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Abstract

A Category-Theoretic Approach to Representation and Analysis of Inconsistency in

Graph-Based Viewpoints
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Master of Science

Graduate Department of Computer Science

University of Toronto

2003

Eliciting the requirements for a proposed system typically involves di�erent stakeholders

with di�erent expertise, responsibilities, and perspectives. This may result in inconsis-

tencies between the descriptions provided by stakeholders. Viewpoints-based approaches

have been proposed as a way to manage incomplete and inconsistent models gathered

from multiple sources. In this thesis, we propose a category-theoretic framework for

the analysis of fuzzy viewpoints. Informally, a fuzzy viewpoint is a graph in which the

elements of a lattice are used to specify the amount of knowledge available about the

details of nodes and edges. By de�ning an appropriate notion of morphism between fuzzy

viewpoints, we construct categories of fuzzy viewpoints and prove that these categories

are (�nitely) cocomplete. We then show how colimits can be employed to merge the

viewpoints and detect the inconsistencies that arise independent of any particular choice

of viewpoint semantics. Taking advantage of the same category-theoretic techniques used

in de�ning fuzzy viewpoints, we will also introduce a more general graph-based formalism

that may �nd applications in other contexts.
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Chapter 1

Introduction

Gathering the requirements for a proposed system is a critical activity that involves

di�erent stakeholders with di�erent perspectives, expertise,responsibilities, goals, and

terminologies. This may bring about various inconsistencies between the descriptions

provided by the stakeholders. Viewpoints-based approaches havebeen proposed as a

way to manage incomplete and inconsistent pieces of information gathered from mul-

tiple sources. Through separating the descriptions provided bydi�erent stakeholders,

these approaches make it possible to capture the expectations and needs of all involved

stakeholders and also facilitate the identi�cation, management, and resolution of incon-

sistencies between the descriptions as early as possible.

A viewpoint is regarded as a projection of a system and its domain from a partic-

ular angle. More precisely, a viewpoint represents the context in which a role is per-

formed [Eas93]. Viewpoints may be employed to specify di�erentfeatures of a system,

describe di�erent perspectives on a single functionality, or model individual processes

that need to be composed in parallel [EC01]. The bene�ts of using viewpoints for gath-

ering requirements were �rst made explicit in the CORE method[Mul79]. Since then,

various viewpoints-based approaches [FKN+ 92, DvF93, KS96] have emerged.

In [DS96], a conceptual framework has been developed for comparing viewpoints-

1



Chapter 1. Introduction 2

based approaches. This conceptual framework, which is based onthe analysis of the state-

of-the-art research in the area, enlists six major activities as the backbone constituents

of every viewpoints-based process model:

� Viewpoint identi�cation : identifying the relevant viewpoints and acquiring the

contents of each them.

� Viewpoint delineation : delineating viewpoints using appropriate techniques and

schemes.

� Viewpoint analysis : analyzing each viewpoint to identify any intra-viewpoint

inconsistencies and to determine the completeness of each viewpoint.

� Viewpoint comparison : comparing all viewpoints to identify any inter-viewpoint

inconsistencies and con
icts.

� Inconsistency management : using inconsistency handling and con
ict resolu-

tion strategies to manage con
icts and inconsistencies.

� Viewpoint integration : combination of all viewpoints into an integrated view-

point if it is considered desirable and feasible to do so.

In most viewpoints-based approaches, a distinction is made between the syntax and

the semantics of viewpoints [DS96]: the syntax is concerned with the rules for expressing

viewpoints while the semantics are concerned with the meaning and the interpretation

of viewpoints. This distinction naturally separates the concerns in the above-mentioned

viewpoint development activities into two di�erent levels: syntactic and semantic. The

aim of this thesis is to provide a uni�ed framework that supports all viewpoint develop-

ment activities at a syntactic level.

The diversity of viewpoints-based approaches makes it too di�cult, if not impossi-

ble, to provide a framework encompassing the syntactic aspects of all existing viewpoint

representations. For this reason, we are compelled to make some assumptions about the
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general structure of viewpoints. Since graph-based formalismshave proven very success-

ful in modeling requirements, we are going to orient our discussion around graph-based

viewpoint representations, i.e. the viewpoint representations whose underlying syntactic

structure is based on graphs.

The most challenging issue to be addressed in our framework concerns �nding a proper

de�nition for inconsistency at a syntactic level. Due to the incapability of the classical

viewpoint approach to model incompleteness and inconsistencyexplicitly, the existing in-

consistency analysis approaches [FGH+ 94, EN96, NCEF02] require the translation of the

entire structure of viewpoints into an intermediate formalism which is typically based on

a rich meta-language such as �rst order logic. This usually complicates the exploration

of structural relationships between viewpoints and blurs thedistinction between the syn-

tactic and the semantic aspects of viewpoint representations, thus making it too di�cult

to give a semantics-independent characterization of inconsistency based on structural

mappings between viewpoints.

It turns out that augmenting the syntactic structure of viewpoints with a means

for describing incompleteness and inconsistency can provide a basis for distinguishing

between the inconsistencies that arise independent of any particular choice of semantics

for viewpoints, and the inconsistencies that materialize onlywhen certain semantics are

in place.

This thesis introduces a category-theoretic formalism for the representation of a family

of graph-based viewpoints, hereafter calledfuzzy viewpoints, that are capable of modeling

incompleteness and inconsistency explicitly. Informally, a fuzzy viewpoint is a graph in

which the details of nodes and edges are annotated with the elements of a lattice to specify

the amount of knowledgeavailable about them. By de�ning an appropriate notion of

morphism between fuzzy viewpoints, we construct fuzzy viewpoint categories and prove

that they are (�nitely) cocomplete. We then show how merging aset of interconnected

viewpoints can be done by computing the colimiting viewpoint in an appropriate fuzzy
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viewpoint category. Colimits will also be used as a basis for de�ning a notion ofsyntactic

inconsistencybetween a set of interconnected viewpoints.

Our proposed framework for modeling incompleteness and inconsistency is very gen-

eral and should apply to any of the large number of graph-based notations commonly used

in Software Engineering. In this thesis, however, our focus will be on a fairly simple kind

of fuzzy viewpoints inspired by� views [EC01]. We will use state-machine-like models to

show how nodes and edges in graphical notations can be decorated with the additional

structures required for modeling incompleteness and inconsistency. An application of

our framework will be illustrated through a case-study. Takingadvantage of the same

category-theoretic techniques used in de�ning fuzzy viewpoints, we will also introduce a

more general graph-based formalism that may �nd applicationsin other contexts.

Related Work

The underlying ideas of this work have, to a great extent, been in
uenced by the inconsis-

tency modeling techniques �rst explained in [EC01]. Our mathematical machinery builds

upon the nice category-theoretic properties of fuzzy sets noted in [Gog68, Gog74]. The

use of colimits as an abstract mechanism for putting structures together has been known

for quite some time in the algebraic speci�cation community (cf. [Gog91] for references).

In [Hec98, HEET99], colimits have been used for mergingconsistent viewpoints. In that

approach, viewpoints are described by open graph transformation systems and colimits

are employed to integrate them. Our proposed framework is, as far as we know, the �rst

use of category theory for merginginconsistent viewpoints.

Fuzzy viewpoints bear some similarity to fuzzy graphs [MN00]. What distinguishes

our work from the body of work done on fuzzy graphs in other computing disciplines is

our emphasis on algebraic structural relationships rather than graph-theoretic analysis

techniques.
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Organization of the Thesis

The remainder of the thesis is organized as follows: Chapter 2 covers some preliminary

notions including sets, algebras, graphs, and lattices. Chapter3 explains the categorical

concepts referred to throughout the thesis. Chapter 4 outlines the de�nitions and lem-

mas on fuzzy set categories needed in the thesis. Chapter 5 introduces fuzzy viewpoint

categories and proposes a de�nition for syntactic inconsistency based on the structural

mappings between viewpoints. The chapter also includes a case-study that illustrates

how fuzzy viewpoints can be used as a requirements elicitation tool in reactive systems.

Chapter 6 develops a graph-based formalism that generalizes fuzzy viewpoints. This

chapter is independent of Chapter 5 and can be read directly after Chapter 4. Finally,

Chapter 7 presents our conclusions and future work.

Guide to the Reader

The end of each lemma, theorem, and corollary is marked by} ; the end of each de�nition,

remark, note, and introduced notation is marked by2 ; the end of each proof is marked

by ; and the end of each example is marked by� .



Chapter 2

Preliminaries

In this and the next chapter, we present the mathematical background for the thesis: this

chapter covers the non-categorical topics including sets, algebras, graphs, and lattices

while Chapter 3 is essentially concerned with explaining the categorical notions referred

to throughout the thesis.

2.1 Many-Sorted Sets and Algebras

This section presents some elementary de�nitions regarding many-sorted sets and alge-

bras. The notation we use here is quite standard and is entirely based on [GTW87, ST99].

De�nition 2.1 (many-sorted set) Let S be a set of sorts. AnS-sorted set is an

S-indexed family of setsX = hX si s2 S, which is empty if X s is empty for all s 2 S.

For S-sorted setsX = hX si s2 S and Y = hYsi s2 S:

1. X [ Y = hX s [ Ysi s2 S (Union )

2. X \ Y = hX s \ Ysi s2 S (Intersection )

3. X � Y = hX s � Ysi s2 S (Cartesian Product )

4. X ] Y = hX s ] Ysi s2 S (Disjoint Union )

6
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5. X � Y () (8s 2 S : X s � Ys) ( Inclusion )

6. X = Y () (X � Y ^ Y � X ) (Equality )

2

De�nition 2.2 (many-sorted function) An S-sorted function f : X ! Y is an

S-indexed family of functionsf = hf s : X s ! Ysi s2 S. We respectively callX and Y the

source and the target of f . 2

De�nition 2.3 (function composition) If f : X ! Y and g: Y ! Z are S-sorted

functions, then their composition g� f : X ! Z is the S-sorted function de�ned by

(g � f )s(x) = gs(f s(x)) for s 2 S and x 2 X s. 2

De�nition 2.4 (binary relation) An S-sorted binary relation on X , written

R � X � X , is an S-indexed family of binary relationsR = hRs � X s � X si s2 S. For

s 2 S and x; y 2 X s, xRsy, also written xRy, meanshx; yi 2 Rs. 2

De�nition 2.5 (equivalence relation) Let R be an S-sorted relation onX . R is an

S-sorted equivalence on X if it is re
exive ( xRsx), symmetric (xRsy =) yRsx), and

transitive (xRsy ^ yRsz =) xRsz). The symbol � is used for (S-sorted) equivalence

relations. 2

De�nition 2.6 (quotient set) Let � be anS-sorted equivalence onX . If s 2 S and

x 2 X s, then theequivalence class of x modulo � is the set [x]� s = f y 2 X s j x � s yg.

