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Collaborative Itering was initially proposedas a framework for ltering information
basedon the preferencesof users,and has since beenre ned in many di erent ways.
This thesisis a comprehensie study of rating-based, pure, non-sequetial collaborative
Itering. We analyzeexisting methods for the task of rating prediction from a madine
learning perspective. We shav that many existing methods proposedfor this task are
simple applications or modi cations of one or more standard madine learning methods
for classi cation, regression,clustering, dimensionality reduction, and density estima-
tion. We introduce new prediction methods in all of these classes. We introduce a
new experimertal procedurefor testing stronger forms of generalizationthan has been
used previously We implemert a total of nine prediction methods, and conduct large
scaleprediction accuracyexperimerts. We shaw interesting new results on the relative

performanceof thesemethods.
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Chapter 1

Intro duction

The problem of information overload was identi ed as early as 1982in an ACM Pres-
ident's Letter by Peter J. Denning aptly titled Electronic Junk [17]. Denning argued
that the deploymen of o ce information systemstechnology coupledwith a quickly in-
creasinguse of electronic mail was sure to overwhelm computer users. Sincethat time
many new sourcesof information have becomeavailable through the Internet including
a vast archive of hundredsof millions of Usenetnewsarticles, and an immensecollection
of billions of web pages.In addition, mainstreammedia cortinue to produce new books,

movies, and music at a staggeringpace.

The responseto the acceleratingproblem of information overload by the computer
sciencecomnunity was the founding of a new researt areacalled information Itering .
Work in this areahaslargely focusedon ltering text documerts basedon represetations
of their content. Howewer, Goldberg, Nichols, Oki, and Terry founded an orthogonal
researt direction termed collaborative Itering basedon ltering arbitrary information
items accordingto user preferenceqd23, p. 61]. In the current literature, collaborative
Itering is most often thought of asthe problem of recommendation the lItering-in of

information items that a particular individual will like or nd usefull.

Howewer, it is incorrect to think of collaborative Itering asa singleproblem. Rather,
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the eld of collaborative Itering consistsof a collectionof collaborative Itering problems,
which di er accordingto the type of input information that is assumed.Only a fraction of
theseformulations hasbeenstudied in depth. In orderto properly situate the work which
appearsin this thesis, we begin by describinga spaceof formulations of collaborative

Itering problemsin chapter 2.

We focuson a pure, non-sequetial, rating-basedformulation of collaborative Itering
asdetailedin section2.2. This formulation is the onemost often assaiated with collabo-
rative ltering, and is the subject of the majority of the collaborative Itering literature.
Qualitativ ely, this formulation has many nice properties. In particular, the recommen-
dation task decompsesinto the task of rating prediction, and the task of producing
recommendationsfrom a set of rating predictions. The latter is trivially accomplished
by sorting information items accordingto their predicted ratings, and thus the rating

prediction task will be our primary interest.

In chapter 3 we introducethe fundamertal statistical, computational, and experimen-
tal techniquesthat are neededto derive, and analyzerating prediction methods within
the pure, non-sequetial, rating-basedformulation of collaborative Itering. We descrike
optimization and learning methods, give a brief overview of complexity analysisfor rating
prediction methods, and descrike experimental protocolsand error measuregor empirical

ewvaluation.

As we will seein the following chapters, a great deal of researt has beenperformed
within the pure, non-sequetial, rating-basedformulation of collaborative Itering. While
early work focusedon the neighborhood methods introduced by Resnik et al. [49],
new and invertiv e techniques have beenintroduced from a wide variety of disciplines
including arti cial intelligence,human factors, knowledgediscovery, information Itering

and retrieval, macine learning, and text modeling.

Regardlessof their origins, many rating prediction methods can be seenas modi -

cations or applications of standard madhine learning methods. Thus, madine learning
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o ers a unifying perspective from which to study existing collaborative Itering researt.
In chapter 4 we describe rating prediction methods basedon classi cation and regression.
We presen the well known classof neighborhood methods and shav how they can be
derived from standard K nearestneighbor classi cation and regression[49]. We intro-
duce a new rating prediction method basedon learning a set of naive Bayes classi ers.
In chapter 5 we descrike applications of clustering methods to rating prediction and in-
troducea newrating prediction method basedon K -mediansclustering. In chapter 6 we
presen rating prediction methods basedon dimensionality reduction techniquesinclud-
ing weighted singular value decompsition [53], principal componerts analysis[24], and
probabilistic principal componerts analysis[13]. We introduce a new rating prediction
algorithm that extendsthe existing work on weighted singular value decompsition. In
chapter 7 we describe a number of methods basedon density estimation in probabilis-
tic modelsincluding a multinomial model, a mixture of multinomials model, the aspect
model [29], and the userrating pro le model [3§. We introduce a new family of models
called the Attitude model family.

We implemert atotal of nine rating prediction methods and perform large scalepre-
diction accuracyexperimerts. In chapter 8 we presen a comparisonof thesemethods in
terms of learning complexity, prediction complexity, spacecomplexity of learnedrepre-

seration, and prediction accuracy



Chapter 2

Form ulations

The original Information Tapestry systemproposedby Goldberg et al. allowed usersto
expresgheir opinionsin the form of text annotationsthat wereassaiated with particular
electronicmail messageand documerts. Other Tapestry userswereableto specify Iters
for incoming documerts in the form of SQL-like expressionsdhasedon the documert's
corntent, the content of the annotations, the number of annotations, and the identity of
the authors of the annotations assaiated with ead documernt [23).

The eld of collaborative ltering researt consistsof a large number of information
Itering problems,and this collection of formulations is highly structured. In this chap-
ter we introduce a spaceof collaborative Itering problem formulations, and accurately

situate the current work.

2.1 A Space of Form ulations

In this sectionwe structure the spaceof formulations accordingto threeindependert char-
acteristics: the type of preferenceindicators used, the inclusion of additional features,
and the treatment of preferencedynamics. A choice for eat of thesethree character-
istics yields a particular formulation. The proposedstructure covers all formulations of

collaborative Itering currertly under study, and many that are not.
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2.1.1 Preference Indicators

The main types of preferenceindicators used for collaborative ltering are numerical
ratings triplets, numerical rating vectors, co-accurrence pairs, and court vectors. A
rating triplet hasthe form (u;y;r) whereu is a userindex, y is an item index, and r is
a rating value. The triplet represets the fact that useru assignedrating r to item vy.
The rating valuesmay be ordinal or cortinuous. A numerical rating vector hasthe form
rY = (ri;u5rm) wherery is the rating assignedby useru to item y. The componerts
of the vector r" are either all ordinal or all cortinuous values. Any componert of the
vector may be assignedthe value ?, indicating the rating for the correspnding item is
unknown.

Co-occurrencepairs have the form (u;y) whereu is a userindex and y is an item
index. The relation implied by observinga pair (u;y) is that useru viewed, accessed,
or purchaseditem y. Howeer, it could alsoindicate that useru likes item y. A court
vector n* = (nY;:::; ny ) results when multiple co-cccurrencepairs can be obsered for
the sameuserand item. In this caseny may represem the number of times useru viewed
itemvy.

These preferenceindicators are not completely distinct. Any rating vector can be
represeted as a set of rating triplets. The reverseis not true unlesswe assumethere
is at most one rating speci ed for every user-item pair. Count vectors and sets of co-
occurrencepairs are always interchangeable.The preferenceindicators basedon ratings
are semartically di erent from those basedon co-cccurrences,and there is no straight
forward transformation betweenthe two.

A further distinction drawn between preferenceindicators is whether they are ex-
plicitly provided by the user, or implicitly collectedwhile the user performs a primary
task sudh a browsing an Internet site. Claypool et al. presert an interesting compari-
son betweenimplicit preferenceindicators and explicit ratings [15]. Requiring a userto

supply explicit ratings resultsin a cognitive burden not presen whenimplicit preference
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indicators are collected. Claypool et al. arguethat the perceived bene t of supplying
explicit ratings must exceedthe added cognitive burden or userswill tend to rate items
sparsely or stop rating items altogether. On the other hand, Claypool et al. arguethat
becausemplicit indicators can be gatheredwithout burdeningthe user,every userinter-
action with the collaborative ltering systemresultsin the collection of new preference

indicators.

2.1.2 Additional Features

Another decisionthat hasimportant consequences collaborative Itering is whether
to only use preferenceindicators, or allow the use of additional features. In a pure
approad usersare descriked by their preferencedor items, and items are descriked by
the preferencesisershave for them. When additional cortent-basedfeaturesareincluded
the formulation is sometimescalled hybrid collaborative ltering. Additional featurescan
include information about userssud as age and gender, and information about items
sudh as an author and title for books, an artist and genrefor music, a director, genre,
and cast for movies, and a represemation of cortent for web pages.

Pure formulations of collaborative Itering are simpler and more widely used for
researt than hybrid formulations. Howeer, recern researt has seenthe proposal of
seweral new algorithms that incorporate additional features. Seefor examplethe work
of Basu, Hirsh, and Cohen|2], Melville, Mooney and Nagargan [39], as well as Sdein,
Popescul,and Ungar [51].

The hybrid approad purportedly reducesthe e ect of two well known problemswith
collaborative Itering systems:the cold start problem, and the new user problem. The
cold start problem occurs when there are few ertries recordedin the rating database.
In this casemore accurate recommendationscan me made by recommendingitems ac-
cording to similarities in their cortent-basedfeatures. The new user problem occursin

an establishedcollaborative Itering systemwhenrecommendationamust be madefor a
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useron the basisof few recordedratings. In this casebetter recommendationsmay be

achieved by consideringsimilarities betweenusersbasedon additional userfeatures.

2.1.3 Preference Dynamics

Very few formulations of collaborative Itering take into accoun the sequencen which
preferenceindicators are collected. Instead preferenceindicators are viewed as a static
set of valuesrepreseting a \snapshot" of the user's preferences. Howewer, over long
periods of time, or in domainswhereuserpreferencesre highly dynamic, older preference
indicators may becomeinaccurate. In certain domainsa non-sequetial formulation risks
predictions that decreasan accuracyasa user'spro le becomeslled with out of date
information. This problem is especially acute when implicit preferenceindicators are
usedbecausehe usercan not directly update past preferenceindicator values.

Recently Pavlov and Pennack, and Girolami and Kaban have introducedmethods for
dealing with dynamic user pro les. The advantage of this approad is that it can deal
naturally with userpreferenceshangingover time. The disadwantage is that sequetial
formulations requiresmore complexmodelsand prediction methods than non-sequetial
formulations. Pavlov and Pennack adopt a maximum ertropy approad to prediction
within the sequetial framework. Their method performsfavorably on a documert rec-
ommendationtask whencomparedto content-basedmethods currertly in use[46]. Giro-
lami and Kaban introducea method for learning dynamic userpro les basedon simplicial
mixtures of rst order Markov chains. They apply their method to a variety of data sets

including a web browsing prediction task [21].

2.2 Pure, Non-Sequen tial, Rating-Based Form ulation

Throughout this work we assumea pure, non-sequetial, rating-basedformulation of col-

laborative ltering. In this formulation usersand items are descrited only by preference
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indicators. Preferencendicators are assumedo be numericalrating vectorswith ordinal
values. No additional featuresare included. Preferencedynamics are ignored resulting
in a non-sequetial treatment of preferenceindicator values. This formulation was pop-
ularized by Resnik, lacovou, Sudak, Bergstorm, and Riedl through their work on the
GroupLenssystem[49]. We selectthis particular formulation becauseit has beenthe
subject of the greatestamourt of previousreseart. It is appealing dueto its simplicity,
and the fact that it easily accommalates objective performanceevaluation. We give a
detailed de nition of this formulation in sub-section2.2.1. As we descrike in sub-section
2.2.2,the two tasks performed under this formulation are recommendation,and rating

prediction.

2.2.1 Formal De nition

We assumethat there are M items 1;:::;;M in a collection that can be of mixed types:
email messagesnewsarticles, web pages,books, songs,movies, etc. We assumethere is
asetof N usersl;::;;N. A useru can provide an opinion about an item y by assigning
it a numericalrating ry from the ordinal scalel; ::;;V. Eadh usercansupply at most one
rating for ead item, but we do not assumethat all userssupply ratings for all items. We
assiate a rating vector also called a userrating prole r% 2 f1;:::;V;?2gM with eah

useru. Recallthat the symbol ? is usedto indicate an unknown rating value.

