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Eliciting the requirements for a proposed system typically inMves di erent stakeholders
with di erent expertise, responsibilities, and perspectives. Tis may result in inconsis-
tencies between the descriptions provided by stakeholders. Migoints-based approaches
have been proposed as a way to manage incomplete and inconsistendels gathered
from multiple sources. In this thesis, we propose a category-thretic framework for
the analysis of fuzzy viewpoints. Informally, a fuzzy viewpat is a graph in which the
elements of a lattice are used to specify the amount of knowlezlgvailable about the
details of nodes and edges. By de ning an appropriate notiorf morphism between fuzzy
viewpoints, we construct categories of fuzzy viewpoints andqve that these categories
are (' nitely) cocomplete. We then show how colimits can be enipyed to merge the
viewpoints and detect the inconsistencies that arise indepesat of any particular choice
of viewpoint semantics. Taking advantage of the same categattyeoretic techniques used
in de ning fuzzy viewpoints, we will also introduce a more gemal graph-based formalism

that may nd applications in other contexts.
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Chapter 1

Introduction

Gathering the requirements for a proposed system is a criticactvity that involves
di erent stakeholders with di erent perspectives, expertise responsibilities, goals, and
terminologies. This may bring about various inconsistencieselween the descriptions
provided by the stakeholders. Viewpoints-based approaches haveen proposed as a
way to manage incomplete and inconsistent pieces of informati gathered from mul-
tiple sources. Through separating the descriptions provided bgi erent stakeholders,
these approaches make it possible to capture the expectationsdaneeds of all involved
stakeholders and also facilitate the identi cation, manageent, and resolution of incon-

sistencies between the descriptions as early as possible.

A viewpoint is regarded as a projection of a system and its donmafrom a partic-
ular angle. More precisely, a viewpoint represents the contei which a role is per-
formed [Eas93]. Viewpoints may be employed to specify di ererfeatures of a system,
describe di erent perspectives on a single functionality, or odel individual processes
that need to be composed in parallel[ECO1]. The bene ts of ugrnviewpoints for gath-
ering requirements were rst made explicit in the CORE methodMul79]. Since then,

various viewpoints-based approaches [FKN2, DvF93, KS96] have emerged.

In [DS96], a conceptual framework has been developed for garing viewpoints-
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based approaches. This conceptual framework, which is basedio@ analysis of the state-
of-the-art research in the area, enlists six major activitiessathe backbone constituents

of every viewpoints-based process model:

Viewpoint identi cation . identifying the relevant viewpoints and acquiring the

contents of each them.

Viewpoint delineation  : delineating viewpoints using appropriate techniques and

schemes.

Viewpoint analysis : analyzing each viewpoint to identify any intra-viewpoint

inconsistencies and to determine the completeness of each yieimt.

Viewpoint comparison  : comparing all viewpoints to identify any inter-viewpoint

inconsistencies and con icts.

Inconsistency management : using inconsistency handling and con ict resolu-

tion strategies to manage con icts and inconsistencies.

Viewpoint integration : combination of all viewpoints into an integrated view-

point if it is considered desirable and feasible to do so.

In most viewpoints-based approaches, a distinction is made bew®vethe syntax and
the semantics of viewpoints [DS96]: the syntax is concernedtiwihe rules for expressing
viewpoints while the semantics are concerned with the meagirand the interpretation
of viewpoints. This distinction naturally separates the conaas in the above-mentioned
viewpoint development activities into two di erent levels: syntactic and semantic The
aim of this thesis is to provide a uni ed framework that suppors all viewpoint develop-
ment activities at a syntactic level.

The diversity of viewpoints-based approaches makes it too diglt, if not impossi-
ble, to provide a framework encompassing the syntactic aspectsadl existing viewpoint

representations. For this reason, we are compelled to make sonsswanptions about the
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general structure of viewpoints. Since graph-based formalisrthave proven very success-
ful in modeling requirements, we are going to orient our discussi around graph-based
viewpoint representationsi.e. the viewpoint representations whose underlying syntact

structure is based on graphs.

The most challenging issue to be addressed in our framework comseinding a proper
de nition for inconsistency at a syntactic level. Due to the inapability of the classical
viewpoint approach to model incompleteness and inconsistenexplicitly, the existing in-
consistency analysis approaches [FGI94, EN96, NCEF02] require the translation of the
entire structure of viewpoints into an intermediate formalsm which is typically based on
a rich meta-language such as rst order logic. This usually cortipates the exploration
of structural relationships between viewpoints and blurs thdistinction between the syn-
tactic and the semantic aspects of viewpoint representationdius making it too di cult
to give a semantics-independent characterization of inconssicy based on structural

mappings between viewpoints.

It turns out that augmenting the syntactic structure of viewpants with a means
for describing incompleteness and inconsistency can provide asks for distinguishing
between the inconsistencies that arise independent of any pattlar choice of semantics
for viewpoints, and the inconsistencies that materialize onlwhen certain semantics are

in place.

This thesis introduces a category-theoretic formalism for #hrepresentation of a family
of graph-based viewpoints, hereafter callefdzzy viewpointsthat are capable of modeling
incompleteness and inconsistency explicitly. Informally, aukzy viewpoint is a graph in
which the details of nodes and edges are annotated with theeglents of a lattice to specify
the amount of knowledgeavailable about them. By de ning an appropriate notion of
morphism between fuzzy viewpoints, we construct fuzzy viewpticategories and prove
that they are ( nitely) cocomplete. We then show how merging aset of interconnected

viewpoints can be done by computing the colimiting viewpotnn an appropriate fuzzy
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viewpoint category. Colimits will also be used as a basis for d@ng a notion of syntactic
inconsistencybetween a set of interconnected viewpoints.

Our proposed framework for modeling incompleteness and in@istency is very gen-
eral and should apply to any of the large number of graph-basedtations commonly used
in Software Engineering. In this thesis, however, our focus Wbe on a fairly simple kind
of fuzzy viewpoints inspired by views[ECO01]. We will use state-machine-like models to
show how nodes and edges in graphical notations can be decedatvith the additional
structures required for modeling incompleteness and incongsty. An application of
our framework will be illustrated through a case-study. Takingadvantage of the same
category-theoretic techniques used in de ning fuzzy viewpds, we will also introduce a

more general graph-based formalism that may nd applications other contexts.

Related Work

The underlying ideas of this work have, to a great extent, been uenced by the inconsis-
tency modeling techniques rst explained in [EC01]. Our matematical machinery builds
upon the nice category-theoretic properties of fuzzy sets teal in [Gog68, Gog74]. The
use of colimits as an abstract mechanism for putting structure®gether has been known
for quite some time in the algebraic speci cation community (c [Gog91] for references).
In [Hec98, HEET99], colimits have been used for mergirmgnsistent viewpoints. In that
approach, viewpoints are described by open graph transfornmiah systems and colimits
are employed to integrate them. Our proposed framework is, a&rfas we know, the rst
use of category theory for mergingnconsistent viewpoints.

Fuzzy viewpoints bear some similarity to fuzzy graphs [MNOO]. WAt distinguishes
our work from the body of work done on fuzzy graphs in other cqmuting disciplines is
our emphasis on algebraic structural relationships rather thmgraph-theoretic analysis

techniques.
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Organization of the Thesis

The remainder of the thesis is organized as follows: Chapter @vers some preliminary
notions including sets, algebras, graphs, and lattices. Chapt8rexplains the categorical
concepts referred to throughout the thesis. Chapter 4 outlirsethe de nitions and lem-
mas on fuzzy set categories needed in the thesis. Chapter 5 imtuges fuzzy viewpoint
categories and proposes a de nition for syntactic inconsistendased on the structural
mappings between viewpoints. The chapter also includes a cadedy that illustrates

how fuzzy viewpoints can be used as a requirements elicitatitool in reactive systems.
Chapter 6 develops a graph-based formalism that generalizagzdy viewpoints. This
chapter is independent of Chapter 5 and can be read directlyiter Chapter 4. Finally,

Chapter 7 presents our conclusions and future work.

Guide to the Reader

The end of each lemma, theorem, and corollary is marked by, the end of each de nition,
remark, note, and introduced notation is marked by ; the end of each proof is marked

by m; and the end of each example is marked by



Chapter 2

Preliminaries

In this and the next chapter, we present the mathematical backound for the thesis: this
chapter covers the non-categorical topics including sets,gabras, graphs, and lattices
while Chapter 3 is essentially concerned with explaining theategorical notions referred

to throughout the thesis.

2.1 Many-Sorted Sets and Algebras

This section presents some elementary de nitions regarding mgsorted sets and alge-

bras. The notation we use here is quite standard and is entirelyabed on [GTW87, ST99].

De nition 2.1 (many-sorted set) Let S be a set of sorts. AnS-sorted set is an
S-indexed family of setsX = hXsis2s, Which is empty if X is empty for alls 2 S.
For S-sorted setsX = hXsisos and Y = hYsisos:

1LX[Y =hs[ Ysisos (Union )
2. X\ Y = hXs\ Ysisns (Intersection )
3. X Y=mWs Ysiss (Cartesian Product )
4. X1 Y =hXs] Ysiszs (Disjoint Union )
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5 X Y (8s2S:Xs Yy) (Inclusion )
6. X =Y | X Y~rY X) (Equality )

2

De nition 2.2 (many-sorted function) An S-sorted function f:X I Y is an

S-indexed family of functionsf = H¢: Xs! Ysiszs. We respectively callX and Y the

source and thetarget of f. 2

De nition 2.3 (function composition) ff:X ! Yandg:Y ! Z areS-sorted
functions, then their composition g f : X ! Z is the S-sorted function de ned by

(g f)s(x)= gs(fs(x)) for s2 Sandx 2 X. 2

De nition 2.4 (binary relation) An S-sorted binary relation on X, written
R X X, is an S-indexed family of binary relationsR = Ry  Xs Xsiszs. For

s2 Sandx;y 2 Xs, XRgy, also written xRy, meanshx;yi 2 Rs. 2

De nition 2.5 (equivalence relation) Let R be an S-sorted relation onX. R is an

S-sorted equivalence on X if it is re exive ( XRgx), symmetric (XRsy =) YRgX), and

transitive (XRgy ™ YRsz =) XxRgsz). The symbol is used for §-sorted) equivalence
relations. 2
De nition 2.6 (quotient set) Let be anS-sorted equivalence oX. If s2 S and
X 2 Xs, then the equivalence class of x modulo isthesetk] . =fy2 XsjX sYg

The quotient of X modulo , denotedX= , is the S-sorted sethf[x] . j X 2 XsQiss.2

De nition 2.7 (many-sorted signature) An S-sortedsignature isapair = hS; i,
where S is a set of sort names and isan§  S)-sorted set of operation names. By
S we mean the set of all nite strings fromS, including the empty string . Call f an

operation symbol of arity s;:::s, and ofresult sort siff 2 o ., . 2
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De nition 2.8 (many-sorted algebra) Let = IS; i be asignature. A -algebra

A consists of anS-sorted setjAj of carrier sets ; and for eachf 2 ¢ ..¢, s, @ function
faljAjs, i Als, '] Ajs:

For an operator symbolf 2 ., the function fo 2 jAjs (also written fA 1] Ajs) is a

constant of A of sorts. 2

De nition 2.9 (many-sorted homomorphism) Let = KS; i be a signature and
let A and B be -algebras. A -homomorphism h: A! B is an S-sorted function

h:jAj!] Bjsuchthatiff 2 4 ..s,sandifa; 2jAjs;:::;a, 2jAjs,, then

2.2 Graphs and Graph Homomorphisms

The type of graph introduced in this section is a speci c versioaof directed graph adapted
to category theory as well as many areas of the literature origeebraic graph transforma-
tion (see [ET96] for references). The importance of graphs ihis thesis is two-fold: on
the one hand, the de nition of graph serves as a basis for de rgnthe term \diagram" in

category theory (this is quite standard in any introductory reatment of category theory).
And, on the other hand, the notions of graph and graph homomohism is core to the

frameworks developed in Chapters 5 and 6.

