z7, to be the number of vertices in N that get activated and have their colours
removed because (i) they are assigned the same colour as a neighbour outside of Np or (ii)
they are assigned the same colour as a neighbour w € Np and that colour is assigned to
fewer than d(v)?/'° vertices in N(w) N Np. Note that this definition is a bit different than
the definition of Z},. If Zp # Z},, then some u € Np, gets the same colour as at least d(v)3/1°

of its neighbours. Since each such u has at most J(v)?’/ 4 neighbours, and every vertex w has

L,>X> %\/Z (by (P8.2), for every choice of H the conditional probability that Zp # Z7,
is at most:

~ d(v)3/10
d(“)3/4 1 — degy (v)3/10 2e A3/ ) 1 A—10
|ND| X <degH(U)3/10 (5@) eH <A X m < gA .

Since |Zp| —|Zp| < A, for every choice of H we have |Exp(Zp|H) — Exp(Z,|H)| = o(1).

After conditioning on H, Z}, is determined by |Np| < d(v) assignments and each assign-
ment can affect Z}, by at most d(v)*'°. Note that d(v) < di ,(v) < 4d;,(v) (by Corollary
35(a)). So the Simple Concentration Bound with ¢ = (4d;_,(v))%/'? yields that for any choice
of H we have

Pr(|Z}, — Exp(Zp|H)| > §(d;i_1(0)*/*|H)
< 2exp (= (A (v) "% /(2 x (4d, (0)Y7 x 4d,(v)))
< ATV
since d;_;(v) > A0 This, along with our claim and our bound on Pr(Zp # Zj,), implies
that Pr(|Zp — Exp(Zp)| > 1(d;_1(v))*/%%) < 1A=1%. Along with the analogous bound for

Z¢, we have
Pr(Ey(v)) < A7
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Proof of Lemma 33 We will apply the Lovasz Local Lemma. For each uncoloured
A; and colour z, define E(i,x) to be the event that more than A2 vertices of 4; have
neighbours outside of Big;” with colour x in their sublists. We will apply Lemma 30 with Q =
A?%¢ o bound the probability of E(i,z). Each vertex v € A; has at most A?%¢ uncoloured
external neighbours (by Lemma 32(b)). Each such neighbour u chooses x for its sublist with
probability at most 2A%°¢/|L(u)| < 1/(A2€AY5), since by (P8.2), [L(u)] > X > LVA
and € < 55, Furthermore, these colour assignments are made independently and so (P7.1)
holds. Since A'/20 > A37/40 applying Lemma 30 yields Pr(E(i,z)) < exp(—A/40) < A0,

For each uncoloured A;, define D(7) to be the set of events consisting of E(j, x) for every
colour x and uncoloured A; such that A; contains a vertex within distance 2 of some vertex in
A;. Tt is straightforward to check that the random choices which determine whether E(i, )
holds have no affect on whether any events outside of D(7) hold; it follows that E(i,z) is
mutually independent of all events outside of D(7). Since F' has maximum degree at most
10°A, each D(i) has size less than 10°%cA3. Thus with positive probability, none of these
events hold since cA® x A™10 < 1. O

We now close this subsection with our deferred proof:
Proof of Lemma 34:

Part (a): Set 0 =1 — %A‘E. We use induction to prove the stronger statement:
Ui < er + (9@'U)99/100'

The base case is trivial as Uy = U. Assuming the statement holds for ¢ — 1, we have
Uiy <0710 + (07710)%/1%0 < 201U < 40'U (since 6 > 1). Since U;_y > U; > A% this
implies

g'U > 1A (4)
We also have:
U = 0U;_,+ Uf?{so
0 (671U + (610)™) + (671U + (ei—IU)gg/wo)‘*g/“

IN

9

01U + 07 T05 [799/100 4 919/509 i~ 1749/50

. 1 . 1
OU + 9107+ T U99/190 4 29331 A9/50  (since 250 > 67 5)
0T + e%iUQQ/IOO(Ql/IOO + Q(QiU)—l/loo)

VANVAN
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. . 1
< U + (HZU)QQ/IOO((l . 5A—e)l/lOO + 2(iA1506)_1/100) by (4)

< GZU + (9@'U>99/100(1 o ﬁIOA—E + BA—I.E)e)
< OU + (6'U)P1,
Part (b): Tt is trivial that d; (v) < d (v). The rightmost inequality follows from a nearly

identical proof to that of part (a); we omit the repetitive details. So we focus on the leftmost
inequality - the lower bound on d; (v). We will use induction to prove a stronger statement:

d; (v) > 0 degy (v) — (92’ degH(v))gg/loo‘

The argument is very close to that of part (a), but has a few slight differences. Again, the
base case is trivial and we have ¢’ degy(v) > $AY by the same reasoning as for (4). We
also have (by the aforementioned omitted proof) the upper bound

di (v) < df (v) < 0 degy (v) + (07 degy (v))%1% < 207 degy, (v) < 46 degy (v),
which we will use to obtain the second line below.
di (v) = 0d (v) = diy (V)"
0 (07" degy(v) — (0" degyy(v))™1*) — (40" degy (v))

91’ degH(v) . Q%i degH(v)99/100(91/100 + 4(92 degH(v))_l/loo)
0" degr(v) — (6" degyy (v))*®,

49/50

v

VoV

where the last line follows by the same argument as in part (a). O

9 Colouring Cliques

In this section, we present the technique that we use for colouring the vertices of U; A;.