The quotient of X modulo � , denotedX=� , is theS-sorted sethf[x]� s j x 2 X sgi s2 S.2

De�nition 2.7 (many-sorted signature) An S-sortedsignature is a pair � = hS;
 i ,

whereS is a set of sort names and 
 is an (S� � S)-sorted set of operation names. By

S� we mean the set of all �nite strings fromS, including the empty string � . Call f an

operation symbol of arity s1 : : : sn and of result sort s if f 2 
 s1 :::sn ;s. 2
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De�nition 2.8 (many-sorted algebra) Let � = hS;
 i be a signature. A� -algebra

A consists of anS-sorted setjAj of carrier sets ; and for eachf 2 
 s1 :::sn ;s, a function

f A : jAjs1 � � � � � j Ajsn ! j Ajs:

For an operator symbolf 2 
 �;s , the function f A 2 j Ajs (also written f A :! j Ajs) is a

constant of A of sort s. 2

De�nition 2.9 (many-sorted homomorphism) Let � = hS;
 i be a signature and

let A and B be �-algebras. A � -homomorphism h: A ! B is an S-sorted function

h: jAj ! j B j such that if f 2 
 s1 :::sn ;s and if a1 2 j Ajs1 ; : : : ; an 2 j Ajsn , then

hs(f A (a1; : : : ; an )) = f B (hs1 (a1); : : : ; hsn (an )) : 2

2.2 Graphs and Graph Homomorphisms

The type of graph introduced in this section is a speci�c versionof directed graph adapted

to category theory as well as many areas of the literature on algebraic graph transforma-

tion (see [ET96] for references). The importance of graphs in this thesis is two-fold: on

the one hand, the de�nition of graph serves as a basis for de�ning the term \diagram" in

category theory (this is quite standard in any introductory treatment of category theory).

And, on the other hand, the notions of graph and graph homomorphism is core to the

frameworks developed in Chapters 5 and 6.

De�nition 2.10 (graph) A graph is a quadrupleG = ( N; E; sourceG; targetG) where

N is a set of nodes,E is a set of edges, andsourceG; targetG : E ! N are functions

respectively giving the source and the target for each edge. Agraph homomorphism

from a graph G = ( N; E; sourceG; targetG) to a graph G0 = ( N 0; E0; sourceG0; targetG0) is

a pair of functionsh = hhnode : N ! N 0; hedge : E ! E 0i such that:

hnode � sourceG = sourceG0 � hedge and hnode � targetG = targetG0 � hedge 2
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a2
b1

n1 n3n2

n4

h k
a1

a3

b2

a4
b3

b4 e4

e1 e3

e2

e5

l p

j 3

q2

j 2

j 4

q3

q1
j 1

j 5

j 7

j 6

q5q4

j 8

X
g

id X

f
Y

id Z

Z

id Y

C D

A B

hnode =

8
><

>:

a1 7! n1; a2 7! n2; a3 7! n4

a4 7! n2

9
>=

>;
hedge =

8
><

>:

b1 7! e1; b2 7! e4; b3 7! e5;

b4 7! e2

9
>=

>;

knode =

8
><

>:

n1 7! n1; n2 7! n2; n3 7! n2;

n4 7! n4

9
>=

>;
kedge =

8
><

>:

e1 7! e1; e2 7! e2; e3 7! e2;

e4 7! e4; e5 7! e5

9
>=

>;

lnode =

8
><

>:

a1 7! X; a2 7! Y; a3 7! X

a4 7! Y

9
>=

>;
ledge =

8
><

>:

b1 7! f; b2 7! id X ; b3 7! f;

b4 7! id Y

9
>=

>;

pnode =

8
><

>:

n1 7! q1; n2 7! q2; n3 7! q2;

n4 7! q3

9
>=

>;
pedge =

8
><

>:

e1 7! j 1; e2 7! j 2; e3 7! j 3;

e4 7! j 4; e5 7! j 5

9
>=

>;

Figure 2.1: Examples of graphs and graph homomorphisms

Example 2.11 Figure 2.1 illustrates four graphsA, B , C, andD along with four possible

homomorphismsh : A ! B , k : B ! B , l : A ! C, and p : B ! D. �
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An equivalent de�nition for graph and graph homomorphism can be given by noticing

that a graph is a (two-sorted) algebra and a graph homomorphismis a (two-sorted)

homomorphism:

De�nition 2.12 A graph is a � G-algebra and agraph homomorphism is a � G-

homomorphism where �G = hSG; 
 G i is de�ned as followed:

SG = f node; edgeg;


 edge;node = f source; targetg;


 w;s = ; for all other w 2 S�
G and s 2 SG. 2

Notation We usually drop the sort subscripts of the functions that comprisea graph

homomorphism and use the name of the homomorphism as an overloaded operator that

acts on both nodes and edges. For example, for a nodea1, we write h(a1) = n1 instead

of hnode(a1) = n1; and for an edgeb1, we write h(b1) = e1 instead ofhedge(b1) = e1. 2

2.3 Lattices

This section reviews some basic de�nitions and results on lattices. Lattice theory [Bir79,

DP02] provides a uni�ed framework for the study of ordered sets.It �nds one of its wide

applications in fuzzy set theory [Gog74, HR99] which will be the focus of Chapter 4.

De�nition 2.13 (partial order relation) A partial order � on a setA is a binary

relation on A such that the following conditions hold:

1. 8a 2 A : a � a (re
exivity)

2. 8a; b2 A : a � b^ b � a =) a = b (anti-symmetry)

3. 8a; b; c2 A : a � b^ b � c =) a � c (transitivity)
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We call � a total order on A if the following condition holds, as well:

4. 8a; b2 A : a � b_ b � a (totality condition)

2

De�nition 2.14 (partially ordered set) A non-empty set with a partial order on it

is called apartially ordered set or a poset for short. If the relation is a total order

then the set is called atotally ordered set or more conveniently achain . In a poset

A, we use the expressiona < b to indicate that a � b but a 6= b. 2

De�nition 2.15 (bottom and top) Let P be a poset. P has a bottom element if

there exists? 2 P such that ? � x for all x 2 P. Dually, P has atop element if there

exists > 2 P such that x � > for all x 2 P. 2

De�nition 2.16 (covering relation) Let P be a poset and letx; y 2 P. We sayx is

covered by y (or y covers x), and write x � y or y � x, if x < y and x � z < y implies

z = x. 2

It simply follows that for elements x; y in a �nite poset P: x < y if and only if there

exists a �nite sequence of covering relationsx = x0 � x1 � : : : � xn = y. This is

the underlying observation for visualizing �nite posets byHasse diagrams . A Hasse

diagram is a graphical rendering of a poset displayed via the covering relation of the poset

with an implied upward orientation. In a Hasse diagram, the elements of a �nite posetP

are displayed in such a way that for everya; b2 P: if a � b, then b is located abovea and

the two elements are connected with a line segment. Figure 2.2illustrates Hasse diagrams.

In Figure 2.2(a), for example, the covering relation is:f a � b; a� c; b� d; c � dg. It can

be veri�ed that for a �nite poset P, the relation � is equal to � � (the closure of� ).

Therefore, � can be reconstructed from the Hasse diagram corresponding toP.

De�nition 2.17 (upper bound and lower bound) Let P be a poset andA � P.

An element p 2 P is an upper bound (resp. lower bound ) of A if

8a 2 A : a � p (resp. 8a 2 A : p � a) 2
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a

b c

d

@
@

@

�
�

�
�

�
�
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@

(a)

a

b

c

(b)
a

b c

A
A

A
AA

�
�
�
��

(c)

a b

c d

�
�

�
�

@
@

@
@

(d)

Figure 2.2: Examples of Hasse diagrams

De�nition 2.18 (supremum and in�mum) Let P be a poset andA � P. An ele-

ment p 2 P is the least upper bound or the supremum of A, written sup A, if p is

an upper bound ofA, and for all upper boundsx of A, p � x. Dually, an elementp 2 P

is the greatest lower bound or the in�mum of A, written inf A, if p is a lower bound

of A, and for all lower boundsx of A, x � p. 2

Notation We write x t y, read as \x join y", in place of supf x; yg when it exists;

and x u y, read as \x meet y", in place of inf f x; yg when it exists. Similarly, we write
F

A (\the join of A"), and
d

A (\the meet of A") in place of sup A and inf A,

respectively, when they exist. 2

De�nition 2.19 (lattice) Let P be a poset. Ifx t y and x u y exist for all x; y 2 P,

then P is called a lattice . If
F

A and
d

A exist for all A � P, then P is called a

complete lattice . 2

Lemma 2.20 (cf. e.g. [DP02]) Every �nite lattice is complete. }

Lemma 2.21 (cf. e.g. [DP02]) Every complete lattice has a bottom (? ) and a top (> )

element. }

Example 2.22 In Figure 2.2, (a) and (b) are lattices, but (c) and (d) are not: in (c) ,

supf b; cg does not exist; and in(d) , the set f a; bg fails to have a least upper bound. �



Chapter 3

Category Theory

In this chapter, we outline the categorical machinery needed in the thesis. We assume

no prior familiarity with category theory and introduce all the category-theoretic notions

that will be used in the next chapters. It has not been our aim in general to supply

the proof for every single result mentioned in this chapter; however, in cases where the

proof of some result iscomputationally[RB88] important due to its constructive nature,

we have provided the proof in Appendix A.

The canonical introduction to category theory is Mac Lane'sbook [Mac71] although

the book is fairly di�cult to read for the uninitiated. An exce llent introduction to

category theory from a computer science perspective is Barr and Wells' book [BW99].

Unfortunately, this book does not cover the topic of comma categories which is crucial

in this thesis. The reader should consult [GB84, RB88] where detailed treatments of

this topic can be found. Another excellent introduction to category theory is Chapter 3

of Sannella and Tarlecki's upcoming book [ST]. The authors of this book have given a

comprehensive and yet concise account of those topics in category theory that are often

taken for granted in computer science1.

1I am grateful to the authors of [ST] for granting me access to a draft of their book.

13
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3.1 Categories

De�nition 3.1 (category) A category C consists of:

1. a collection of objects denotedjCj;

2. for everyA; B 2 j Cj, a collectionHomC (A; B ) of morphisms (also calledarrows )

from A to B. We write f : A ! B when f 2 HomC (A; B ) and call A the source

and B the target of f ;

3. for everyA; B; C 2 j Cj, a composition operation

� : HomC (A; B ) � HomC (B; C) ! HomC (A; C)

such that:

I. (composition associativity) any morphisms f 2 HomC (A; B ), g 2 HomC (B; C),

and h 2 HomC (C; D) satisfy: h � (g � f ) = ( h � g) � f ;

II. ( existence of identity) for everyA 2 j Cj, there exists a morphismid A 2 HomC (A; A),

called theidentity of A, such that f � id A = f for any morphismf 2 HomC (A; B );

and id A � g = g for any morphismg 2 HomC (B; A ). 2

Example 3.2

� A single object together with a single morphism (which must be theidentity mor-

phism) constitutes a category, denoted1.

� The category of sets, denotedSet, has sets as objects and functions as morphisms.

Notice that the source and the target of every function is explicitly given.

� For a given signature �, the category of �-algebras, denotedAlg (�), has �-algebras

as objects and �-homomorphisms as morphisms.
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� For the signature � G given in De�nition 2.10, Alg (� G) is the category of graphs

which will hereafter be denotedGraph .

� A poset P can be viewed as category whose objects are the elements ofP; and for

any x; y 2 P satisfying x � y, there is a unique morphism that hasx as source and

y as target.

� A set can be viewed as a category whose objects are the elements of the set and

whose only morphisms are the identity morphisms.

�

De�nition 3.3 (small, locally small, and large categories) A categoryC is small

if jC j is a set and for anyA; B 2 j Cj, the collection HomC (A; B ) is a set, as well. A

category is locally small if HomC (A; B ) is a set for anyA; B 2 j Cj. If a category is

not small, then it is said to belarge . 2

Remark 3.4 All the categories referred to in this thesis are locally small. 2

3.2 Functors

De�nition 3.5 (functor) A functor F : C ! D consists of:

� A function FObj : jC j ! j D j;

� For every A; B 2 j Cj, a function FA;B : HomC (A; B ) ! HomD
�
FObj (A); FObj (B )

�
.

such that:

1. Identities are preserved:FA;A (id A ) = id FObj (A ) for every A 2 j Cj.

2. Composition is preserved: FA;C (g � f ) = FB;C (g) � FA;B (f ) for all morphisms

f : A ! B and g : B ! C in C. 2
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Example 3.6 (identity functor) For a categoryC, there exists a functorI C : C ! C,

known as theidentity functor on C, that maps every object and morphism inC to

itself. �

Example 3.7 (Cartesian product functor) There is functor T : Set ! Set, known

as the Cartesian product functor , that maps every setN to N � N and every

function f : N ! N 0 to f � f : N � N ! N 0� N 0 wheref � f is the function such that

(x; y)
f � f
7�!