De nition 2.10 (graph) A graph is a quadrupleG = (N;E; source;target;) where
N is a set of nodesE is a set of edges, andource;target; : E ! N are functions
respectively giving the source and the target for each edge. ghaph homomorphism

from a graph G = (N; E; source;target;) to a graph G°= (N % E® sourceo; targetso) is

a pair of functionsh = thpgge : N ! N%hegge : E! EY such that:

Nhode SOUrcg = sourcgo hedge and hnode targety = targetzo hegge| 2
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Figure 2.1: Examples of graphs and graph homomorphisms

Example 2.11 Figure 2.1 illustrates four graphsA, B, C, and D along with four possible
homomorphismsh: A! B,k:B! B,I:A! C,andp:B! D.
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An equivalent de nition for graph and graph homomorphism can b given by noticing
that a graph is a (two-sorted) algebra and a graph homomorphisns a (two-sorted)

homomorphism:

De nition 2.12 A graph is a g-algebra and agraph homomorphism is a g-

homomorphism where ¢ = hSg; i is de ned as followed:
Sg = fnode edgey;
edgenode = f sourcetargety;
ws = ; for all otherw 2 S; ands 2 Sg. 2
Notation ~ We usually drop the sort subscripts of the functions that comprisa graph
homomorphism and use the name of the homomorphism as an overleddperator that

acts on both nodes and edges. For example, for a noalg we write h(a;) = n; instead

of hnede(a1) = N1; and for an edgeb;, we write h(l) = €, instead ofhegge(br) = €. 2

2.3 Lattices

This section reviews some basic de nitions and results on latgs. Lattice theory [Bir79,
DPO02] provides a uni ed framework for the study of ordered setdt nds one of its wide

applications in fuzzy set theory [Gog74, HR99] which will be #hfocus of Chapter 4.

De nition 2.13 (partial order relation) A partial order on a setA is a binary

relation on A such that the following conditions hold:
1.8a2A:a a (re exivity)
2.8ab2A:a b b a=) a=b (anti-symmetry)

3.8ab;c2A:a b b c=) a c (transitivity)
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We call a total order on A if the following condition holds, as well:
4. 8a;b2A:a b_b a (totality condition)
2
De nition 2.14 (partially ordered set) A non-empty set with a partial order on it

is called apartially ordered set  or a poset for short. If the relation is a total order
then the set is called aotally ordered set or more conveniently achain . In a poset

A, we use the expression < b to indicate that a bbut aé b. 2

De nition 2.15 (bottom and top) Let P be a poset. P has abottom element if
there exists? 2 P suchthat? x for all x 2 P. Dually, P has atop element if there

exists>2 P suchthatx > forallx2 P. 2

De nition 2.16 (covering relation) Let P be a poset and letx;y 2 P. We sayXx is
covered by y (ory covers x),andwrite x yory X,ifx<y andx z<y implies

Z= X. 2

It simply follows that for elementsx;y in a nite poset P: x <y if and only if there
exists a nite sequence of covering relationg = Xo  X; i Xn = Y. This is
the underlying observation for visualizing nite posets byHasse diagrams . A Hasse
diagram is a graphical rendering of a poset displayed via thevaying relation of the poset
with an implied upward orientation. In a Hasse diagram, the eleents of a nite posetP
are displayed in such a way that for everg; b2 P: if a b thenbis located abovea and
the two elements are connected with a line segment. Figure 2lRstrates Hasse diagrams.
In Figure 2.2(a), for example, the covering relationisfta b;a c¢;b d;c dg. Itcan
be veri ed that for a nite poset P, the relation is equal to  (the closure of ).

Therefore, can be reconstructed from the Hasse diagram correspondingRo

De nition 2.17 (upper bound and lower bound) Let P be a poset andA P.

An elementp 2 P is anupper bound (resp. lower bound ) of A if

8a2A:a p (resp.8a2 A:p a) 2
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d c
@@ ‘ b c c d
@ A @
@ ‘ A @@
A
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(@) (b) (©) (d)
Figure 2.2: Examples of Hasse diagrams
De nition 2.18 (supremum and in mum) Let P be a poset andA P. An ele-

ment p 2 P is the least upper bound or the supremum of A, written sup A, if pis
an upper bound ofA, and for all upper boundsx of A, p  x. Dually, an elementp 2 P
is the greatest lower bound or thein mum of A, written inf A, if pis a lower bound

of A, and for all lower boundsx of A, x p. 2

Notation ~ We write xt vy, read as X join y", in place of supfx;yg when it exists;
and x uy, read as X meet y", in place of inf fx;yg when it exists. Similarly, we write
F d

A (the join of A"), and A (\the meet of A") in place of sup A and inf A,

respectively, when they exist. 2

De nition 2.19 (lattice) Let P be a poset. Ifxt y and x u y exist for all x;y 2 P,
F d
then P is called alattice . If A and A exist for all A P, then P is called a

complete lattice . 2
Lemma 2.20 (cf.e.g.[DP02]) Every nite lattice is complete. }

Lemma 2.21 (cf.e.g.[DPO02]) Every complete lattice has a bottom?() and a top ()

element. }

Example 2.22 In Figure 2.2,(a) and (b) are lattices, but(c) and (d) are not: in (c),

supfb; @ does not exist; and in(d) , the setf a; by fails to have a least upper bound.



Chapter 3

Category Theory

In this chapter, we outline the categorical machinery needein the thesis. We assume
no prior familiarity with category theory and introduce all the category-theoretic notions
that will be used in the next chapters. It has not been our aim in gneral to supply
the proof for every single result mentioned in this chapter; heever, in cases where the
proof of some result icomputationally[RB88] important due to its constructive nature,

we have provided the proof in Appendix A.

The canonical introduction to category theory is Mac Lane'®ook[Mac71] although
the book is fairly dicult to read for the uninitiated. An exce llent introduction to
category theory from a computer science perspective is Barr daWells' book [BW99].
Unfortunately, this book does not cover the topic of comma cagories which is crucial
in this thesis. The reader should consult [GB84, RB88] where ddtd treatments of
this topic can be found. Another excellent introduction to cgegory theory is Chapter 3
of Sannella and Tarlecki's upcoming book[ST]. The authorsf ¢his book have given a
comprehensive and yet concise account of those topics in catggtheory that are often

taken for granted in computer science

1| am grateful to the authors of [ST] for granting me access to a draft of their look.

13
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3.1 Categories
De nition 3.1 (category) A category C consists of:

1. a collection of objects denote¢Cj;

2. foreveryA;B 2 jCj, acollectionHom¢ (A; B) of morphisms (also calledarrows )
from A to B. We writef : A! B whenf 2 Hom¢(A;B) and call A the source

and B the target of f;
3. for everyA;B;C 2jCj, acomposition operation

:Homc(A;B) Homc(B;C)! Homc(A;C)

such that:

I. (composition associativity any morphismsf 2 Homc(A;B), g 2 Hom¢(B; C),

and h 2 Hom¢c(C; D) satisfy: h (g f)=(h g) f;

[l. (existence of identity for every A 2 jCj, there exists a morphismd 2 Homc (A; A),
called theidentity of A, such thatf id, = f for any morphismf 2 Hom¢(A;B);
andida g= g for any morphismg 2 Hom¢(B;A). 2

Example 3.2

A single object together with a single morphism (which must be th&lentity mor-

phism) constitutes a category, denoted.

The category of sets, denote®et, has sets as objects and functions as morphisms.

Notice that the source and the target of every function is exglitly given.

For a given signature , the category of -algebras, denotedAlg (), has -algebras

as objects and -homomorphisms as morphisms.
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For the signature ¢ given in De nition 2.10, Alg ( ¢) is the category of graphs

which will hereafter be denotedGraph .

A posetP can be viewed as category whose objects are the element® pand for
any x;y 2 P satisfyingx vy, there is a unique morphism that has as source and

y as target.

A set can be viewed as a category whose objects are the elemeftthe set and

whose only morphisms are the identity morphisms.

De nition 3.3 (small, locally small, and large categories) A categoryC issmall
if jCj is a set and for anyA;B 2 jCj, the collection Homc(A;B) is a set, as well. A
category islocally small if Homc(A;B) is a set for anyA; B 2 jCj. If a category is

not small, then it is said to belarge . 2

Remark 3.4 All the categories referred to in this thesis are locally small. 2

3.2 Functors

De nition 3.5 (functor) A functor F : C! D consists of:
A function Foy; :jCj!j Dj;
For every A;B 2 jCj, a function Fag : Homc(A;B) ! Homp Fopi (A); Fop (B) .
such that:
1. Identities are preservedFana (ida) = idg,, (a) for everyA 2 jCj.

2. Composition is preserved: Fac(g f) = Fg.c(g) Fag(f) for all morphisms

f:A! Bandg:B! CinC. 2



Chapter 3. Category Theory 16

Example 3.6 (identity functor) For a categoryC, there exists a functorlc : C ! C,

known as theidentity functor  on C, that maps every object and morphism inC to

itself.
Example 3.7 (Cartesian product functor) There is functor T : Set ! Set, known
as the Cartesian product functor , that maps every setN to N N and every

functionf : N ! NO%of f:N N! N° NO9wheref f is the function such that

(x;y) i f(x);f(y) forall x;y 2 N.

De nition 3.8 (category of locally small categories) The category of locally small
categories, denotedCat, has locally small categories as objects and functors as mor-
phisms. IfF : A ! B and G : B ! C are Cat-morphisms (i.e. functors),

G F:A ! Cisdened as follows:

(G F)obj = Gobj Fouj;

(G F)A;B = GF(A);F(B) Fag forall A;B 2jA .
The identity morphism for every A 2 jCatj is the identity functor I :A ! A. 2
Example 3.9 (underlying graph functor) Let C be a category. By forgetting how
morphisms in C are composed and forgetting which morphisms are the identiig we
obtain the underlying graph  of C. This yields a functorU : Cat ! Graph that
maps everyC 2 jCatj to the underlying graph of C and everyCat -morphism F to the

graph homomorphism induced by~. Notice that, by de nition, every functor is a graph

homomorphism but the converse is not true.

3.3 Diagrams

De nition 3.10 (diagram) Let C be a category and letG be a graph. Adiagram of
shape G in C is a graph homomorphisnD : G! U(C), whereU : Cat ! Graph is
the underlying graph functor (cf. Example 3.9). 2
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Example 3.11 In Figure 2.1, graphC can be thought of as the underlying graph of
a category C with objects X, Y, Z and identities idx, idy, idz. The non-identity
morphisms aref : X ! Y andg: X ! Z. The graph homomorphisml : A! C in

Figure 2.1 identi es the following diagram inC:

f
= — >Y
idx‘ lidy
x— _f Y

The shape graph for the above diagram is graph as shown in Figure 2.1.