In this setting, F' is partially coloured so that no two neighbours have the same colour.
We have a collection of cliques A" C {Aq, ..., A;} where no vertices in the cliques of A’ are
coloured. We have the following condition on the colours appearing outside of the cliques.
(Recall that for v € A;, an external neighbour of v is a neighbour of v that is not in A; UAll;.)

(P9.1) For each A; € A’ and each colour z, Notbig(i, z) < 10A!/20,

(P9.2) Every uncoloured vertex in some A; ¢ A’ has at most 30AY/* external neighbours.
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Lemma 36 We can extend our partial colouring to all vertices of the cliques in A" such that
for every uncoloured A; ¢ A" and every colour x, Notbig(i, ) increases by at most A9/,

We use a two step procedure. In the first step, we assign a random permutation of colours
to the vertices of A;. Possibly some vertices will need to be recoloured because they receive
a colour that is on an external neighbour; those vertices will be recoloured more carefully in
the second step.

Step 1: For each A; € A, we choose uniformly at random a set of |A;| colours that don’t
appear on All; and we assign a random permutation of those colours onto the vertices of A;.
Note that by Lemma 12(c), at least |A;| such colours are available. We define:

e Temp, is the set of vertices v € A; that receive a colour which is also on an external
neighbour of v.

We remark that that colour might have been on the external neighbour of v in the given
partial colouring, or it might have been assigned to the external neighbour during Step 1.

Lemma 37 With positive probability:

(a) For each A; € A', |Temp;| < 108V/A.

(b) For each uncoloured A; ¢ A' and each colour x, at most SAY/? vertices in A; have an
external neighbour not in Big; that receives .

We prove this lemma in Subsection 9.1. We choose a colouring satisfying conditions (a)
and (b) of Lemma 37. For each vertex v, we use y(v) to denote the colour of v.

Step 2: For each A; € A’ and each vertex v € Temp,;, we define Swappable, to be the
set of vertices u € A; — Temp, that can swap colours with v. More specifically, u € A; is in
Swappable,, if:

(a) u ¢ Temp;
(b) ~(u) does not appear on any external neighbour of v;

(¢) v(v) does not appear on any external neighbour of w.
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By Lemma 37(a), at most 108v/A vertices u € A; violate (i). By Lemma 12(b), there are
at most 108v/A colours appearing on external neighbours of v and so at most 108v/A vertices
violate (b). Since Big; is a clique of F' (by Lemma 12(g)) at most one vertex of Big] has
colour y(v). So Lemma 12(c) and the fact that v(u),y(v) do not appear on All; imply that
at most 3A + 10%v/A vertices u violate (c) because v(v) appears on an external neighbour
of u in Big]". At the beginning of this procedure, at most 10A'/2° vertices u € A; had v(v)
on an external neighbour not in Big/ (by (P9.1)), and by Lemma 37(b), at most A%/
vertices u € A; had such an external neighbour receive v(v) during Part 1. So in total, fewer
than SA + 11AY/20 vertices u € A; violate (c). Therefore, since [4;] > A — 10%V/A (by
Lemma 12(a)), we have:

|Swappable,| > |A;| — 105VA — 10°VA — ZA — 11AY/2 5 AJ10.

For each A; € A’ and each v € Temp,, we choose 10* uniformly random members of
Swappable,. We call these vertices candidates of v. We say that a candidate u of v is bad if
either:

(i) w is a candidate of some other vertex;
(ii) v has an external neighbour w that has a candidate w’ with vy(w') = v(u);

(iii) v has an external neighbour w that is a candidate for exactly one vertex w’ and v(w') =
(w);

(iv) uw has an external neighbour w that has a candidate w’ with v(w’) = v(v); or

(v) u has an external neighbour w that is a candidate for exactly one vertex w’ and
(W) = ~(v),

A candidate u of v is good if it is not bad.
Lemma 38 With positive probability:

(a) For each A; € A’, every v € Temp; has a good candidate.

(b) For each uncoloured A; ¢ A' and each colour x, at most SAY/?0 vertices in A; have
a neighbour not in Big) that either has a candidate of colour x or is a candidate for
some vertex of colour x.
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We prove this lemma in Subsection 9.1.

We choose candidates satisfying conditions (a) and (b) of Lemma 38. For each v € Temp,,
we swap the colour of v with that of one of its good candidates. Our definition of good ensures
that we have a proper partial colouring of F.

Proof of Lemma 36: Consider the extension of the colouring to A’ obtained using the
process above. The fact that Notbig(i, z) does not increase by more than A'%/?° follows from
Lemmas 37(b) and 38(b), noting that a vertex can only be given the colour x in Step 2 if it
has a candidate with colour x or if it is a candidate for a vertex with colour z. O

9.1 Proofs of Lemmas 37 and 38

We say that A;, A; are adjacent if some u € A; is adjacent to some v € A;. We say they are
at distance at most two if they are identical, or adjacent, or some A; is adjacent to A; and
to Aj.

Proof of Lemma 37 We will use the Lovasz Local Lemma. For each A; € A’, we define
E, (i) to be the event that |Temp,| > 108v/A. For each uncoloured A; ¢ A’ and colour z, we
define E5(i,z) to be the probability that more than $A'9/20 vertices in A; have an external
neighbour not in Big;” that receives .