�
f (x); f (y)

�
for all x; y 2 N . �

De�nition 3.8 (category of locally small categories) The category of locally small

categories, denotedCat , has locally small categories as objects and functors as mor-

phisms. If F : A ! B and G : B ! C are Cat -morphisms (i.e. functors),

G � F : A ! C is de�ned as follows:

� (G � F )Obj = GObj � FObj ;

� (G � F )A;B = GF (A);F (B ) � FA;B for all A; B 2 j A j.

The identity morphism for every A 2 j Cat j is the identity functor I A : A ! A . 2

Example 3.9 (underlying graph functor) Let C be a category. By forgetting how

morphisms in C are composed and forgetting which morphisms are the identities, we

obtain the underlying graph of C. This yields a functor U : Cat ! Graph that

maps everyC 2 j Cat j to the underlying graph ofC and everyCat -morphism F to the

graph homomorphism induced byF . Notice that, by de�nition, every functor is a graph

homomorphism but the converse is not true. �

3.3 Diagrams

De�nition 3.10 (diagram) Let C be a category and letG be a graph. Adiagram of

shape G in C is a graph homomorphismD : G ! U(C), where U : Cat ! Graph is

the underlying graph functor (cf. Example 3.9). 2
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Example 3.11 In Figure 2.1, graph C can be thought of as the underlying graph of

a category C with objects X , Y, Z and identities id X , id Y , id Z . The non-identity

morphisms aref : X ! Y and g : X ! Z . The graph homomorphisml : A ! C in

Figure 2.1 identi�es the following diagram inC:

X Y

X Y

................................................... ................................................... ........... ............
f

.............................................................................................................
....
........
....

id X

.............................................................................................................
....
........
....

id Y

................................................... ................................................... ........... ............

f

The shape graph for the above diagram is graphA as shown in Figure 2.1. �

De�nition 3.12 (�nite diagram) A diagram is said to be�nite if its shape graph is

�nite, that is, if its shape graph has a �nite number of nodes andedges. 2

De�nition 3.13 (discrete diagram) A diagram is said to bediscrete if its shape

graph has no edges. 2

De�nition 3.14 (commutative diagram) A diagram D : G ! U(C) is said to com-

mute (or be commutative ) if for each pair of nodesi; j in G and any two paths:

i j

k1 k2 : : : kn� 2 kn� 1

..............
..............

..............
..............

..............
..............

..............
..............

................
............

s1

................................................... ................................................... .................................................. ........... ............
s2 ................................................... ................................................... ........... ............ ................................................... ......................................... ........... ............ ................................................... ................................................... .............................. ........... ............

sn� 1
......................................................................................................................................................................... ..........

..

sn

l1 l2 : : : lm� 2 lm� 1

................................................................................................................................ ..........
..t1

................................................... ................................................... .................................................. ........... ............

t2
................................................... ................................................... ........... ............ ................................................... ......................................... ........... ............ ................................................... ................................................... .............................. ........... ............

tm� 1

.................
.................

.................
.................

.................
.................

.................
.................

.................
................
............

tm

from i to j in G, we have:

D(sn) � D(sn� 1) � � � � D(s2) � D(s1) = D(tm ) � D(tm� 1) � � � � � D(t2) � D(t1): 2
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3.4 Some Basic Category Theoretic De�nitions

Throughout this section, let C be an arbitrary category.

De�nition 3.15 (isomorphism) A C-morphism f : A ! B is an isomorphism if

there exists a morphismf � 1 : B ! A such that f � 1 � f = id A and f � f � 1 = id B . The

morphismf � 1 is called theinverse of f ; and objectsA and B are calledisomorphic .2

Remark 3.16 (isomorphic categories) CategoriesA and B are said to be isomor-

phic if there exists an isomorphismF : A ! B in Cat . 2

De�nition 3.17 (initial object) An object 0 2 j Cj is initial if for every A 2 j Cj,

there exists a unique morphismhi : 0 ! A. 2

Example 3.18 (initial objects in Set and Graph) The initial object in Set (resp.

Graph ) is the empty set (resp. the empty graph). �

Notation Throughout the rest of this chapter, a dashed morphism in a diagram indi-

cates the uniqueness of that morphism. 2

De�nition 3.19 (binary coproduct) A binary coproduct of A; B 2 j Cj is an object

A+ B 2 j Cj together with a pair of morphisms{A : A ! A+ B and {B : B ! A+ B, called

the injection morphisms, such that for anyC 2 j Cj and pair of morphismsf : A ! C

and g : B ! C there is a unique morphismhf jgi : A + B ! C making the following

diagram commute:

A A + B B

C

................................................... ................................................... ................................................... ............ ............

{A
................................................... ................................................... ................................................... ........................ {B

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

............

............

hf jgi

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

......................
............

f

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

..................................

g

2
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Example 3.20 (canonical binary coproducts in Set) The canonical binary coprod-

uct of two setsA andB is the setA] B together with the obvious injections{A : A ! A] B

and {B : B ! A ] B . �

De�nition 3.21 (coequalizer) A coequalizer of a pair of parallel C-morphisms

f : A ! B and g : A ! B is an objectC 2 j Cj together with a morphism q : B ! C

such that q� f = q� g and for any morphismk : B ! D satisfying k � f = k � g, there is

a unique morphismh : C ! D such that h � q = k.

A B C

D

................................................... ................................................... ........... ............
f

................................................... ................................................... ........... ............

g
................................................... ................................................... ........... ............

q
............................................................................................................................................................................ .........

...

k

.............

.............

.............

.............

........
....
........
....

h

2

Example 3.22 (canonical coequalizers in Set) Let f : A ! B and g : A ! B be a

pair of Set-morphisms (i.e. functions) and letR =
��

f (a); g(a)
�

j a 2 A
	

. Assuming� R

is the smallest equivalence relation that includesR, the canonical coequalizer off and g

is B=� R (i.e. the quotient of B modulo � R) together with the function q : B ! B=� R

such that q(b) = [ b]� R for all b2 B. �

Remark 3.23 It is easy to verify that for a binary relation R on a (single-sorted) set

S, the smallest equivalence relation that includesR, denoted� R , can be constructed as

follows: consider anundirected graphG in which the set of nodes isS, and for any nodes

x; y in G, there is an undirected edge betweenx and y if and only if (x; y) 2 R. Then,

B=� R will be the set of G's connected components. Thus, for anyx; y 2 S: x � R y if

and only if x and y belong to the same connected component ofG. 2

De�nition 3.24 (pushout) A pushout of a pair of C-morphisms f : C ! A and

g : C ! B is an object P 2 j Cj together with a pair of morphismsj : A ! P and

k : B ! P such that:
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� j � f = k � g

� for any P0 2 j Cj and pair of morphismsj 0 : A ! P0 and k0 : B ! P0 satisfying

j 0� f = k0� g, there is a unique morphismh : P ! P0 such that the following

diagram commutes:

C

A

B

P

P0

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....................

............

f

................................................... ................................................... ................................................... ........................ ........... ............

g

................................................... ................................................... ................................................... ........................ ........... ............

j

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....................

............

k

....................
....................

....................
....................

....................
....................

....................
....................

....................
....................

....................
....................

....................
....................

....................
....................

..............................
............

j 0

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
................
............

k0

...........
..

...........
..

...........
..

...........
..

...........
..

...........
..............
............

h

2

Remark 3.25 (construction of pushouts) A pushout of any pair of C-morphisms

with common source can be constructed if every pair ofC-objects has a coproduct and

every pair of parallelC-morphisms has a coequalizer: letf : C ! A and f : C ! B be

a pair of morphisms and letA + B 2 j Cj together with the injections {A : A ! A + B

and {B : B ! A + B be a binary coproduct ofA and B. Let P 2 j Cj together with a

morphism q : A + B ! P be a coequalizer of{A � f and {B � g. It can be veri�ed that the

outer square in the following diagram is indeed a pushout square[EP72]:

C

A

B

A + B P
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...................
............

f

.................................................................................................................................................................................................................................................. .........
...

g

................................................... ................................................... .............................. ........... ............
{A � f

................................................... ................................................... .............................. ........... ............

{B � g

.................................................................................................................................................................................................................................................. .........
...

q� {A

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...................
............

q� {B

...............................................................................................................................................................
....
........
....

{A

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

...................

............

{B

................................................... ................................................... ........................... ........... ............
q

2
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Y1
Y2

T2

X 1

Z1

X 2

ZgY;f X; f X; Y; Tg

Bgf A;

k

gf

(a)

f Z1; T2g;f X 2ggf Y1g;ff X 1; Y2g;

j

f X; Y; Z; T g PgO;N;f M;

X 1 M 2

N2

Z1 O2

T1 P2

Y1

B; C; D gf A;

j k

gf

(b)

f P2ggf T1g;ff X 1; Y1; M2g; f Z1; N2; O2g;

Figure 3.1: Pushout examples inSet

Example 3.26 (canonical pushouts in Set) Figure 3.1 shows two examples of canon-

ical pushout computation in Set. The maps corresponding to the morphismsf , g, j ,

and k of the pushout square have been marked in both examples. The �gure also illus-

trates how the required canonical coequalizer for each example has been computed (cf.

Remark 3.23).

3.5 Colimits

De�nition 3.27 (cocone and colimit) Let D be a diagram of shapeG in a category

C and let N and E denote the set ofG's nodes and edges, respectively. A cocone� over

D is a C-object X together with a family of C-morphismsh� n : D(n) ! X i n2 N such
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that for every edgee 2 E with sourceG(e) = i and targetG(e) = j , the following diagram

commutes:

D(i ) D(j )

X

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.....................
............

� i

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.................................

� j

................................................... ................................................... ................................................... .......................... ........... ............

D(e)

A colimit of D is a coconeh� n : D(n) ! X i n2 N such that for any cocone

h� 0
n : D(n) ! X 0i n2 N , there is a unique morphismh : X ! X 0 that makes the following

diagram commute for alln 2 N :

D(n)

XX 0

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.....................
............

� n

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.................................

� 0
n

............. ............. ............. ............. ............. ............. ............. ............. ........................
h

2

Lemma 3.28 (cf. e.g. [BW99]) Colimits are unique up to isomorphism. }

De�nition 3.29 (cocompleteness) A category C is (�nitely) cocomplete if every (�-

nite) diagram in C has a colimit. 2

Example 3.30 Initial objects, binary coproducts, coequalizers, and pushouts are colim-

its over diagrams of shapes(a) , (b) , (c) , and (d) respectively:

(a)

� �

(b)

� �................................................... ................................................... ........... ............

................................................... ................................................... ........... ............

(c)

�

�

�
........
........
........
........
........
........
........
........
........
........
........
........
.................
............

................................................... ................................................... ........... ............

(d) �
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The shape graph(b) suggests the generalization of the de�nition of binary coproduct

in the following sense:

De�nition 3.31 (coproduct) The colimit of a diagram D is called acoproduct if D

is discrete. 2

Lemma 3.32 A category with an initial object and binary coproducts has all�nite co-

products. }

Proof See Appendix A.

Among the numerous lemmas on (�nite) cocompleteness of categories, the following

lemma and its corollary are of particular importance due to the constructive nature of

their proofs:

Lemma 3.33 A category C is �nitely cocomplete if it has an initial object, binary co-

products of all object pairs, and coequalizers of all parallel morphism pairs. }

Proof See Appendix A.