De nition 3.12 ( nite diagram) A diagram is said to be nite if its shape graph is

nite, that is, if its shape graph has a nite number of nodes andedges. 2

De nition 3.13 (discrete diagram) A diagram is said to bediscrete if its shape

graph has no edges. 2

De nition 3.14 (commutative diagram) AdiagramD : G! U(C)is said tocom-
mute (or be commutative ) if for each pair of nodes;j in G and any two paths:

So Snh 1

ke — = >k — >'— — >kn= — = >kp 1
> N
i j

IT’_'— >|‘2_ —_ >|m‘2“— _'>|m1
t2 tm 1

fromi toj in G, we have:

D(sn) D(sn 1) D(s2) D(s1)= D(tm) D(tm 1) D(tz2) D(ty): 2
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3.4 Some Basic Category Theoretic De nitions
Throughout this section, letC be an arbitrary category.

De nition 3.15 (isomorphism) A C-morphismf : A! B is anisomorphism if
there exists a morphismf 1:B ! A suchthatf ! f =idy andf f 1= idg. The

morphismf 1 is called theinverse of f ; and objectsA and B are calledisomorphic .2

Remark 3.16 (isomorphic categories) CategoriesA and B are said to be isomor-

phic if there exists an isomorphisnt : A ! B in Cat. 2

De nition 3.17 (initial object) An object 0 2 jCj is initial if for every A 2 jCj,

there exists a unique morphismhi: 0! A. 2

Example 3.18 (initial objects in Set and Graph) The initial object in Set (resp.

Graph ) is the empty set (resp. the empty graph).

Notation  Throughout the rest of this chapter, a dashed morphism in a diagm indi-

cates the uniqueness of that morphism. 2

De nition 3.19 (binary coproduct) A binary coproduct of A;B 2 jCjis an object
A+ B 2 jCj together with a pair of morphisms{y : A! A+B and{s :B! A+B, called
the injection morphisms, such that for anyC 2 jCj and pair of morphismsf : A! C
andg: B! C there is a uniqgue morphismhf jgi : A+ B ! C making the following

diagram commute:
C

Mg \J

A
|
|
|
|
|
|
|
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Example 3.20 (canonical binary coproducts in Set) The canonical binary coprod-
uct of two setsA andB is the setA] B together with the obvious injections{, : A! A] B
and{z :B! A] B.

De nition 3.21 (coequalizer) A coequalizer of a pair of parallel C-morphisms
f:Al Bandg:A! B isanobjectC 2jCj together with a morphismq: B! C
such thatg f = q g and for any morphismk : B! D satisfyingk f = k g, thereis
a unique morphismh : C! D such thath q= k.

f

_a

A < B—

«

C
|
|
!

v

D

Example 3.22 (canonical coequalizers in Set) Letf :A! Bandg:A! B bea
pair of Set-morphisms (i.e. functions) and letR = f(a);g(a) ja2 A . Assuming g
is the smallest equivalence relation that includeR, the canonical coequalizer df and g
is B= R (i.e. the quotient of B modulo g) together with the function q: B! B= g

such thatq(b) =[b] . forallb2 B.

Remark 3.23 It is easy to verify that for a binary relation R on a (single-sorted) set
S, the smallest equivalence relation that includeR, denoted g, can be constructed as
follows: consider arundirected graphG in which the set of nodes IS, and for any nodes
X;y in G, there is an undirected edge betweex and y if and only if (x;y) 2 R. Then,
B= r will be the set of G's connected components. Thus, for any;y 2 S: x gr VY if

and only if x and y belong to the same connected component Gf. 2

De nition 3.24 (pushout) A pushout of a pair of C-morphismsf : C ! A and
g:C! B is an objectP 2 jCj together with a pair of morphismsj : A! P and
k:B! P such that:



Chapter 3. Category Theory 20
j =k g

for any P°2 jCj and pair of morphismsj®: A! P%and k®: B ! P9 satisfying
jo f = k° g, there is a uniqgue morphismh : P ! P9 such that the following

diagram commutes:

Remark 3.25 (construction of pushouts) A pushout of any pair of C-morphisms
with common source can be constructed if every pair @-objects has a coproduct and
every pair of parallelC-morphisms has a coequalizer: Idt: C! A andf :C! B be
a pair of morphisms and letA + B 2 jCj together with the injections{y : A! A+ B
and{z : B! A+ B be a binary coproduct ofA and B. Let P 2 jCj together with a
morphismqg: A+ B! P be acoequalizerofs, f and{z g. It can be veri ed that the

outer square in the following diagram is indeed a pushout squdEP72]:

A
f (s g {a
{a f q
C:% §§A+Br— ->PpP
g e q {&
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[ ff X1; Y2, Mag; £ Z3; No; Oo0; F Togif Pogg|
p A, PAN 7 A
ff X1, Y20:f Y105F Z1; To0; f X 200 SN '-.
T A A A '=.
fX;Y;Z:Tg fM; N;O;Pg
L N TR S 7T
£X; YiZg X Y 1o == o g
SN N
o> oy Xl/'\"2 fA; B; C; Dg
fA; Bg TN,
o Z
Z O
1 2
\Zl T2 ) \ J

(a) (b)

Figure 3.1: Pushout examples irSet

Example 3.26 (canonical pushouts in Set) Figure 3.1 shows two examples of canon-
ical pushout computation in Set. The maps corresponding to the morphisms, g, j,
and k of the pushout square have been marked in both examples. The gualso illus-
trates how the required canonical coequalizer for each explm has been computed (cf.

Remark 3.23).

3.5 Colimits

De nition 3.27 (cocone and colimit) Let D be a diagram of shap& in a category
C and let N and E denote the set 0fG's nodes and edges, respectively. A coconever

D is a C-object X together with a family of C-morphismsh , : D(n) ! Xi,,n Such
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that for every edgee 2 E with sourcg(e) = i and targei;(e) = j, the following diagram

commutes:
X
i ]
DB — — —->Df
B —5e ~ P
A colimit of D is a coconeh , : D(n) ! Xip,n such that for any cocone

h2:D(n)! XY,.n, there is a unique morphish : X | X °that makes the following

diagram commute for alln 2 N:

X0 X

D(n)

Lemma 3.28 (cf. e.g.[BW99]) Colimits are unique up to isomorphism. }

De nition 3.29 (cocompleteness) A category C is ( nitely) cocomplete if every ( -

nite) diagram in C has a colimit. 2

Example 3.30 Initial objects, binary coproducts, coequalizers, and pushasiare colim-

its over diagrams of shapega), (b), (c), and (d) respectively:

[
YY
|
|
Y

(@) (b) (©) (d)
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The shape graphb) suggests the generalization of the de nition of binary copractt

in the following sense:

De nition 3.31 (coproduct) The colimit of a diagramD is called acoproduct if D

is discrete. 2

Lemma 3.32 A category with an initial object and binary coproducts has alhite co-
products. }
Proof See Appendix A. |

Among the numerous lemmas on ( nite) cocompleteness of categs, the following
lemma and its corollary are of particular importance due tohe constructive nature of

their proofs:

Lemma 3.33 A category C is nitely cocomplete if it has an initial object, binary co-

products of all object pairs, and coequalizers of all pamllimorphism pairs. }

Proof See Appendix A. |

Corollary 3.34 A categoryC is nitely cocomplete if it has an initial object and pushog

of all pairs of morphisms with common source. }

Proof See Appendix A. |

Example 3.35 Set is nitely cocomplete (cf. Examples 3.18, 3.20, and 3.22).

Remark 3.36 It can also be shown thatAlg () is nitely cocomplete for any signature
, but the proof is more di cult. The interested reader can consult standard textbooks
on Categorical Algebra (such as [Bor94]) for the proof of coc@heteness in the single-

sorted case. The proof for the many-sorted case is analogous. 2
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The intuition behind colimits is that they put things togeth er, with nothing essentially
new added, and nothing left over [Gog91]. A pushout of two mohmsmsf : C! A and
g:C! B in Set, for example, can be interpreted as theombination of setsA and
B with respect to a shared partC in such a way that only one copy ofC is included in

the combination. This observation was illustrated in Example3.26. More generally:

\ Given a species of structure, say widgets, the result of irtennecting a sys-
tem of widgets to form a super-widget corresponds to takingetieolimit of
the diagram of widgets in which the morphisms show how theg artercon-

nected’' [Gog91].

The above dogma is, in fact, the main reason behind our interest ( nite) cocomplete-
ness results. For reasons that will become more clear later in 8ec 3.6, we are also

interested in functors that preserve ( nite) colimits:

De nition 3.37 (cocontinuity) A functor F : C ! D is said to be ( nitely) cocon-
tinuous if it preserves the existing colimits of all ( nite) diagrams n C, that is, if for
any (nite) diagram D in C, the functor F maps any colimiting cocone oveD to a

colimiting cocone over (D). 2

Lemma 3.38 If C is a nitely cocomplete category and if a functof= : C ! D pre-
serves initial objects, binary coproducts of all object pair and coequalizers of all parallel

morphism pairs, thenF is nitely cocontinuous. }

Proof Follows from Lemma 3.33. [ |

Corollary 3.39 If C is a nitely cocomplete category and if a functorF : C ! D
preserves initial objects and pushouts of all pairs of moigms with common source,

then F is nitely cocontinuous. }

Proof Follows from Corollary 3.34. [ |
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3.6 Comma Categories

De nition 3.40 (comma category) Let A, B, andC be categoriesand. :A ! C
and R : B ! C be functors. The comma categoryl( # R) has as objects, triples
(A;f : L(A) ! R(B);B) where A is an object of A, and B is an object ofB. A
morphism from (A;f;B ) to (A%f%B9isapair (s:A! A%t:B ! B9 such that the

following diagram commutes inC:

Ly — = —-R(B)

L(s) R(t)

LAY — 5 ~R(BY

Identities are pairs of identities and composition is de nedcomponent-wise, i.e. for

(L #R)-morphisms (;t) and (s%t9, we have: 6;t) (s%t)=(s s%t t9. 2

It is easy to verify that the above de nition indeed gives rise @ a category.

Remark 3.41 (projection functors) Every comma category [ # R) is equipped with
a pair of projection functors ; : (L #R)! A and ,:(L#R)! B. The former
projects objects and morphisms onto their rst coordinates; ah the latter projects ob-

jects onto their third coordinates and morphisms onto their ssnd. 2

Notation  For an arbitrary category C, any C-object C can be considered a functor
1lc:1! C. AssumingF : A ! C is an arbitrary functor, we usually write (F # C) in

place of F #1c) and (C #F) in place of (1c #F). 2
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Example 3.42 (many-sorted sets over an index set) Let S be a xed set. The
categoryS-Set whose objects ar&-indexed families of disjointsets and whose morphisms
are S-indexed families of functions is isomorphic to the comma agory (I set # S), where

lset : Set! Set is the identity functor on Set.