Define D(i) to be the set of events Fi(j) and Es(j,x) defined for any colour x and any
A; at distance at most two from A;. It is straightforward to check that the random choices
which determine whether F (i) holds have no affect on whether any events outside of D(7)
hold; it follows that F4(7) is mutually independent of all events outside of D(7). Similarly,
Es(i,x) is also mutually independent of all events outside of D(7). Since F' has maximum
degree at most 10%, each A; is at distance at most two from fewer than 10°A* other sets and
so each D(i) has size less than 2 x 10%A*. Thus with positive probability, none of these
events hold since 2 x 10%cA* x A710 < 1.

We actually bound the conditional probability of Fj(i) given the colour assignments
for all cliques other than A;, and the choice of |A;| colours to be used on A;. Summing
over all possible choices gives us the bound on the unconditional probability of this event.
So, our random experiment will be only the choice of the permutation of those colours
onto the vertices of A;. For any vertex v € A;, the probability that v € Temp, is at
most 10%v/A/|4;| since v has at most 10°v/A external neighbours by Lemma 12(b). So
Exp(|Temp,|) < 105VA.

An easy application of McDiarmid’s Inequality shows that, given our conditioning, | Temp; |
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is highly concentrated. |Temp;,| is determined by the random permutation from the |A,|
colours to the vertices of A;. It will be more convenient for us to view this step as a permu-
tation from the vertices to the colours, rather than vice versa.

If |Temp,| > s then the colours of s members of Temp, certify that fact. Switching
the colours of two vertices in A; only affects whether those two vertices are in Temp,. So
applying (3) with ¢ = r = 1 yields:

Pr(E, (i) < Pr(|Temp,|-Exp(|Temp,|) > VA) < 4exp (—(VA)?/(128 x (10°+ )VA)) < A7,

We apply Lemma 30 with Q@ = 30AY* to bound FE,(i,v). For each A; and colour z, each
vertex v € A; has at most 30A'/* external neighbours (by (P9.2)) and each such neighbour in
some A; is assigned x with probability at most |A—1j‘ < £ < 1/(30AY* x AY/5). Furthermore,
at most one vertex in each A; is assigned x and the random permutations for different cliques
are independent; so (P7.1) holds. Thus applying Lemma 30 yields: the probability that more
than 1A/20 vertices v € A; have an external neighbour not in Big; that is assigned z is at

most exp(—A40) < A710, 0

Proof of Lemma 38 We will again use the Lovasz Local Lemma. For each v in some
Temp,, we define E;(v) to be the event that v does not have a good candidate. For each
uncoloured A; ¢ A’ and colour x, we define Fy(i,z) to be the probability that more than
LAY/20 vertices in A; have an external neighbour not in Big;™ that either has a candidate of
colour z or is a candidate of a vertex with colour z.

As in the previous proof, we define D(i) to be the set of events (i) £;(v) where v € A;
for some A; at distance at most two from A; and (ii) E»(j, x) for any colour = and any A;
at distance at most two from A;. For each v € A;, it is straightforward to check that the
random choices which determine whether Fi(v) holds have no affect on whether any events
outside of D(i) hold; it follows that Ej(v) is mutually independent of all events outside of
D(7). Similarly, Ey(i,z) is also mutually independent of all events outside of D(i). Since F
has maximum degree at most 10?, each A; is at distance at most two from fewer than 10°A*
other sets and each A; contains at most ¢ vertices. So each D(i) has size less than 2 x 10%cA*.
Thus with positive probability, none of these events hold since 2 x 10%A* x A7 < 1.

It will be useful to note that for any vertex u which chooses candidates, the probability
that a particular vertex w € Swappable, is chosen is 10*/|Swappable,| < 10°/A.

To bound Pr(E£;(v)) for some v € Temp,, we will choose the candidates in two rounds.
In the first round, we choose the candidates for all vertices but v; in the second round, we
choose the candidates for v.
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Let Y be the number of vertices u € Swappable, that meet conditions (iv) or (v) of the
definition of bad; note that Y is determined by the candidates selected in the first round.
We will use Lemma 30 to show that, with high probability, Y is not too large. For each
vertex u € Swappable,, we define 6, to be the set of neighbours of u in A" — A;. Thus,
since every vertex in A’ has at most 108v/A external neighbours, each set 6, has size at most
108V A < 2A%19 and no vertex lies in more than @ = 108v/A of these sets. We consider a
vertex in Uyegwappable, fu t0 be marked if it chooses a candidate with colour (v) or if it is
chosen as a candidate for a vertex of colour 7(v). Each of these vertices has at most one
potential candidate with colour v(v) and can be chosen as a candidate for at most one vertex
with colour v(v) (and both cannot occur). So the probability that a vertex is marked is at
most 10°/A < 1/(Q x A'Y?). Furthermore, it is easy to see that (P7.1) holds. Therefore,
Lemma 30 implies that:

1
Pr(Y > A1) < exp (~AV0) < SATY.

Now we analyze the second round. By Lemma 37(a), at most 10* x 108/A members
of Swappable, meet condition (i) of the definition of bad. By Lemma 12(b), v has at most
108v/A external neighbours, and each has at most 10* candidates; this, along with the fact
that every colour v appears on at most one member of Swappable,, implies that at most
10* x 10%v/A members of Swappable, violate (ii) or (iii). So if Y < A3%/40 then the number
of bad members of Swappable, is at most A/40 +10* x 105v/A + 10* x 10%V/A < 2A39/40,
and so the probability that v does not choose a good candidate during the second round is

at most
<2A39/40>104 < EA—N
A/10 2 ’
Therefore, Pr(E(v)) < A7 4+ A0 = A0,
For each uncoloured A; and colour z, each vertex v € A; has at most 30A'/* external

neighbours by (P9.2). Each such neighbour in some A; chooses a candidate with colour = or

is chosen as a candidate by the at most one vertex in its clique with colour x with probability
at most 10*/A < 1/(30AY4 x Al/%), and it is easy to check that (P7.1) holds. So applying
Lemma 30 with Q = 30AY* yields that Pr(Es(i, 7)) < exp(—AY40) < A~10, O

10 The Proof At Last

We now prove Lemma 13 using a five phase procedure to colour the graph F' from Lemma 12.
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10.1 Phasel

In this phase, we colour S.

