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Abstract. We show that termination of a simple class of linear loops
over the integers is decidable. Namely we show that termination of de-
terministic linear loops is decidable over the integers in the homogeneous
case, and over the rationals in the general case. This is done by analyz-
ing the powers of a matrix symbolically using its eigenvalues. Our results
generalize the work of Tiwari [Tiw04], where similar results were derived
for termination over the reals. We also gain some insights into termi-
nation of non-homogeneous integer programs, that are very common in
practice.

1 Introduction

Termination analysis is one of the building blocks of automated verification. For
a generic loop

while (conditions) { commands }

it is well known that the termination problem is undecidable in all but the most
simple cases. Even when all the conditions and updates are given as piecewise
linear functions, the problem of deciding termination of the loop remains unde-
cidable since such programs can naturally simulate counter machines [Tiw04],
and the problem of whether a counter machine terminates on all inputs is unde-
cidable [BBK™01].

In view of the undecidability mentioned above, the efforts on practical termi-
nation analysis of loops have been concentrated on partial decision procedures.
One approach is synthesizing a ranking function. Synthesis of ranking functions
has been studied in [CSS03,BMP05a,BMP05b]. In some cases, one can even find
a complete method for synthesis of linear ranking functions [PR04]. Even a com-
plete synthesis method, however, can only establish existence of a certain way
of proving termination, and not actually decide the termination problem itself.
It is not hard to construct an example of a program that terminates but has no
linear ranking function.

The termination problem appears to be much harder, and one can expect
it to be decidable only in the simplest cases. In [Tiw04] termination has been
shown to be decidable for loops of the form

while (Bz > b) {z—Az+c}
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where Bz > b represents a conjunction of linear inequalities over the state vari-
ables x, and © <« Az + ¢ represents a (deterministic) linear update of each
variable. The variables are interpreted over the reals IR, and there are no con-
straints on the initial conditions. Roughly speaking, [Tiw04] shows that only
the subspace corresponding to eigenvectors of A with positive real eigenvalues is
relevant to the termination problem. In the homogeneous case

while (Bz > 0) {z— Az}

it is immediate to see that if there is an eigenvector v of A such that Av = v,
A > 0 and Bv > 0, then the loop is non-terminating on v. The decision procedure
depends on the fact that the inequality Bx > 0 is strict. More importantly, it
depends on the fact that the variables are interpreted over the reals. As the
following example illustrates, a program may be terminating over the integers,
but not over the reals.

Ezxample 1. Consider the homogeneous loop

e iz { (7)= (750) (7))

The matrix has two eigenvectors, (—1—+/17,4) and (—1++/17,4) corresponding
to eigenvalues —1 — /17 and —1 + /17, respectively.

The eigenvector (—1 + V17, 4) satisfies the loop condition, and corresponds
to a positive eigenvalue. Hence the loop does not terminate over IR. However, the
line (—1 + v/17,4) does not contain any rational points, and the loop outside
this line is always dominated by the eigenvalue —1 — /17 < 0 that is bigger in
absolute value than the other eigenvalue. At the limit, the orbit of (x,y) will
alternate between the directions (=1 — v/17,4) and (1 + /17, —4). Hence the
loop terminates on all integers. |

The example highlights the difference between the integer and the real case.
In general, it is not unusual to have differences between hardness of decidability
of problems over the reals IR and problems over the integers ZZ. One notorious
example is quantifier elimination. Given a quantified formula

Q1$1Q2$2 o ann f(x17 .. 7xn)a

there is an algorithm to decide its validity over IR [Tar51], but not over ZZ. In
fact, by undecidability of Diophantine equations [Mat93], the formula above is
undecidable even in the case when @); = 3 for all .

It has been conjectured in [Tiw04] that the termination of programs as above
is still decidable when interpreted over the integers. In this paper we prove the
following:

Theorem 1. Let A, By, B, be rational matrices and b, b,,, ¢ be rational vectors.
Then the termination problem of the loop
while (Bsz > bs) A (Bywx > by,) {x—Az+c}

is decidable when the variables range over the reals IR or the rationals Q. It is
decidable over the integers ZZ in the homogeneous case when bg, b,,,c = 0.



Theorem 1 settles the termination problem over the rationals for a linear loop
with a deterministic update and no initial conditions in the most general form.
Using Lemma 4 on linear combinations of sums of powers of complex units, we
are able to deal with non-strict inequalities. Over the integers termination in the
non-homogeneous case remains an intriguing open problem. We will return to it
in Section 6.