Example 3.43 (morphism category) For an arbitrary category C, the morphism
category of C, denotedC' , has the morphisms ofC as objects. AC' -morphism from
f:A! Btof?% A°l BCis a pair of C-morphisms h: A! A%k :B ! B9 making
the following diagram commute inC:

f

A c-— — >B
h k
P(O‘—fT > B0

It is easy to verify that C' is isomorphic to (¢ #l¢), wherel¢ is the identity functor

onC.

Example 3.44 (category of graphs, revisited) Denote every graphG as a triple
G=(E;f :E! N N;N)whereE is a set of edgesN is a set of nodes, and is a
function taking everye 2 E to a tuple sourcg(e);targetz(e) 2 N N. Then, a graph
homomorphism from a graphG = (E;f;N ) to a graph G°= (E%f 2 N9 consists of a pair

of functions (hedge : E ! E%hnoge : N I N9 making the following diagram commute in

Set:
f
E- — — >N N
hedge hnode hnode
EC — s~ »N® NO
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It is now easy to verify that Graph is isomorphic to the comma categorylge: # T)
wherelse : Set ! Set is the identity functor on Set and T : Set ! Set is the Cartesian

product functor (cf. Example 3.7).

Lemma 3.45 [Tar86, RB88, Bor94]? LetL: A ! C andR:B ! C be functors with
L nitely cocontinuous. If A and B are nitely cocomplete, so is the comma category
(L # R); moreover, the projections ; : (L#R)! A and ,: (L #R)! B preserve

nite colimits. }

Proof See Appendix A. |

Remark 3.46 Notice that the colimit preservation property of the projecton functors
(established in Lemma 3.45) implies that nite colimits in a conma category  # R)
are inherited from those in the constituent categories (i.eA and B ) whenL is nitely

cocontinuous. 2

Example 3.47 SinceSet is nitely cocomplete and the identity functor is nitely co -
continuous, Lemma 3.45 implies thatl(set # T), i.e. the category of graphs, is nitely
cocomplete as well. Moreover,nite colimits in the category of graphs are computed

component-wise for nodes and edges

Example 3.48 (pushouts in Graph) Figure 3.2 shows an example of canonical pushout
computation in Graph . The naming of graphs and graph homomorphisms in this gure

conforms to that of the objects and morphisms of the pushout squeain De nition 3.24.

2The cited references take the non- nite case into account and prove a stronger result.
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‘f =

frode = fag 7! X182 7! Xo0 fedge= by 7! p1g
Gnode = fay 7! nyjap 7! nyg Geage = fly 7! &g
jrode = X170 SiiXo 7! S2iXa 7! Sa0 Jedge= P17 t1;p2 7! tag
Knode = TNy 7! s1;na 70 SpiNn3 7! S30 Kedge = fer 7! th;6, 7! tr; 63 7! t3g
Figure 3.2: Pushout example irGraph




Chapter 4

Categories of Fuzzy Sets

Since its inception in the 1960s, fuzzy set theory has receiveahsiderable attention from
di erent computing disciplines. In this chapter, we brie y introduce fuzzy set categories
and immediately turn our attention to a few important results regarding them. Most of
the material presented in this chapter can be found in [Gog6&og74] and is probably
well-known in the literature on topos theory (cf. e.g.[BW99BW84]); however, we were
not able to nd any reference that includes all the results we eed in a context close to

that of our work.

4.1 Fuzzy Sets and Fuzzy Set Morphisms

De nition 4.1 (fuzzy set) Let Q be a poset. AQ-valued set is a pair (S; ) con-
sisting of a setS and a function :S! Q. We call S the carrier set of (S; ) and
Q the truth set of . For everys 2 S, the value (s) is interpreted as thedegree of

membership ofsin (S; ). 2

De nition 4.2 (fuzzy set morphism) Let Q be aposetandlet$; )and (T; ) bea

pair of Q-valued sets. A morphismf : (S; )! (T; )isafunctionf :S! T such that

29
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Figure 4.1: Example of fuzzy sets

f, i.e. the degree of membership of in (S; ) does not exceed that of (s) in

(T; ). The functionf : S! T is called thecarrier function  of f. 2

Note In classical fuzzy set theory, it is implicitly assumed that the psetQ is the closed
real interval [0; 1] with the obvious linear ordering. The reader should be aware that no

such assumption has been made in this thesis 2

Example 4.3 Figure 4.1 (informally) shows twoFuzz (A ,4) objects (S; ) and (T; )
along with the carrier functionf : S! T of a Fuzz (A4)-morphismf : (S; ) ! (T; )

whereA 4 is the lattice shown in the same gure.

De nition/Proposition 4.4 (fuzzy set category) For a xed poset Q, the objects
and morphisms de ned above together with the obvious identigés give rise to a category,

denotedFuzz (Q). 2
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4.2 Cocompleteness Results for Fuzzy Set Categories

Lemma 4.5 [Gog68, Gog74]Fuzz(Q) is nitely cocomplete whenQ is a complete

|attice. }

Proof ( sketch ) ' We show how to construct the initial object, binary coproductsand

coequalizers. Finite cocompleteness Bfizz (Q) then follows from Lemma 3.33.

Initial object : 0=(;; )where :;! Q isthe empty function.

Binary coproduct : given objectsX; =(S;; 1) and X, =(S,; ,), a coproduct is
X1+ Xo=(S1+S,; ) where S; + S, is a Set-coproduct (disjoint union) of S; and

S, with injections {, : Sy ! S+ S, forn =1;2; and {,(s) = n(s) fors2 S, and

n=1;2.

Coequalizer : given objects X =(A; ) and Y =(B; ) with parallel morphisms
h,;: X! Yandh,:X ! Y, we rsttake the canonical Set-coequalizer of the carrier
functionsh; : A! B andh,:A! B to ndaset C andafunctiong:B! C. Thus,C

is the quotient of B by the smallest equivalence relation on B such thathy(a) hy(a)

for all a2 A; and q is the function such thatq(b) =[b] for all b2 B. Then, we put
Z=(C; ) where ([ )= FQf () jB® bg. This lifts the function q: B! C to a

morphismq :Y ! Z, which is a coequalizer oh; and h,. |

Remark 4.6 (pushout construction in Fuzz( Q)) Since we want to avoid using the
details of the above proof in the case-study presented in Chapt&, we explain the
procedure for computing fuzzy set pushouts separately: 1€ be a complete lattice.
For computing the pushout of a pair of Fuzz (Q)-morphismsf:(C; )! (A; ) and
g:(C; )! (B; ), rst compute the canonical Set-pushout of the carrier functions
f:C! Aandg:C! B (as discussed in Example 3.26) to nd a seP along with

functionsj :A! P and k:B! P. Then, compute a membership degree for every

1| gratefully acknowledge Andrzej Tarlecki for sketching the proof.
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(P; ) (P; )
| tXuvgD ;s fYigF; fZiTgT; iXogT | | TXuYiMogiD | Z4No OgiF ; fTugM ; Pog T
[ D@ e [106 TP g [fo< Py rmyi@ g [row v m): 03P (Pl

(A5 ) (B; ) (A; ) (B; )
f g \ /

[(AM)i(B: T |f(A:M);(B;T);(C;M);(D; F)gl

(C; ) (C; )

(a) (b)

Figure 4.2: Pushout examples ifFuzz (A 4)

p 2 P by taking the supremum of the membership degrees of all those raknts in
(A; ) and (B; ) that are mapped top. This yields an object ; ) and lifts j and k
to Fuzz (Q)-morphisms which together with @; ), constitute the pushout off and g in

Fuzz (Q). 2

Note In all the gures appearing hereafter in this chapter, a fuzg set (S; ) is depicted

asaset s; (s) js2S. 2

Example 4.7 Figure 4.2 illustrates two examples of pushout computation ikuzz (A 4).

The carrier function for each Fuzz (A 4)-morphism f, g, j, k in Figure 4.2(a) (resp.

Figure 4.2(b)) is the same as the corresponding function in Rige 3.1(a) (resp. Fig

ure 3.1(b)).

De nition 4.8 (carrier functor) The map that takes everyFuzz (Q)-object (S; ) to
its carrier set S and everyFuzz (Q)-morphism f : (S; )! (T; ) to its carrier function

f :S! T yields a functorKq : Fuzz(Q) ! Set, known as thecarrier functor . 2
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Proposition 4.9  The carrier functor Kq : Fuzz(Q) ! Set is nitely cocontinuous when

Q is a complete latticé. }

Proof Based on the proof of Lemma 4.5, it is obvious thaKq : Fuzz(Q) ! Set
preserves the initial object, binary coproducts, and coequaérs. Finite cocontinuity of

Ko then follows from Lemma 3.38. n

4.3 Fuzzy Powersets

De nition 4.10 (fuzzy powerset) Let Q be aposetandleZ =(S; ) be aFuzz(Q)-
object. The powerset ofZ, denotedP (Z), is the set of all (C; ) 2 jFuzz (Q)j such that
C S andforeveryc2 C: (c) (©). 2

Lemma 4.11 [Gog68, Gog74] The powerset of arjuzz (Q)-object is a complete lattice
whenQ is. }

Proof ( sketch) [Gog68, Gog74] For an index sek, the supremum of anl-indexed

S
family of P(Z) elements (Si; i) is a fuzzy set K; ) where X = ,, S and

i21
F
: X ! Qs a function such that for everyx 2 X: (x)=of i(X)ji21;x2 Sg.

The in mum is computed dually. ]

Example 4.12 Suppose the truth-set is the latticeL, = f? ;>g with ? < >. Then,
the powerset of theFuzz (L,)-object Z = fa;bg;fa7!>;b7!>g is the lattice shown

in Figure 4.3.

Remark 4.13 In Example 4.12, if we interpret> as \fully in the fuzzy set" and interpret
? as \not in the fuzzy set at all", then there may exist more than oe element of the

powerset lattice corresponding to a particulameaning In other words, the semantic

2The carrier functor is nitely cocontinuous even when Q is only a poset; however, a separate proof
is required.
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f(a;>);(b;>)g

/\

f(a;>);(b;?)g f(a;?);(b;>)g

T T~ T

f(a;>)g f(a;?);(b;?)g f(b;>)g

f(a;?)g f(b;?)g

Figure 4.3: Powerset lattice example

interpretations of the powerset lattice elements are not muilly distinct when > and ?
are interpreted in the way mentioned. For example, the elemts (;; ), fag;fa7!?g
fbg,fb7!'?g , and fa;bg;fa7!? ;b7!?g Iin the powerset lattice convey the same

meaning. Notice that, in general, these fuzzy sets are nobnsidered to be equal 2



Chapter 5

Fuzzy Viewpoints

This chapter, which embodies the main contributions of theltesis, introduces a category-
theoretic formalism for the representation of a family of grap-based viewpoints, called
fuzzy viewpointsthat are capable of modeling incompleteness and inconsistgmxplicitly.
Intuitively, a fuzzy viewpoint is a graph in which the detail of nodes and edges are anno-
tated with the elements of a lattice to specify the amount of kowledge available about

them.

We show how an appropriate notion of morphism between fuzzy weoints gives
rise to categories of fuzzy viewpoints. We then prove that thesategories are ( nitely)
cocomplete and describe how merging a set of interconnecte@wpoints can be done
by constructing the colimiting viewpoint in an appropriate uzzy viewpoint category.
Colimits also provide a basis for de ning a notion okyntactic inconsistencybetween a
set of interconnected viewpoints. Finally, we illustrate an gglication of our proposed
formalism through a case-study showing how fuzzy viewpoints caarve as a requirements

elicitation tool in reactive systems.