Step 1: Here we obtain a colouring of some of S by applying the following lemma.

Lemma 39 There is a colouring of the subgraph of F' induced by S such that:

(a) For every v € S either dg(v) < A — 3vVA, or there are at least 3v/A colours that
appear at least twice in N(v) N S;

(b) For everyi,x, Notbig; , < A/20.

19A

5o coloured neighbours.

(¢) Every vertex in S has at most

We give the proof of this lemma below.
Step 2 We colour the remainder of S using the procedure from Section 8.

We set H to be the subgraph of F' induced by the uncoloured vertices of S. For each
u € H we initialize L(u) to be the set of colours that do not appear on neighbours of u in
F. By Lemma 12(b) we can take U = 10%v/A. By Lemma 39(a), L(u) > degy (u) + 3vA
and so we can take X = 3v/A. Lemma 39(c) implies that |L(u)| > ¢ — B2 > 5AY5U, thus
satisfying (P8.2).

Therefore, Lemmas 39(b) and 31 imply that we can extend our colouring to the vertices
of S so that no two neighbours have the same colour and:

For every i, z, Notbig, , < 2A19/20, (5)

We close this subsection with:

Proof of Lemma 39 The proof is very similar to that of Lemma 10. We will apply the
Local Lemma to the same process studied there. For each v € S with more than A — 3v/A
neighbours in H, define F)(v) to be the event that v has fewer than 3v/A colours that
appear at least twice in its neighbourhood. For each i, z, define F5(i,z) to be the event
that |Notbig; ,| > A'¥/20. For each v € S, define E3(v) to be the event that v has more
than 19A /20 coloured neighbours. We will prove below that the probability of each of these
events is at most A710,

o8



Since every vertex in S has degree at most A (by Lemma 12(d)), it is straightforward
to check that each event is mutually independent of all but fewer than 3cA® other events.

1

Thus, our lemma follows from the Lovasz Local Lemma since A7 x 3cA® < 1

We gave already the bound on the probability of Ej(v) in the proof of Lemma 10. We
consider now Fjs(i,v). For each A; and colour x, each vertex v € A; has at most 108VA
external neighbours (by Lemma 12(b)) and each such neighbour is activated and assigned x
with probability at most & x 2 < 4 < 1/(10%v/A x A/®). Furthermore, these assignments
are made independently and so (P7.1) holds. Thus applying Lemma 30 with @ = 103vVA
yields: the probability that more than A'%/?% vertices v € A, have an external neighbour not
in Big; that is assigned z in Step 2 is at most exp(—A'4%) < A710. This is clearly an upper
bound on Pr(FEs(i,x)).

Finally, the number of neighbours of v that are activated is distributed like BIN (deg(v), 75)-
The probability that this number is at least %A is maximized when deg(v) = A, and the

Chernoff Bound implies that probability is at most 2e~(A/20*/3A(9/10) « A=10_ Thjis is clearly
an upper bound on Pr(FE;(i, z)). O

10.2 Phase II

In this phase, we colour all of By, using the procedure from Section 8. We start by setting
H to be the subgraph of F' induced by By. For each v € H we initialize L(v) to be the set
of colours not appearing on any neighbours of v. By Lemma 12(b) we can take U = 108v/A.
By the definition of By, each v € H has at most A —A%* > ¢— LA3/* neighbours in SUBy.
Therefore |L(v)| > degy(v) + X where X = $A%* and so |L(v)] > X > 5U x A% and
(P8.2) holds. Thus, Lemma 31 and (5) imply that we can extend our colouring to By such
that no two neighbours have the same colour, and:

For every i, x, Notbig(i, z) < 3A/20, (6)

10.3 Phase III

In this step, we colour each A; € Ay, using the procedure from Section 9. We set A" = Ay.
By (6) we satisfy condition (P9.1). By definition, every vertex in a clique A; ¢ A’ has at
most 30AY4 neighbours in F' — A; U All; and so we satisfy condition (P9.2). Lemma 36 and
(6) imply that we can extend our colouring to the vertices of Ay such that:
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For every colour z and every uncoloured A;, Notbig(i, z) < 4A*/%0. (7)

10.4 Phase IV

In this phase, we extend our colouring to By. Once again, we apply the procedure from
Section 8.

We start by setting H to be the subgraph of F induced by the vertices of By. For
each u € H we initialize L(u) to be the set of colours not appearing on any neighbours of
u. All remaining uncoloured A; are in A; and thus we can take U = 30AY%. For each
v € H, Lemma 12(f) guarantees that there is some A; € Ay such that v has at most
¢ — VA 4 9 neighbours outside of A;. So |L(v)| > degy (v) + X where X = /A — 9 and so
|L(v)| > X > 5U x A'Y® and we satisfy (P8.2). Thus, Lemma 31 and (7) imply that we can
extend our colouring to By, such that no two neighbours have the same colour and:

For every colour z and every uncoloured A;, Notbig(i, z) < 5A/20, (8)

10.5 Phase V

In this step, we colour each A; € Ay, using the procedure from Section 9. We set A’ = Ay.
By (8) we satisfy condition (P9.1). No set A; ¢ A’ is uncoloured and so we trivially satisfy
condition (P9.2). So Lemma 36 implies that we can extend our colouring to the vertices of
Ap.