2.2.2 Associated Tasks

The main task in any formalation of collaborative ltering is recomendation. given the
rating vectorsr" of the N users,and the rating vector r2 of a particular active usera, we
wish to recommenda set of items that the active user might like or nd useful. As we
have already noted, in a rating basedformulation the task of recommendationreduces
to the task of rating prediction and the task of producing recommendationsrom a set of

predictions. In rating prediction we are given the rating vectorsr" of the N users,and
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the rating vector r# of a particular active usera. We wish to predict rating valuesry for
all items that have not yet beenassignedratings by the active user.

Given a method for predicting the ratings of unrated items, a method for recommen-
dation can easily be constructedby rst computing predictions f{ for all unrated items,
sorting the predicted ratings, and recommendingthe top T items. Therefore,the focus
of researt within the pure, non-sequetial, rating-basedformulation is developinghighly

accuraterating prediction methods.



Chapter 3

Fundamen tals

In this chapter we introducethe badkground material that is neededfor developingrating
prediction methods, analyzing their complexity, and performing experimerts in the col-
laborative Itering domain. We approad collaborative Itering from a madine learning
standpoint, which meanswe draw heavily from the elds of optimization, and probability
and statistics. Familiarity with the basicsof non-linear optimization is assumed. The
collaborative Itering problemswe considerare too large for higher order optimization

proceduresto be feasible,sowe resortto gradiert desceh and its variants in most cases.

Familiarity with probability and statistics and Bayesian belief networks is also as-
sumed. In chapters 6 and 7 we introduce probabilistic modelsfor collaborative Itering
cortaining latent variables, variables whosevalues are never obsened. Learning these
models requiresthe use of an expectation maximization procedure. In this chapter we
review the Expectation Maximization algorithm of Dempster,Laird and, Rubin [16]. We
alsointroducethe morerecer freeenergyinterpretation of standard EM dueto Nealand
Hinton [44]. We follow the free energyapproad of Neal and Hinton for the developmen

of all modelsin chapter 7.

As we will seein the following chapters, di erent learning and prediction methods

di er greatly in terms of computational complexity, and the complexity of the models

10
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they construct. We introducethe basicelemerts of the complexity analysiswe apply.
Lastly, we describe the experimertal protocolsusedto obtain rating prediction per-

formance results. We discussthe various error measuresthat are commonly used in

collaborative Itering researt. We also introduce the EachMovie and MovieLens data

sets,and descrike their main properties.

3.1 Probabilit y and Statistics

In chapters 6 and 7 we introduce methods for rating prediction basedon learning prob-
abilistic models of rating pro les. The power of these models comesfrom the fact that
they include latent variablesaswell asrating variables. The rating variablescorrespnd
to the rating of ead item, and are obsened or unobsened depending on a particular
user'srating prole. The latent variables, which are always unobsened, facilitate the
modeling of complexdependenciesetweenthe rating variables.

Let x be a vector of obsened variables, z be a vector of latent variables,and be
the model parameters.Let y = (X; z) be a vector of all variablesin the model. If y were
completely obsened we could apply standard maximum likelihood estimation to obtain

= argmax logP(yj ). Howewer, with the z unobsened,y becomesa random variable
and we must apply the Expectation Maximization algorithm of Dempsteret al. [16].

The Expectation Maximization algorithm is an iterativ e procedurefor maximum like-
lihood estimation in the presenceof unobsened variables. The algorithm beginsby ran-
domly initializing the parameters. The initial guessat the parametervaluesis denoted
™_In the expectation step the expectedvalue of the log likelihood of the completedata
y is estimated. The expectation is taken with respect to a distribution overy computed
using the obsened data x and the current estimate of , ™. This expressionis called
the Q-function and is written Q( j™) = E[logP(yj )jx; ] to indicate the dependence

on the current estimate of the parametervector . In the maximization step "t*! is set
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to the value which maximizesthe expected completelog likelihood, Q( jA‘). Thesetwo

updatesare iterated as shavn below until the likelihood corverges.

E-Step:  Q(j™)  EflogP(yj )ix; ™)

M-Step: ! argmaxQ( |™)

Neal and Hinton view the standard EM algorithm in a slightly di erent fashion.
They descrike the expectation step as computing a distribution ¢'(z) = P(zjx; ™) over
the range of z. In the maximization step "**! is setto the value of which maximizes
EqllogP(yj )], the expectedcompletelog likelihood under the g-distribution computed

during the previous expectation step.

E-Step: ' (z2) P(zjx; ™)

M-Step: "' argmaxEq[logP(yj )]

For more complex models where the parametersof the g-distribution or the param-
eters of the model can not be found analytically, the free energyapproad of Neal and
Hinton leadsto more exible model tting proceduresthan standard EM [44]. As Neal
and Hinton show, standard EM is equivalernt to performing coordinate ascem on the
free energyfunction F[q, ] = Eg4llogP(x;zj )]+ H[qdl, whereH[g] = Eg[logq(z)]. The
g-distribution may be the exact posterior over z or an approximation. The free energy
Flqg; ] is related to the Kullback-Liebler divergencebetween the g-distribution q(zjx)
and the true posterior p(zjx) asfollows: logP(x;zj ) = F[g; ]+ D(q(zjjx)jjp(zjx)). The
Kullback-Liebler divergenceis a measureof the di erence between probability distribu-
tions. It is zeroif the distributions are equal,and positive otherwise,thusthe freeenergy
F[qg; ]isalower boundonthe completedata log likelihood. The EM algorithm canthen

be expresseds follows:

E-Step: d*  arg maxF [o; ]

t+1 .

M-Step: ' argmaxF[q*!; ]
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Sinceboth the E-step and the M-step maximize the sameobjective function F[q; ],
tting proceduresother than standard EM can be justied. In the casewhere the pa-
rametersof g*1 or “**1 must be found iterativ ely, di erent interleavings of the iterativ e
updatescan be usedand the freeenergyF[q; ] is still guararteedto converge. Howe\er,
a local maximum of the free energy will only correspnd to a local maximum of the

expected completelog likelihood when q is a true maximizer of F[q; " ].

3.2 Complexit y Analysis

Achieving higher prediction accuracyon rating prediction tasks often comesat the cost
of higher computational or spacecomplexity. We analyzethe complexity of all learning

and prediction methods which we implemert to assesshis fundamertal tradeo .

Many of the methods we will descrile, sud asthosebasedon expectation maximiza-
tion, involve iterating a set of update rules until corvergence.When the computational
complexity of a learning or prediction method dependson iterating a set of operations
until the corvergenceof an objective function is obtained, we introduce the notation |
to indicate this dependence. For most learning and prediction algorithms | will be a
function of the number of usersN, the number of items M, the number of vote values
V, and a model sizeparameterK . We provide averagecaseestimatesof the number of

iterations neededto obtain good prediction performancefor data setstested.

The spacecomplexity of the represemations found by most methods will be a function
of the number of items M, the number of vote valuesV, and a model sizeparameterK .
For instance basedmethods and certain degeneratemodels, the spacecomplexity of the

learnedrepresemation will alsodepend on the number of usersN.
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3.3 EXxp erimen tation

In this section we descrike the experimertal methodology followed in this thesis. We
review di erent experimertal protocols that have been proposedin the literature for
evaluating the empirical performanceof collaborative ltering methods. We alsodiscuss
the various data setsthat are commonly usedin rating experimerts, and descrike some

of their important properties.

3.3.1 Experimental Proto cols

Most rating prediction experimerts found in the literature follow a protocol popularized
by Breese,Hedkerman, and Kadie [10]. In these experimerts the available ratings for
ead user are split into an obsened set, and a held out set. The obsened ratings are
usedfor training, and the held out ratings are usedfor testing the performanceof the
method. The training set may be further split if a validation set is needed. Howe\er,
this protocol only measureghe ability of a method to generalizeto other items rated by
the sameuserswho were usedfor training the method. We call this weak genealization.
A more important type of generalization,and one overlooked in the existing collabo-
rative ltering literature, is generalizationto completely novel userpro les. We call this
strong genealization. In a strong generalizationprotocol the set of usersis rst divided
into training usersand test users. Learning is performedwith all available ratings from
the training users. A validation set may be extracted from the training setif needed.To
test the resulting method, the ratings of eat test userare split into an obsened setand
a held out set. The method is shavn the obsened ratings, and is usedto predict the
held out ratings. A crucial point in this discussionis that somecollaborative ltering
methods are not designedfor use with novel user pro les. In this caseonly the weak

generalizationproperties of the method can be evaluated.

In both forms of generalization, testing is done by partitioning ead user's ratings
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into a setof obsened items, and a set of held out items. This canbe donein a variety of
ways. If K items are obsened and the rest are held out, the resulting protocol is called
Given-K . When all of a user'sratings are obsened exceptfor one,the protocol is often
referredto asall-but-1. Sincethe number of obsened ratings variesnaturally in the data
sets used for empirical evaluations, we adopt an all-but-1 protocol for both weak and
strong generalization. Note that in all caseshe error rates we report are taken over sets
of held out ratings usedfor testing, not the set of obsened ratings for for training.
Collaborative Itering data sets are normally quite large, and the error estimates
producedby the weak and strong generalizationprotocols seemto exhibit relatively low
variance. Nevertheless crossvalidation is usedto averageerror rates acrossmultiple ran-
domly selectedtraining, and testing sets,aswell asobsened and unobsened rating sets.

We report the meantest error rate and standard error of the meanfor all experimerts.

3.3.2 Error Measures

Two principal forms of error measurehave been used for ewaluating the performance
of collaborative Itering methods. The rst form attempts to directly evaluate recom-
mendation performance. Sud evaluation methods have been studied by Breeseet al.
[1Q], but are not commonly used. The lack of su cien tly denserating data setsrenders
recommendationaccuracyestimatesunreliable.

The secondform of error measureis usedto evaluate the prediction accuracy of a
collaborative Itering method. Seeral popular instancesof this form of error measure
are meansquarederror (MSE), meanabsoluteerror (MAE), and mean prediction error
(MPE). The de nitions of all three error measurescan be found belov assumingN users,

and onetest itelll pel useras i|| an a”'but'l plOtOCO|.
M SE X\l I I 3 1
- ( u yu) ( . )

MAE = Loy o (3.2)
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X
[ 6 ry] (3.3)

u=1

1
MPE = N

Sincewewill be experimerting with data setshaving di erent numbersof rating values
we adopt a normalized mean absolute error, which enablescomparisonacrossdata sets.
We de ne our NMAE error measureto be M AE =E[M AE ] where E[M AE ] denotesthe
expectedvalue of the MAE assuminguniformly distributed obsenedand predictedrating
values. An NMAE error of lessthan one meansa method is doing better than random,
while an NMAE value of greaterthan one meansthe method is performing worsethan
random. Note that this is a di erent de nition of NAME than proposedpreviously by
Goldberget al. [24]. In the de nition of Goldberget al. the normalizing valueis takento
bermax I'min, the di erence betweenthe largestand smallestrating values. Howewer, a
large portion of the resulting error scaleis not usedbecausét correspndsto errorsthat
are far worsethan a method which makesuniformly random predictions. For example,

on a scalefrom oneto verma rmin = 4 while EIMAE] = 1.6.

3.3.3 Data Sets

The single most important aspect of empirical researt on rating prediction algorithms
is the availability of large, densedata sets. Currently only two ordinal rating data sets
are freely available for usein researt. Theseare the EachMovie (EM) data setand the
MovieLens(ML) data set. EachMovie is a movie rating data set collectedby the Compagq
SystemsResearb Center over an 18 month period beginningin 1997. The basedata set
cortains 72916users,1628 movies and 2811983ratings. Ratings are on a scalefrom 1
to 6. The basedata setis 97:6% sparse. MovieLensis also a movie rating data set. It

was collectedthrough the on going MovieLensproject, and is distributed by GroupLens
Researb at the University of Minnesota. MovieLens cortains 6040users,3900 movies,
and 1000209ratings collected from userswho joined the MovieLens recommendation

servicein 2000. Ratings are on a scalefrom 1 to 5. The basedata setis 95:7% sparse.A
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Table 3.1: Each Movie and MovieLensData Set Statistics

Data Set | EM Ratings | EM Sparsity (%) || ML Ratings | ML Sparsity (%)
Base 2811983 97.6 1000209 957
Weak 1 2119898 95.6 829824 954
Weak 2 2116856 95.6 822259 954
Weak 3 2118560 95.6 825302 954
Strong 1 348414 957 164045 954
Strong 2 348177 957 172344 952
Strong 3 347581 957 166870 954

third data set often usedin collaborative Itering researt is the freely available Jester
Online Joke data set collectedby Goldberg et al. [24]. Jesterdiers from EachMovie
and MovieLensin that the ratings are cortinuous and not ordinal. The data setis also
much smaller cortaining 70000users,but only 100 jokes. Sincethis work focuseson a

formulation with ordinal ratings, the Jesterdata setis not used.