35
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5.1 FView Categories

Let L be a complete lattice of truth values and letU be an arbitrary but xed set,

hereafter called theuniverse of atomic propositions

De nition 5.1 (fuzzy viewpoint) A (L ;U)-fuzzy viewpoint V is a (directed) graph
in which every edgee is labeled with a value fromL and every noden is labeled with
an L-valued set U,; ) whereU, U is the set of atomic propositionsvisible in node
nand ,:U,!L isa function assigning a value fronL to each element inU,. By
forgetting the labels of the nodes and edges W, we obtain a graph which is called the

carrier graph  of V. 2

It is clear from the above de nition that the edges in a [; U)-fuzzy viewpoint form
an L-valued set. The question that remains is constructing the apppriate category that
captures the structure of nodes along with their labels. Thisam be done in the following
way: let : U !L be the constant mapfx 7! > x 2 Ug (notice that > is known
to exist by Lemma 2.21). Thus, U; ) is a Fuzz(L)-object. Now, by Lemma 4.11, we
infer that \the powerset lattice of (U; )" is a complete lattice X. The node-set of a fuzzy
viewpoint V along with the node labels can be described by an object &lizz (X). We

can now de ne the notion of viewpoint morphism as followed:

De nition 5.2 (fuzzy viewpoint morphism) Let V and V° be (L;U)-fuzzy view-
points, and let Ky : Fuzz(X) ! Set and K, : Fuzz(L) ! Set be the appropriate
carrier functors. A viewpoint morphism h:V ! VO%is a pair hh,;hi whereh, is
a Fuzz (X)-morphism and he is a Fuzz (L)-morphism such that KKy (h,); K. (he)i is a

graph homomorphism from the carrier graph o¥ to the carrier graph of V°. 2

De nition/Proposition 5.3 (fuzzy viewpoint category) The above choice of ob-
jects and morphisms along with the obvious identities constite a category of ; U)-

fuzzy viewpoints, which we will hereafter denoté& View (L; U). 2
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T/D\F
N/

M

Figure 5.1: Example of fuzzy viewpoints

Example 5.4 LetL = AjandletU = fx;y;z;wg. Figure 5.1 shows twd-View (A 4; U)-

objects and a possibléView (A 4; U)-morphism.

Note In Figure 5.1 and all the gures in Section 5.3, the viewpoinedges have been left

anonymous and only the truth values labeling them have been ®hn. 2

Remark 5.5 Notice that in Example 5.4, we can replac®) in FView (A 4; U) with any
nite or innite  U%such that fx;y;z;wg U°and yet characterize the viewpoints and

the viewpoint morphism in Figure 5.1 ag-View (A 4; U9 objects and morphisms. 2

Lemma 5.6 The category FView (L;U) is isomorphic to the comma category
(KL #T Kyx) whereK, : Fuzz(L)! Set andKy : Fuzz(X)! Set are the appropri-
ate carrier functors andT : Set! Set is the Cartesian product functor de ned in Ex-

ample 3.7. }

Proof Obvious from De nitions 5.1 and 5.2. [}
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Theorem 5.7 FView (L;U) is nitely cocomplete for any complete latticeL and any

setU. }

Proof SincelL and X are complete lattices, bothFuzz (L) and Fuzz (X) are nitely
cocomplete by Lemma 4.5. Moreover, by Lemma 4.9, we know thitte carrier functor
Ky :Fuzz(L)! Set is nitely cocontinuous whenL is a complete lattice. The theorem

now follows from Lemma 3.45. [ |

Remark 5.8 By Lemma 2.20, Theorem 5.7 implies thaF View (L ;U) is nitely cocom-

plete for any nite lattice L and any setU. 2

Remark 5.9 Although not elaborated here, Lemma 4.9 makes it possible to écin fuzzy
viewpoints with types and additional labels through well-kown comma categorical tech-
niques without violating the cocompleteness result achieved Theorem 5.7. Another

possible extension which we skip is using atomic propositions fabkling edges. 2

A limitation to FView categories which is implicit in the notion of viewpoint mor-
phism is that we assume the existence ofuni ed universe of atomic propositions (de-
noted U). This implies that the name of a proposition su ces for uniquéy identifying
the concept represented by that proposition regardless of wieethe proposition appears;
moreover, no two distinctly named propositions can represent same concept. These
restrictions pose no problems when the reference model madaikable at early stages of
system development life-cycle explicitly speci es and expla the set of atomic propo-
sitions to be used by the stakeholders. Wheb is not given beforehand, the practical
choice ofU is unimportant as long as any nite set is isomorphic to some subsef U.
In such cases, we assum¢# is the set of natural numbers, denoted . This would allow
using as many propositions as needed; however, it is still up tbea analysts to develop
a shared vocabulary of atomic propositions during the eliciteon phase and specify how
the set of atomic propositions used in each viewpoint binds to i shared vocabulary.

We will explain this further in Section 5.3.
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5.2 Viewpoint Integration and Characterization of

Inconsistency

According to the dogma discussed in Section 3.5, colimits can be@oyed for putting
structures together. In our problem, the species of structures FView (L;U) for some
xed complete lattice L and some xed setU. A diagram in FView (L;U) can be re-
garded as a \system" in which viewpoints are represented yView (L ; U)-objects and
viewpoint interconnections are represented by View (L;U)-morphisms. The cocom-
pleteness result given in Theorem 5.7 states that the colimit &sts for any nite diagram
in FView (L; U); therefore, we can integrate any nite set of viewpoints wit known in-
terconnections by constructing the colimit. This categorytheoretic approach formalizes

the ad hocmerge operation sketched in [ECO1].

Viewpoint integration via colimits is abstract from how viewpint interconnections are
identi ed. In Section 5.3, we will illustrate a very simple casen which the interconnec-
tions between two viewpoints are identi ed by introducing athird viewpoint. The reader
should also refer to [HEET99] where some useful patterns for viewipt interconnection

have been mentioned.

In the rest of this section, we will try to clarify how an approprate choice ofL in
FView (L;U) enables us to model and detect inconsistencies. Our argumenil\valso
lead to a de nition for syntactic inconsistency based on colimit The simplest and
maybe the most widely used lattice capable of modeling uncem#y and disagreement
is Belnap's four-valued lattice [Bel77] which was earliereferred to asA 4. In Ay4, every
value shows a possible \amount of knowledge" available about arccept. The valueM
(i.e. Maybe ) denotes a lack of information,T (i.e. True ) and F (i.e. False ) denote
the desired levels of knowledge, anD (i.e. Disagreement ) denotes a disagreement
(or over-speci cation). Another interesting lattice is the ten-valued lattice A ;o shown in

Figure 5.2. This lattice arises naturally in modeling a system ith two stakeholders and
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Incompatible ----+ >
// \ —————— Agreeing
Disagreeing - -+ FT TF <"\
e
Partially Known --> MT
Unknown - ---- > MM

Figure 5.2: The lattice A 1o

will be used for the case-study presented in Section 5.3.

In A, the value MM indicates that no information is available. The valuesTM
and FM (resp. MT and MF) indicate that the rst (resp. second stakeholder has
given a decisivelrue or False answer but no information has yet been provided by the
other stakeholder. We also use these values when stakeholdersirterviewed separately:
for example, if we are interviewing the rst (resp. second) stakelder and (s)he says
something isTrue , the answer is recorded a§M (resp. MT). The valuesTT, FF
indicate that both stakeholders agree on whether something Tsue or False while TF
and FT indicate a disagreement between the stakeholders. Thevalue arises when an
incompatibility occurs. This value is not directly assigned drng elicitation and only
arises in colimit construction. We will explain this further n Section 5.3.

A nice property of bothA 4 and A ¢ is that once we remove the top element from either
lattice, the rest of logical values can be reordered based oreth\level of truth". The
\truth ordering” lattices corresponding to A ; and A 1o have been shown in Figures 5.3(a)
and 5.3(b), respectively. The existence of the truth orders 1ot by mere chance. In fact,
the lower semi-lattice that results from removing the top eleent from A4 (resp. A1)
together with the associated truth ordering in Figure 5.3(a) esp. 5.3(b)) is an instance

of a family of multivalued logics known as Kleene-like [Fit®] logics. In this thesis, we
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TT

S
FT MM TF

\/

F FF
(a) (b)

Figure 5.3: Truth ordering lattices

shall only appeal to the intuitive nature of such logics and thefore, omit the formal
procedure for constructing them. The interested reader shoutéfer to [Fit92] for further
details. The procedure explained there yield& , (without D) and its corresponding truth
order when the input to the procedure is the latticdB, = fF; Tgwith F < T. The lattice
A 1o (without >) and its corresponding truth order arise when the input i8, B, (cf.
e.g.[DPO02] for the de nition of product lattice). A suitable logic for a system with three

stakeholders will arise when the input i8, B, B,, and so on.

The existence of such truth ordering lattices is an advantageh&n we want to interpret
viewpoints according to certain semantics. For example, we pnavant to treat a viewpoint
as a Kripke[CEDO1] structure and verify certain temporal propeties in it through
multivalued model-checking [CEDO1]. For such an applicatig we are naturally interested

in measuring the \amount of truth" for the desired temporal prgerties that should hold.

In the framework we have proposed in this thesis, we are not coneed with any truth
ordering lattices and the only reason for mentioning them hemwas to give a general idea of
the links between syntax and semantics. All we take for granted heis the existence of a
complete knowledge ordering lattice which we denote ly. If we assume that the context

of the system at hand can specify which elements bf representconsistent amounts of
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knowledge and which elements represeimconsistent amounts of knowledge, we can

de ne syntactic inconsistency between a set of interconnectedewpoints as follows:

De nition 5.10 (syntactic inconsistency) A system of interconnected I( ; U)-fuzzy
viewpoints is syntactically inconsistent if the colimit of the diagram corresponding
to the system has some edge or proposition with an inconsistent trutvalue. 2

In A 1o, for example, we may choose to designai@ and FF as consistent and the rest
of the values as inconsistent. This is a reasonable choice whba system we are modeling
mandates total agreement of both stakeholders on every aspelftwe are only interested
in explicit con icts and incompatibilities, we can relax this constraint and only designate
TF, FT and > as inconsistent. Once we have a measure for how much inconsistewey
want to tolerate, the colimit construction can also serve as a mechanism for datgning
when an inconsistencyamelioration phasdEN96] is required. For example, if we want
to model-check the result of viewpoint merge operation, we dive with all A 1o values

except for incompatibilities ).

5.3 Case-Study

In this section, we investigate a simple Requirements Enginéeg problem with the aim
of showing how our proposed framework can be used in practice. pfase Bob and
Mary want to engineer a camerafrom scratch with the help of a requirements analyst
named Sam. Based on the early interviews, Sam has created anexiee model for the
operational behavior of the camera. This early reference mhel, shown in Figure 5.4,
serves as a basis for elaborating Bob's and Mary's requiremsgnising a ( ctional) CASE
tool called FDraw.