Corollary 3.34 A categoryC is �nitely cocomplete if it has an initial object and pushouts

of all pairs of morphisms with common source. }

Proof See Appendix A.

Example 3.35 Set is �nitely cocomplete (cf. Examples 3.18, 3.20, and 3.22). �

Remark 3.36 It can also be shown thatAlg (�) is �nitely cocomplete for any signature

�, but the proof is more di�cult. The interested reader can consult standard textbooks

on Categorical Algebra (such as [Bor94]) for the proof of cocompleteness in the single-

sorted case. The proof for the many-sorted case is analogous. 2
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The intuition behind colimits is that they put things together, with nothing essentially

new added, and nothing left over [Gog91]. A pushout of two morphisms f : C ! A and

g : C ! B in Set, for example, can be interpreted as thecombination of setsA and

B with respect to a shared partC in such a way that only one copy ofC is included in

the combination. This observation was illustrated in Example3.26. More generally:

\ Given a species of structure, say widgets, the result of interconnecting a sys-

tem of widgets to form a super-widget corresponds to taking the colimit of

the diagram of widgets in which the morphisms show how they are intercon-

nected." [Gog91].

The above dogma is, in fact, the main reason behind our interest in (�nite) cocomplete-

ness results. For reasons that will become more clear later in Section 3.6, we are also

interested in functors that preserve (�nite) colimits:

De�nition 3.37 (cocontinuity) A functor F : C ! D is said to be (�nitely) cocon-

tinuous if it preserves the existing colimits of all (�nite) diagrams in C, that is, if for

any (�nite) diagram D in C, the functor F maps any colimiting cocone overD to a

colimiting cocone overF (D). 2

Lemma 3.38 If C is a �nitely cocomplete category and if a functorF : C ! D pre-

serves initial objects, binary coproducts of all object pairs, and coequalizers of all parallel

morphism pairs, thenF is �nitely cocontinuous. }

Proof Follows from Lemma 3.33.

Corollary 3.39 If C is a �nitely cocomplete category and if a functorF : C ! D

preserves initial objects and pushouts of all pairs of morphisms with common source,

then F is �nitely cocontinuous. }

Proof Follows from Corollary 3.34.
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3.6 Comma Categories

De�nition 3.40 (comma category) Let A , B , and C be categories andL : A ! C

and R : B ! C be functors. The comma category (L # R) has as objects, triples

(A; f : L(A) ! R(B); B) where A is an object of A , and B is an object of B . A

morphism from (A; f; B ) to (A0; f 0; B 0) is a pair (s : A ! A0; t : B ! B 0) such that the

following diagram commutes inC:

L(A0) R(B 0)

R(B)L(A) ................................................... ................................................... ................................................... ..................... ........... ............
f

.................................................................................................................................................................................................................
....
........
....

L(s)

.................................................................................................................................................................................................................
....
........
....

R(t)

................................................... ................................................... ................................................... ........... ........... ............

f 0

Identities are pairs of identities and composition is de�nedcomponent-wise, i.e. for

(L # R)-morphisms (s; t) and (s0; t0), we have: (s; t) � (s0; t0) = ( s � s0; t � t0). 2

It is easy to verify that the above de�nition indeed gives rise to a category.

Remark 3.41 (projection functors) Every comma category (L # R) is equipped with

a pair of projection functors � 1 : (L # R) ! A and � 2 : (L # R) ! B . The former

projects objects and morphisms onto their �rst coordinates; and the latter projects ob-

jects onto their third coordinates and morphisms onto their second. 2

Notation For an arbitrary category C, any C-object C can be considered a functor

1C : 1 ! C. AssumingF : A ! C is an arbitrary functor, we usually write (F # C) in

place of (F # 1C ) and (C # F ) in place of (1C # F ). 2
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Example 3.42 (many-sorted sets over an index set) Let S be a �xed set. The

categoryS-Set whose objects areS-indexed families of disjointsets and whose morphisms

areS-indexed families of functions is isomorphic to the comma category (I Set # S), where

I Set : Set ! Set is the identity functor on Set. �

Example 3.43 (morphism category) For an arbitrary category C, the morphism

category of C, denotedC ! , has the morphisms ofC as objects. AC ! -morphism from

f : A ! B to f 0 : A0 ! B 0 is a pair of C-morphisms (h : A ! A0; k : B ! B 0) making

the following diagram commute inC:

A0 B 0

BA ................................................... ................................................... .................................................. ........... ............
f

...............................................................................................................................................................
....
........
....

h

...............................................................................................................................................................
....
........
....

k

................................................... ................................................... .................................................. ........... ............

f 0

It is easy to verify that C ! is isomorphic to (I C # I C ), where I C is the identity functor

on C. �

Example 3.44 (category of graphs, revisited) Denote every graphG as a triple

G = ( E; f : E ! N � N; N ) where E is a set of edges,N is a set of nodes, andf is a

function taking every e 2 E to a tuple
�
sourceG(e); targetG(e)

�
2 N � N . Then, a graph

homomorphism from a graphG = ( E; f; N ) to a graph G0 = ( E 0; f 0; N 0) consists of a pair

of functions (hedge : E ! E 0; hnode : N ! N 0) making the following diagram commute in

Set:

E 0 N 0 � N 0

N � NE ................................................... ................................................... .................................................. ........... ............
f

........................................................................................................................................................................................
....
........
....

hedge

........................................................................................................................................................................................
....
........
....

hnode � hnode

................................................... ................................................... .......................................... ........... ............

f 0
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It is now easy to verify that Graph is isomorphic to the comma category (I Set # T)

whereI Set : Set ! Set is the identity functor on Set and T : Set ! Set is the Cartesian

product functor (cf. Example 3.7). �

Lemma 3.45 [Tar86, RB88, Bor94]2 Let L : A ! C and R : B ! C be functors with

L �nitely cocontinuous. If A and B are �nitely cocomplete, so is the comma category

(L # R); moreover, the projections� 1 : (L # R) ! A and � 2 : (L # R) ! B preserve

�nite colimits. }

Proof See Appendix A.

Remark 3.46 Notice that the colimit preservation property of the projection functors

(established in Lemma 3.45) implies that �nite colimits in a comma category (L # R)

are inherited from those in the constituent categories (i.e.A and B ) when L is �nitely

cocontinuous. 2

Example 3.47 SinceSet is �nitely cocomplete and the identity functor is �nitely co -

continuous, Lemma 3.45 implies that (I Set # T), i.e. the category of graphs, is �nitely

cocomplete as well. Moreover,�nite colimits in the category of graphs are computed

component-wise for nodes and edges. �

Example 3.48 (pushouts in Graph) Figure 3.2 shows an example of canonical pushout

computation in Graph . The naming of graphs and graph homomorphisms in this �gure

conforms to that of the objects and morphisms of the pushout square in De�nition 3.24.�

2The cited references take the non-�nite case into account and prove a stronger result.
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f node = f a1 7! x1; a2 7! x2g f edge = f b1 7! p1g

gnode = f a1 7! n1; a2 7! n2g gedge = f b1 7! e1g

j node = f x1 7! s1; x2 7! s2; x3 7! s4g j edge = f p1 7! t1; p2 7! t4g

knode = f n1 7! s1; n2 7! s2; n3 7! s3g kedge = f e1 7! t1; e2 7! t2; e3 7! t3g

Figure 3.2: Pushout example inGraph



Chapter 4

Categories of Fuzzy Sets

Since its inception in the 1960s, fuzzy set theory has receivedconsiderable attention from

di�erent computing disciplines. In this chapter, we brie
y introduce fuzzy set categories

and immediately turn our attention to a few important results regarding them. Most of

the material presented in this chapter can be found in [Gog68,Gog74] and is probably

well-known in the literature on topos theory (cf. e.g. [BW99, BW84]); however, we were

not able to �nd any reference that includes all the results we need in a context close to

that of our work.

4.1 Fuzzy Sets and Fuzzy Set Morphisms

De�nition 4.1 (fuzzy set) Let Q be a poset. AQ-valued set is a pair (S; � ) con-

sisting of a setS and a function � : S ! Q. We call S the carrier set of (S; � ) and

Q the truth set of � . For every s 2 S, the value � (s) is interpreted as thedegree of

membership of s in (S; � ). 2

De�nition 4.2 (fuzzy set morphism) Let Q be a poset and let (S; � ) and (T; � ) be a

pair of Q-valued sets. A morphismf : (S; � ) ! (T; � ) is a function f : S ! T such that

29
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T F

D

M

f : S �! T

s1

s2

s3

s4

t1

t2

t3

t4

� : T ! A 4

� : S ! A 4

S T

Figure 4.1: Example of fuzzy sets

� � � � f , i.e. the degree of membership ofs in (S; � ) does not exceed that off (s) in

(T; � ). The function f : S ! T is called thecarrier function of f . 2

Note In classical fuzzy set theory, it is implicitly assumed that the poset Q is the closed

real interval [0; 1] with the obvious linear ordering. The reader should be aware that no

such assumption has been made in this thesis. 2

Example 4.3 Figure 4.1 (informally) shows twoFuzz (A 4) objects (S; � ) and (T; � )

along with the carrier function f : S ! T of a Fuzz (A 4)-morphism f : (S; � ) ! (T; � )

whereA 4 is the lattice shown in the same �gure. �

De�nition/Proposition 4.4 (fuzzy set category) For a �xed poset Q, the objects

and morphisms de�ned above together with the obvious identities give rise to a category,

denotedFuzz (Q). 2
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4.2 Cocompleteness Results for Fuzzy Set Categories

Lemma 4.5 [Gog68, Gog74]Fuzz (Q) is �nitely cocomplete when Q is a complete

lattice. }

Proof ( sketch ) 1 We show how to construct the initial object, binary coproducts,and

coequalizers. Finite cocompleteness ofFuzz (Q) then follows from Lemma 3.33.

Initial object : 0 = ( ; ; � ) where � : ; ! Q is the empty function.

Binary coproduct : given objects X 1 = ( S1; � 1) and X 2 = ( S2; � 2), a coproduct is

X 1 + X 2 = ( S1 + S2; � ) where S1 + S2 is a Set-coproduct (disjoint union) of S1 and

S2 with injections {n : Sn ! S1 + S2 for n = 1; 2; and �
�
{n (s)

�
= � n (s) for s 2 Sn and

n = 1; 2.

Coequalizer : given objects X = ( A; � ) and Y = ( B; � ) with parallel morphisms

h 1 : X ! Y and h 2 : X ! Y, we �rst take the canonical Set-coequalizer of the carrier

functions h1 : A ! B and h2 : A ! B to �nd a set C and a functionq : B ! C. Thus, C

is the quotient of B by the smallest equivalence relation� on B such that h1(a) � h2(a)

for all a 2 A; and q is the function such that q(b) = [ b]� for all b2 B. Then, we put

Z = ( C; � ) where � ([b]� ) =
F

Qf � (b0) j b0 � bg. This lifts the function q : B ! C to a

morphism q : Y ! Z , which is a coequalizer ofh 1 and h 2 .

Remark 4.6 (pushout construction in Fuzz( Q)) Since we want to avoid using the

details of the above proof in the case-study presented in Chapter 5, we explain the

procedure for computing fuzzy set pushouts separately: letQ be a complete lattice.