In practice, the programs are usually specified over integer variables, and it
is encouraging to know that the termination of homogeneous loops as above is
still decidable in this setting. Most of the paper is dedicated to proving Theorem
1.
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2  Proof Outline of Theorem 1

The main part of the proof is in deciding termination over @ for homogeneous
programs (i.e. programs for which by, by, ¢ = 0). Unlike the termination analysis
over IR [Tiw04], we cannot ignore the vectors corresponding to negative and
complex eigenvalues. As illustrated in the following example, it is possible that
there are no rational points on the non-terminating subspace S* corresponding
to the positive eigenvalues of A, but there is a rational vector outside S* very
close to it, and on which the loop is still non-terminating.

Ezxample 2. Consider the loop

white (12-5y>0) { (7)< (§3) (1)

The matrix has two eigenvectors, (1++/17,4) and (1 —+/17, 4) corresponding to
eigenvalues 14++/17 and 1—+/17, respectively. The only eigenvector in St is v; =
(1++/17,4), which satisfies the loop condition, but contains no rational points.
However, the orbit of a rational perturbation q; of v; converges to the direction
of v; at the limit. Hence it is possible to choose ¢; that is a nonterminating
rational initial condition, and the loop is non-terminating over @ despite the
fact that there are no rational points in S*. The point ¢; = (9,7) is an example

of a specific such value. Note that ’% — HT‘/ﬁ‘ < 0.005, which means that ¢; is

a good rational approximation of vy. |

We will see that the set IV of real points for which the program is non-
terminating is a convex cone. Hence it has a dimension and a unique minimal
linear space Sy,;, containing it. The rough outline of the procedure for finding
a rational point in N (i.e. in Q" N N) is as follows:



Termination (loop P)
compute Spin
Qmin — Smin N Qn
return terminating
return non-terminating
else
reduce the loop to a loop P’ on the subspace Q.min
run Termination(P’)

At each iteration, S,,;, is the current feasible real subspace, and Q,,i, its
rational subspace. We continuously update both until their dimensions match
or until Q,nin becomes empty. If the dimensions match, we know that @Q,,n is
dense in N, and we can return non-terminating. If Q,,;» becomes empty, we can
return terminating. At each iteration we reduce the dimension of the loop by at
least 1, hence the algorithm terminates. The crucial step in the computation is
the ability to compute S,,;, at each step of the iteration.

Running the procedure on Example 1 above, we would obtain that S;,;, is
the one-dimensional space span{(—1 + v/17,4)}, and Q.in, = {0}, thus out-
putting terminating. On the other hand, for Example 2 above we would obtain
Spmin = IR?, and Qmin = Q2, thus dim(Qmin) = dim(Smin), and we output
non-terminating.

3 Preliminaries

3.1 Linear Algebra

We will see that symbolically powering the matrix A is an essential step in
deciding termination of the loop. If A is similar to some matrix D via A =
P~'DP then

A" = (P~'DP)" = (P"'DP)(P~'DP)...(P~'DP) = P~'D"P.

Hence powering the matrix A is as hard as powering the matrix D. We would
like to make D as simple as possible. It is well known from linear algebra [HK71]
that any A can be transformed into Jordan canonical form:

Lemma 2 (Jordan canonical form). For any matriz A € C"*" there is a
matriz P, and a matriz D of the form D = Diag(Jy, Ja, ..., Jn) with each block
J; having the form

XN 10...0
ONT...0
Ji: : )
000 -1
000...)\



where )\; s an eigenvalue of A and A = P~'DP. Moreover, if A is an alge-
braic matriz, then D and P are also algebraic matrices and their entries can be
computed from the entries of A.

Next, we explicitly write the n-th power of the matrix D. The formula can
be proved by induction on n.

Lemma 3 For a matric D = Diag(Jy,...,JN) in Jordan canonical form, its
n-th power is given by D™ = Diag(J}], JY, ..., J%) , where
n n—1 [T n—2 n n—(N;—1)
A nA; <2>)‘i SR A A
0 A opart (T ) e
g N; —2
0 0 oA nAl !
0 O e 0 AP

where N; is the dimension of the block J;, and <Z> =0in<k.