The primary role of Sam in this case-study is eliciting the reqeements and identi-

fying the relationships between Bob's and Mary's perspectige This implies that the

1| am grateful to Colin Potts for suggesting the case-study.
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The Camera Specification

Midroll Rewind ) )
abetinie U Sitier Sutton The camera should have a safety switch with
states: \locked" and \unlocked". The locked

state prevents accidental operation.

When the camera is not locked and a new Im i

Safety Switch In-Focus Indicator

loaded, the Im should automatically advance to the rst framece the camera back

is closed. After the Im's last frame is exposed, the camera ldhmwind the Im
automatically back into the cartridge. The camera should atseeta \midroll rewind"

button to rewind the Im before reaching the last frame.

The camera should have a shutter button that can be depressiabizadr all the way.
There should be a click-stop at the halfway point. When theerans not locked, the

shutter button should work as follows:
When pressed halfway, auto-focusing starts;

When pressed completely, the shutter is released to take thergiand then the

Im advances by one frame.

The scenario for taking a picture is as follows: The shutterdmuis pressed halfway.
When focus is achieved, the in-focus indicator will light. $hetter button can then

be pressed completely to take the picture.

Under low-lit conditions, the built-in ash should re autotically.

Figure 5.4: Camera'’s early reference model
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camera project has only two stakeholders, namely Bob and Marthus, the lattice A 19
(Figure 5.2) with Bob as the rst and Mary as the second stakehok is a suitable choice
of knowledge ordering for this project. Since a vocabulary atomic propositions has not
yet been developed, the project is con gured to useView (A io; ) where is the set
of natural numbers. In practice, we do not use natural numberssgproposition names;
rather, we assume that every proposition has a unique natural mber assigned to it (we

will not use any numbers throughout the case-study).

The set of propositions used by Bob and Mary must have no name clashdano
two distinctly named propositions should represent the same thin In order to enforce
these restrictions, whenever either Bob or Mary needs a new piagition namedp for
some purpose, (s)he has Sam check the projeatiata dictionary to ensure that adding
p causes no name clash and that no proposition (probably with a nadi erent from p)

has already been de ned for that particular purpose.

The viewpoints in the camera project are similar to Kripke structures [EC01, CEDO1].
In a viewpoint V, each node denotes atate (world) and each edge denotes @ansition
labeled with the degree of certainty about the possibility of @ng from the source to the
target state of the transition. Furthermore, there exists a urque transitiont :i ! j from
any V-statei to any state V-state . This constraint is not automatically enforced by the
structure of FView (A 10; ), soFDraw should explicitly be con gured to do so.FDraw
disallows parallel transitions between states; but, for conveance, it allows transitions
to be omitted and internally interprets the absent transitiors asMM transitions. Notice
that FDraw could as well be con gured to interpret absent transitios in Bob's (resp.
Mary's) viewpoint as FM (resp. MF) transitions. This would be closer to how absent

transitions are normally interpreted in classical models.

In this case-study, all propositions are treated aglobal When a propositionx does
not appear in a states of a viewpointV, we assume that the owner o¥ either is unaware

of the existence ok, or (s)he does not care about the value of in state s, at least from
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™
—— -
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™
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SHUTTER_OPEN = TM )

™
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\SHUTTER_OPEN =T™M )

Figure 5.5: Bob's viewpoint

the particular perspective thatV re ects. In either case, an unspeci ed proposition in a

state is interpreted asMM . This is analogous to the interpretation of absent transitios.
Figures 5.5 and 5.6 respectively show Bob's and Mary's viewpts?. The important

facts about each of Bob's and Mary's perspectives on the cameran be summarized as

follows:

Bob : he does not di erentiate between di erent shooting modes; heelieves press-
ing the shutter button fullway is allowed even before achiemng focus; he (mistak-
enly) believes the shutter is open during focusing; he believenidroll Im rewind
can occur even when the camera is locked; he does not modeldh#dridge loading

procedure.

Mary : she distinguishes between di erent shooting modes; she belieygsssing
the shutter button fullway is inhibited until focus is achiewed; she does not see

the scenario in which the shutter button is pressed halfway but ieleased without

2In both gures, SHBTNis an abbreviation for SHUTTERUTTQN
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( Locked 1 MF
SHUTTER_OPEN = Mbj/_\
MT
MT Catridge Mount__ |
(“Cartiidge Unmoun{_\ MMt {MOTOR_ON =MT J
{MOTOR_ON =MT 4\ SHUTTER_OPEN = M
MT

SHUTTER_OPEN =M ( Ready Y T
SHUTTER_OPEN = MF

J \

MT
MT

(.
,/—J MT
( Film Advance 1

SHUTTER_OPEN = MF ( Auto-Focusing )
FLASHING = MF {SHUTTER_OPEN = MF ﬂ
s

MOTOR_ON = MT H_BTN_HALFWAY = M

MF / \
MT MT (

Flash Shooting ] ( Normal Shooting ]

MF

SHUTTER_OPEN = MT SHUTTER_OPEN = MT
FLASHING = MT FLASHING = MF
SH_BTN_FULLWAY = MT SH_BTN_FULLWAY = MT

Figure 5.6: Mary's viewpoint

taking a picture; she knows that the camera has a motor that rtd the Im; she
models the cartridge loading procedure and also emphasizesttimounting a new

cartridge can not take place when the camera is locked.

Sam now identi es the interconnection between the two viewgints. He rst identi es
the state interconnections. This has been shown in Figure 5.7. tit® that Sam uses
his own set of names for the states. Once the state interconnectsoare speci ed, the
transition interconnections can be identi ed automaticaly. This is because there is a
unique transition from any statei to any state j of every viewpointV. Thus, if a
viewpoint morphismh : V |  V%maps statesi andj in V to statesi®and j°in V°
respectively, thenh must map the unique transition fromi to j in V to the unique
transition from i°to j%in V°.

Figure 5.8 shows Sam's viewpoint. This viewpoint has been cpaoted by FDraw
directly from the state interconnections. For clarity, we hae chosen to show those tran-

sitions in Sam's viewpoint that are mapped to norMM transitions in Bob's and Mary's



Chapter 5. Fuzzy Viewpoints

Off
Responsive
Focusing

.-",+7 -7, shooting
4 s
Lo ,27,»7 ,#’| Frame Fetch
‘ < 4 K . .
Lockede|” ,-* . 4% ,+ ", Film Rewind
. > 7’ 7 4 7
Responsiver| s ¢ e,
PonSVe 3¢ 7. 7" Bob
Focusingg| S« >4 L7
UMY
Flash Shooting| ;< -~ "~
. Lol 7'\ ’\\ ~
Non-Flash Shootingg ;(A,'\ SO
. % ~ ~ ~
sl NN ~
Film Advanceq >< "~ S~ N Locked
- N

Sam S0 N Ty

Figure 5.7: State

. L N .
Film Rewind g ~< < "~ ~{ NReady

NN N Auto-Focusing
<~ _NFlash Shooting
< >~ N Normal Shooting

«~ N\ Film Advance
N Cartridge Unmount
Cartridge Mount

Mary

interconnections

Film Rewind ¢ off

™

™

Frame Fetch Responsive

™

SH_BTN_HALFWAY = FM_
‘. |SH_BTN_FULLWAY =EM
.\ X v

oMl ™™
- L T™

™

s

\SHUTTER_OPEN =T™M

‘:Jff;ffgf\i\‘t\

( lfbcu\si\ﬁg\ } h
SH_BTN_HALFWAY =TM |-
SH_BTN_FULLWAY= FM|. [~ -
™ SHUTTER_OPEN =TM~.] [*-. 7}

Shootingj\:‘\x\ ] .
SH_BTN_HALFWAY =FM]-.|
y SH_BTN_FULLWAY = TM &~ "~

:: Film Rewind MM

Bob L

MM
.M
Focusing
MM
i MM M

:rlélash Shooting] fNon—Flash Shooting ]

( P )
_J
Sam
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Shared Part (Sam's Viewpoint)

Bob's Viewpoint Mary's Viewpoint

~ .~

Locked

SHUTTER OPEN = Mj/\
Catridge Mount ]

Film Rewind MOTOR_ON = MT 4

MOTOR ON = MT V_\ {SHUTTER OPEN=M
Responsive ]

SHUTTER_OPEN =M
SHUTTER_OPEN = MF MmT
SH_BTN_HALFWAY = FM
( ; SH_BTN_FULLWAY = FM
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( Film Advance TT\I, TTM
SHUTTER_OPEN = MF Focusing
FLASHING = MF SHUTTER_OPEN:TF
MOTOR_ON = MT SH_BTN_HALFWAY =TT TF
SH_BTN_FULLWAY = FM
TT
Flash Shooting /
Non-Flash Shooting

SHUTTER_OPEN =TT J
T SH_BTN_FULLWAY =TT

\FLASHING = T

J

Figure 5.9: Merging the viewpoints

viewpoints. The gure also sketches the viewpoint morphism frorBam's to Bob's view-
point. The morphism from Sam's to Mary's viewpoint, which haveen omitted to avoid

undue complexity in the gure, is analogous.

Notice that Sam does not engage in determining the truth or faéhood of transitions
and propositions; therefore, his viewpoint solely re ects theelationships between Bob's
and Mary's viewpoints. As a result, all transitions in Sam's viewoint are labeled byMM .
Sam can also forget about propositions all together when idefying the interconnections

and use; as the set of visible propositions in all states of his viewpoint.

FDraw now computes the pushout of Bob's and Mary's viewpointsith respect to the
shared part identi ed by Sam. The result of merge operation (etuding MM transitions)
is shown in Figure 5.9. For assigning nhames to the states in the pwsit, we have assumed

that Sam's choice of state names overrides those of Bob and Mamherever possible.



Chapter 5. Fuzzy Viewpoints 49

Here, the only state not mentioned by Sam i€artridge Mount  in Mary's viewpoint, SO
Sam's state names override all state names except ftartridge Mount . This assumption
is of no theoretical importance; however, it can be used to dee a built-in solution to

the name mapping problem.

The pushout in Figure 5.9 clearly re ects the result of mergind@@ob’'s and Mary's
viewpoints. AssumingTF, FT, and > are the only inconsistent values, there are three
cases of syntactic inconsistency in the pushout. THeE- values forSHUTTERPENN Focusing
and the transition from Responsive t0 Flash Shooting/Non-Flash Shooting respectively
show disagreeing perspectives on the shutter's behavior durifigcusing operation and
on picture taking without achieving focus. The other inconsigncy is the> value for

FLASHINGN Flash Shooting/Non-Flash Shooting state.

Intuitively, the > value in A,y arises when a stakeholder wants a propositiax to
hold in a states of a viewpointV and also wantsx not to hold in a state s° of a viewpoint
V %but the interconnections are in such a way thas and s are mapped to the same state
in the colimit. In our example, the simplest reason for gettingfLASHING > is that Sam
has made a mistake in nding the (state) interconnections. Foneample, Bob might have
meant Non-Flash Shooting by saying Shooting ; or maybe, at the time Sam identi ed the
interconnections, Mary had not yet usedrLASHINGO distinguish betweenFlash Shooting
and Non-Flash Shooting  and therefore, Sam thought two distinct states for shooting wdd
be redundant. It is also possible that the incompatible informi#on is indeed due to
the incompatible perspectives of Bob and Mary on the shootingebavior: for example,
Mary may believe the ash clearly distinguishes between two med of shooting while
Bob believes the ash is a separate autonomous peripheral anélidberately refuses to
di erentiate between the states that result from the combinaton of the shooting and the

ashing behaviors.