For computing the pushout of a pair ofFuzz (Q)-morphisms f : (C; 
 ) ! (A; � ) and

g : (C; 
 ) ! (B; � ), �rst compute the canonical Set-pushout of the carrier functions

f : C ! A and g : C ! B (as discussed in Example 3.26) to �nd a setP along with

functions j : A ! P and k : B ! P. Then, compute a membership degree for every

1I gratefully acknowledge Andrzej Tarlecki for sketching the proof.
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f (X; T); (Y;F); (Z; T)g f (X; T); (Y;F); (T;T)g

f (A; M); (B; T)g

(A; � ) (B; � )

(C; 
 )

(P; � )

kj

gf

(a)

��
f X 1; Y2g; D

�
;
�
f Y1g; F

�
;
�
f Z1; T2g; T

�
;
�
f X 2g; T

�	

f (A; M); (B; T); (C;M); (D; F)g

j k

gf

(C; 
 )

(b)

(P; � )
��

f X 1; Y1; M2g; D
�
;
�
f Z1; N2; O2g; F

�
;
�
f T1g; M

�
;
�
f P2g; T

�	

(A; � )

f (X; F); (Y;T); (Z; F); (T;M)g

(B; � )

f (M; T); (N; M); (O;F); (P;T)g

Figure 4.2: Pushout examples inFuzz (A 4)

p 2 P by taking the supremum of the membership degrees of all those elements in

(A; � ) and (B; � ) that are mapped to p. This yields an object (P; � ) and lifts j and k

to Fuzz (Q)-morphisms which together with (P; � ), constitute the pushout of f and g in

Fuzz (Q). 2

Note In all the �gures appearing hereafter in this chapter, a fuzzy set (S; � ) is depicted

as a set
��

s; � (s)
�

j s 2 S
	

. 2

Example 4.7 Figure 4.2 illustrates two examples of pushout computation inFuzz (A 4).

The carrier function for each Fuzz (A 4)-morphism f, g, j , k in Figure 4.2(a) (resp.

Figure 4.2(b)) is the same as the corresponding function in Figure 3.1(a) (resp. Fig-

ure 3.1(b)). �

De�nition 4.8 (carrier functor) The map that takes everyFuzz (Q)-object (S; � ) to

its carrier set S and everyFuzz (Q)-morphism f : (S; � ) ! (T; � ) to its carrier function

f : S ! T yields a functor K Q : Fuzz (Q) ! Set, known as thecarrier functor . 2
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Proposition 4.9 The carrier functor K Q : Fuzz (Q) ! Set is �nitely cocontinuous when

Q is a complete lattice2. }

Proof Based on the proof of Lemma 4.5, it is obvious thatK Q : Fuzz (Q) ! Set

preserves the initial object, binary coproducts, and coequalizers. Finite cocontinuity of

K Q then follows from Lemma 3.38.

4.3 Fuzzy Powersets

De�nition 4.10 (fuzzy powerset) Let Q be a poset and letZ = ( S; � ) be aFuzz (Q)-

object. The powerset ofZ , denotedP(Z), is the set of all (C; � ) 2 j Fuzz (Q)j such that

C � S and for everyc 2 C: � (c) � � (c). 2

Lemma 4.11 [Gog68, Gog74] The powerset of anyFuzz (Q)-object is a complete lattice

whenQ is. }

Proof ( sketch ) [Gog68, Gog74] For an index setI , the supremum of anI -indexed

family of P(Z ) elements


(Si ; � i )

�
i 2 I

is a fuzzy set (X; � ) where X =
S

i 2 I Si and

� : X ! Q is a function such that for everyx 2 X : � (x) =
F

Qf � i (x) j i 2 I ; x 2 Si g.

The in�mum is computed dually.

Example 4.12 Suppose the truth-set is the latticeL 2 = f? ; >g with ? < > . Then,

the powerset of theFuzz (L 2)-object Z =
�
f a; bg; f a 7! > ; b7! >g

�
is the lattice shown

in Figure 4.3. �

Remark 4.13 In Example 4.12, if we interpret> as \fully in the fuzzy set" and interpret

? as \not in the fuzzy set at all", then there may exist more than one element of the

powerset lattice corresponding to a particularmeaning. In other words, the semantic

2The carrier functor is �nitely cocontinuous even when Q is only a poset; however, a separate proof
is required.
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f (a;? )g f (b;? )g

f (a;? ); (b;> )gf (a;> ); (b;? )g

f (a;> )g f (a;? ); (b;? )g

f (a;> ); (b;> )g

;

?

>

f (b;> )g

Figure 4.3: Powerset lattice example

interpretations of the powerset lattice elements are not mutually distinct when > and ?

are interpreted in the way mentioned. For example, the elements (; ; � ),
�
f ag; f a 7! ?g

�
,

�
f bg; f b7! ?g

�
, and

�
f a; bg; f a 7! ? ; b7! ?g

�
in the powerset lattice convey the same

meaning. Notice that, in general, these fuzzy sets are notconsidered to be equal. 2



Chapter 5

Fuzzy Viewpoints

This chapter, which embodies the main contributions of the thesis, introduces a category-

theoretic formalism for the representation of a family of graph-based viewpoints, called

fuzzy viewpoints, that are capable of modeling incompleteness and inconsistency explicitly.

Intuitively, a fuzzy viewpoint is a graph in which the details of nodes and edges are anno-

tated with the elements of a lattice to specify the amount of knowledge available about

them.

We show how an appropriate notion of morphism between fuzzy viewpoints gives

rise to categories of fuzzy viewpoints. We then prove that thesecategories are (�nitely)

cocomplete and describe how merging a set of interconnected viewpoints can be done

by constructing the colimiting viewpoint in an appropriate fuzzy viewpoint category.

Colimits also provide a basis for de�ning a notion ofsyntactic inconsistencybetween a

set of interconnected viewpoints. Finally, we illustrate an application of our proposed

formalism through a case-study showing how fuzzy viewpoints canserve as a requirements

elicitation tool in reactive systems.

35
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5.1 FView Categories

Let L be a complete lattice of truth values and letU be an arbitrary but �xed set,

hereafter called theuniverse of atomic propositions .

De�nition 5.1 (fuzzy viewpoint) A (L ; U )-fuzzy viewpoint V is a (directed) graph

in which every edgee is labeled with a value fromL and every noden is labeled with

an L -valued set (Un ; � n ) where Un � U is the set of atomic propositionsvisible in node

n and � n : Un ! L is a function assigning a value fromL to each element inUn . By

forgetting the labels of the nodes and edges inV , we obtain a graph which is called the

carrier graph of V . 2

It is clear from the above de�nition that the edges in a (L ; U)-fuzzy viewpoint form

an L-valued set. The question that remains is constructing the appropriate category that

captures the structure of nodes along with their labels. This can be done in the following

way: let � : U ! L be the constant mapf x 7! > j x 2 Ug (notice that > is known

to exist by Lemma 2.21). Thus, (U; �) is a Fuzz (L )-object. Now, by Lemma 4.11, we

infer that \the powerset lattice of (U; �)" is a complete latticeX . The node-set of a fuzzy

viewpoint V along with the node labels can be described by an object ofFuzz (X ). We

can now de�ne the notion of viewpoint morphism as followed:

De�nition 5.2 (fuzzy viewpoint morphism) Let V and V 0 be (L ; U)-fuzzy view-

points, and let K X : Fuzz (X ) ! Set and K L : Fuzz (L ) ! Set be the appropriate

carrier functors. A viewpoint morphism h : V ! V 0 is a pair hhn ; hei where hn is

a Fuzz (X )-morphism and he is a Fuzz (L )-morphism such that hK X (hn ); K L (he)i is a

graph homomorphism from the carrier graph ofV to the carrier graph ofV 0. 2

De�nition/Proposition 5.3 (fuzzy viewpoint category) The above choice of ob-

jects and morphisms along with the obvious identities constitute a category of (L ; U)-

fuzzy viewpoints, which we will hereafter denoteFView (L ; U). 2
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Figure 5.1: Example of fuzzy viewpoints

Example 5.4 Let L = A 4 and let U = f x; y; z; wg. Figure 5.1 shows twoFView (A 4; U)-

objects and a possibleFView (A 4; U)-morphism. �

Note In Figure 5.1 and all the �gures in Section 5.3, the viewpointedges have been left

anonymous and only the truth values labeling them have been shown. 2

Remark 5.5 Notice that in Example 5.4, we can replaceU in FView (A 4; U) with any

�nite or in�nite U0 such that f x; y; z; wg � U0 and yet characterize the viewpoints and

the viewpoint morphism in Figure 5.1 asFView (A 4; U0) objects and morphisms. 2

Lemma 5.6 The category FView (L ; U) is isomorphic to the comma category

(K L # T � K X ) whereK L : Fuzz (L ) ! Set and K X : Fuzz (X ) ! Set are the appropri-

ate carrier functors and T : Set ! Set is the Cartesian product functor de�ned in Ex-

ample 3.7. }

Proof Obvious from De�nitions 5.1 and 5.2.
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Theorem 5.7 FView (L ; U) is �nitely cocomplete for any complete latticeL and any

set U. }

Proof Since L and X are complete lattices, bothFuzz (L ) and Fuzz (X ) are �nitely

cocomplete by Lemma 4.5. Moreover, by Lemma 4.9, we know thatthe carrier functor

K L : Fuzz (L ) ! Set is �nitely cocontinuous whenL is a complete lattice. The theorem

now follows from Lemma 3.45.

Remark 5.8 By Lemma 2.20, Theorem 5.7 implies thatFView (L ; U) is �nitely cocom-

plete for any �nite lattice L and any setU. 2

Remark 5.9 Although not elaborated here, Lemma 4.9 makes it possible to enrich fuzzy

viewpoints with types and additional labels through well-known comma categorical tech-

niques without violating the cocompleteness result achievedin Theorem 5.7. Another

possible extension which we skip is using atomic propositions for labeling edges. 2

A limitation to FView categories which is implicit in the notion of viewpoint mor-

phism is that we assume the existence of auni�ed universe of atomic propositions (de-

noted U). This implies that the name of a proposition su�ces for uniquely identifying

the concept represented by that proposition regardless of where the proposition appears;

moreover, no two distinctly named propositions can represent asame concept. These

restrictions pose no problems when the reference model made available at early stages of

system development life-cycle explicitly speci�es and explains the set of atomic propo-

sitions to be used by the stakeholders. WhenU is not given beforehand, the practical

choice ofU is unimportant as long as any �nite set is isomorphic to some subsetof U.

In such cases, we assumeU is the set of natural numbers, denotedN . This would allow

using as many propositions as needed; however, it is still up to the analysts to develop

a shared vocabulary of atomic propositions during the elicitation phase and specify how

the set of atomic propositions used in each viewpoint binds to this shared vocabulary.

We will explain this further in Section 5.3.
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5.2 Viewpoint Integration and Characterization of

Inconsistency

According to the dogma discussed in Section 3.5, colimits can be employed for putting

structures together. In our problem, the species of structure is FView (L ; U) for some

�xed complete lattice L and some �xed setU. A diagram in FView (L ; U) can be re-

garded as a \system" in which viewpoints are represented byFView (L ; U)-objects and

viewpoint interconnections are represented byFView (L ; U)-morphisms. The cocom-

pleteness result given in Theorem 5.7 states that the colimit exists for any �nite diagram

in FView (L ; U); therefore, we can integrate any �nite set of viewpoints with known in-

terconnections by constructing the colimit. This category-theoretic approach formalizes

the ad hocmerge operation sketched in [EC01].

Viewpoint integration via colimits is abstract from how viewpoint interconnections are

identi�ed. In Section 5.3, we will illustrate a very simple casein which the interconnec-

tions between two viewpoints are identi�ed by introducing athird viewpoint. The reader

should also refer to [HEET99] where some useful patterns for viewpoint interconnection

have been mentioned.