For the purposeof experimertation we apply further pruning to the basedata setshby
eliminating usersand items with low numbersof obsenedratings. We requirea minimum
of twerty ratings per user. In the caseof EadhMoive, this leavesabout 35000usersand
1600items from which we randomly select30000usersfor the weak generalizationset,
and 5000usersfor the strong generalizationset. Filtering the MovieLensdata set leaves
just over 6000 usersand 3500 movies from which we randomly select 5000 users for
the weak generalizationset and 1000 usersfor the strong generalizationset. For both
EachMovie and MovielLens, the selectionof usersfor weak and strong generalizationis
performedrandomly three times creating a total of twelve data sets. Table 3.1 indicates
that the ltering and sampling methods usedto extract the various data setsfrom the
baseEacdhMove and MovieLensdata setslargely presene rating sparsity levels. Figures
3.1and 3.2 shaw that the rating distributions are alsolargely presened. Each bar chart
givesthe empirical distribution over rating valuesfor a single data set. The horizontal

axis is orderedfrom lowest to highestrating value.
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EM Base EM Weakl EM Weak2 EM Weak3 EM Strongl EM Strong 2 EM Strong 3

Figure 3.1: EachMovie Rating Distributions

ML Base ML Weakl ML Weak?2 ML Weak3 ML Strong1 ML Strong 2 ML Strong 3

Sl il b b bk

Figure 3.2: MovieLensRating Distributions

3.3.4 The Missing at Random Assumption

Oneimportant considerationwhen dealingwith data setsthat cortain large amourts of
missingdata is the processthat causeghe data to be missing. This processs referredto
asthe missing data mechanism If the probability of having a missingvalue for a certain
variable is unrelated to the value of the variable, then the ratings are said to be missing
completelyat random If the probability that a variable is unobsened given the values
all variablesis equalto the the probability that a variable is unobsened given the values
of just the obsened variables, then the data is said to be missing at random [36]. If
the data is missingcompletely at random or simply missingat random then the missing
data medanism can be ignored. If the data is not missingat random then ignoring the
missingdata medanismcan bias maximum likelihood estimatescomputedfrom the data
[36].

Given a data setwith missingvalues,it is impossibleto determinewhether the miss-
ing valuesare missing at random becausetheir valuesare unknown. Howewer, we can
hypothesizebasedon prior knowledge of the processthat generatedthe data. For in-
stance,we might believethat a useris likely to only seemoviesthat they believe they will
like, and only rate moviesthat they have seen.In this casethe probability of observing
a rating value will depend on the user'sestimate of their rating for the item. Thus the
data is not missingat random, and ignoring the missing data medanism may result in

biasedlearning procedures.
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Taking accourt of the missingdata medanism can be fairly easywhenthe goalis to
nd maximum likelihood estimatesfor simple statistics like the meanof the data. In the
collaborative Itering casewe areinterestedin optimizing the parametersof probabilistic
models using maximum likelihood methods. This is a more complicated task, and the
problem of incorporating missingdata medanismsinto generative models hasnot been
studied at all in the collaborative Itering literature. All existing researt explicitly or
implicitly makesthe assumptionthat ratings are missingat random. While this is a very
interesting issue,it is beyond the scope of the presen researt. In this thesiswe assume
that all missingratings are missingat random, but adknowledgethat the biasintroduced

into learning and prediction may be signi cant.



Chapter 4

Classi cation and Regression

Given an M dimensionalinput vector x;, the goal of classi cation or regressionis to
accurately predict the correspnding output value ¢;. In the caseof classi cation the
outputs c take valuesfrom a nite setreferredto asthe set of classlabels. In the case
of regressionthe outputs c are real valued. Each componert x; of input vector x; may
may be categoricalor numerical. Classi cation and regressionsharea commonlearning
framework: a set of training instancesfx;;c¢g is given, and the mapping from input

vectorsto output valuesmust be learned.

Rating prediction for collaborative Itering is rarely thought of in terms of classi ca-
tion or regressiongdespitethe fact that someof the most well known methods fall under
this heading. To seethat classi cation o ers a useful framework for personalizedrating
prediction considerconstructing a di erent classi er for every item. The classi er for
item y classi esusersaccordingto their rating for item y. The input featuresconsistof
ratings for items other than item y. We learn the set of classi ers independerly. Some
userswill not have recordeda rating for item y, but it suces to discard those users
from the training set when learning the classi er for item y. Collaborative Itering can

be performedasregressionn a preciselyanalogousfashion.

Billsus and Pazzaniproposean alternate framework for performing rating prediction

20
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as classi cation or regression[5]. They begin by re-encale ordinal rating valueson a
scaleof 1 to V using a binary 1-of-V encaling sheme. This is necessarywhen using
certain classi ers that can not be applied in the presenceof missing data, but is not
necessaryin general. The framework of Billsus and Pazzanialso obscuresthe true rela-
tionship between standard classi cation techniquesfrom madhine learning, and the set
of methods popularized by Resnik et al. [49, Shardanandand Maes [52], and Her-
locker et al [27]. Thesealgorithms have beencalled memory-based10], similarity-based,
and neighborhood-based[27] in the literature. As we shaw in the following section,
neighborhood-basedcollaborative ltering methods can be interpreted as modi cations
of the well known K -NearestNeighbor classi er [42].

While not exploredto date, the useof other standard classi ers for rating prediction
is alsopossible. We detail the application of the naive Bayesclassi er, and brie y discuss

the useof other classi ers sudh as decisiontreesand arti cial neural networks.

4.1 K-Nearest Neigh bor Classier

The K -NearestNeighbor (K NN) classi er is one of the classicalexamplesof a memory-
based,or instance-basednadine learning method. A K NN classi er learns by simply
storing all the training instancesthat are passedto it. To classify a new query vector
Xq given the storedtraining setfXx;; cg, a distancedy = d(Xq; X;) is computed for all i.
Let X, ;5 Xn, be the K nearestneighbors of xq, and c,,; ::;;c,, be the correspnding
outputs. The output for x4 is then calculatedasan aggregateof the classlabelsc,,; :::; Gy,
[42 p. 230-231].

In the standard casewherethe input vectorsconsistof real numbersand the outputs
are discrete classesthe distancefunction d() is takento be euclideandistance given by
equation4.1. The predicted output value is takento be the classof the majority of x's

K nearestneighbors as seenin equation 4.2. If the outputs are cortinuous, then the
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predicted output is computed as the meanof the outputs of x4's k nearestneighbors as

seenin equation4.3. This yields K -NearestNeighbor regression.

V
o
dxgxi) = € (xn ;)2 (4.1)
j=1
X
G = argmax  (CiCy,) (4.2)
k=1
LX (4.3)
= J— an .
~ K k=1

One standard extensionto K NN that canincreaseaccuracyis to incorporate a sim-
ilarity weight wy. The similarity weights is calculated as the inverse of the distance
Wq = 1=d;. This technique is applicableto both the classi cation, and regressioncases.
The modi ed classi cation and regressiorrules are givenin equations4.4and 4.5[42, p.
233-234]. An additional benet of incorporating similarity weights is that the number
of neighbors K can be set to the number of training casesN, and the presenceof the
weights automatically discourts the cortribution of training vectorsthat aredistant from

the query vector.

X
G = argmax  Wgn, (C;Cn,) (4.4)
P« -
— =1 ankcnk
Cq —#—k (4.5)
k=1 Wany

4.1.1 Neigh borho od-Based Rating Prediction

Neighborhood-basedrating prediction algorithms are a specialization of standard K NN
regressionto collaborative Itering. To make a prediction about an item vy, recall that
the input feature vector consistsof all items in the datasetother than y. Someuserswill
not have rated someitems so the distance metric can only be calculated over the items
that the active usera and ead useru in the data set have rated in common.

Many specializeddistance and similarity metrics have been proposed. The survey
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by Herlocker et al. mertions Pearson correlation, Spearman rank correlation, vector
similarity, entropy, and meansquareddi erence [27]. The Pearsoncorrelation similarity
metric is shavn in equation 4.6. Pearsoncorrelation was usedby Resnik et al. in the
GroupLenssystem[49], and a slight variation was usedby Shardanandand Maesin the

Ringo music recommender{52].
" ngryeng (U2 P 1Y)
fyirgiry62g\ly y

: (4.6)
fyjrg;rlyls?g(r? re) fyjr;‘:ryé?g(w r)

fa =N
Wau = &+

A straight forward application of the K NN classi cation and regressiorrulesto rating
prediction results in the rules shavn in equations4.4 and 4.8. We have accouried for
negative weights which do not occur when euclideandistanceis used. We assumethe

active user'skK nearestneighbors are given by ug; :::; Uk .

r = argmax  Way, (V;ry* (4.7)
k=1
PK Uy
_. W. I

re = piel Sl (4.8)
k=1 JWaukJ

When using certain similarity metrics including Pearsoncorrelation and vector sim-
ilarity, Resnid et al. [49] and Breeseet al. [10] advocate a slight modi cation of the
prediction rules given above. SincePearsoncorrelation is computed using certered rat-
ings (ratings with the user mean subtracted), Resnik et al. compute certered ratings
in the GroupLensalgorithm, and then add the meanrating of the active user bad in.
Breeseet al. do the samefor vector similarity. Equation 4.9 shows the exact from of this

prediction method, algorithm 4.1 givesthe completeprediction algorithm.

k=1hWaPuk(r;/Jk ruk)
r

K . P -
k=1 JWaukJ

(4.9)

While the early work by Resnidk et al. usedall usersto compute predictions [49],
Shardanandand Maes include only those userswhosecorrelation with the active user
exceedsa given threshold [52]. Gokhale and Claypool explored the use of correlation

thresholds, as well as thresholds on the actual number of rated items commonto the
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Algorithm  4.1: PKNN-Predict

active user and ead user from the data set. The later were termed history thresholds
[22). Herlocker et al. perform experimerts using similar thresholds, as well as a Best-
K neighlors method that is most similar to standard K NN classi cation. The general
result of this work is that using a subsetof all neighbors computed using a threshold or
other technique tends to result in higher prediction accuracythan when no restrictions
are placedon neighborhood size. However, a precision/recall tradeo exists when using
thresholds due to the sparsity of data. Essenially, the number of ratings that can be
predicted for any userdecreaseasthreshold valuesare increased.A true K NN approad

doesnot su er from this problem, but incurs an added computational cost.

4.1.2 Complexit y

As an instance basedlearning method, the training for any neighborhood-basedrating
prediction algorithm consistsof simply storing the pro les of all training users. These
pro les must be kept in memory at prediction time, which is a major drawbad of these
methods. Howe\er, if sparsematrix storagetechniquesare used,the storagespaceneeded

dependsonly on the total number of obsened ratings. Computing all rating predictions
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for the active usera with a neighborhood method requiresO(N) similarity weight cal-
culations ead taking at most O(M) time for a total of O(NM ). If a method is usedto
selectneighbors with weights above a given threshold, then an additional O(N) time is
needed.If a method is usedto selectthe K nearestneighbors, then an additional time
complexity of O(N logN) is needed. Finally, computing all rating predictions for the
active usertakesO(N M) in generalor O(K M) if only the K nearestneighbors are used.

In all of thesevariations the cortribution of the weight calculationis O(NM), and
prediction time scaledinearly with the number of usersin the database.With a realistic
number of usersthis becomegjuite prohibitiv e. Note that certain de nitions of prediction
allow for the similarity weights to be computed as a preprocessingstep; however, we
assumethat the active usermay be a novel usersothat its pro le is not known before

prediction time.

4.1.3 Results

A weighted nearestneighbor rating prediction algorithm using the Pearsoncorrelation
similarity metric wasimplemerted. We electedto usethe active user'sK nearestneigh-
bors to compute predictions. We call this method PKNN-Predict, and list the pseudo
codein algorithm 4.1. PKNN-Predict hastotal time complexity O(NM + N logN + K M).
Note that if we let K = N we recover the original GroupLensmethod.

We tested the predictive accuracyof PKNN-Predict using three neighborhood sizes
K = 1;10,50g. Both weak generalizationand strong generalizationexperimerts were
performed using the EachMovie and MovieLens data sets. The mean error valuesare
reported in terms of NMAE, alongwith the correspnding standard error values.