The nal issue to note regarding this case-study is that althouglhe result of merge

operation in our particular scenario has a unique transitionrbm any statei to any



Chapter 5. Fuzzy Viewpoints 50

state |, this is not necessarily the case in general. Based on how the edugp component
of every viewpoint morphism is identi ed, it can be veried that parallel transitions
between states never arise in the colimit; however, the colitimg object may have some
missing transitions. For example, if Bob saw a stat that Mary did not see, the
pushout would have had no transition fromx to Cartridge Mount  and vice versa. This is
natural, becausex and Cartridge Mount ~ would have never appeared together in a same
elicitation context . This phenomenon can be taken advantage of for specifying the
activities that should be performed in the next round of eli¢ation to Il in the gaps. We

may as well choose to interpret missing transitions in colimitssaMM transitions.
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FGraph Categories

Taking advantage of the same techniques used for de nirff§View categories in the pre-
vious chapter, this chapter introduces a more general famibf categories calleds Graph
categories that may nd applications in other contexts. In oder to make this chapter
reasonably independent from the previous, we provide some segiarexamples for illus-
trating the structure of FGraph categories. These examples are, of course, not directly
related to the main theme of the thesis. The cocompleteness raguriesented in this chap-
ter might also be of interest for developing graph transformatn systems based on the

double-pushout approach [CMR97]; however, we have not still explored this application.

De nition 6.1 ( FGraph category) Let | and J be a pair of posets. The category
FGraph (I;J)is de ned as the comma category ; # T K,)whereK, : Fuzz(l)! Set
and K; : Fuzz(J)! Set are the appropriate carrier functors andrl : Set ! Set is the

Cartesian product functor as de ned in Example 3.7. 2
Theorem 6.2 FGraph (I;J) is nitely cocomplete whenl andJ are complete lattices.

Proof By Lemma 4.5, both Fuzz (1) and Fuzz(J) are nitely cocomplete, and by
Lemma 4.9,K; is nitely cocontinuous. Finite cocompleteness oF Graph (I;J) then

follows from Lemma 3.45. [ |

51
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De nition 6.3  There is a functorW : FGraph (I;J) ! Graph , called the carrier
graph functor , that maps every object (E;E! J);f :E! N N;(N;N! 1) to
(E;f :E! N N;N) and every morphism &age; thode) 10 K3 (Sdge); Ki (thode) - 2

Remark 6.4 For a complete latticeL and a setU, the categoryF View (L;U), as de ned
in Chapter 5, is isomorphic toFGraph P_ (U; ) ;L where :U!L is the constant
mapfx 7! >j) x2 UgandP_ (U; ) isthe fuzzy powerset ofJ; ) 2 jFuzz (L)j. Notice
that L has a top ¢) element by Lemma 2.21. 2

Example 6.5 Let L be a linear four-point lattice: fwhite ;Light Grey ;Dark Grey ;Black g
ordered by increasing intensity of the black color, and lel be the one-point lattice.

Figure 6.1 illustrates twoF Graph (L ; 1)-objects along with aF Graph (L ; 1)-morphism.

Example 6.6 Figure 6.2 illustrates an example pushout computation ik Graph (L;1).
The morphisms corresponding td , g, j, and k in the pushout square (De nition 3.24)

have been marked in the example.

Example 6.7 Figure 6.3 illustrates an example pushout computation iff Graph (25; A 4)
whereS = fp;q;rg and A 4 is Belnap's four-valued lattice [Bel77]. The nodes and edge
of the carrier graphs of allF Graph (25; A 4)-objects shown in the gure have been left
anonymous and only the lattice values labeling them have beehown. Notice that we
can replaceS with any nite or in nite S°such thatfp;qg;rg S°and yet characterize

the objects and morphisms in Figure 6.3 aBGraph (25°; A,) objects and morphisms.
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FGraph Categories
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Figure 6.1: Example ofF Graph (L;1) objects and morphisms
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N/

Figure 6.2: Pushout computation inFGraph (L;1)
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C

Figure 6.3: Pushout computation inF Graph (27P479; A )
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Chapter 7

Conclusions

Viewpoints have proven to be e ective tools for the managemeand analysis of incom-
plete and inconsistent models gathered from multiple sources the classical viewpoint
approach, incompleteness and inconsistency within a viewpbaannot be modeled explic-
itly. Hence, classical inconsistency analysis techniques typilgarequire the translation
of viewpoints into a rich intermediate formalism before beip able to detect or resolve
any inconsistencies. This translation usually discards structurand blurs the distinc-
tion between the syntactic and the semantic aspects of viewptsn thus making it too
di cult to devise a semantics-independent inconsistency dete@n mechanism based on
structural mappings between viewpoints, and seriously limitig the types of analysis that

can be performed on viewpoints.

Using elementary category-theoretic techniques, this thesiggposed a mechanism
for explicitly representing incompleteness and inconsistenay the syntactic structure of
viewpoints and described a new approach to merging and analyg inconsistent view-
points based on the structural interconnections between thenOur arguments also led

to a de nition for a notion of syntactic inconsistency between ewpoints.
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The major advantages of our framework can be summarized asldols:

The framework is independent of any particular choice of wepoint semantics and
can therefore be applied to any of the large number of graprased notations com-

monly used in Software Engineering.

Inconsistency can be parameterized through lattices. This mek the framework
suitable for dierent types of analysis. For example, the casestly conducted
in Chapter 5 showed how an appropriate choice of lattice can k& a distinction
between disagreements and incompatibilities. This is usefdlwe want to tolerate

the former in our models, but not the latter.

The use of category theory for conceptualizing the merge press naturally results
in the explicit identi cation of interconnections betweenviewpoints prior to the
merge operation rather than relying on naming conventionsot give the desired

uni cation.

The work reported here can be carried forward in many ways. Oduture work in-
cludes adding support for hierarchical structures like Statharts [Har87]; and capturing
the change of the vocabulary of atomic propositions as well dise truth-set through
viewpoint morphisms. Exploring possible ways of taking semangiaelated details into
account is yet another part of our future work that will involve several case-studies. We
are also looking at possible ways for using the results presentedGhapter 6 for devel-

oping graph transformation systems based on the double-pushouygmoach [CMR" 97].



Bibliography

[Bel77]

[Bir79]

[Bor94]

[BW84]

[BW99]

[CEDO1]

N.D. Belnap. A useful four-valued logic. In J.M. Dunn ad G. Epstein,
editors, Modern Uses of Multiple-Values Logigpages 5{37. Reidel Publishing,
1977.

G. Birkho . Lattice Theory. American Mathematical Society, third edition,

1979.

F. Borceux. Handbook of Categorical AlgebraEncyclopedia of Mathematics

and its Applications. Cambridge University Press, 1994.

M. Barr and C. Wells. Toposes, Triples and Theories Grundlehren Math.
Wiss. Springer-Verlag, 1984. An updated version of the book isalable at
ftp://ftp.math.mcqill.ca/pub/barr .

M. Barr and C. Wells. Category Theory for Computing ScienceLes Publi-
cations CRM, Monteal, third edition, 1999.

M. Chechik, S.M. Easterbrook, and B. Devereux. Modehecking with multi-
valued temporal logics. InProceedings of the International Symposium on

Multivalued Logics pages 187{192, 2001.

[CMR*97] A. Corradini, U. Montanari, F. Rossi, H. Ehrig, R. Heckel, and M.Lewe.

Algebraic approach to graph transformation, part I: Basic corepts and dou-

57



Bibliography 58

ble pushout approach. InHandbook of Graph Grammars and Computing by

Graph Transformation, volume 1. World Scienti ¢, 1997.

[DP02] B.A. Davey and H.A. Priestley. Introduction to Lattices and Order. Cam-

bridge University Press, second edition, 2002.

[DS96] P. Darke and Graeme Shanks. Stakeholder viewpoints riequirements def-
inition: A framework for understanding viewpoint developmat approaches.

Requirements Engineering1(2):88{105, 1996.

[DVF93] A. Dardenne, A. van Lamsweerde, and S. Fickas. Goal-dited requirements

acquisition. Science of Computer Programming20(1-2):3{50, 1993.

[Eas93] S.M. Easterbrook. Domain modeling with hierarchied alternative view-
points. In Proceedings of the 1st International Symposium on Requirenien

Engineering pages 65{72, 1993.

[ECO1] S.M. Easterbrook and M. Chechik. A framework for mulvalued reason-
ing over inconsistent viewpoints. InProceedings of the 23rd International

Conference on Software Engineeringpages 411{420, 2001.

[EN96] S.M. Easterbrook and B.A. Nuseibeh. Using viewpoints for inosistency

management.Software Engineering Journgl11:31{43, 1996.

[EP72] H. Ehrig and M. Pfender.Kategorien und Automaten de Gruyter Lehrbuch.
Walter de Gruyter, 1972.

[ET96] H. Ehrig and G. Taentzer. Computing by graph transform#éion, a survey and
annotated bibliography. Bulletin of the European Association for Theoretical

Computer Science59:182{226, 1996.



Bibliography 59

[FGH* 94]

[Fit92]

[FKN*92]

[GB84]

[Gog68]

[Gog74]

[Gog91]

[GTW87]

A. Finkelstein, D. Gabbay, A. Hunter, J. Kramer, and B. Nuseibeh Incon-
sistency handling in multi-perspective speci cationsIEEE Transactions on

Software Engineering20:569{578, 1994.

M. Fitting. Kleene's logic, generalized. Journal of Logic and Computation

1:797{810, 1992.

A. Finkelstein, J. Kramer, B. Nuseibeh, L. Finkelstein, and M.Goedicke.
Viewpoints: A framework for integrating multiple perspectiva in system de-
velopment. International Journal of Software Engineering and Knowledge

Engineering 2:31{57, 1992.

J.A. Goguen and R.M. Burstall. Some fundamental algeaic tools for the
semantics of computation, part I: Comma categories, colimitsjgnatures and

theories. Theoretical Computer Science31:175{209, 1984.

J.A. Goguen.Categories of Fuzzy Sets: Applications of Non-Cantorian Set

Theory. PhD thesis, University of California, Berkeley, 1968.

J.A. Goguen. Concept representation in natural and tacial languages:
Axioms, extensions and applications for fuzzy setd$nternational Journal of

Man-Machine Studies 6:513{561, 1974.

J.A. Goguen. A categorical manifestdVMlathematical Structures in Computer

Science 1:49{67, 1991.

J.A. Goguen, J.W. Thatcher, and E.G. Wagner. An initid algebra approach
to the speci cation, correctness and implementation of abstc data types.
In R.T. Yeh, editor, Current Trends in Programming Methodologyvolume 4,

chapter 5. Prentice-Hall, 1987.



Bibliography 60

[Har87] D. Harel. Statecharts: A visual formalism for complex systes. Science of

Computer Programming 8(3):231{274, June 1987.

[Hec98] R. Heckel. Open Graph Transformation Systems: A New Approach to the
Compositional Modeling of Concurrent and Reactive System$hD thesis,

Technical University of Berlin, 1998.