This completes the colouring of F' and hence completes the proof of Lemma 13, and hence
of our main theorem.

11 The Algorithms

We close this paper by presenting the algorithmic implications of this work.

As a corollary of Theorem 5, we can determine for every constant A > A, the precise
values of ¢ for which one can test in polynomial time whether a graph of maximum degree
A is c-colourable (under the hypothesis that P # N P). This is well-known to be trivial for
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¢ < 2. Embden-Weinert et al[11] used their construction that we presented in Section 1.2 to
prove that for 3 < ¢ < A — ka — 1, we cannot test this in polytime unless P = N P:

Theorem 40 For every constant A and every 3 < ¢ < A — ka — 1, it is NP-hard to test
whether graphs of maximum degree /A are c-colourable.

Theorem 5 easily implies that, for sufficiently large A, Theorem 40 is tight. Furthermore,
the proof of Theorem 5 yields a deterministic polynomial time algorithm that will actually

produce the colouring that it gurantees to exist. So we have the following complement to
Theorem 40:

Theorem 41 For every constant A > Ay and every ¢ > A — ka, there is a linear time
deterministic algorithm to test whether graphs of maximum degree A are c-colourable. Fur-
thermore, there is a polynomaial time deterministic algorithm that will produce a c-colouring
whenever one exists.

For the case where A is not constant, the threshold for polynomial testability of c-
colouring is (probably) higher: at A — O(log A).

Theorem 42 (a) For any constant a and any function ¢ : Z+ — ZT with ¢(A) > A —
alog A, there is a polynomial time deterministic algorithm to test whether a graph G
is ¢(A(Q))-colourable so long as A(G) > Ay. Furthermore, there is a polynomial time
randomized algorithm that will produce a ¢(A(G))-colouring whenever one exists.

(b) Consider any function v : ZT — Z* such that:
(1) v(n) = o(n);
(7) lim,, . y(n)/logn = co; and
(7ii) ~v(n) can be computed in poly(n) time.

If there is a polynomial time algorithm to test whether a graph G is (A(G) —~v(A(G)))-
colourable so long as A(G) > Ay, then there is a subexponential time algorithm to test
whether any graph is 3-colourable.

Since it is NP-hard to determine the chromatic number of a graph|[19], it is widely believed
that this cannot be done in subexponential time, and so Theorem 42(b) indicates that for
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unbounded A, we probably cannot test for c-colourability if A — ¢ is asymptotically larger
than O(log A).

Proof of Theorem 41: We are given a graph GG of maximum degree A > Ay where A
is a constant, and we wish to determine whether it is c-colourable for some ¢ > A — ka. We
will present a linear time algorithm to do so.

If c = A — ka then we carry out an initial step in which we find all of the reducers. Each
time we find a reducer D, we take the c-reduction via D; i.e., we remove the clique C' and
we contract the vertices of the stable set S into a single vertex. It is easily seen that the
reduced graph is c-colourable iff G is (see the discussion in Section 1.2). To carry this step
out in linear time, we loop through every vertex and examine its neighbourhood to determine
whether it is in a reducer. For each vertex, this check takes constant time since the size of
the neighbourhood is A which is constant. If we find a reducer, then the reduction takes
constant time as we are only removing and contracting a constant number of vertices.

Theorem 5 now implies that G is c-colourable iff the subgraph induced by {v}UN(v) can
be c-coloured for every v. For each v, we can check this in constant time since the subgraph
has constant size. So it takes linear time to check all of these subgraphs and determine
whether G is c-colourable.

Next, we describe how to actually produce a c-colouring in polynomial time. Basically,
we work through the proof of Theorem 5, showing how to make it constructive. But we have
to be a bit careful since that proof assumes that GG is a minimum counterexample, and this
might not be the case for a general input. That assumption is only used in the proofs of
Lemmas 15, 16, 23, 26, and Observation 25; it will be straightforward to handle the case
where G violates those.

First we carry out the same initial step as above, to obtain a reduction of GG that contains
no reducers. We do this even if ¢ > A — ka, and so we know that Observation 25 holds for
the resulting graph.

Next we carry out a similar step to remove all near-reducers. We search the graph for any
near-reducers. If we find one then there are a few possible ways to deal with it, corresponding
to different arguments from the proof of Lemma 26. Let K, S denote the clique and stable
set of the near-reducer X. If there is a vertex of K that has no neighbours outside of X,
then we remove X from G. Let Z = N(K) — X i.e., the set of vertices in G — X that are
adjacent to vertices in K. If Z contains any edges then we remove X from G. If any vertex
in Z has fewer than ¢ — 1 neighbours in G — X, then we remove X from G. Otherwise, for
every pair x,y € Z we consider the graph G — X + xy; i.e. the graph obtained by removing
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X and adding the edge zy. We check whether, in this graph, =,y lie in either a reducer
or in a non-c-colourable subgraph induced by {v} U N(v) for some v. If they do not, then
we replace G by G — X + xy. We repeat this step iteratively, until the graph contains no
near-reducers that we can remove in this manner. The arguments in the proof of Lemma 26
show that if we can c-colour the resulting graph, then we can modify that into a c-colouring
of G. This modification is easily done in polynomial time, as is this iterative step.