3.2 A Lemma about Complex Units

Let ¢ # 1 be a complex number on the unit circle, that is, |{| = 1. It is easy to
see that the orbit ¢,¢?,¢3,... will visit the negative half of the complex plane
infinitely often. We need a generalization of this fact to a linear combination of
such (’s.

Lemma 4 Let (1,(s,...,(m € C be a collection of distinct complex numbers
such that |§;| = 1 and ¢; # 1 for alli. Let aq, g, . .., auy be any complex numbers.
Denote

zn = 01(] + 2y + ..+ amyy,.
Then one of the following is true:

1. the real part Re(z,) =0 for all n; or
2. there is a ¢ < 0 such that Re(z,) < ¢ for infinitely many n’s.

We will be interested in the case when z, € IR are all reals. In this case we
have Re(z,) = z, for all n, and the lemma applies directly to z,.

Proof. Due to space constraints, we will only present a proof idea here. First of
all, we can write

Yn = 2Re(2n) = 2n + Zn = 1 (P 4+ oo F @+ @+ @ € R

After collecting together terms where (; = fj, we see that the claim for y,, is
equivalent to the claim for the z,, but now y, € IR for all n. Hence it suffices to
prove the lemma under the assumption z,, € IR. We actually show that if z, is
not syntactically 0, then the second possibility above holds.

The two key claims of the proof are that



N
1. The cumulative sum of the z, is bounded from above: Z zn| < Cq, where
n=0
C > 0 is some explicit constant.
N+m
2. The sum of absolute values |z,| is bounded from below: Z |2n| > C4 for
n=N+1

each N for some explicit constant Cy > 0.

Both claims are not too hard to prove, and together they yield the statement of
the lemma: Choose an integer K such that K - Cy > 4C4. Then for any N we
have by the first claim

N+Km N+Km N
Z Zn = Z zn—Zzn<QCl.
n=N+1 n=0 n=0

On the other hand, by the second claim we have

N+Km K—1 N4+mi+m
Z |Zn|: Z Z |Zn|>K'02>4cl.
n=N+1 =0 n=N+mi+1

These together imply that

N+Km

Z Zn < —Cl.

n=N+1, z,<0

Hence there isan n € {N +1,..., N + Km} such that z, < —C1/(Km).
Set ¢ = —C1/(Km). We have just seen that there is a z,, satisfying z, < ¢
among any K'm consecutive elements. This completes the proof of Lemma 4.
Remark: 1t is also possible to give a less constructive proof of Lemma 4 using
ergodic theory. |

4 Termination over Q and IR in the Homogeneous Case

In this section we assume that the loop is homogeneous, that is ¢, bs, b, = 0. Let
N be the set of nonterminating points of the program over IR". We are interested
in determining whether N and N N Q" are empty.

For a point z € IR™ we consider the evolution of the loop with initial variables
vector z. We denote the value of the variables after i iterations by z(i) = A‘z.
In particular z(0) = z. z € N if and only if () satisfies the loop conditions
Bsz(i) > 0 and B,,z(i) > 0 for all 4 > 0.

First, we note that N is a convex cone.

Lemma 5 Assuming N # (0, N must be a convex cone. That is, for every
z,y € N and A > 0, \x € N, and the line segment connecting x to y belongs to
N.



Proof. Since the loop is homogeneous, the execution on z will run for exactly
as long as the execution on Az. In particular if the loop does not terminate on
x, it will not terminate on Az. Suppose that initially z is on the line segment
connecting x with y. Then 2(0) = z = az + (1 — a)y for some « € [0,1]. On the
n-th iteration we have

z(n) = azx(n) + (1 — a)y(n),
is still on the line segment connecting z(n) with y(n), and

Bz(n) = aBsz(n) + (1 — «)Byy(n) > 0,
Byz(n) = aByz(n) + (1 — a)Byy(n) >0,

because the loop does not terminate on both x and y. |

N is a convex body in IR" and as such, has a dimension dy, which is the
rank of the smallest subspace containing N. Determining the minimum linear
space Spin = span{N} containing N is central to the construction.

4.1 Finding the Minimum Space S,,;n, DO IN

Intuition: NN is a convex cone. If we consider N as a subset on S,,i,, we see that
it has an interior int(N), and for any point z in the interior small perturbations
x + ev of x remain in N if and only if v € S;,;,,. The v’s for which z + v is in
N span Spin. We first find such an x, we call z,,4,, and then generate all the
small perturbations that leave z,,,, in N in order to get a linear basis for S,,;,.