From theseresults we seethat acrossall data setsand experimertal protocols, the
lowest meanerror rates are obtained using one nearestneighbor to predict rating values.
Howewer, there is little variation in the results for di erent settings of K in the range

tested.
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Table 4.1: PKNN-Predict: EachMovie Results
Data Set K=1 K =10 K =50

Weak 0:4886 0:0014| 0:4890 0:0014| 0:4898 0:0014
Strong 0:4933 0:0006| 0:4936 0:0006| 0:4943 0:0006

Table 4.2: PKNN-Predict: MovieLensResults
Data Set K=1 K =10 K =50

Weak 0:4539 0:0030| 0:4549 0:0030| 0:4569 0:0031
Strong 0:4621 0:0022| 0:4630 0:0023| 0:4646 0:0023

4.2 Naiv e Bayes Classi er

The Naive Bayesclassi er is robust with respect to missing feature values, which may
make it well suited to the task of rating prediction. The naive Bayes classi er can be
compactly represeted asa Bayesiannetwork asshavn in gure 4.1. The nodesrepresen
random variables correspnding to the classlabel C, and the componerts of the input
vector Xq;:::;Xw. The Bayesiannetwork in gure 4.1 revealsthe primary modeling
assumptionpresert in the naive Bayesclassi er: the input attributes X; areindependert
given the value of the classlabel C. This is referredto asthe naive Bayesassumption
from which the name of the classi er is derived.

Training a naive Bayes classi er requires learning values for P(C = c), the prior
probability that the classlabel C takesvalue c; and P(X; = xjC = c), the probability

that input feature X; takesvalue x given the value of the classlabel is C = c. These

Figure 4.1: Naive BayesClassi er
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probabilities can be estimated using frequenciescomputedfrom the training data asseen
in equations4.10and 4.11. Given a newinput pattern X,, we classifyit accordingto the

rule shovn in equation4.12.

1 X
P(C=9 = g (@9 (4.10)
i (xij ;%) (ci;©)
v o oam (X5x) (6sc
P(X; =xjC=1¢) = rx,-b?Nq (inj;X) g(q;c) (4.11)
Cq = argm(gxP(C: C) | P(X; = XqJC =0 (4.12)

J

When applying a classi er to domains with attributes of unknown quality, feature
selectionis often usedto pick a subsetof the given featuresto use for classi cation.
In a Iter approad to feature selection,a set of featuresis selectedas a preprocessing
step, ignoring the e ect of the selectedfeatureson classi er accuracy[33. In a wrapper
approad to feature selection, classi cation accuracyis usedto guide a seart through
the spaceof feature subsets[33].

One feature selection Iter often usedwith the naive Bayesclassi er is basedon the
empirical mutual information betweenthe classvariable and ead attribute variable. The
empirical mutual information scoreis computedfor ead attribute, and the attributes are
sortedwith respect to their scores.The K attributes with the highestscoreare retained
as features. In the presen casewhere all variables are discrete, the empirical mutual
information can be easily computedbasedon the distributions found when learning the
classi er. The formula is given in equation 4.13. The mutual information can also be

computed during the learning processlearning.

X X j = X 0=
M1(X;;C) = P(Xj=xC=0glog PF()>(<>J-<J= x;(;(zc =C)c)

One issuewith the useof mutual information as a feature selection lter is that it

(4.13)

may selectredundart features. For example,if a model cortained multiple copiesof the

samefeature variable, and that feature variable had maximal mutual information with
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Figure 4.2: Naive Bayesclassi er for rating prediction.

the classvariable, the mutual information feature selection lter would selectas many
redundart copiesof that feature variable as possible. When selectinga small number of

features,this can be very problematic.

4.2.1 Naiv e Bayes Rating Prediction

To apply the naive Bayesclassi er to rating prediction we independerly learn oneclas-
si er for ead item y. We train the classi er for item y using all usersu in the data set
who have supplieda rating for item y. The input vectorsusedto construct the classi er
for item y consistof ratings for all items other than item y. We will referto item y asthe
classitem, and the remaining items as feature items. We can expressthis naive Bayes
classi er for item y in terms of a Bayesiannetwork asseenin gure 4.2.

To learn the naive Bayesrating predictor we must estimate P(Ry = v) and P(R; =
wjRy = v). The naive Bayes learning rules given in equations4.10 and 4.11. can be
applied without modi cation, but we smaoth the probabilities by adding prior courts to
avoid zero probabilities. Training rules that include smaothing are shovn in equations
4.14, and 4.15. The complete learning procedureis given in algorithm 4.2 where ,

encalesP(Ry = v), and y;w encalesP(R; = wjRy = V).

1 X
@a+ (r ;‘;v)) (4.14)

VP u=1
1+ 0y (rfw) (rysv)
VUL N (fw) (1Y v)

P(Ry = v)

N +

(4.15)

P(R; = wjRy = v)
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Input: r2,r
Output:

fory=1toM,v=1toV do
yv N+1V 1+ Dl=1 (ry;v))
forj=1toM,w=1toV do
r:|>+ ‘TP (ri';w) (ryv)
:l/v:l Elzl (ritw) (ry;v)

yVvjw
end for
end for

Algorithm  4.2: NBClass-Learn

Input: r@, |
Output: £

fory=1to M do Q
f‘? argmaxy yv ey le yvj w (ryaw)
end for

Algorithm  4.3: NBClass-Predict

To predict the value of r§ given the prole r@ of a particular active usera we apply
a slightly modi ed prediction rule to allow for missing values. This prediction rule is
showvn in equation4.16. A complete prediction method is given in algorithm 4.3.
Y VW a.
fy = argmaxP(Ry = V) P(R; = WjR, = v) (7™ (4.16)
isyw=1
Applying a feature selectiontechnique as descriked in section4.2 may be useful for
seeral reasons.First, it reducesthe number of parametersthat needto be stored from
O(M2V?) to O(K M V?). Secondthe elimination of irrelevant attributes should decrease
prediction error. Feature selectionby empirical mutual information is an obvious candi-
date sincethe probabilities neededto compute the scoreare found when estimating the
parametersof the classi er. Howewer, the empirical mutual information scorescomputed
for di erent feature items will be basedon di erent numbers of obsened ratings due to
rating sparsity. Clearly we shouldhave morecon dencein a mutual information estimate
computed using more obsened rating valuesthan one computed using fewer obsened

ratings. A simple heuristic scorecan be obtained by scalingthe empirical mutual infor-
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mation value for a feature item by the number of samplesusedto computeit. Za alon
and Hutter presen a principled, Bayesianapproad to dealing with this problem based

on estimating the distribution of mutual information [56).

4.2.2 Complexit y

The computational cost of separatelylearning one Naive Bayes classi er for ead item
is O(NM?2V?), Storing the probabilities for a singe classi er takesMV?2 + V space
and thus M2V2 + MV for all M classi ers. This spacerequiremen beginsto be pro-
hibitiv e; howewer, it can be loweredby applying feature selectionindependerily for eath
classitem. For example,the empirical mutual information with the heuristic correc-
tion discussedpreviously can be computed between items at a computational cost of
O(NM?2V2+ MZ?logM). If the bestK feature items are retained asinput features,this
lowersthe storagerequiremen to O(K M V?2). The computational complexity of predict-
ing all unknown ratings for a singeuseris O(M 2V). If we restrict the input vectorsto

the bestK featuresfor ead item, we obtain O(K M V).

4.2.3 Results

Learning and prediction methods for the naive Bayes classi er were implemerted ac-
cording to algorithms 4.2, and 4.3. In addition, the heuristic mutual information score
discussedn subsection4.2.1was applied to selectthe K best featuresafter training the
classi er for ead item. Despitethe issueswe have outlined with the useof mutual infor-
mation for feature selection,it wasfound to result in improved accuracyin preliminary
testing.

Both weakgeneralizationand strong generalizationexperimerts wereperformedusing
the EacdhMovie and MovieLensdata sets. The method wastestedfor K = f 1; 20, 50, 100g.
The mean error values are reported in terms of NMAE, along with the correspnding

standard error values.
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Table 4.3: NBClass-Predict: EachMovie Results
Data Set K=1 K =20 K =50 K = 100

Weak 0:5789 0:0007| 0:5258 0:0022| 0:5270 0:0019| 0:5271 0:0011
Strong 0:5820 0:0043| 0:5319 0:0057| 0:5317 0:0042| 0:5295 0:0047

Table 4.4: NBClass-Predict: MovieLensResults
Data Set K=1 K =10 K =50 K = 100

Weak 0:4803 0:0027| 0:4966 0:0021| 0:5042 0:0026| 0:5086 0:0014
Strong 0:4844 0:0016| 0:4833 0:0052| 0:4942 0:0065| 0:4940 0:0111

(7]

4.3 Other Classication and Regression Techniques

While the application of other standard typesof classi cation and regressiontechniques
including decisiontree classi ers and, arti cial neural networks is possible,the presence
of missingvaluesin the input is more problematic. In the caseof decisiontress, missing
attribute valuescanbe dealt with by propagatingfractional instancesduring learning[42,
p. 75]. This is the method usedin the popular decisiontree learning algorithm C4.5[4§].
In the caseof neural networks missingvaluesmust be explicitly represeted. Two main
possibilitiesexist. First, ‘'missing'can simply be consideredasan additional rating value.
There are casedn statistical analysisof categoricaldata wherethis type of treatment of
missingdata is sensible;however, in the rating data caseit is not justied. Second,the
1-ofV encaling scheme proposedby Billsus and Pazzani[5] can be applied. We have
experimerted briey with some of these techniques, but the results were fairly poor.
Neighborhood methods appear to achieve the best prediction accuracyin the presenceof
extremely sparserating pro les of any of the classi cation or regressiorbasedprediction

methods.
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Clustering

Givenasetof M dimensionalinput vectorsf x;g, the goal of clusteringis to group similar
input vectorstogether. A number of clustering algorithms are well known in macdine
learning, and they fall into two broad classes:hierarchical clustering, and standard clus-
tering [3]. In hierarchical clustering a tree of clustersis constructed,and methods di er

depending on whether the tree is constructedbottom-up or top-down. Standard cluster-
ing includesK -means,K -medians,and related algorithms. A key point in all clustering
methodsis decidingon a particular distancemetric to apply. For ordinal data possibilities

include, hamming distance, absolutedistance,and squareddistance.

Clustering has been applied to collaborative Itering in two basic ways. First, the
items can be clusteredto reducethe dimensionof the item spaceand help alleviate rat-
ing sparsity. Second,userscan be clusteredto identify groups of userswith similar or
correlatedratings. Item clustering doesnot directly lead to rating prediction methods.
It is a form of preprocessingstep, which requiresthe subsequet application of a rating
prediction method. O'Connor and Herlocker have studied item clustering as a prepro-
cessingstep for neighborhood basedrating prediction [45]. They apply se\eral clustering
methods, but their empirical results show prediction accuracyactually decreasescom-

paredto the unclusteredbasecaseregardlessof the clustering method used. A reduction
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in computational complexity is achieved, howewer.

Unlike item clustering, user clustering methods can be used as the basis of simple
rating prediction methods. Rating prediction basedon user clustering is the focus of
this chapter. We review clustering algorithms from both the standard, and hierarchical
classesWe introducea novel K -medianslike rating prediction method with good predic-
tion accuracyand low prediction complexity. We also discussexisting rating prediction

methods for hierardhical clustering.

5.1 Standard Clustering

Standard clustering methods perform an iterative optimization procedure that shifts
input vectors betweenK clustersin order to maximize an objective function. A rep-
resenativ e vector for ead cluster called a cluster prototype is maintained at ead step.
The objective function is usually the sum or meanof the distancefrom ead input vector
X;j to its cluster prototype [3, p.13]. The role of the underlying distancemetric is crucial.
It de nes the exact form of the objective function, as well as the form of the cluster
prototypes.

When squareddistanceis used, the objective function is the sum over input vectors
of the squareddistancebetweenead input vector and the prototype vector of the cluster
it is assignedto. For a particular assignmen of input vectorsto clusters, the optimal
prototype for a given cluster is the mean of the input vectors assignedto that cluster.
When absolutedistanceis used,the objective function is the sum of the absolutedi er-
encebetweenthe input vectors assignedto ead cluster and the correspnding cluster
prototype. For a particular assignmen of input vectorsto clusters, the optimal proto-
type for a given cluster is the median of the input vectors assignedto that cluster. In
theory any distance function can be used, but somedistance functions may not admit

an analytical form for the optimal prototype.
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To obtain a clustering of the input vectors which correspndsto a local minimum
of the objective function, an iterative optimization procedureis required. We begin
by initializing the K prototype vectors. On ead step of the iteration we compute the
distance from ead input vector to ead cluster prototype. We then assignead input
vector to the cluster with the closestprototype. Lastly we update the cluster prototypes
basedon the input vectorsassignedo ead prototype. The generalform of this algorithm
is given below. When squareddistanceis usedthis algorithm is known asK -Means,and

when absolutedistanceis usedit is known as K -Medians.