In the rest of this section, we will try to clarify how an appropriate choice ofL in

FView (L ; U) enables us to model and detect inconsistencies. Our argument will also

lead to a de�nition for syntactic inconsistency based on colimits. The simplest and

maybe the most widely used lattice capable of modeling uncertainty and disagreement

is Belnap's four-valued lattice [Bel77] which was earlier referred to asA 4. In A 4, every

value shows a possible \amount of knowledge" available about a concept. The valueM

(i.e. Maybe ) denotes a lack of information,T (i.e. True ) and F (i.e. False ) denote

the desired levels of knowledge, andD (i.e. Disagreement ) denotes a disagreement

(or over-speci�cation). Another interesting lattice is the ten-valued lattice A 10 shown in

Figure 5.2. This lattice arises naturally in modeling a system with two stakeholders and
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FMMT MFTM
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Agreeing
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Disagreeing

Figure 5.2: The latticeA 10

will be used for the case-study presented in Section 5.3.

In A 10 , the value MM indicates that no information is available. The valuesTM

and FM (resp. MT and MF) indicate that the �rst (resp. second) stakeholder has

given a decisiveTrue or False answer but no information has yet been provided by the

other stakeholder. We also use these values when stakeholders areinterviewed separately:

for example, if we are interviewing the �rst (resp. second) stakeholder and (s)he says

something isTrue , the answer is recorded asTM (resp. MT ). The values TT, FF

indicate that both stakeholders agree on whether something isTrue or False while TF

and FT indicate a disagreement between the stakeholders. The> value arises when an

incompatibility occurs. This value is not directly assigned during elicitation and only

arises in colimit construction. We will explain this further in Section 5.3.

A nice property of bothA 4 andA 10 is that once we remove the top element from either

lattice, the rest of logical values can be reordered based on their \level of truth". The

\truth ordering" lattices corresponding to A 4 and A 10 have been shown in Figures 5.3(a)

and 5.3(b), respectively. The existence of the truth orders isnot by mere chance. In fact,

the lower semi-lattice that results from removing the top element from A 4 (resp. A 10 )

together with the associated truth ordering in Figure 5.3(a) (resp. 5.3(b)) is an instance

of a family of multivalued logics known as Kleene-like [Fit92] logics. In this thesis, we
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Figure 5.3: Truth ordering lattices

shall only appeal to the intuitive nature of such logics and therefore, omit the formal

procedure for constructing them. The interested reader shouldrefer to [Fit92] for further

details. The procedure explained there yieldsA 4 (without D) and its corresponding truth

order when the input to the procedure is the latticeB 2 = f F; Tg with F < T. The lattice

A 10 (without > ) and its corresponding truth order arise when the input isB 2 � B 2 (cf.

e.g. [DP02] for the de�nition of product lattice). A suitable logic for a system with three

stakeholders will arise when the input isB 2 � B 2 � B 2, and so on.

The existence of such truth ordering lattices is an advantage when we want to interpret

viewpoints according to certain semantics. For example, we may want to treat a viewpoint

as a � Kripke [CED01] structure and verify certain temporal properties in it through

multivalued model-checking [CED01]. For such an application, we are naturally interested

in measuring the \amount of truth" for the desired temporal properties that should hold.

In the framework we have proposed in this thesis, we are not concerned with any truth

ordering lattices and the only reason for mentioning them here was to give a general idea of

the links between syntax and semantics. All we take for granted here is the existence of a

complete knowledge ordering lattice which we denote byL . If we assume that the context

of the system at hand can specify which elements ofL representconsistent amounts of
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knowledge and which elements representinconsistent amounts of knowledge, we can

de�ne syntactic inconsistency between a set of interconnected viewpoints as follows:

De�nition 5.10 (syntactic inconsistency) A system of interconnected (L ; U)-fuzzy

viewpoints is syntactically inconsistent if the colimit of the diagram corresponding

to the system has some edge or proposition with an inconsistent truth value. 2

In A 10 , for example, we may choose to designateTT and FF as consistent and the rest

of the values as inconsistent. This is a reasonable choice when the system we are modeling

mandates total agreement of both stakeholders on every aspect. If we are only interested

in explicit con
icts and incompatibilities, we can relax this constraint and only designate

TF, FT and > as inconsistent. Once we have a measure for how much inconsistencywe

want to tolerate, the colimit construction can also serve as a mechanism for determining

when an inconsistencyamelioration phase[EN96] is required. For example, if we want

to model-check the result of viewpoint merge operation, we can live with all A 10 values

except for incompatibilities (> ).

5.3 Case-Study

In this section, we investigate a simple Requirements Engineering problem with the aim

of showing how our proposed framework can be used in practice. Suppose Bob and

Mary want to engineer a camera1 from scratch with the help of a requirements analyst

named Sam. Based on the early interviews, Sam has created a reference model for the

operational behavior of the camera. This early reference model, shown in Figure 5.4,

serves as a basis for elaborating Bob's and Mary's requirements using a (�ctional) CASE

tool called FDraw.

The primary role of Sam in this case-study is eliciting the requirements and identi-

fying the relationships between Bob's and Mary's perspectives. This implies that the

1I am grateful to Colin Potts for suggesting the case-study.
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The Camera Specification

L U

In-Focus IndicatorSafety Switch

Midroll Rewind Shutter Button The camera should have a safety switch with two

states: \locked" and \unlocked". The locked

state prevents accidental operation.

When the camera is not locked and a new �lm is

loaded, the �lm should automatically advance to the �rst frame once the camera back

is closed. After the �lm's last frame is exposed, the camera should rewind the �lm

automatically back into the cartridge. The camera should also have a \midroll rewind"

button to rewind the �lm before reaching the last frame.

The camera should have a shutter button that can be depressed halfway or all the way.

There should be a click-stop at the halfway point. When the camera is not locked, the

shutter button should work as follows:

� When pressed halfway, auto-focusing starts;

� When pressed completely, the shutter is released to take the picture and then the

�lm advances by one frame.

The scenario for taking a picture is as follows: The shutter button is pressed halfway.

When focus is achieved, the in-focus indicator will light. Theshutter button can then

be pressed completely to take the picture.

Under low-lit conditions, the built-in 
ash should �re automatically.

Figure 5.4: Camera's early reference model
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camera project has only two stakeholders, namely Bob and Mary;thus, the lattice A 10

(Figure 5.2) with Bob as the �rst and Mary as the second stakeholder is a suitable choice

of knowledge ordering for this project. Since a vocabulary of atomic propositions has not

yet been developed, the project is con�gured to useFView (A 10 ; N ) where N is the set

of natural numbers. In practice, we do not use natural numbers as proposition names;

rather, we assume that every proposition has a unique natural number assigned to it (we

will not use any numbers throughout the case-study).

The set of propositions used by Bob and Mary must have no name clash and no

two distinctly named propositions should represent the same thing. In order to enforce

these restrictions, whenever either Bob or Mary needs a new proposition namedp for

some purpose, (s)he has Sam check the project'sdata dictionary to ensure that adding

p causes no name clash and that no proposition (probably with a name di�erent from p)

has already been de�ned for that particular purpose.

The viewpoints in the camera project are similar to� Kripke structures [EC01, CED01].

In a viewpoint V , each node denotes astate (world) and each edge denotes atransition

labeled with the degree of certainty about the possibility of going from the source to the

target state of the transition. Furthermore, there exists a unique transition t : i ! j from

any V -state i to any state V -state j . This constraint is not automatically enforced by the

structure of FView (A 10 ; N ), so FDraw should explicitly be con�gured to do so.FDraw

disallows parallel transitions between states; but, for convenience, it allows transitions

to be omitted and internally interprets the absent transitions asMM transitions. Notice

that FDraw could as well be con�gured to interpret absent transitions in Bob's (resp.

Mary's) viewpoint as FM (resp. MF) transitions. This would be closer to how absent

transitions are normally interpreted in classical models.

In this case-study, all propositions are treated asglobal. When a propositionx does

not appear in a states of a viewpointV , we assume that the owner ofV either is unaware

of the existence ofx, or (s)he does not care about the value ofx in state s, at least from
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Off

Responsive

SH_BTN_HALFWAY = FM
SH_BTN_FULLWAY = FM

SH_BTN_HALFWAY = TM
SH_BTN_FULLWAY = FM
SHUTTER_OPEN = TM

Focus

Shooting

SH_BTN_HALFWAY = FM
SH_BTN_FULLWAY = TM
SHUTTER_OPEN = TM

     Frame Fetch

     Film Rewind

TMTM

TM

TMTMTM

TM

TM

TM

TM

TM

TM

TM

Figure 5.5: Bob's viewpoint

the particular perspective thatV re
ects. In either case, an unspeci�ed proposition in a

state is interpreted asMM . This is analogous to the interpretation of absent transitions.

Figures 5.5 and 5.6 respectively show Bob's and Mary's viewpoints2. The important

facts about each of Bob's and Mary's perspectives on the camera can be summarized as

follows:

� Bob : he does not di�erentiate between di�erent shooting modes; hebelieves press-

ing the shutter button fullway is allowed even before achieving focus; he (mistak-

enly) believes the shutter is open during focusing; he believes midroll �lm rewind

can occur even when the camera is locked; he does not model thecartridge loading

procedure.

� Mary : she distinguishes between di�erent shooting modes; she believespressing

the shutter button fullway is inhibited until focus is achieved; she does not see

the scenario in which the shutter button is pressed halfway but isreleased without

2In both �gures, SHBTNis an abbreviation for SHUTTERBUTTON.
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SHUTTER_OPEN = MF
FLASHING = MF
MOTOR_ON = MT

Film Advance

SHUTTER_OPEN = MF
MOTOR_ON = MT

Cartridge Unmount

SHUTTER_OPEN = MF
SH_BTN_HALFWAY = MT

Auto-Focusing

SHUTTER_OPEN = MF

          Locked

SHUTTER_OPEN = MF

Ready

MOTOR_ON = MT

  Catridge Mount

SHUTTER_OPEN = MF

SHUTTER_OPEN = MT
FLASHING = MT
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SH_BTN_FULLWAY = MT

Normal Shooting

MTMT

MT

MT MT

MT

MT

MTMT

MT

MF

MF

MT

MF

MT

MT

Figure 5.6: Mary's viewpoint

taking a picture; she knows that the camera has a motor that rolls the �lm; she

models the cartridge loading procedure and also emphasizes that mounting a new

cartridge can not take place when the camera is locked.

Sam now identi�es the interconnection between the two viewpoints. He �rst identi�es

the state interconnections. This has been shown in Figure 5.7. Notice that Sam uses

his own set of names for the states. Once the state interconnections are speci�ed, the

transition interconnections can be identi�ed automatically. This is because there is a

unique transition from any state i to any state j of every viewpoint V . Thus, if a

viewpoint morphism h : V ! V 0 maps statesi and j in V to states i 0 and j 0 in V 0

respectively, then h must map the unique transition from i to j in V to the unique

transition from i 0 to j 0 in V 0.

Figure 5.8 shows Sam's viewpoint. This viewpoint has been computed by FDraw

directly from the state interconnections. For clarity, we have chosen to show those tran-

sitions in Sam's viewpoint that are mapped to non-MM transitions in Bob's and Mary's
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Figure 5.7: State interconnections
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Figure 5.8: Interconnecting the viewpoints
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FLASHING =

SHUTTER_OPEN = MF
MOTOR_ON = MT
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FLASHING = MF
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          Locked
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Figure 5.9: Merging the viewpoints

viewpoints. The �gure also sketches the viewpoint morphism fromSam's to Bob's view-

point. The morphism from Sam's to Mary's viewpoint, which hasbeen omitted to avoid

undue complexity in the �gure, is analogous.