We are interested in the behavior of the loop with initial condition z(0).
In particular, we would like to know whether z(i) = A?z(0) always satisfies the
loop conditions. Since we know the Jordan canonical form of A, we can explicitly
write the while condition after ¢ steps as

B;A'2(0) > 0 B,P~'D'Pz(0) > 0 1)
By A'z(0) >0 B,P71D'Pz(0) >0

where D = PAP~! = Diag(J,...,Jn) is the Jordan canonical form of A.

Our next goal is to use (1) to write the conditions on z(7) in an explicit form.
Let 0 < A1 < X2 < ... < A be the absolute values of the eigenvalues of A
sorted in the increasing order. We only consider the nonzero eigenvalues here.
Let {¢;;} be complex numbers on the unit circle, |(;;| = 1, and (;; # 1 such that
the eigenvalues of A are a subset of

{)\17 )‘1<117 >\14-127 ey )‘lglmla)\27 )‘2C217 >\2<227 C) )‘2C2’m27 )
>\r7 ArCrh >\r<r27 sy >\r<rmr}~

The (;; are the arguments of the corresponding eigenvalues. By Lemma 3, sym-
bolically, D* is a linear combination of

ioyi o i i yi—1 syi—lprim1 cyi—1ri—1 i i1
{/\17/\1<11a/\1412a---7)\1<1m1al>\1 VAT CrT 5 0AT G 7---a2/\1<1m1a-~-a



1 i—(n1—1) 1 i—(n1—1) si—(ni—1)
() e,

i i—(n1—1) ri—(n1—=1) \i i i i i i 4
<n1 _1>)‘11 n )Gm(ln )7>‘23)‘2C217>‘24227"'a)‘QCQmeH

7 v’ v’ v’ 1—(ny
AL ARG ALy oo AL TmT,...,<n 1)>\T ;
r =

( Z' )Ai—<"r-1><iz<”r‘”,...,( Z' )Ai*"f—”ci:n("*‘—”}

n. —1 n. —1

Thus we can rewrite (1) as a set of conditions on the initial z(0) of the form
Condy,(2(0),4) = A (Cra1 + ¢4 Nki11 + CioNppio + ... + C{mlNkllml)Z(O)‘i‘

iINTHCraz + G Niaar + ¢ " Niazo + -+ ¢t Ntz )2(0) + ...+

( ‘ ) )\T(mfl)(cmm + Cﬁ(nlil)Nkmu + CS(”“”Nmmz +...F

TL1—1

™ Y Nyt )2(0) + .+

my
)\i(ckrl + CilNk:rll + CiQNkTIQ +...+ <;m1Nkr1mr)Z(O)+

Z.)\i_l(clﬁﬂ + Cyl;l_lNkal + Cﬁ;lNkr22 +...+ Cﬁ;{leer)Z(o) + ...+

i i—(ny— i—(ny— i—(ny—
(n - 1) )‘T (nr 1)(Ckrnr + Crl ( I)Nkmrl + <r2( 1)Nk7'nr2 +...+

¢ =N )2(0) 5 0,

M

where > € {>,>}. The coefficients Cyj; and Nyjs are all algebraic vectors and
can be computed explicitly. Moreover, in our case all the conditions and A are
over the reals, hence every coefficient > NkjetC;t will add up to a real number.
A point z(0) is in N if and only if the conditions Condy(z(0), ) are satisfied for
all kK and for all2 =0,1,2....

Using the Jordan canonical form of A, we can split the space IR" into the
subspace ST corresponding to the positive eigenvalues of A, and the subspace S°
corresponding to the other eigenvalues. Each v € IR™ decomposes uniquely into
a sum v = v' 4+ v° such that v € ST and v° € S°. If we write Condy(2(0)7, 1)
we get all Nyjn’s equal to zero, since there are no vectors in St corresponding
to the complex eigenvalues. Similarly, in Condy(2(0)°, 1) we get all Cj¢’s equal
to zero.