As described in the proof of Lemma 26: if any connected component of the graph still
contains near-reducers, then that component must consist of a cycle of near-reducers. Such
a component is easily c-coloured, as described in that proof, and thus we can remove it. We
iterate until the remaining graph has no near-reducers, and thus satisfies Lemma 26.

Our next step is to decompose the graph into X, Xs, ..., X;, S as described in Lemma 14.
The way to produce this decomposition is given in [28], and it can easily be implemented in
linear time. Since G is c-colourable, so is each X;; i.e. Lemma 15 holds. For each set X,
we check to see whether G[X;] has a matching of size [102y/A]. (This takes constant time
since | X;| is bounded by a constant.) If it does then we remove X;. The proof of Lemma 16
explains how to extend any c-colouring of the resulting graph to Xj.

So at this point, we have a graph that is decomposed as in Lemma 14 such that Lemmas
15, 16, 23, 26, and Observation 25 all hold. All other lemmas also hold, since they do not
rely on the graph being a minimum counterexample.

Next we construct the c-colouring for each X; as described in Section 4; this takes constant
time for each X; since | X;| is bounded by a constant. Then we construct G’ and carry out
Modifications 1 and 2 as described in Section 5, thus forming the graph F' from Lemma
12. Again, those Modifications require constant time for each X; and so F' is constructed in
linear time.

Thus far, the algorithm has been straightforward. The remaining work is to produce
the colourings whose existence was proven in Sections 8, 9 and 10.1. Those colourings were
proven to exist using the Lovasz Local Lemma. For each of those proofs, the main theorem
of Moser and Tardos[27] implies that a very simple randomized algorithm will produce the
colouring in polynomial expected time. Furthermore, the fact that A is constant implies
that the maximum degree in the underlying dependency graph is bounded by a constant.
This is enough to allow us to use the technique from [26] to derandomize the algorithm and
thus obtain a deterministic algorithm.

Note: the main theorem of [27] is stated in terms of a more general version of the Lovasz
Local Lemma than what we use in this paper. To convert our applications into their terms,
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we use a standard substitution such as x; = 2p (see Section 19.3 of [25]). O

Remark: The algorithmic technique introduced by Beck[3] would also apply here, but
the newer approach of [27] (see also [26]) is simpler.

And now we turn to the case where A is not constant. The proof of Theorem 42(a) is
much like that of Theorem 41.

Proof of Theorem 42(a): We can assume that a > 1 as this implies the statement for
smaller values of a.

We start with the decision algorithm; i.e. we wish to determine whether the graph is
c-colourable where ¢ = A — aInA. The main difficulty here is that we have no constant
bound on the size of {v} U N(v) and so we cannot check whether the graph it induces is
c-colourable in constant time. Note that Lemma 15 is the only place in the proof where we
use the fact that, in a counterexample, {v} U N(v) is c-colourable for each v. So our proof
actually shows that GG is c-colourable iff every X; is c-colourable.

The fact that we have ¢ > A — aln A allows us to revise the parameters in our lemmas
somewhat. We only outline the differences as the proofs remain the same. We say that a
vertex is nearsparse if it has at most (g) —10%A In A edges in its neighbourhood. We take

a decomposition like that of Lemma 14, except that for each i: A — 107aAln A < |X;| <
A+107aAIn A, there are at most 107aA In A edges from X; to G — X;, and every vertex in S
is nearsparse. Nearsparseness is sufficient for arguments nearly identical to those in Section
10.1, since ¢ > A — aIn A. The other conditions are even stronger than those in Lemma 14
and so the arguments in the other sections still apply. In particular, it is still true that G is
c-colourable iff every X; is c-colourable.

So it suffices to check whether each X; is c-colourable. We use Edmond’s algorithm[10]
to find a maximum matching M in X;, the complement of X;. If M contains more than
2 x 107aln A edges, then we can easily colour X; with |X;| — 2 x 10%aIn A < ¢ colours by
treating each edge of M as a colour class of size two.

For the case when M has fewer than 2 x 107aIn A edges: Let C' denote the vertices of
X; that are not matched in M. Since M is maximum, C is a clique, and |C| = |X;| —
2|M| > A —3 x 107aln A. We colour the vertices of C' using colours {1, ...,|C|}. Every
vertex v € X; — C now has a list L, of colours that do not appear on Ny, (v) N C. X;
can be c-coloured iff X; — C' can be list-coloured using these lists. The latter condition
can be tested using dynamic programming (see below) in time poly(|G|) x 22%:=Cl Since
| X; — C| =2|M|=0(InA) (as a is constant), this is polynomial in |G]|.

To test whether X; — C' can be list-coloured, we do the following: For each subgraph
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H C X; —C, and each 1 < i < ¢, we test whether H can be list-coloured using only
the colours from {1,...,i}; i.e. if every vertex v € H has list L, N {1,....,i}. We carry
out these tests in increasing order of |H|. There are only ¢ x 2%=Cl tests that have to
be completed. For any particular H, we check every H' C H to see whether H' could
be the set of vertices coloured i. That is, we check whether (1) H' is a stable set; (2)
i € L, for each v € H'; (3) H— H' can be list-coloured using the colours from {1,...,7 —1}.
To test H, we only have to check 271 < 21X:i=Cl gets H’ and each H' is easily checked
in polytime (since the test for H — H' is already done). So the overall running time is
¢ x poly(|X; — O]) x 22X:=C1 = poly(|G|) x 22X~ as required.