+1

1.¢

argmin d(x;; pk)

2. pi't = argmin, N, (k;c*h)d(xi; pL)

5.1.1 Rating Prediction

In userclustering the input vectorsx; correspnd to the rows r" of the user-itemrating
matrix. A simple rating prediction sdheme basedon user clustering can be obtained
by de ning a distance function that takes missing valuesinto accourt. We chooseto
minimize total absolute distance since this correspnds to our choice of NMAE error
measure. We modify the standard absolute distance function by taking the sum over
componerts that are obsened in both vectorsas shown in equation 5.1. The objective

function we minimize is thus given by equation 5.2 where ¢, is the cluster user u is

assignedto.
u. -k — X ieu ks
d(r 1p) - er pyj (51)
fyjry;pk62g
X
Flr;cip] = d(r*; p*) (5.2)
u=1

The minimizer of this distancefunction occurswhenall the valuesof p§ aresetto ?.
Howe\er, if we alsostipulate that the maximum number of componerts be de ned, then

the optimal prototype for cluster Cy is the median of the rating vectorsassignedto Cy,
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Input: frig, K
Output: fp'g

Initialize pX
while (F[r;c;p] Not Cornverged)do
foru=1to N d19
Cu  argming fyjry:pke 2g iry p{il
end for
for k=1toK,y=1to M do
pk  mediarfryjc, = k;ry 6 ?g
end for
end while

Algorithm 5.1: KMedians-Learn

Input: r3, fp'g, K
Output: £

k ar minP , ir2 o
g I fyjr;’;‘;p'yﬁ?gj y pyJ

k
r\g p

Algorithm  5.2: KMedians-Predict

taking missingratings into accourt. Speci cally, the prototype value for item y is the
median of the de ned ratings for item y. It isonly setto ? if no usersassignedo cluster
k have rated item y. In our experimerts unde ned componerts are not a problem due
to the small number of clustersusedcomparedto the large number of users.

Once the user clusters have been formed, we obtain a very simple algorithm for
predicting all ratings for the active usera. We simply determine which cluster k usera
belongsto and set 2 to pX. We give learning and prediction proceduresin algorithms

5.1and 5.2.

5.1.2 Complexit y

The complexity of learning the K -Medians cluster prototypes depends on the number
of iterations neededto read convergence.Assumingit takesl| iterations to read con-

vergencethe total time complexity of the learning algorithm is O(INM K'). The space
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Table 5.1: K-Medians Clustering: EachMovie Results
Data Set K=5 K =10 K =20 K =40
Weak 0:4810 0:0023| 0:4676 0:0016| 0:4631 0:0015| 0:4668 0:0013
Strong 0:4868 0:0007| 0:4725 0:0021| 0:4688 0:0012| 0:4694 0:0035

Table 5.2: K-Medians Clustering: MovieLensResults

Data Set K=5 K =10 K =20 K =40
Weak 0:4495 0:0027| 0:4596 0:0052| 0:4573 0:0067| 0:4677 0:0058
Strong 0:4637 0:0056| 0:4585 0:0056| 0:4556 0:0053| 0:4612 0:0091

complexity for the learned cluster prototype parametersis MK . Given a novel user

pro le, the time neededto compute predictions for all items is O(MK).

5.1.3 Results

The KMedians-Learnmethod wasrun on the EachMovie and MovieLensweak data sets
with K = f5; 10; 20, 40g. The cluster prototypeswereinitialized to K di erent randomly
chosenuserpro le vectors. Preliminary testing indicated that good prediction accuracy
was obtained after lessthan 25 iterations. This value was usedas a hard limit on the
number of iterations allowed in the learningimplemertation. After learningwascomplete
the KMedians-Predict method wasrun on both weakand strong generalizationdata sets,
and the mean prediction error rates were calculated. The NMAE valuesalong with the

standard error level are showvn in tables 5.1, and 5.2.

5.2 Hierarc hical Clustering

A hierarchical clustering method constructsa tree of clustersfrom the input vectorsf x;g.
The main property of a cluster tree or dendiogram is that the children of eat cluster
node C, form a partition of the input vectorscortained in C; [3]. There are two ways of
constructing a cluster tree: agglomeratively and divisively.

In agglomeratiwe clustering ead input vector is initially placedin its own cluster. On

ead subsequeh step the two most similar clustersare identi ed and mergedto obtain
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their common parrent. The merging cortinuesuntil only one node remains. This node
forms the root of the tree and contains all the input vectors.

The certral issuein agglomerati\e clustering is deciding which pair of clusters to
mergenext. A pair of clustersis selectedby computing a linkagemetric betweenall pairs
of clusters, and choosing the pair of clustersthat is closestwith respect to the metric.
Common linkage metrics include single linkage, complete linksage, and averagelinkage
[18]. The linkagemetric dependson a distancefunction betweeninput vectorsd(Xa; Xp).

SingleLinkage [|s(Cx;C)) = min c d(x;; x¢)
|

Xr2Cy Xt 2

CompleteLinkage [(Cy;C) = 2(r:naxzc d(x;; X¢)
Xr kXt |

AveragelLinkage 15(Ci;C) = Jnean d(x;; X¢)
Xr kXt |

A secondmethod for cluster tree construction is to begin with all input vectorsin
the root node, and to recursiwely split the most appropriate node until a termination
condition is reached. The construction method may be terminated when ead leaf node
contains lessthan a maximum number of input vectors, when a maximum number of
clustersis readed, or when ead cluster satis es a condition on within-cluster similarity.

In the caseof collaborative ltering we typically want a small set of clusters with
respect to the number of items so divisive clustering a better choice in terms of total
computational complexity. In divisive clustering the main issuesare which cluster to
selectfor splitting, and how to split the input vectorswithin a cluster. Both issuesagain
require the de nition of a distancemeasured(x,; X,) betweeninput vectors.

Clusters are selectedfor splitting basedon any number of heuristics including size,
within-cluster similarity, and cluster cohesion[18]. A standard technique for splitting
a cluster C; is to randomly selectan input vector x, from the elemerts of C,, and to
determine the elemen x; of C; that is furthest from x,. Thesetwo input vectors are
placedin their own clusters,and the remaining input vectorsare assigneddepending on

which of x, or x; they are closerto.
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5.2.1 Rating Prediction

Sengand Wang presen a userclustering algorithm basedon divisive hierarchical cluster-
ing calledthe RecommendationTreealgorithm (RecTree)[14]. In the RecTreealgorithm
a cluster node is expandedif it is at a depth lessthan a speci ed maximum, and its size
is greaterthan a speci ed maximum. The exact sequencen which nodesare expanded
is not critical, and a simple depth-rst or breadth- rst expansionof the nodes can be
useduntil one of the termination conditions is met.

Interestingly, Sengand Wang do not usea common method for splitting the input
vectors assignedto a cluster in the RecTree algorithm. Instead, they apply a K -means
algorithm with K = 2 to ead cluster. If the total number of leaf clustersis K ©, then
the RecTree algorithm computesthe clustering more e cien tly than applying K -means
to the data with K © clusters. Howewer, the quality of the clustering produced by the
RecTreealgorithm will likely be lower than that obtained using K -meansdirectly.

Ratings could be predicted using the computed prototypes similar to the method
proposedabove for K -medians. However, Sengand Wang chooseto apply neighborhood-
basedrating prediction within ead user cluster. This meansthe RecTree algorithm as
given by Sengand Wangis more of a pre-processingnethod than a true rating prediction
method. Experimertal results preserted by Sengand Wang showv that the RecTree
algorithm performs slightly better than neighborhood-basedrating prediction methods

on certain tasks [14].



Chapter 6

Dimensionalit y Reduction

Dimensionality reduction is a technique analogousto clustering. Instead of assuming
that a single, discrete latent variable is the underlying causefor the obsened data, we
assumethere are a small number of continuous latent variables. In general,the process
of dimensionality reduction can be described as mapping a high dimensionalinput space
into a lower dimensional latent space. A special caseof dimensionality reduction is
matrix factorization wherea data matrix D is reducedto the product of seweral low rank
matrices.

In this chapter we intro ducethree standard techniquesusedfor dimensionality reduc-
tion: singularvaluedecomposition (SVD), factor analysis(FA), and principal componerts
analysis(PCA). We discusshow ead technique can be applied or adaptedto rating pre-
diction. We provide rating prediction results for weighted singular value decomposition.
We also introduce a new rating prediction technique which extends weighted singular

value decompsition to novel userpro les.

6.1 Singular Value Decomp osition

Singularvalue decompsition is a technique for matrix factorization. Givena data matrix

D of sizeN M, the singular value decompsition of D is a factorizationD = U VT

39
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whereU isof sizeN M, isofsizeM M, andV isofsizeM M. In addition, U
and V are orthonormal, and is diagonal. The standard solution to the singular value
decommsition is to let = diag( 1; 2;::; wm) Where ; is the i largest eigervalue of
DDT, the columnsof U arede ned to bethe eigervectorsof DD T, and the columnsof V
arede ned to bethe eigervectorsof D" D. The columnsof U andV areorderedaccording
to the sizesof their correspnding eigervalues. Given this solution to the SVD, it is well
known that Ux ¢ V|{ is the bestrank-K approximation to D under the Frobeniusnorm.
k IS obtained by preservingthe rst K diagonalelemens of and truncating the rest.
Uk and Vi are obtained by preservingthe rst K columnsof U and V and truncating
the rest. The Frobenius norm is simply the sum of squaresof all elemens of a matrix,
which in this casegiven by equation 6.1.
XM
F(D Uk kW)= (D (U kVid)m)? (6.1)
n=1 m=1
The componerts of the low rank approximation Ux ¢ V! also have interpretations
in terms of a latent spacemapping. The columnsof Ux can be interpreted as specifying
a set of K basisvectors for an N dimensional space,while the columns of Vi specify
a set of K basisvectorsin an M dimensionalspace.  is responsible for scalingthe

dimensionsof the latent spaceand can be multiplied into Ux and V.

6.1.1 Weighted Low Rank Appro ximations

As we have mertioned, Uy ¢ V{ is the best rank K approximation to D under the
Frobenius norm F. As Srebro and Jaakola argue, in certain situations it is natural
to considera weighted Frobenius norm [53]. For instance, if estimates of the noise
varianceasseiated with ead measuremenareavailable, and thoseestimatesdi er across
measuremets. Another caseof special interest hereis when someertries in the matrix
are not obsened. In this caseunobsened elemerts of the matrix can be given a weight

of 0, while obsenred elemerts are given a weight of 1. It is important to note that the
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SVD of a matrix is unde ned if the matrix cortains missingertries.
In generalthe optimal rank K appraximation to the data matrix D minimizes the
di erence betweenD and UVT under the weighted Frobenius norm Fy, as shown in
equation6.2. Herethe only restriction on U andV arethat U isof sizeN K, and that
VisofsizeM K. W isanN M matrix which speci es a non-negative weight value
for ead elemen of D.
XM
Fw(D UVT)= Wom (Dom (UVT)m)? (6.2)
n=1 m=1
Srebroand Jaakola show that the problem of computing an optimal rank K weighted
approximation does not have an analytical solution, despite the fact that a minimizer
can be found exactly under the unweighted Frobenius norm using standard SVD [53.
Srebro and Jaakola also shav the existenceof local minima in the weighted case. In
the unweighted caseewery local minima is also a global minima. The obvious method
for nding a locally optimal solution is thus to directly minimize Fy (D  UVT) with
respectto U andV usingnumericaloptimization. Srebroand Jaakola presert a numerical
optimization method that performs coordinate desceh in U and V. The minimum of
Fw(D UVT) with respectto U can be found exactly for any given V. Howewer, when
the exact form of the minimizer is substituted into the gradiert equation for V, the
resulting system does not have an analytic solution. Thus, standard gradiert desceh
must be usedto nd the minimum of Fw(D UVT) with respect to V for a given
U. We give the coordinate descen iteration equationsbelon. The notation U;, W;, D;
indicatesthe i™ row of the correspnding matrix. The notation  denoteselemenwise
multiplication. diag(v) is the diagonalmatrix with the elemerts of the vector v alongits

diagonal.

c
|

(VTdiag(W;)V) Vv Tdiag(W;)D; (6.3)
@w(D UVT)

2W (VUT DU (6.4)
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In addition to the straightforward optimization approad for the generalweighted low
rank approximation problem, Srebroand Jaakola dewelop a simple EM algorithm for the
missingdata problem. This algorithm is basedon iterativ ely applying standard SVD to
obtain successiely better low rank approximations D = Ux k V{. In this caseif an
elemen of D is unobsenedit is assigneda weight of 0, and if it is obsenedit is assigned
a weight of 1. In the expectation step of the EM algorithm, the missingvaluesof D are
lled in with valuesfrom the low rank reconstruction  forming a complete matrix X .
In the maximization step a low rank appraximation of X is computed and new values
for U, , andV arefound. The low rank appraximation neededin the M-step can be
found using standard SVD since X is a completely speci ed matrix. The stepsof this

procedureare given in detail below.