Observe that the magnitude of the terms

Chje + 1 Nijer + CoNijea + - - - o, Njem,

remains bounded by a constant independent of ¢ throughout the iteration. Hence
the magnitude of the components of Condy(z(0)) as 4 tends to oo is primarily



dictated by the < , i 1> )\;_(2_1) terms of the products. These terms have a
clear dominance order as ¢ — oo. For higher j the terms grow geometrically

faster, because /\g-1 < A;Q for j; < jo. For the same j, terms with higher ¢ grow

polynomially faster, because <£ ¢ 1> < (é ! 1) for ¢1 < ¢y . This yields a
1 2 —
natural lexicographic order < on the pairs of indexes j/:
Ind={0<11<12<...<1n; <21 <...<2n9 < ... <7l <...<7rn.}.

The term 0 is the smallest term, it is introduced for completeness in the case of
non-strict inequalities. It does not correspond to any actual index.

Our first step is very similar to [Tiw04]: we solve the problem over the positive
eigenspace St.

Lemma 6 For every vector z € ST the program with initial conditions A%z is
non-terminating for some integer ¢ > 0 if and only if there is a function

index, : k — index.(k) € Ind

which maps the condition Condy(z) to the highest ranking nonzero C indes. (k) -
All higher ranking coefficients must be zero. In other words, for each k,

Cr,inaz = 0, if ind > index (k)
Ck,inaz > 0, if ind = index (k)

In the case that the k-th inequality is strict we must have index (k) > 0.

Proof. First of all note that since z is in ST, only the Cj ina (and no Ny jnd,+’s)
appear in the expressions for Condy/(z,1).

It is obvious that for A%z to be non-terminating for some ¢ the conditions
Condy(z,1) must be satisfied as i — co. In particular, the highest ranking coef-
ficient, which dominates the behavior as ¢ goes to infinity must be positive (or
all of them may be 0 in the case of a non-strict inequality). Note that index, is
a well-defined function for each such z.

Conversely, if the index, (k) function as in the statement of the lemma exists,
then the dominating term in each Condy(z,¢) has a positive coefficient. Hence
the conditions Condy(z, %) are satisfied for sufficiently large . In particular, there
is a ¢ such that they are satisfied for ¢ > ¢, making the program non-terminating
on Alz. |

We denote the set of 2’s for which A9z € N for some ¢ by N¢ — “eventually
non-terminating”. Those are the points which might be terminating, but become
non-terminating after finitely many applications of A. Lemma 6 gives a charac-
terization of V¢, and associates a unique function index, with each z € N¢. We
claim that there is a maximum such function.

Lemma 7 There is a zmar € N N ST with an index function index., 6 =
indexmar such that for any z € NN ST, for all k,

index, (k) X indexmaz (k).



Proof. First we note that N€ is convex. If z1,25 € N€¢, then there is a ¢ such
that A9zy, A%29 € N. N is convex, hence the line segment I connecting A%z; to
A9z is in N. The line segment connecting z; to zo is mapped to I by A%, hence
it is in N°€.

Denote z = (21 + 22)/2. Then it is easy to see that

index, = max(index,, ,index., ).

Thus, there can be only one maximal index function, which is the maximum
index function for some z/, .. € N°NST. We can take sufficiently many iterations
of 2},,, to obtain 2., € NN ST,

Note that it is easy to compute 2,4, and index,,q, by considering the con-
straint satisfaction problem corresponding to each index function and choosing
the maximum feasible function and a corresponding z,... In fact, a generic

element y of N N S* satisfies index, = indez,qz- [ |

As mentioned in the beginning of the section, the main idea in finding the
minimal space Sy, containing N is that it is spanned by small perturbations
of Zmaz. The claim is that a small perturbation of z,,4, is in N as long as we do
not introduce any terms that are more dominant than the currently dominant
ones.

Lemma 8 For a vector v € IR"™ there is an € # 0 such that zpmer + v € N if
and only if for all k

Chrinav =0,  for ind > indexmqz (k)
Niind,tv =0, for ind > indexmqe,(k), for allt

Proof. The “if” direction. Condy(2maz, 1) is dominated by the Cy, index,,.. (k)?
term for all . It will remain positive if we add v to it for some small €. By the
condition it will remain dominating, since no non-zero higher order terms are
introduced by adding ev.

The “only if” direction. We first show by contradiction that the first
condition must hold. Suppose that there is a v and ¢ such that

y:Z7na:c+5U€Na

but Ck ingv # 0 for some k and ind > index,q, (k). Decompose y = yt 4+ y°, so
that y™ € ST and y° € S°. Then Ck inay = Ck.inay™’. There are two cases:

Case 1: For each k, the highest-ranking non-zero Cj inqy™ is positive. In
this case yT € N¢ by Lemma 6. By the definition of indezq, we get Ck inay =
Ch,inay™ = 0 for all ind > index,qz. Hence Ck inav = (Ck.inay)/e = 0, contra-
diction.