Notice that Sam does not engage in determining the truth or falsehood of transitions

and propositions; therefore, his viewpoint solely re
ects therelationships between Bob's

and Mary's viewpoints. As a result, all transitions in Sam's viewpoint are labeled byMM .

Sam can also forget about propositions all together when identifying the interconnections

and use; as the set of visible propositions in all states of his viewpoint.

FDraw now computes the pushout of Bob's and Mary's viewpoints with respect to the

shared part identi�ed by Sam. The result of merge operation (excluding MM transitions)

is shown in Figure 5.9. For assigning names to the states in the pushout, we have assumed

that Sam's choice of state names overrides those of Bob and Marywherever possible.
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Here, the only state not mentioned by Sam isCartridge Mount in Mary's viewpoint, so

Sam's state names override all state names except forCartridge Mount . This assumption

is of no theoretical importance; however, it can be used to devise a built-in solution to

the name mapping problem.

The pushout in Figure 5.9 clearly re
ects the result of mergingBob's and Mary's

viewpoints. AssumingTF, FT, and > are the only inconsistent values, there are three

cases of syntactic inconsistency in the pushout. TheTF values forSHUTTEROPENin Focusing

and the transition from Responsive to Flash Shooting/Non-Flash Shooting respectively

show disagreeing perspectives on the shutter's behavior duringfocusing operation and

on picture taking without achieving focus. The other inconsistency is the> value for

FLASHINGin Flash Shooting/Non-Flash Shooting state.

Intuitively, the > value in A 10 arises when a stakeholder wants a propositionx to

hold in a states of a viewpoint V and also wantsx not to hold in a state s0 of a viewpoint

V 0 but the interconnections are in such a way thats and s0 are mapped to the same state

in the colimit. In our example, the simplest reason for gettingFLASHING= > is that Sam

has made a mistake in �nding the (state) interconnections. For example, Bob might have

meant Non-Flash Shooting by saying Shooting ; or maybe, at the time Sam identi�ed the

interconnections, Mary had not yet usedFLASHINGto distinguish betweenFlash Shooting

and Non-Flash Shooting and therefore, Sam thought two distinct states for shooting would

be redundant. It is also possible that the incompatible information is indeed due to

the incompatible perspectives of Bob and Mary on the shooting behavior: for example,

Mary may believe the 
ash clearly distinguishes between two modes of shooting while

Bob believes the 
ash is a separate autonomous peripheral and deliberately refuses to

di�erentiate between the states that result from the combination of the shooting and the


ashing behaviors.

The �nal issue to note regarding this case-study is that althoughthe result of merge

operation in our particular scenario has a unique transition from any state i to any
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state j , this is not necessarily the case in general. Based on how the edge-map component

of every viewpoint morphism is identi�ed, it can be veri�ed that parallel transitions

between states never arise in the colimit; however, the colimiting object may have some

missing transitions. For example, if Bob saw a stateX that Mary did not see, the

pushout would have had no transition fromX to Cartridge Mount and vice versa. This is

natural, becauseX and Cartridge Mount would have never appeared together in a same

elicitation context . This phenomenon can be taken advantage of for specifying the

activities that should be performed in the next round of elicitation to �ll in the gaps. We

may as well choose to interpret missing transitions in colimits as MM transitions.



Chapter 6

FGraph Categories

Taking advantage of the same techniques used for de�ningFView categories in the pre-

vious chapter, this chapter introduces a more general family of categories calledFGraph

categories that may �nd applications in other contexts. In order to make this chapter

reasonably independent from the previous, we provide some separate examples for illus-

trating the structure of FGraph categories. These examples are, of course, not directly

related to the main theme of the thesis. The cocompleteness result presented in this chap-

ter might also be of interest for developing graph transformation systems based on the

double-pushout approach [CMR+ 97]; however, we have not still explored this application.

De�nition 6.1 ( FGraph category) Let I and J be a pair of posets. The category

FGraph (I; J ) is de�ned as the comma category (K J # T � K I ) whereK I : Fuzz (I ) ! Set

and K J : Fuzz (J ) ! Set are the appropriate carrier functors andT : Set ! Set is the

Cartesian product functor as de�ned in Example 3.7. 2

Theorem 6.2 FGraph (I; J ) is �nitely cocomplete whenI and J are complete lattices.}

Proof By Lemma 4.5, both Fuzz (I ) and Fuzz (J ) are �nitely cocomplete, and by

Lemma 4.9,K J is �nitely cocontinuous. Finite cocompleteness ofFGraph (I; J ) then

follows from Lemma 3.45.
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De�nition 6.3 There is a functor W : FGraph (I; J ) ! Graph , called the carrier

graph functor , that maps every object
�
(E; E ! J ); f : E ! N � N; (N; N ! I )

�
to

(E; f : E ! N � N; N ) and every morphism (sedge; tnode) to
�
K J (sedge); K I (tnode)

�
. 2

Remark 6.4 For a complete latticeL and a setU, the categoryFView (L ; U), as de�ned

in Chapter 5, is isomorphic toFGraph
�
PL

�
(U; �)

�
; L

�
where� : U ! L is the constant

map f x 7! > j x 2 Ug and PL
�
(U; �)

�
is the fuzzy powerset of (U; �) 2 j Fuzz (L )j. Notice

that L has a top (> ) element by Lemma 2.21. 2

Example 6.5 Let L be a linear four-point lattice: f White ; Light Grey ; Dark Grey ; Black g

ordered by increasing intensity of the black color, and let1 be the one-point lattice.

Figure 6.1 illustrates twoFGraph (L ; 1)-objects along with aFGraph (L ; 1)-morphism.�

Example 6.6 Figure 6.2 illustrates an example pushout computation inFGraph (L ; 1).

The morphisms corresponding tof , g, j , and k in the pushout square (De�nition 3.24)

have been marked in the example. �

Example 6.7 Figure 6.3 illustrates an example pushout computation inFGraph (2S; A 4)

whereS = f p; q; rg and A 4 is Belnap's four-valued lattice [Bel77]. The nodes and edges

of the carrier graphs of allFGraph (2S; A 4)-objects shown in the �gure have been left

anonymous and only the lattice values labeling them have been shown. Notice that we

can replaceS with any �nite or in�nite S0 such that f p; q; rg � S0 and yet characterize

the objects and morphisms in Figure 6.3 asFGraph (2S0
; A 4) objects and morphisms.�
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Figure 6.1: Example ofFGraph (L ; 1) objects and morphisms
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Figure 6.2: Pushout computation inFGraph (L ; 1)
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Figure 6.3: Pushout computation inFGraph (2f p;q;rg; A 4)



Chapter 7

Conclusions

Viewpoints have proven to be e�ective tools for the management and analysis of incom-

plete and inconsistent models gathered from multiple sources. In the classical viewpoint

approach, incompleteness and inconsistency within a viewpoint cannot be modeled explic-

itly. Hence, classical inconsistency analysis techniques typically require the translation

of viewpoints into a rich intermediate formalism before being able to detect or resolve

any inconsistencies. This translation usually discards structureand blurs the distinc-

tion between the syntactic and the semantic aspects of viewpoints, thus making it too

di�cult to devise a semantics-independent inconsistency detection mechanism based on

structural mappings between viewpoints, and seriously limiting the types of analysis that

can be performed on viewpoints.

Using elementary category-theoretic techniques, this thesis proposed a mechanism

for explicitly representing incompleteness and inconsistencyin the syntactic structure of

viewpoints and described a new approach to merging and analyzing inconsistent view-

points based on the structural interconnections between them. Our arguments also led

to a de�nition for a notion of syntactic inconsistency between viewpoints.
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The major advantages of our framework can be summarized as follows:

� The framework is independent of any particular choice of viewpoint semantics and

can therefore be applied to any of the large number of graph-based notations com-

monly used in Software Engineering.

� Inconsistency can be parameterized through lattices. This makes the framework

suitable for di�erent types of analysis. For example, the case-study conducted

in Chapter 5 showed how an appropriate choice of lattice can make a distinction

between disagreements and incompatibilities. This is useful if we want to tolerate

the former in our models, but not the latter.

� The use of category theory for conceptualizing the merge process naturally results

in the explicit identi�cation of interconnections between viewpoints prior to the

merge operation rather than relying on naming conventions to give the desired

uni�cation.

The work reported here can be carried forward in many ways. Ourfuture work in-

cludes adding support for hierarchical structures like Statecharts [Har87]; and capturing

the change of the vocabulary of atomic propositions as well asthe truth-set through

viewpoint morphisms. Exploring possible ways of taking semantics-related details into

account is yet another part of our future work that will involve several case-studies. We

are also looking at possible ways for using the results presented inChapter 6 for devel-

oping graph transformation systems based on the double-pushout approach [CMR+ 97].
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Appendix A

Proofs for Chapter 3

In this appendix, we give the proofs for some of the major results asserted in Chapter 3.

Proof of Lemma 3.32 [RB88] Let D : G ! U(C) be a �nite discrete diagram in a

category C and let N denote the set ofG's nodes. IfN is empty, then the coproduct

is the initial object; otherwise, there exists somen 2 N . Let D 0 be the same diagram

as D with node n removed from its shape graph. Inductively, construct the coproduct

h� i : D 0(i ) ! Ai i 2 N nf ng; and further let B together with {A : A ! B and {D (n) : D(n) ! B

be a binary coproduct ofA and D(n).

Construct a coconeh
 i : D(i ) ! B i i 2 N by letting 
 n = {D (n) and 
 i = {A � � i for i 6= n.

We claim that h
 i : D(i ) ! B i n2 N is a coproduct ofD: supposeh
 0
i : D(i ) ! B 0i i 2 N is

a cocone overD. Then, h
 0
i i i 2 N nf ng is a cocone overD 0. Sinceh� i i i 2 N nf ng is a colimiting

cocone, there is a unique morphismh : A ! B 0such that the following diagram commutes

for all i 2 N nf ng:

D(i )

A B 0

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

...............................

� i

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...................
............


 0
i

............. ............. ............. ............ . ............. ............. . ........... ............
h
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Now, by the de�nition of binary coproduct, there is a unique morphism v : B ! B 0

such that the following diagram commutes:

A B D(n)

B 0

................................................... ................................................... ................................................... ........................ ........... ............

{A
................................................... ................................................... ................................................... ......... ....................... {D (n)

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

............

............

v
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...........
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...........
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...........
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...........
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......................
............

h
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...........
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...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

..............................


 0
n

It follows from the previous two diagrams thatv : B ! B 0 makes the following diagram

commute for all i 2 N :

D(i )

B B 0

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

...............................


 i

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...................
............


 0
i

............. ............. ............. ............ . ............. ............. . ........... ............v

The uniqueness conditions onh and v ensure thatv is the only such morphism.

Proof of Theorem 3.33 [RB88] Let D : G ! U(C) be a �nite diagram in a category

C. If D is discrete then the colimit ofD is the coproduct constructed in Lemma 3.32;

otherwise, supposee : x ! y is an edge inG with associated morphismf : D(x) ! D(y)

in C. Let D 0 be the same diagram asD with edge e removed from its shape graph.

Inductively, construct the colimiting coconeh� i : D 0(i ) ! Ai i 2 N on D 0 whereN is the set

of nodes inD 's shape graph (notice that the shape graphs ofD and D 0 have the same

set of nodes).

Now, consider the parallel pair of morphisms� x : D(x) ! A and � y � f : D(x) ! A
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and let B together with q : A ! B be a coequalizer of� x and � y � f .

D(x) D(y)

A

B

................................................... ................................................... .................................................. ........... ............

f

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.................
............

� x

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.............................

� y

........

........

........

........

........

........

........

...................