EStep X=W D+@ W) D (6.5)
M-Step [U; ;V]= SVD(X) (6.6)
D=Uc kW (6.7)

In fact, this EM algorithm holdsfor any weight matrix W solongasWj; liesin the interval
[0;1] for all i and j [53]. Srebroand Jaakola note that both the number of iterations
neededto achieve corvergence,and the quality of the solution of the EM procedure
depend strongly on the amourt of missingdata in the zero-oneweight case[53]. They
suggestan alternate procedurewherethe value of K is initialized signi cantly above the
desiredvalue, and on ead iteration of the EM procedurethe value of K is reduceduntil

the desiredvalue is readied. Oncethe desiredvalue of K is readed, the EM procedure

is run to cornvergencewith K held constart.

6.1.2 Learning with Weighted SVD

While the presenceof missing data prohibits the use of standard SVD for rating pre-

diction, it doesnot posea problem for either of the weighted low rank appraximation
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Input: R, W, L, K
Output: , V

R 0

while (Fw(R R) Not Converged)do
X W R+(1 W) R
[U; ;V]= SVD(X)

u U, LY
R U VT
if (L > K) then
ReducelL
end if
end while

Algorithm  6.1: wSVD-Learn

schemesproposedby Srebroand Jaakola. The EM procedureis particularly attractive
sincemarny numericalcomputing padkagesinclude robust routinesfor computing the SVD
of a completematrix. Letting R represem the matrix of userratings where ead row of
the matrix represets a di erent user pro le, the EM procedureof Srebroand Jaakola
can be applied without modi cation. In the presenceof large amourts of missing data
the quality of the solution can be greatly improved by slowly lowering the rank of the
approximation from L to the desiredK, as Srebro and Jaakola suggest. We give the

completelearning procedurein algorithm 6.1.

6.1.3 Rating Prediction with Weighted SVD

Predicting ratings for pro les usedto computethe low rank appraximation is trivial given
the nal appraximation matrix R. The rating value predicted for useru and item vy is
simply fy = I‘Quy. Howewer, Srebroand Jaakola do not proposea method for prediction
with noveluserpro les [53. In the completedata casethe rank K latent spacedescription
| of auserpro le r caneasilybe found by observingthat r = | VT andthusl =rv 1
We propose a simple iterative prediction method for novel user pro les basedon this

relationship. We give the prediction schemein algorithm 6.2.
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Input: r2, w2, , V,K
Output: £

fa 0
while (Fya(r?2 £2) Not Converged)do
X w?org+ (1 wd) fe

a2 xv 1
f\a |a VT
end while

Algorithm  6.2: wSVD-Predict

Recallingthat is a diagonalmatrix with a trivial inverse,it is clearthat ead step
of this iteration schemecan be quickly computed. In fact, a matrix of novel userpro les
could be substituted for the singlepro le vectorr, and a setof predictions could be found

simultaneously for all pro les in the matrix.

6.1.4 Complexit y

The complexity of computing the singular value decompsition of a completeN M
matrix is O(NM 2 + M 3) using Golub and van Loan's R-SVD algorithm [25, p. 254]. A
slight gain can be made by employing the econony sized singular value decomposition,
which only computesthe rst M singular valuesand vectorsif M < N. The complexity
of the weighted singular value decompsition EM algorithm is clearly dominated by the
cost of performing the SVD at eat step. The total computational complexity of the
learning algorithm is given by O(INM 2 + I M3) where | is the number of iterations
performed. In practice this meansthe weighted singular value decompsition learning
method is extremely slow.

Predicting all ratings given a novel user pro le using the proposediterative scheme
has computational complexity O(I KM ). Approximately onehundred iterations leadsto
acceptableconvergenceon the data setswe have studied. The only parameterswe need
to storearethe K singularvaluesandthe M K latent item spacematrix V for a total

of MK + K.
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Table 6.1: wSVD-Predict: EachMovie Results
K=5 K = 10 K =20 K =30

Weak | 0:5083 0:0027| 0:4725 0:0023| 0:4562 0:0032| 0:4618 0:0034
Strong || 0:5012 0:0030| 0:4752 0:0005| 0:4672 0:0012| 0:4673 0:0021

Table 6.2: wSVD-Predict: MovieLensResults
K=4 K=6 K=8 K =10
Weak | 0:5450 0:0011| 0:5018 0:0025| 0:4914 0:0021| 0:4886 0:0065
Strong || 0:5260 0:0024| 0:4862 0:0025| 0:4710 0:0042| 0:4728 0:0057

6.1.5 Results

The wSVD-Learn and wSVD-Predict methods descriked in algorithms 6.1 and 6.2 were
implemerted, and tested for both their strong and weak generalization performance.
Due to the computational complexity of computing the SVD in ead iteration of the
wSVD-Learn algorithm, learning was performed using all 5000training pro les for the
MovieLens data set, but only the 5000 most densetraining pro les for the EachMovie
data set. The computation time neededto compute the SVD on all 30000EachMovie
training userswas simply too prohibitive. EadhMovie was tested using latent spacesof
sizeb, 10, 20,30. MovieLenswas tested using latent spacesof size4, 6, 8, 10. To reduce

total computation time a limit of 100iterations was imposedon all iterations.

6.2 Principal Comp onents Analysis

Principal componerts analysisis a method for dimensionality reduction that seeksto
identify orthogonal axes of variance given a data matrix D whoseN rows consist of
samplesfrom an M dimensionalspace.Principal componerts analysisrelieson atheorem
of linear algebrawhich statesthat for any real symmetric matrix A there existsa unitary
matrix sudhthat = TA, and is diagonal. A solution to this problem can be
found usingthe eigervectorsof A. In particular, let the columnsof bethe eigervectors
of A ordered accordingto decreasingeigervalues. Then TA must be diagonal with

i = i, thei™ largesteigervalue of A. In the caseof principal componerts analysis,we
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let A = ﬁDTD, the covariance matrix of D which is clearly real and symmetric. The
eigervaluesof A then indicate the amourt of variance along the direction given by the
correspnding eigervector. A reduction to dimensionK is obtained by projecting the
data matrix D on the subspaceconsisting of eigervectors correspnding to the largest
K eigervaluesof A. This projection presenesthe maximum amourt of variance of any
projection to K dimensions.

Many current computational padkagesinclude routines for extracting eigervaluesand
eigervectors from a matrix, rendering the computation of principal componerts quite
easy An alternative method for performing PCA is to exploit the relationship between
the diagonalizationof DT D and the singularvalue decompsition of the certered data ma-
trix D. Approximating D by U VT wehaveD'™D = (U VT)T(U VT)=V UTU VT
and sincethe columnsof U are orthonormalwe getD'D = V 2V, Sincethe columns
of V are alsoorthonormalweget 2= VTDTDV, which is a PCA solution since ?isa

diagonal matrix.

6.2.1 Rating Prediction with PCA

Like with standard SVD, standard PCA cannot be usedin casesvherethe input matrix
D contains missing data. Goldberg, Roeder, Gupta and Perkins proposea solution to
this problem using a set of items they call the gaugeset [24]. The gaugeset consistsof
a small number of items that all usersmust rate completely The samegaugesetis used
for all users. This meansthat PCA can be applied to the portion of the rating matrix
consisting of ratings for the gaugeset items. Goldberg et al. retain only the two rst
principal componerts, although in theory any number could be used.

A direct rating prediction schemeis not possibleusing this application of PCA. In-
stead, Goldberg et al. cluster usersin the two dimensionallatent spaceusing a recursiwe
rectangular clusteringmethod, which is aninstanceof hierarchical divisive clustering (see

sub-section5.2). Next, they determinea meanrating vector for ead cluster basedon the
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ratings of usersin ead cluster. When a prediction is neededfor a new user, that user's
rating pro le for the gaugesetis projected into the low dimensionallatent space,and
the user'sclusteris determined. Next, predictionsfor unknown items are drawn from the
pre-computedmean rating vector. This is preciselythe simple mean rating prediction
sthemediscussedn sub-section5.1.1. The conbination of PCA appliedto a small gauge
set, clustering usersin the latent space,and predicting cluster meanvaluesresults an the
method Goldberg et al. refer to asthe EigenTaste algorithm [24].

From a practical point of view there are seweral problemswith this method. First,
the gaugeset must consistof the sameitems for all users,and all usersmust rate all the
gaugeset items. Goldberg et al. considercollaborative Itering of jokesin which case
it is easyfor a userto determine a rating for any item. Howewer, this is not the case
in collaborative Itering applications whereitems may not have conciseand informative
text baseddescriptionssud ascollaborative Itering of movies, music, or books. Another
problemthat is not addressedy Goldberget al. is the selectionof the itemsin the gauge
set. Clearly this problemis key if wewishto extract the maximum amourt of information

about a set of userswhile askinga small number of rating queries.

6.3 Factor Analysis and Probabilistic PCA

Factor analysisis a dimensionality reduction method basedon a simple, constrained
linear Gaussianmodel. The standard factor analysismodel is speci ed in equation 6.8
wherex is an obsened data vector, z is a vector in the latent space, anN K matrix
which mapsthe K dimensionallatent spacevectorsinto the N dimensionaldata space,

speci es a meanin the data spacecommonto all data vectors,and is randomly sampled
Gaussiannoiseuniqueto ead data vector[54]. is often referredto asthe factor loading

matrix. The correspnding graphical model is shovn in gure 6.1.

X= z+ + (6.8)
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Figure 6.1: Factor Analysis and Probabilistic PCA Graphical Model.

In standard factor analysisP(Z) = N (0;1). The covariance of the Gaussiannoise
is assumedo be a diagonalmatrix . Thus the conditional probability of a data vector
giventhe latent spacevector and parameters, and is alsoGaussian.It is given by
P(xjz;; )=N(xj + z;). Infact, sincewe aredealingwith products of Gaussians,
the joint distribution P(x;z), the marginal distribution P(x), and thus the conditional
distribution P (zjx) are all Gaussiandistributions. This factor analysismodelis t using

an expectation maximization algorithm. The updatesare given next.

E-Step L"=(+ T ) 1 (6.9)
mn = Ln T 1 Xn
(! ) I
X X
M-Step = x"m"T L" (6.10)
n=1 n=1 |
X X '
= 1diag x"x" + m"x"T
N n=1 n=1

Probabilistic principal componerts analysisis a dimensionality reduction technique
that can be seenboth as a generalization of standard principal componerts analysis,
and as a restricted version of factor analysis. Like factor analysis, probabilistic PCA
is basedon a simple, constrained linear Gaussianmodel as seenin equation 6.8. The
only di erence betweenthe two is that in probabilistic PCA the covariancematrix is
restricted to be spherical,not only diagonal. In other words, = 2| for some 2. Not
surprisingly, the EM algorithm for probabilistic PCA is almostidertical to that of factor

analysisas seennext.
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E-Step L"=(+ 2T) 1 (6.11)
mn = 2Ln T Xn
(! ) 1
X T X
M-Step = x"m" L" (6.12)
n=1 n=1
[
1
2= _— _trace x"x"T + m"x"T
NM n=1 n=1

The sphericalcovariancerestriction decoupleghe parametersof the linear model leading
to analytical solutionsfor and in the completedata case. Howewer, in the missing

data caseanalytical solutions are not possible.