Case 2: There is a k such that the highest-ranking non-zero C inqy =
Ck.inay™ is negative. In this case the dominating term of Condy(y,4) has the
coefficient

Ch.inay + Cia Nkind, 1y + ChoNiind. 29 + - -+ Comy Niind,my, -

10



By Lemma 4 the expression will be negative below C}, ;»qy infinitely often, hence
Condy(y, i) will be violated infinitely often, contradiction.

Now suppose that for some k and ind > index,q. (k) the second condition
is violated. We already know that Cj inqy = 0, and the dominating term of
Condy(y, i) has the coefficient

C(i) = (fqa Niina1y + GeaNiyind,2 + - - - + Chomy Nisind,m s

which is not identically 0. By Lemma 4 we know that there is a ¢ < 0 such
that C'(i) < c infinitely often. Since this is a dominating term, it will cause
Condy(y,1) to be violated infinitely often, contradiction. |

Solving the constraint system from Lemma 8 gives us a linear basis for Sy, -
The computation is done entirely symbolically over algebraic numbers. Note that
we do not need to know ¢ from Lemma 8, but merely that such an ¢ exists. This
solves the termination problem over IR. Our goal now is to tackle the problem
over Q. If S,.:n = (0, we can return terminates, otherwise we need to find the
rational subspace of Siin.

4.2 Looking for Rational Points in S, ;.

If the parameters of the loop are given by rationals, then the spanning vectors
of Syin can be produced as explicit algebraic numbers. Denote by Lg the base
vectors for S,,;, presented as algebraic numbers in some finite degree extension
Q(«a) of Q. By viewing Q(«) as a finite-dimensional vector space over ® we can
find the maximum space Qi of rational vectors spanned by Lg. For further
details about computations with algebraic numbers see [Bhu93,Lo0s83,Yap00].
We illustrate finding the rational subspace with the following simple example.

Ezample 3. Consider the simple example when Q(a) = Q(v/2) and Lg = {v; =
(1,0,v/2),v2 = (=v/2,1,0)}. We are looking for coefficients 3,7 € Q(v/2) for
which fuv; + yv, € Q3. By writing 8 = 81 + (2v2, v = 71 + 72V2 with
01, B2,7v1,7v2 € Q we obtain the conditions

B+ (—V2)y€Q Bo—71=0
yeQ < {7 =0
(V2)B € Q B =0

Hence we must have v = 3/v/2 € Q, and the rational subspace of span(Lg) is
one dimensional, spanned by v/2v; + vy = (0, 1,2). |

There are three possible cases. The first one is that dim(Qmin) = dim(Smin)-
This means that the rational points are dense in the nonterminating set IV,
and hence there are nonterminating rational points, and we can return non-
terminating.

If dim(Qmin) = 0, then the only potential nonterminating rational point is
0. It is trivial to check whether 0 is non-terminating in the homogeneous case:

11



we just need to check whether it satisfies the loop conditions. If it does we return
non-terminating, otherwise return terminating.

The more difficult and interesting case is when 0 < d = dim(Qmin) <
dim(Smin). In this case there are some rational points in S, but we can no
longer guarantee that any of them are in IV, since they all lie in a proper subspace
of Spin- The only thing we know is that all potential rational non-terminating
points lie in @Q,,,;,. Denote by R,,.;, the space of real vectors spanned by Qin-
Obviously dim(Ruin) = dim(Qmin). We prove the following.

Lemma 9 R,,;, is invariant under A, that is Av € Ry, for any v € Royin.-

Proof. First of all, the non-terminating set N is invariant under A, since if the
loop is nonterminating on x, it is also nonterminating on Ax. N contains a linear
basis for Sy,in, hence Sy, is invariant under A.