[HEET99] R. Heckel, G. Engels, H. Ehrig, and G. Taentzer. A viewdsed approach to
system modeling based on open graph transformation systems. Handbook
of Graph Grammars and Computing by Graph Transformatignvolume 2.

World Scienti ¢ Publishing, 1999.

[HR99] U. Hehle and S.E. Rodabaugh, editorsMathematics of Fuzzy Sets: Logic,

Topology, and Measure TheoryKluwer Academic Publishers, 1999.

[KS96] G. Kotonya and I. Sommerville. Requirements engineeg with viewpoints.

Software Engineering Journgl11(1):2{18, January 1996.

[Mac71] S. Mac LaneCategories for the Working Mathematicianvolume 5 ofGrad-

uate Texts in Mathematics Springer Verlag, 1971.

[MNOO]  J.N. Mordeson and P.S. NairFuzzy Graphs and Fuzzy HypergraphBhysica-
Verlag, 2000.

[Mul79]  G. Mullery. CORE: A method for controlled requiremats speci cation. In
Proceedings of the 4th International Conference on Softwaleéngineering

1979.

[NCEF02] C. Nentwich, L. Capra, W. Emmerich, and A. Finkelstein. xlinkit: a con-
sistency checking and smart link generation serviceACM Transactions on

Internet Technology 2(2):151{185, 2002.



Bibliography 61

[RB88] D.E. Rydeheard and R.M. Burstall.Computational Category TheoryPrentice
Hall, 1988.

[ST] D. Sannella and A. Tarlecki. Foundations of Algebraic Speci cations and

Formal Program Development Cambridge University Press. To appear.

[ST99] D. Sannella and A. Tarlecki. Algebraic preliminaries.nl E. Astesiano, H.J.
Kreowski, and B. Krieg-Brackner, editors, Algebraic Foundations of Systems

Speci cation, chapter 2. Springer-Verlag, 1999.

[Tar86] A. Tarlecki. Bits and pieces of the theory of institutons. In S. Abramsky,
A. Poigre, and D. Rydeheard, editors,Summer Workshop on Category The-
ory and Computer Programming pages 334{363. Springer-Verlag, 1986.



Appendix A

Proofs for Chapter 3

In this appendix, we give the proofs for some of the major resalasserted in Chapter 3.

Proof of Lemma 3.32 [RB88] LetD : G! U(C) be a nite discrete diagram in a
category C and let N denote the set ofG's nodes. IfN is empty, then the coproduct
is the initial object; otherwise, there exists soma@ 2 N. Let D°be the same diagram
as D with node n removed from its shape graph. Inductively, construct the copduct
hi:DYi)! Aiiznning: and further let B together with{, : A! B and{p(h :D(n)! B
be a binary coproduct ofA and D (n).

Construct a coconeh ; : D(i) ! Bij,n byletting , = {pmyand ;= {sn forié n.
We claim that h; : D(i) ! Binan is @ coproduct ofD: supposeh 2: D(i) ! BYj,y is
a cocone oveD. Then, h ﬁiZNmng is a cocone oveD® Sinceh iliannfng IS @ colimiting

cocone, there is a unique morphisim: A !  B%such that the following diagram commutes

A — h._. >BO
I i

D(i)

for all i 2 Nnfng:
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Appendix A. Proofs for Chapter 3 63

Now, by the de nition of binary coproduct, there is a uniqgue mephismv :B ! B°

such that the following diagram commutes:

W---—--->W
so

Am — {a 1D (n) D(n)

It follows from the previous two diagrams thatv : B! B?makes the following diagram

\ /
|

D (i)

commute for alli 2 N:

The uniqueness conditions o and v ensure thatv is the only such morphism. (]

Proof of Theorem 3.33 [RB88] LetD : G! U(C) be a nite diagram in a category
C. If D is discrete then the colimit ofD is the coproduct constructed in Lemma 3.32;
otherwise, suppose: x ! vy is an edge inG with associated morphisnf : D(x) ! D(y)
in C. Let D° be the same diagram a® with edge e removed from its shape graph.
Inductively, construct the colimiting coconeh ; : DYi) ! Aij»n on D°whereN is the set

of nodes inD's shape graph (notice that the shape graphs @ and D° have the same

set of nodes).

Now, consider the parallel pair of morphisms, : D(x) ! Aand y f :D(X)! A
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and let B together with q: A! B be a coequalizer of, and , f.

B

C
7N

DO — — DY)

Construct a coconeh; : D(i) ! Bijoy over D by letting ; = ¢

i. We claim
that h;i;on is colimiting: supposeh ?: D(i) ! BY;,y is a cocone oveD. Then,
h %9,y is a cocone oveD? as well. Sinceh; : DYi) ! Aij,n is colimiting, there is a
unique morphismh : A! BPsuch that foralli 2 N : h ; = 2 Hence, we have:
h = 0= 8 f =h  f,and by the de nition of coequalizer, there is a unique

morphismv :B ! B%such thatv g= h.

— — — — > BO

DO — — »D)

Therefore, by letting ; = q , the following diagram commutes for ali 2 N:

B — V_ >BO
D (i)

The uniqueness of/ follows from the uniqueness aoff and h. ]
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Proof of Corollary 3.34  Itis trivial to verify that a pushoutof A 0! B is a binary
. . f
coproduct of A and B; and a coequalizer of;g : A! B is a pushout ofA— g; B. The

desired result then follows from Theorem 3.33. [ |

Proof of Theorem 3.45 Our proof is, in essence, very similar to that of Proposition 2
in [GB84]. We constructively prove that when the conditions stted in Theorem 3.45 are
met, the category L # R) has an initial object, binary coproducts of all object pais,
and coequalizers of all parallel morphism pairs. Colimit pres@tion property of the

projection functors follows directly from the constructiors.

Initial object : By assumption,A and B are nitely cocomplete, so bothA and B
have initial objects. Let 05 be an initial object in A and Og be an initial object in B .
By nite cocontinuity of L, we know that L(0, ) is an initial object in C; therefore, for
eachC-object C, there is a unique morphism fromL (0, ) to C. Particularly, there is a
unique morphismu : L(05)! R(O0g).

We claim that | = (04 ;u;0g) is an initial object in (L # R): supposeC = (A;f;B)
isa (L #R)-object. Lethi: 0, ! A be the uniqueA -morphism from0, to A and let
hi°: 0g ! B be the uniqueB -morphism fromOg to B. Sincel (0, ) is an initial object
in C, there exists a uniqueC-morphismt : L(05)! R(B); hence,t = f L(hi); and for
the same reasont, = R(hi% u. Therefore,f L(hi)= R(hi% u,thatis, (hi;hi%:1! C
is a (L #R)-morphism.

L (0a)- Y- »R(0s)
| I

L(hi)i iR(hiO)
| |

LAy — — ~R(B)

The uniqueness of Ifi;hi% : | | C follows from the uniqueness ofi in A and the

uniqueness ohi’in B .
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Binary coproduct : SupposeC; = (A1;f1;B1); C, = (A, f,;B,) are a pair of L #R)-
objects. LetA = A; + A, with injections k, : A, ! A andletB = B; + B, with
injections j, : B, ! B forn =1;2. By nite cocontinuity of L, we know that L(A)
with C-morphismsL(k,) : L(A,) ! L(A) for n = 1;2 is a binary coproduct ofL (A;)
and L(A;). Therefore, there exists a unique morphisrh : L(A) ! R(B) such that the

following diagram commutes:

LA — o >R(B1)
L (ko) RUD T TRy
LA =, - -R(®)
L (ko) RGi») ) R(j2)
LAy — _f2 >R(B>)

We claim that C = (A;f;B ) with (kn;jn) : Cy! Cforn=1;2is a binary coproduct
of C; and C,: supposeC® = (A%f%B9 is a (L # R)-object and k%;j%) : C, ! C°
forn = 1;2 are L # R)-morphisms. By the properties ofA and B in their respective
categories, there are unique morphism$: A! Alandj®: B! BOsuchthatk® k, = k®

andj® j, = j2 Therefore, the following two diagrams commute ifC for n = 1;2:

L(A,) R(Bn)
L (k) L(A) R(7) R(B)

L(A9 R(B9
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We now show that the following diagram commutes i€ for n =1;2, as well:

LA — — LL R ~R(Bn)
R(jn)
LAy — + — — — *R(B)
L (k) R(j )
L 7RG
LAY — — w5 — — ~R(BY

O LK) =R(Y fa =)
0 LK) L(ka)=R(9 RGn) fo )

fO LK) L(ka)=R(G9Y f L(kn)

By the properties ofL(A) in (L # R), there is a unique morphismh : L(A) ! R(B9
such thatf% L(k%) = h L(k,). Therefore,f% L(k9 = h=R({9 f. Thus, k%j9 is
a morphism fromC to C%in (L # R). Uniqueness of k%j9 follows from the fact that
any morphism ;% such that (k®j% (ka:jn) = (kZ;j2) will make the following two

diagrams commute fom =1; 2:

An Bn
\ &(
Kk A i B
kOO J 00
AC BO

Therefore, by the properties ofA and B in their respective categoriesk®has to be the

same ak®and j ®°has to be the same ag’



Appendix A. Proofs for Chapter 3 68

Coequalizer : SupposeC; = (A1;f1;B1); Co = (A, f2;By) are a pair of L # R)-
objects; and @;b); (&%) : C, ! C, are a pair of parallel { # R)-morphisms. LetA
with p: A, ! A be a coequalizer ohi: A;! A,anda’: A;! A, (in A)and let B
with g: B, ! B be a coequalizer ob: B;! ByandP:B;! B, (in B). By nite

cocontinuity of L, coequalizers inA are mapped to coequalizers i€ ; therefore, there

exists a unique morphisnt : L(A) ! R(B) suchthatf L(p)= R(q) f..

L(AD) — — LR »R(B1)
L(a)| |L(9 L(b)| |L(E)
LA — — fa  _ »R(B>)
L(P) S G
LA- - — >R(®)

We claim that C = (A;f;B ) together with (p;q is a coequalizer of §;bH and
(a% ). It is clear from the above diagram that @;¢) is indeed a morphism in [ #R);

moreover, by the properties ofA and B in their respective categories, we have:

(p;0 (b =(p;0 (a%5H).

AssumingC%= (A%f%B9% is a (L # R)-object and (d;e) : C, ! Clis a (L # R)-
morphism, there exists a unique morphisnk : A! A%(in A) and a unique morphism

|:B! B93in B)suchthat: k p=dandl g= e. We now show that the following
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diagram commutes inC:

fa

LA — — — — — »R(B»)
R(q)
L (p) ¢
I/-(A+ - T — — — >f‘(B)
L(d) R(€)
//L(k) //R(I)
LAY — — w5 — — ~R(BY

O L(d)= R(e) f, =)
fO L(k) L(p)=R() R(Q fz =)

f% L(k) L(p)=R(@) f L(p)

By the properties of L(A) in C, there exists a unique morphismh : L(A) ! R(B9
such that f® L(d) = h L(p). Therefore,f% L(k) = h = R(I) f. Hence, k;l) is
a (L # R)-morphism from C to C°% The uniqueness ofK;l) can be proved in exactly
the same way as how the uniqueness &?%j 9 was proved in the construction of binary

coproducts. |