6.3.1 Rating Prediction with Probabilistic PCA

Canny has deweloped an EM algorithm for probabilistic principal componerts analysis
speci cally aimed at rating prediction for collaborative Itering [13. Canny beginsby
dening anM M trimming matrix T for eat useru whereT,, is 1if useru speci ed a
rating for item y, and O other wise. The expectation step of the expectation maximization
algorithm for probabilistic PCA remainssimple, but the maximization step cortains some
subtleties related to the fact that the trimming matrix T is di erent for ead user u.
Howewer, Canry is still able to nd updatesin closedform [13. We give the sparse
probabilistic PCA algorithm belov where represems the Kroneder tensor product,
st(X) is the vector obtained by vertically stacking the columnsof X, and jrYj is the

number of obsened items for useru.

E-Step LY=(+ 2 T1Y) 1 (6.13)

mu - 2LU(TU) T(ru )
[ [
oo o
M-Step  st() = ——st(T'r'm"") —TY (2'm""+ LY (6.14)
n=1 rY n:lJruJ
11X 1
2= = T (rYTTYrY trace( mUr'TTY)
N, JrY
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To usethis model for rating prediction on novel userpro les r" it su ces to compute
Y, LY, and mY accordingto the formulas in the E-Step above, and then to compute
m" + . Note that estimating the meanvector can be doneusing either the sample
mean of ead usersratings, or the individual meansfor ead item taken over all users.
Canny presetts experimenrtal results comparing pPCA-basedrating prediction with
the GroupLens neighborhood method, and seeral other methods. Se\eral data sets
are usedincluding the EachMovie data set. The experimertal procedureemployed by
Canry is similar to the strong generalization all-but-1 experimertal proceduresused
here. Converted to our NMAE error measure the pPCA method adcieved an error rate
of 0:5585when trained with 5000users. When trained with 50000users,the error rate

dropped to 0:5400.



Chapter 7

Probabilistic Rating Mo dels

In this chapter we discussa set of methods for collaborative Itering basedon unsuper-
visedlearning of specializedprobabilistic models. Seweral suth modelshave beenstudied
in the literature to date including a multinomial mixture model [10] [38], Hofmann's
aspect model [29], and Marlin's userrating pro le model [3§. We begin the discussion
by describinga simple multinomial model, which forms the basis of the more complex
modelswe investigatein this chapter. We move on to the mixture of multinomials model,
and the aspect model which are both discrete mixture models. The User Rating Pro le
model is a cortinuous mixture model and can be seenas an extensionof seweral existing
models including the aspect model, and the latent Dirichlet allocation model of Blei,
Ng, and Jordan [7]. We introducethe Attitude model family, a completely novel family
of product models for categoricaldata. We will be concernednot only with deriving
learning and prediction methods for all of thesemodels, but alsowith describingthe un-
derlying modeling assumptions.We will be particularly interestedthe generative process
underlying eath model, and whether the generative processmakesintuitiv e sensen the

context of collaborative ltering.

The modelswe descrite di er signi cantly from factor analysis(FA) and probabilistic

principal componert analysis (pPCA), which both assumeratings are generatedby a

51
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linear processwith additive Gaussiannoise. In both pPCA and FA the obsened rating
variables are modeled as real valued random variables. Recall that we have de ned
ratings to be ordinal valued, so the density under a linear Gaussianmodel is incorrect.
As a result, pPCA and FA models can predict valuesthat do not correspnd to ordinal
ratings. In fact, they may even predict someratings that are o the prede ned rating
scale. Howewer, such models are still usefulfor prediction if we do not mind truncating
valuesthat are o the rating scale,and making predictions that are not actual rating
values. The models we descrite in this chapter all assumethat the distribution over
rating valuesis a multinomial, or conditional multinomial. This meanswe treat ratings
ascategoricalrandom variables,which is a better appraximation for ordinal ratings than

cortinuousrandom variables, but ignoresthe inherert ordering of the rating values.

7.1 The Multinomial Mo del

The multinomial model is a simple probabilistic model for categoricaldata. The main
modeling assumption at the prole level is that the values of ratings for ead item
are statistically independent of ead other. This correspnds to the assumption that
P(R=rY) = Qg"zl P(Ry = ry). At the data set level the multinomial model asserts
that there is only one type of user. In the correspnding generative process,a rating

pro le is generatedby independerily samplingonerating for ead item accordingto the
unique multinomial distribution over ratings for that item. It is important to note that

the generative processoutputs a completeuserpro le with no missingratings. From an
inferencestandpoint, the complete independenceassumption meansthat knowing any

subset of the rating valuesin a user pro le tells you nothing more about the ratings
of the remaining items. The multinomial model is thus too weak to provide personal-
ized recommendations. Howeer, it senesas a good introduction to models basedon

multinomial rating distributions.
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2ok

Figure 7.1: Multinomial Model

We show the graphical model in gure 7.1. Each node labeledR, represets a multi-
nomial random variable correspnding to the rating for item y. The value of random
variable Ry is said to be obsened if the active user has speci ed a rating for item y as
givenby rg, and is unobsened otherwise. The node labeled is a model parameterthat
encalesthe multinomial distributions for ead item. It can be thought ofasaV M

matrix where ,, represems P(Ry = V).

7.1.1 Learning

Since all variables are independen, learning the parametersof the multinomial model
simpli es to estimating the P(Ry, = v) for all y and v. This is quickly and easily done
using frequencycourts. It is generallya good ideato smooth the probability estimates
in the casewhere little data is available for items to avoid zero probabilities . In the
equation belov we compute the standard Laplace estimate of P(R, = v). We give a

learning method for the multinomial model in algorithm 7.1.

(7.1)

P(Ry=v)=

7.1.2 Rating Prediction

Given a learned multinomial model, we have already mertioned that the predictions for
unknown items are independert of the ratings speci ed in the pro le of the active user,

r2. Howewer, there are still seweral methods for computing a prediction basedon the
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Inputs: frig
Outputs:

Initialize ,
for y=1to M do
for v=1to \b do
o, B um (W)
v+ vO=1 u=1 (r)L’I;VO)
end for
fy  medianp
end for

Algorithm  7.1: Multi-Learn

Input: r@, p
Output: £

PP

Algorithm  7.2: Multi-Predict

distribution over ratings, and eac method minimizes a di erent error measure. For
a particular item y, if we predict the expectedrating f{ = P V. VP(Ry = v) we will
minimize the mean squared error de ned in equation 3.1. If we predict the median
rating de ned by ¢ = fvjiP(R, < v) 1=2,P(Ry > v) 1=2g we minimize the mean
absolute error de ned in equation 3.2. Lastly, if we predict the most probable rating
valuede ned asf{ = argmax, P(Ry = v) we minimize the meanprediction error de ned
in equation 3.3. This result holds not only for the multinomial model, but for all models
basedon multinomials over ratings. Existing work on thesemodelsoften conbinesmean
prediction with the mean absolute error measure. If the goalis to minimize prediction
error, then this is clearly the incorrect choice. We usemedian prediction with all models

sinceit minimizesthe meanabsoluteerror measurewe have chosen.

7.1.3 Complexit y

Learning the multinomial model hastime complexity O(M NV). As a non-personalized

prediction method, predictionsfor ead item needonly be computedonce,a stepthat can
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beincorporatedinto the learning phaseat an addition costof O(M V). At prediction time
all unknown ratings for the active usercan be looked up in the pre-computedprediction

vector at no additional computational cost aswe show in algorithms 7.1 and 7.2.

7.1.4 Results

Learning and prediction methods for the multinomial model were implemerted, and
tested for both their strong and weak generalizationperformance. On the EacdhMovie
data set a weak generalizationNMAE rate of 0:5383 0:0022was obtained, along with
a strong generalizationNAME rate of 0:5446 0:0029. On the MovieLens data set a
weak generalizationNMAE rate of 0:4694 0:0020was obtained, along with a strong
generalizationNAME rate of 0:4746 0:0035. The multinomial model is too simplistic
to be of seriousinterest; howewer, theseresults sene as a useful baselinefor comparing

the performanceof the more complexmodelswe will study next.

7.2 Mixture of Multinomials Mo del

The mixture of multinomials model posits that there are K typesof usersunderlying all
pro les, and that the valuesof rating variables are independent of ead other and the
user'sidentit y giventhe user'stype. A user'stypeis modeledasa latent variable Z that
takesK settings. The assertionthat the ratings of items are conditionally independert
given the value of the latent variable Z is sometimescalled the naive Bayesassumption.

From a generati\e point of view, a pro le is generatedby sampling a user type z
accordingto a prior distribution over usertypes, and then sampling a rating for eadh
item accordingto the distribution over ratings for that item, given the chosenusertype.
The model parametersare the componerts of the multinomial distribution over settings
of the latent variable, and the componerts of the distribution over rating valuesfor eah

item and usertype.
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Figure 7.2: Mixture of Multinomials Model.

We shaw the graphical model in gure 7.2. Again, ead node labeledR, represets a
multinomial rating random variable for item y. The node labeledZ is the latent variable
correspnding to the usertype. The node labeled is a parameter that encalesthe
multinomial distributions for ead item given a value of the latent variable. It can be
thought ofasaV. M K matrix where ,,, represems P(Ry = vjZ = z). The node
labeled is a parameterthat encadesa prior distribution over the latent variable Z. It

can be thought of asa length K vector where , givesP(Z = 2z).

The joint probability of observinga userof type z with prole rY is givenby 7.2. Of
course,we newer actually know the value of the latent variable becausewe are neer told
what type a useris. To compute the marginal probability of a particular user pro le
with the usertype unobsened, we simply sum out the latent variable obtaining 7.3. The

resulting density is a mixture of K multinomial distributions.

P(Z = 2) ¥ P(R, = rYjZ = 2) (7.2)
y=1

P(R=r"%2Z=2)

X ¥ _
P(R = rY) P(Z=2) P(Ry=rzZ=2) (7.3)
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7.2.1 Learning

Learningin the mixture of multinomials model is moredi cult than in the simple multi-
nomial casebecausehe value of the latent variable is never obsened. This necessitates
the useof an Expectation Maximization (EM) procedure[16]. We have already descriked
seweral EM algorithms in connectionwith weighted singular value decompsition, factor
analysis,and probabilistic principal componerts analysisin Chapter 6. In this sub-section
we derive an EM procedurefor the mixture of multinomials model by applying the free
energyapproad of Neal and Hinton descriked in chapter 3 [44]. This approad provides
a uni ed framework for deriving many variants of EM.

To beginwe de ne the total free energyof the mixture of multinomials model, which
depends on the de nition of a distribution g(ZjR = r"). In generalthe distribution
d(ZjR = r") can be an approximation to the true posterior P(ZjR = r'); howewer, in
the caseof the mixture of multinomials model the true posterior can be found exactly.
We parameterizethe distribution g(ZjR = r") as a multinomial with componerts Y.

z

The total freeenergyfunction F[; ; ]is shavn in equation7.4.

X , X :
o EqlogP(R =r1%Z =7 ; )]+ H[(Z=2zR=r"] (7.4

u=1 u=1
XX _ :
= qZ =zjR =r"IogP(R=r"Z2=2; )
u=1z=1
XX _ _
g(Z = zjR = r")logq(Z = zjR = r")
u=1l z=1 0
XX L T XX
= ; Iog@ z vyzy A g Iog g (7.5)
u=1l z=1 y=1 v=1 u=1 z=1
Learning is now cast asthe task of optimizing the function F[; ; ] with respectto

the q distribution parameters Y, and the model parameters , and ,y,,. We derive an
iterativ e gradiert desceh procedurefor optimizing the parametersasis donein standard
EM. For the mixture of multinomials model this is easilyaccomplishedaswe show below.
We rst derive the update for the U parameters. Recall that these parametersencale

: R o Py L
multinomial distributions sowe must enforcethe normalization constraint = _;, = 1.
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Next we move on to the updatesfor the model parameters. We begin with

: P
the sameconstrairt as Y. Namely, we must ensurethat = £, , = 1.