The algorithm to find an actual c-colouring of G follows much like that for the case when
A is fixed. The main differences are: (1) During the initial steps, when we eliminate reducers
and near-reducers, some of the checks cannot be done in constant time; and (2) we can no
longer construct the c-colouring of X; or carry out Modifications 1 and 2 in constant time.

To deal with (1): It is an easy exercise to find all reducers and near-reducers in a graph
in polynomial time. If we find a near-reducer then we process it using one of the methods
by which we processed near-reducers in the proof of Theorem 41. But we have to carry
out a few tests to determine which method to use. Most of the tests are easily done in
polynomial time. The only subtle one is checking whether a pair of vertices x,y € Z lie in a
non-c-colourable subgraph induced by some {v} U N(v). Do do so, we check every vertex v
with z,y € {v} U N(v) and use the algorithm described above to see whether {v} U N(v) is
c-colourable. This yields a graph for which Observation 25 and Lemma 26 hold. We ensure
that Lemmas 15, 16, 23 hold in the same way that we did for the proof of Theorem 41,
except that in this case the revised parameters described above ensure a tighter version of

Lemma 16: G[X;] has no matching of size [10%aIn Al.

To deal with (2): We first try to colour X; as in Case 1 of the colouring construction from
Section 4; i.e. we apply Edmonds’ algorithm to find a maximum matching in G[X,], and if
it has size at least | X;| — ¢ then we fix our colouring by letting the edges of the matching be
colour classes of size 2. If it has size smaller than | X;| — ¢ then we find any c-colouring of X;
using dynamic programming as described above; we ensure that every colour is used at least
once by recolouring some vertices if necessary. This colouring might not be optimal with
respect to the criteria given in Case 2 of the construction, and hence it might not satisfy
Lemmas 19, 20 and 21. We iteratively check whether the colouring satisfies those lemmas,
and if it does not, then we modify it as described in the proofs of those lemmas; each such
iteration is easily done in polytime. Each time we do this for Lemma 19 or 20, we reduce
the size of C; and so we make at most |X;| such modifications. Each time we do this for
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Lemma 21, we reduce Y \?, and so we make (far) fewer than |X;|? such modifications. So
within polynomial time we will have a colouring satisfying those three lemmas. The proofs
of those lemmas are the only places in which we used the fact that the colouring is optimal
with respect to the criteria for Case 2 of the construction. Thus, the colouring of X; that
we obtain in this manner is sufficient to yield the graph F' of Lemma 12.

Finally, we obtain the colouring of F' using the randomized algorithm from [27], just as
we did in the proof of Theorem 41. Because A is not bounded, it is not clear whether the
algorithm can be derandomized. O

Finally, we prove the corresponding negative result:

Proof of Theorem 42(b): Suppose that we have a function y(n) as in the theorem
statement. Since y(n) = o(n) and lim, ., y(n)/logn = oo, there is a function t : Z+ — Z*
such that: (i) t(n) —n — 2 > (t(n)) > n; (ii) t(n) < 2°™; and (iii) ¢(n) can be easily
computed in poly(n) time using binary search, since (n) can be computed in poly(n) time.

For any graph H and ¢ < |H|, we can test the c-colourability of H as follows:

First compute ¢t = ¢t(|H|). Next, choose a graph X on t — |H| + 1 vertices with y(X) =
t —v(t) — ¢, and such that X has at least one vertex that is adjacent to every other vertex
in X. This is straightforward since t —c —2 >t — |[H| — 2 > ~(t) > |H| and so 2 <
t —(t) — ¢ < |X|. Then we form G by joining every vertex of X to every vertex in H.
X(G) =x(H)+x(X) =x(H)+t—~(t) —c. Also, A(G) = |H|+ |X|—1=t. Therefore,
testing the c-colourability of H is equivalent to testing the (A(G) — v(A(G))-colourability
of G which, by hypothesis, can be done in poly(|G|) = poly(¢) time - a running time that is
subexponential in |H|. O
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12 Appendix: Talagrand’s Inequality

Here we prove the version of Talagrand’s Inequality that we gave in Section 3. The original
inequality provided by Talagrand is much more general than the one we stated there, but it
does not apply as directly in the setting of this paper. We start by stating it:

Consider any n independent random trials 77, ...,7},, and let A be the set of all the
possible sequences of n outcomes of those trials. For any subset A C A, and any real ¢, we
define A; C A to be the subset of sequences which are within a distance ¢ of some sequence
in A with regards to an unusual measure. In particular, we say that x = (z1, ..., z,) € Ay iff
for every set of reals by, ..., b,, there exists at least one y = (y1, ..., yn) € A such that

no O\ 12
dob<t <Z bf) :
i=1

TiFYi

Setting each b; = 1 (or in fact, setting each b; = ¢ for any constant ¢ > 0), we see that if
y € Ay then there is an x € A such that x and y differ on at most ¢4/n trials. Furthermore,
if y € Ay, then no matter how we weight the trials with b;’s, there will be an z € A such
that the total weight of the trials that x and y differ on is small.

Talagrand’s Original Inequality[31]: For any n independent trials T, ..., T,,, any set
A C A and any real ¢, ,
Pr(A) x Pr(4,) < e “/4,

Recall our reworking of Talagrand’s Inequality from Section 3: Let X be a non-negative
random variable determined by the independent trials 11, ...,T,. Suppose that for every set
of possible outcomes of the trials, we have:

(i) changing the outcome of any one trial can affect X by at most c¢; and

(ii) for each s >0, if X > s then there is a set of at most rs trials whose outcomes certify
that X > s.
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Then for any t > 0, we have

+2

Pr(|X — Exp(X)| > t 4+ 20c\/rExp(X) + 64c’r) < e 8& @), (9)

Remark: The 64c?r term only arises from Lemma 43 below. It can be eliminated in
settings where one can show Exp(X) differs from the median by less than, say, %t; eg. when
t > 2Exp(X).