............

q

Construct a coconeh
 i : D(i ) ! B i i 2 N over D by letting 
 i = q� � i . We claim

that h
 i i i 2 N is colimiting: supposeh
 0
i : D(i ) ! B 0i i 2 N is a cocone overD. Then,

h
 0i i 2 N is a cocone overD 0, as well. Sinceh� i : D 0(i ) ! Ai i 2 N is colimiting, there is a

unique morphismh : A ! B 0 such that for all i 2 N : h � � i = 
 0
i . Hence, we have:

h � � x = 
 0
x = 
 0

y � f = h � � y � f , and by the de�nition of coequalizer, there is a unique

morphism v : B ! B 0 such that v � q = h.

D(x) D(y)

A

B B 0

................................................... ................................................... .................................................. ........... ............

f

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..........
..........

..................................

� x

.................
................

................
.................

................
................

................
.................

................
................

.................
................

................
.................

................
................

................
.................

................
................

.................
...............................

� y

........

........

........

........

........

........

........

........

........

........

........

........

.................

............

q

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
.................
............


 0
x

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
..............
............


 0
y

...........................
...........................

...........................
...........................

...........................
...........................

...........................
...........................

...........................
...........................

...........................
...........................

...........................
...........................

...........................
...........................

...........................
................................... ............

h

............. ............. ............. ............ . ............. ............. ............. ........... .. ............. ............. ............. .......... ... ............. ............. ............. ......... .... ............. ............. ............. . ........... ............v

Therefore, by letting 
 i = q� � i , the following diagram commutes for alli 2 N :

D(i )

B B 0

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

...............................


 i

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...................
............


 0
i

............. ............. ............. ............ . ............. ............. . ........... ............v

The uniqueness ofv follows from the uniqueness ofq and h.
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Proof of Corollary 3.34 It is trivial to verify that a pushout of A  0 ! B is a binary

coproduct ofA and B; and a coequalizer off; g : A ! B is a pushout ofA B................................................... ............ ............
f

................................................... ............ ............

g
. The

desired result then follows from Theorem 3.33.

Proof of Theorem 3.45 Our proof is, in essence, very similar to that of Proposition 2

in [GB84]. We constructively prove that when the conditions stated in Theorem 3.45 are

met, the category (L # R) has an initial object, binary coproducts of all object pairs,

and coequalizers of all parallel morphism pairs. Colimit preservation property of the

projection functors follows directly from the constructions.

Initial object : By assumption, A and B are �nitely cocomplete, so bothA and B

have initial objects. Let 0A be an initial object in A and 0B be an initial object in B .

By �nite cocontinuity of L, we know that L(0A ) is an initial object in C; therefore, for

eachC-object C, there is a unique morphism fromL(0A ) to C. Particularly, there is a

unique morphismu : L(0A ) ! R(0B ).

We claim that I = ( 0A ; u; 0B ) is an initial object in (L # R): supposeC = ( A; f; B )

is a (L # R)-object. Let hi : 0A ! A be the uniqueA -morphism from 0A to A and let

hi0 : 0B ! B be the uniqueB -morphism from 0B to B . SinceL(0A ) is an initial object

in C, there exists a uniqueC-morphism t : L(0A ) ! R(B); hence,t = f � L(hi); and for

the same reason,t = R(hi0) � u. Therefore,f � L(hi) = R(hi0) � u, that is, (hi; hi0) : I ! C

is a (L # R)-morphism.

L(A) R(B)

R(0B )L(0A ) ................................................... ................................................... .............................. ........... ............u
.............
.............
.............
.............
.............
.............
.............
........
....
........
....

L(hi)

.............

.............

.............

.............

.............

.............

.............

........
....
........
....

R(hi0)

................................................... ................................................... ............................................... ........... ............

f

........................................................................................................................................................................................................................................................................ .........
...

t

The uniqueness of (hi; hi0) : I ! C follows from the uniqueness ofhi in A and the

uniqueness ofhi0 in B .
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Binary coproduct : SupposeC1 = ( A1; f 1; B1); C2 = ( A2; f 2; B2) are a pair of (L # R)-

objects. Let A = A1 + A2 with injections kn : An ! A and let B = B1 + B2 with

injections j n : Bn ! B for n = 1; 2. By �nite cocontinuity of L, we know that L(A)

with C-morphismsL(kn ) : L(An ) ! L(A) for n = 1; 2 is a binary coproduct ofL(A1)

and L(A2). Therefore, there exists a unique morphismf : L(A) ! R(B) such that the

following diagram commutes:

L(A) R(B)

R(B1)L(A1)

L(A2) R(B2)

................................................... ................................................... ................................................... ................................................... ............................................. ........... ............
f 1

........................................................................................................................................................................................
....
........
....

L(k1)

........................................................................................................................................................................................
....
........
....

R(j 1)

............. ............. ............. ............ . ............. ............. ............. ........... .. ............. ............. ............ ........... ............

f

........................................................................................................................................................................................................................................................................................................................................... ..........
..

R(j 1) � f 1

................................................... ................................................... ................................................... ................................................... ............................................. ........... ............
f 2

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....................

............

L(k2)

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

....................

............

R(j 2)

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

...................
............

R(j 2) � f 2

We claim that C = ( A; f; B ) with ( kn ; j n ) : Cn ! C for n = 1; 2 is a binary coproduct

of C1 and C2: supposeC0 = ( A0; f 0; B 0) is a (L # R)-object and (k0
n ; j 0

n ) : Cn ! C0

for n = 1; 2 are (L # R)-morphisms. By the properties ofA and B in their respective

categories, there are unique morphismsk0 : A ! A0and j 0 : B ! B 0such that k0� kn = k0
n

and j 0� j n = j 0
n . Therefore, the following two diagrams commute inC for n = 1; 2:

L(A0)

L(An )

L(A)

...................................................................................................................................................................................................................................................................
....
........
....

L(k0
n )

...................................................................................................................................................................................... .........
...

L(kn )

..................................................................................................................................................................................
...

............

L(k0)

R(B 0)

R(Bn )

R(B)

...................................................................................................................................................................................................................................................................
....
........
....

R(j 0
n )

............................................................................................................................................................................... .........
...

R(j n )

................................................................................................................................................................................
...

............

R(j 0)
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We now show that the following diagram commutes inC for n = 1; 2, as well:

L(A0) R(B 0)

R(Bn )L(An )

L(A) R(B)

..............................................................................................................................................................................................................................................................................................................................................
....
........
....

L(k0
n )

..............................................................................................................................................................................................................................................................................................................................................
....
........
....

R(j 0
n )

................................................... ................................................... ................................................... ................................................... ................................................... ............................. ........... ............
f n

................................................... ................................................... ................................................... ................................................... ................................................... .................................. ........... ............

f 0

................................................... ................................................... ................................................... ................................................... ................................................... ............................................ ........... ............
f

................................................................................................................................................................................................................ ..........
..

L(kn )

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.....................

...
............

L(k0)

........................................................................................................................................................................................................... ..........
..

R(j n )

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.....................

...
............

R(j 0)

f 0� L(k0
n ) = R(j 0

n ) � f n =)

f 0� L(k0) � L(kn ) = R(j 0) � R(j n ) � f n =)

f 0� L(k0) � L(kn ) = R(j 0) � f � L(kn )

By the properties ofL(A) in (L # R), there is a unique morphismh : L(A) ! R(B 0)

such that f 0� L(k0
n ) = h � L(kn ). Therefore, f 0� L(k0) = h = R(j 0) � f . Thus, (k0; j 0) is

a morphism from C to C0 in (L # R). Uniqueness of (k0; j 0) follows from the fact that

any morphism (k00; j 00) such that (k00; j 00) � (kn ; j n ) = ( k0
n ; j 0

n ) will make the following two

diagrams commute forn = 1; 2:

A0

An

A

...................................................................................................................................................................................................................................................................
....
........
....

k0
n

........................................................................................................................................................ .........
...

kn

......................................................................................................................................................
....
............

k00

B 0

Bn

B

...................................................................................................................................................................................................................................................................
....
........
....

j 0
n

........................................................................................................................................................ .........
...

j n

......................................................................................................................................................
....
............

j 00

Therefore, by the properties ofA and B in their respective categories,k00has to be the

same ask0 and j 00has to be the same asj 0.
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Coequalizer : SupposeC1 = ( A1; f 1; B1); C2 = ( A2; f 2; B2) are a pair of (L # R)-

objects; and (a; b); (a0; b0) : C1 ! C2 are a pair of parallel (L # R)-morphisms. Let A

with p : A2 ! A be a coequalizer ofa : A1 ! A2 and a0 : A1 ! A2 (in A ) and let B

with q : B2 ! B be a coequalizer ofb : B1 ! B2 and b0 : B1 ! B2 (in B ). By �nite

cocontinuity of L, coequalizers inA are mapped to coequalizers inC; therefore, there

exists a unique morphismf : L(A) ! R(B) such that f � L(p) = R(q) � f 2.

L(A2) R(B2)

R(B1)L(A1)

L(A) R(B)

................................................... ................................................... ................................................... ................................................... ................................................... ................................ ........... ............
f 1

................................................... ................................................... ................................................... ................................................... ................................................... ................................ ........... ............
f 2

............. ............. ............. ............ . ............. ............. ............. ........... .. ............. ............. ............. .......... ... ............ ............

f

.................................................................................................................................................................................................................
....
........
....

L(p)

.................................................................................................................................................................................................................
....
........
....

R(q)

......................................................................................................................................................................................................................................................................................................................................................................................... ..........
..

R(q) � f 2

.................................................................................................................................................................................................................
....
........
....

L(a)

.................................................................................................................................................................................................................
....
........
....

L(a0)

.................................................................................................................................................................................................................
....
........
....

L(b)

.................................................................................................................................................................................................................
....
........
....

L(b0)

We claim that C = ( A; f; B ) together with (p; q) is a coequalizer of (a; b) and

(a0; b0). It is clear from the above diagram that (p; q) is indeed a morphism in (L # R);

moreover, by the properties ofA and B in their respective categories, we have:

(p; q) � (a; b) = ( p; q) � (a0; b0).

Assuming C0 = ( A0; f 0; B 0) is a (L # R)-object and (d; e) : C2 ! C0 is a (L # R)-

morphism, there exists a unique morphismk : A ! A0 (in A ) and a unique morphism

l : B ! B 0 (in B ) such that: k � p = d and l � q = e. We now show that the following
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diagram commutes inC:

L(A0) R(B 0)

R(B2)L(A2)

L(A) R(B)

..............................................................................................................................................................................................................................................................................................................................................
....
........
....

L(d)

..............................................................................................................................................................................................................................................................................................................................................
....
........
....

R(e)

................................................... ................................................... ................................................... ................................................... ................................................... ................................ ........... ............
f 2

................................................... ................................................... ................................................... ................................................... ................................................... .................................. ........... ............

f 0

................................................... ................................................... ................................................... ................................................... ................................................... ............................................ ........... ............
f

................................................................................................................................................................................................................ ..........
..

L(p)

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.....................

...
............

L(k)

............................................................................................................................................................................................................. ..........
..

R(q)

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.....................

...
............

R(l)

f 0� L(d) = R(e) � f 2 =)

f 0� L(k) � L(p) = R(l) � R(q) � f 2 =)

f 0� L(k) � L(p) = R(l) � f � L(p)

By the properties ofL(A) in C, there exists a unique morphismh : L(A) ! R(B 0)

such that f 0� L(d) = h � L(p). Therefore, f 0� L(k) = h = R(l) � f . Hence, (k; l ) is

a (L # R)-morphism from C to C0. The uniqueness of (k; l ) can be proved in exactly

the same way as how the uniqueness of (k0; j 0) was proved in the construction of binary

coproducts.