Let ¢ be any rational vector in Qmin. Aq is rational, and Aq € Sy, by
the invariance of Sy,:,. Hence by the definition of @, (as containing all the
rational vectors in Spin), Ag¢ € Qmin. The rational vectors of R,,;, span it,
hence R,,;, is invariant under A. [ |

R,.in is a subspace invariant under A, and it has a rational basis Lr =
{r1,...,rq}. We can translate the action of A on R,,;, with respect to Lg, to
obtain a d x d rational matrix A’ such that

Atoqri +...+agrg— Biri + ...+ Bara,

where (B1,...,84)7 = A'(a1,...,aq)T. The conditions Bsz > 0 and B,z > 0
can also be readily translated into rational conditions over the d-dimensional
coefficient vector (ai,...,aq), where x = @171 + ... + @qrq € Rpmin- Thus we
obtain a new loop, over d-dimensional vectors

while (Blz > 0) A (B),x > 0) {x— Az}

and we need decide termination of the new loop over Q. Note that we have
reduced the dimension of the problem from n to d < n, and thus we will be able
to decide termination over @ in the homogeneous case in at most n iterations.

5 The Integer and the Non-Homogeneous Cases

In the case the program is interpreted over the reals or the rationals, the tran-
sition from general termination to the homogeneous case is done exactly as in
[Tiw04] by adding an extra auxiliary variable z. The program

while (Bsz > by) A (Byx > by,) {x—Azx+c}
always terminates if and only if the program
while (Bsz > bsz) A (Byx > byz) A (2 > 0) {x—Az+cz, z—2}

terminates. This is true both over @ and IR. If the first program does not ter-
minate, then the second does not terminate with the same initial condition and
z = 1. In the opposite direction, we can scale a nonterminating starting point of
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the second program so that z = 1, and thus make it a nonterminating starting
point for the first one.

Note that in the homogeneous case we can scale any nonterminating solution,
and hence termination over @ is always equivalent to termination over ZZ. This
is not true in the non-homogeneous case: termination over @ implies termination
over ZZ, but not vice versa. Thus it can only be used as a partial termination
test. The termination problem over ZZ as well as termination of loops with initial
conditions appears to be much harder and will be discussed in next section.

6 Further Directions and Open Problems

We have seen that termination of deterministic loops with no initial conditions
is decidable over @ and over ZZ in the homogeneous case. On the other hand,
by allowing the linear loop to be general enough one can easily make the termi-
nation problem undecidable. For example, having k£ different update functions
depending on different conditions

while one of the k£ conditions is met for 1 < i <k

if Bix>d; {x—Aix+e¢ }
is enough to make the termination problem undecidable, since this class of loops
is sufficiently rich to allow encoding of counter machines [Tiw04].

This gives rise to natural open questions about termination of programs more
general than the ones considered in this paper, but for which termination is still
decidable. One such class are the programs discussed in [PR04]. They are similar
to the ones described here, but have a nondeterministic inequality as an update:

while (Bsz > bs) A (Byx > by,) {z<Azx+c}

In [PR0O4] a complete linear ranking function generating algorithm is presented,
but it still leaves the more general termination problem open over either IR, Q
or Z.

Another natural generalization is introducing initial conditions and the re-
lated problem of termination over ZZ. It appears that to decide termination over
ZZ it is necessary to be able to tell, given a point zy, whether the program ter-
minates on xg or not. Solving the termination problem on a given input would
require a much sharper version of Lemma 4. In Lemma 4, we have shown that the
expression z, = » .-, a;(" always eventually falls below zero by at least some
fixed amount c. It is even possible to compute the infimum of the expression
using ergodic theory. However, this still falls short of solving the termination
problem. Consider the following algebraic expression. Here || =1, ¢ # 1:

2(i) = Re(C* +1 —279).

We would like to know whether z(i) ever falls below 0. This depends on how
close the orbit of ¢* gets to —1. To answer this question some analysis of the
continued fraction expansion of log ¢ seems to be needed.

We summarize the problems:
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1. Given a deterministic linear loop P and an input xg, does P terminate on
Io?

2. Given a deterministic linear loop P does it terminate on all integer inputs?

3. How much nondeterminism can be introduced in a linear loop with no initial
conditions before termination becomes undecidable?

7 Conclusion

We have demonstrated a first termination decision procedure that works over
the integers for simple homogeneous loop programs. Most programs in practice
are specified over the integers, yet algorithms usually only work with the larger
domain of real numbers because decision procedures are generally easier there.

We have gained new insights into termination of more general deterministic
linear loops. We believe that techniques presented in the paper can be generalized
using more refined analysis to obtain at least a good partial termination test over
the integers for loops with initial constraints.
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