We start by proving that X is highly concentrated around its median, Med(X).

Define A = {z : X(x) > Med(X)}, and C = {y : X(y) < Med(X) — t}. Our first step
is to prove that A C Cy, where ¢ = t/(c\/rMed(X)). So consider some z € A. Let I be the
set of indices of the at most rMed(X) trials whose outcomes certify that X (z) > Med(X).
For each i, we set b; = cifi € [ and b; = 0 if i ¢ I. Note that

dob7 = I < rMed(X) = (t/0)>.

i=1

Now consider any y € C. Define 3’ to be the outcome which agrees with x on all indices
of I, and with y on all other indices. Since I certifies that X (z) > Med(X), we also have
X(y') > Med(X). Since y and y' differ only on trials in I on which z and y differ, and
since changing the outcome of any one T; € I can affect X by at most b; = ¢, we have that
X(y) > X(V) — Xy bi > Med(X) — 32, 2, b Thus,

m 1/2
zb,->tze<zb§> |
i=1

TiFY;i
Since this is true for every y € C, we have z ¢ C,.

Therefore A C Cy, and so Pr(Cy) > Pr(A) > 1, by the definition of median. Therefore,
by Talagrand’s Inequality:

+2

Pr(C) < 2~ 0/* < 2¢” inedx)

Next, set A = {z : X(z) < Med(X)}, C" = {y : X(y) > Med(X) + t} and ¢ =
t/(c\/r(Med(X) +1)). By a nearly identical argument, we obtain that A, D C’, and so

+2

Pr(C’/) < Pr(A4)) < 2e #ZrMed)+)
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Therefore ,

Pr(|X — Med(X)| > t) <Pr(CUC") < de 1ZrMedX)+1) (10)

To show that this implies concentration around the mean, we prove that the mean and
median do not differ by very much:

Lemma 43 Under the preconditions of (9), |Exp(X)—Med(X)| < 20c,/rExp(X)+64c%r.

Proof First, observe that Exp(X)—Med(X) = Exp(X —Med(X)). We will bound
the absolute value of this latter term by partitioning the positive real line into the intervals

I, = (i x ey/rMed(X), (i + 1) x ¢y/rMed(X)], defined for each integer i > 0. Clearly,
|Exp(X — Med(X))| is at most the sum over all I; of the maximum value in I; times the
probability that |X — Med(X)| € I;, which is

> (i +1) x cy/rMed(X) x Pr(|X — Med(X)| € )

>0
— Y ¢/rMed(X) x Pr(|X — Med(X)| € Ujs:1;).
>0

Setting t = i x ¢y/rMed(X) in (10) yields a bound on the probability that | X — Med(X)| €
UjZin of:

_ 2 _ t2 _ t2 £2 2 inv/Med(X)
4e 4c2r(Med(X)+t) < e 8c2rmax{Med(X),t} < 4(6 8c2rMed(X) + e—m) — 4(e—§ +e T s )
Therefore:
2 _i\/m
|Exp(X — Med(X))| < cy/rMed(X) x Y 4(e™5 +e 7

i>0
i2
It is straightforward to bound >°,5o4e”™s < 12.5. For the second summation, we use the
identity ;502" = (1 — )™ for 2 < 1 and the bound e < 1 — iy for y < 1.5. We
set y = 7%3;;@ and xr = e Y. For the case y > 1.5, the second summation is less than
(1 —e 1)~ < 1.3 and so the total is less than 14c\/rMed(X). For y < 1.5 we have:
_ iYMed(X) 4 4
Y dem T s = —— < — = 64ey/r/\/Med(X).

1 p—
i>0 l—z 3y
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This, with our bounds above, yields:

|[Exp(X) — Med(X)| < 1l4c\/rMed(X) + 64c*r
< 20cy/rExp(X) + 64c*r,

where the last inequality makes use of the fact that X > 0 and so Exp(X) > tMed(X). O
We apply again the fact that X > 0 and so Exp(X) > 1Med(X) to obtain: Med(X) -+

t < 2(Exp(X) +t). By Lemma 43, if | X — Exp(X)| > t + 20c\/rExp(X)) + 64c?r then
|X — Med(X)| > t. Therefore:

Pr(|X — Exp(X)| > t + 20c\/rExp(X) + 64c’r) < Pr(]X — Med(X)| > t)
t2
< e i Mea(®) 5
t2
S 4e_ 8c2r(Exp(X)+t)
as required. O

McDiarmid’s Inequality[22] extends Talagrand’s original inequality to the setting of in-
dependent permutations, with a minor loss in the constant in an exponent (see Corollary 2.8
of [22]). Theorem 1.1 of [22] shows that, under the conditions of our statement from Section
3, (10) holds, after replacing a “4” with a “16”, i.e.:

+2

Pr(|X — Med(X)| > t) < Pr(C U (") < 4¢” wrMeatsisn

The same arguments used to prove Lemma 43 yield a similar bound again, just with some-
what worse constants:

|Exp(X) — Med(X)| < 25¢y/rExp(X) + 128¢°r.

Our reworking of McDiarmid’s Inequality from Section 3 then follows in the same manner
as our reworking of Talagrand’s Inequality.
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