@[; ;1]

@,

z=1

Lastly, we derive the update for the

& Qu Qy

u y=1

v=l VyZ

(rév)

=0

z Qm Qy
y=1

v=1

(ry;v)
vyZ

model parameter. Recall that

log 5 =0
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(7.6)

(7.7)

, which has

(7.8)

(7.9)

vz gives the

multinomial parametersof the distribution P(R, = vjZ = z). In optimizing with respect

: P
to ,y; we must enforcethe constrairt that  _;

V

vyz — 1
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Inputs: frug,K
Outputs:
Initialize
while (F[; ; ] Not Converged)do
for u=1to I\@thon o)
g P K s y?‘z‘M V?‘z‘vvyz rTv)
201 20 y=1 vzl vyz0 v
end for
for z=1tp K do
z PPy
z=1 u=1 Z2
fory=1to M,v=1toV do
b bW
e I ://0:1 5:1 g("lyj;vo)
end for
end for
end while
Algorithm  7.3: MixMulti-Learn
.o N ru:v
&l ERED B R U1 (7.10)
@vyz u=1
— 1 X\l u
vyz - - z
u=1
4 1X W
wz — —
v=1 v=1 u=1
X
- u
z
v=1 u=1
P N
vwz = Py Upt (7.11)
vi=1

Given these update rules, the optimization procedure for learning the mixture of

multinomials model is straightforward. We randomly initialize the parameters and

: P P
ensuringthat the constraints ¥, , = 1,and

updatesuntil the value of the objective function F[;

EM algorithm asgiven in algorithm 7.3.

wk = 1hold. Iterating the derrived

;] corvergesde nes a standard
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Input: r@, |
Output: £
for (z=1to K) do
Qu v (rgw)
o Z yzh v= WVZ
z | nd K M VV (V?V)
201 20 y=1 o y=1 vyz0

end for
for y=1to M do
for v:'];tono
K

pv z=1 Vyz z
end for
fy  medianp,
end for

Algorithm  7.4: MixMulti-Predict
7.2.2 Rating Prediction

Oncelearning hascornverged,the resulting model ( ; ) canbe usedto predict ratings
given any novel user prole r2. Rating prediction with the mixture of multinomials
model consistsof rst estimating P(R, = vjr?; ; ) as shown in equation 7.12, and
then applying a prediction rule sud as median prediction to the estimated distribution.
Estimating the distribution consistsof an inference step that determinesthe mixing
coe cients P(Z = zjr?), and the actual mixture step. Intuitively P(Z = zjr?) is the
degreeto which the active userexhibits traits of a type z userthrough the prole ra. In
the mixture step, the distribution over ratings for an item is computed as a mixture of
the distributions over ratings for the item given by ead usertype. Note that while the
generative semartics of the mixture of multinomials model assertthat every userbelongs
to exactly one of the K usertypes, the predicted distributions are actually computed
asif the userwas a mixture of di erent usertypes. The completeprediction method is

givenin algorithm 7.4.

P(Ry=vjr% ;) = P(Ry = vjZ = 2)P(Z = zjr?) (7.12)
z=1
%%
- wWzpP Qum Qv (rg;v)

z=1 z0=1 20 y=1 v=1 yyz0
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7.2.3 Complexit y

In the E-stepof the MixMulti-Learn algorithm we computean estimate } for all z and u.
The total computational complexity of the E-Stepis O(NM VK). The M-step consists
of computing updatesfor , and ,y,. The computational complexity of the update for
is O(M K). The computational complexity of the update for is O(NM VK). Letting |
be an upper bound on the number of iterations neededto reat corvergencewe obtain a
total time complexity of O(I NM VK). The number of parametersthat needto be stored
for the mixture of multinomials modelis K + M VK.

The MixMulti-Predict algorithm rst computes , for the active userat a computa-
tional costof O(M VK). For eat item a distribution over ratings is calculatedat a cost

of O(VK) peritem. The total computational cost of the MixMulti-Predict algorithm is

thus O(M VK).

7.2.4 Results

The MixMulti-Learn and MixMulti-Predict methods descriked in algorithms 7.3 and 7.4
wereimplemerted, and testedfor both their strong and weakgeneralizationperformance.
EadMovie wastested using 5, 10, 20, and 30 usertypes. MovieLenswas tested using 4,
6, 8, and 10 usertypes. The learning method was found to corvergereliably in 30to 40
and

iterations with initialized randomly. The results of the prediction performance

experimerts with the mixture of multinomials model are shavn in tables 7.1, and 7.2.

Table 7.1: MixMulti-Predict: EadiMovie Results

K=5 K =10 K =20 K =30
Weak | 0:4755 0:0013| 0:4579 0:0006| 0:4559 0:0010| 0:4557 0:0012
Strong || 0:4744 0:0038| 0:4631 0:0027| 0:4602 0:0011| 0:4573 0:0007

Table 7.2: MixMulti-Predict: MovieLensResults

K=14 K=6 K=38 K=10 |
Weak | 0:4444 0:0032| 0:4480 0:0020| 0:4535 0:0020| 0:4528 0:0049
Strong || 0:4573 0:0124| 0:4383 0:0048| 0:4405 0:0045| 0:4339 0:0023
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7.3 The Aspect Mo del

In this sectionwe descrike the aspect model for rating prediction [29. The rating pre-
diction versionof the aspect model is closelyrelated to the aspect model for probabilistic
latent semartic analysisof text documerts, also referredto as pLSA or pLSI [2§. To
avoid confusionwe will referto the rating prediction versionasthe triadic aspect model,
and the text analysisversionasthe dyadic aspect model. It is important to understand
the relationship betweenthe dyadic and triadic models, and more generallythe relation-
ship betweenvectorspaceor bag-of-wordstext analysis,collaborative Itering, and rating
prediction. Theserelationshipsplay a crucial role in the developmert of the next section.

In the dyadic aspect model appliedto text analysis,a corpusof documerts is modeled
as a set of pairs (d;w), whered is a document index and w is a word index. A xed
vocabulary is assumed. This type of data is often called co-accurrenceor dyadic data,
thus our choiceof namefor the model. The graphical represetation of the dyadic aspect
model applied to text analysisappearsin gure 7.3. Each documert is represered as
a unique distribution over the K settings of the latent variable Z. Eac setting of the
latent variablesZ correspndsto an underlying \topic". Assciated with ead topic is
a distribution over words in the vocabulary. Thus, a documert is seenas a distribution
over topics where ead topic is described by a di erent distribution over words. A word
is generatedfor a documert by choosing a topic and then selectinga word according

to the distribution over words for the chosentopic. This is an interesting model for

Figure 7.3: Dyadic aspect model. Figure 7.4: Triadic aspect model.
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text becausdt allows di erent documerts to be generatedby di erent distributions over
topics (settings of the latent variable), which is not possiblewith a multinomial mixture

model where all documerts would sharea commondistribution over topics.

The dyadic aspect model can also be applied to collaborative Itering, but within a
di erent formulation. Recall from our discussionof preferenceindicators in sub-section
2.1.1that co-cccurrencedata is semarnically distinct from explicit ratings. To apply the
dyadic aspect model to a pure, non-sequetial, co-accurrenceformulation of collaborative
Itering, we simply excdhangedocumerts for usersand words for items. The data consists
of (u;y) pairs represeiing the fact that useru accessedor viewed item y. A data set
may cortain the samepair multiple times, just asa corpusof text documerts may cortain

the sameword-documernt pair multiple times.

The correct analogy between collaborative ltering and bag-of-words text modeling
should now be clear: only the pure, non-sequetial, co-accurrenceformulation of collab-
orative lItering is equivalert to the bag-of-words represemation of text documerts. Any
model that can be applied in one domain can be applied in the other. Formulations
basedon other typesof preferenceindicators including ratings are not equivalert to the

this represemation of text documerts, and models of eat are not exdangeable.

Howeer, a slight extensionof the dyadic aspect model yieldsthe triadic aspect model,
which is capable of represeting preferenceshasedon explicit ratings. The particular
instance of the triadic aspect model we are interested in assumesthat the basic data
elemen is a triple (u;y;v) whereu is a user, y is an item, and v is a rating value.
Eadc triple represems the fact that user u assignedrating v to item y. Hofmann's
depiction of the model is shovn in gure 7.4[29. Ead setting of the latent variable Z
can be interpreted as a \user type", or \user attitude". A particular useru is modeled
as a unique distribution over user types P(ZjU = u). These distributions are seen
as parametersand are encaled by Y. A usertype is represeted as a multinomial

distribution P(RjZ = z;Y = y) over rating valuesfor ead item.
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Figure 7.5: Vector aspect model.

The triadic aspect model is awed in seeral ways, and it sharessomeof these aws
with the dyadic version. First, the distribution overtypesfor eat useru must be speci ed
outside of the generatiwe processasa parameter “. If we wish to generateratings for N
usersthen we must be given N distributions 1;::;; N. The triadic aspect model itself
providesno probabilistic medanismfor sampling Y. As aresult the model hasimproper
generative semarics at the userlevel. The number of model parametersalso grows with
the number of user pro les we are trying to model. This is a highly undesirablefeature
for amodel basedapproad. In addition, the model lacks a principled inferenceprocedure
for novel userpro les sincethe Y parametersare unknown for an arbitrary pro le. This
meansit is impossibleto perform rating prediction with novel userpro les.

The lower levels of the generative processare also problematic. Oncethe Y param-
etersare given, the generative processiterates through all the users. For ead userand
ead item a value of Z is sampledfrom P(Zj Y;U = u), and a rating is sampledfrom
P(RjZ = z;Y = y). While it is possibleto forcethe aspect model into generatinga com-
plete pro le for ead userby clampingthe U and Y nodesto the desiredvalues,there is
nothing in the model itself which restricts it to onerating per user-item combination.

The problemswith the generative processat the higher levels of the model have a
nontrivial solution aswe will seein the next section. Howewer, we can x the repeated

samplingproblemsat the lower levelsof the aspect model quite easily We simply expand
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the lower levels of the model to ensurethat exactly onerating is generatedfor ead item.
The necessarynodi cation hasno impact on model tting or inferenceif we assumethat
the data cortains at most onerating for ead user-itempair. It alsohasno e ect on the
de nition or interpretation of the model parameters. Our vector version of the aspect
model appearsin gure 7.5. The joint probability of a userrating pro le and choice of
user attitudes is shavn in equation 7.13. The probability of of a userrating pro le is
showvn in equation 7.14. The likelihood of the complete set of user pro les under the

aspect model is given in equation 7.15.

¥ v v
P(r';zj % ) (P(Zy = zj “IP(Ry = 1}jZy = z,; ) (W) (7.13)
y=1 v=1
) ¥ov X ] ) .
P(rYj; )= ( P(Zy=2z “WPRy=1jz=12z ) O (7.14)
y=1v=1 z=1
_ WX _ _ u.
P(rj ; )= ( P(Zy=2z “YPRy=r)jz=12z ) OV (7.15)

u=1y=1v=1l z=1

7.3.1 Learning

In this subsectionwe derive an EM procedurefor model tting basedon the vector aspect
model. We again apply the free energyapproad of Neal and Hinton. Hofmann givesa
set of update rulesfor the triadic versionof the aspect model, but the rules we derive for
the vector aspect model make the handling of missingrating valuesexplicit.

In the generatie processecallthat for ead item we independerily chooseonesetting

of the latent variable Z. We assumea correspnding factorization of the g-distribution
Qm

aZ = zjR = r") = /L, dZy = zjR = r"). Note that Z, dependsonly on the

value of ry sowe can further factorize the g-distribution obtaining Qyzl Ad(Zy = zyjry)
We parameterizeq(Zy = zjry) asa multinomial distribution with parametersgiven by
vz- Note that this distribution is normalized with respectto Z sothat we must have

P . .
v, = 1. The total free energyfunction F[; ; ]is showvn next.

z vyz
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: X :
F[; ;1 = EqlogP(R =r%Z =72 ; )]+ H[aZ=zjR =r")] (7.16)
u=1 u=1
XMW _ _
= (ry=v) dZy=2zjRy=V)logP(Ry=vVv;Z =72 " )
u=1y=1v=1 z=1
XMW " _ .
(ry;v)  d(Zy = zjRy = v)logq(Zy = ZjRy = V)
u=1y=1v=1 z=1
XM " . D PP J b X "
= (ry;v) vyz |Og( vyz z) (ry;v) vyz |Og vyz
u=1ly=1 v=1 z=1 u=1 y=1 v=1 z=1
We rst work out the update for the |, , parameters.Recallthat theseparametersare

) ) o L . P
multinomial distributions sowe must enforcethe normalization constrairnt

for all u.

@[; ;1

u
vyz

log

u
vyz

u
vyz

vyz
z=1

1+ (ry”:\/)

e

(rysv)

vyz

Next we move on to

K u —
z=1 vyz — 1

= (ryiv)log( vz ;) (ry=V)log y,+1) =0 (7.17)

= log( vy ”

(ry;v)

1 ——o—
u ;
= vz 2€ (ryv)

X

1 —o—
u ;
= wz »€ (ryv)

u
vyz0 20
z0=1

% u
= log( vyz0 70)

z0=1
X

= (ry;v)(log( 1)

u
vyz0 ZO)
0=1

(Yw)on (N yyp0 Y9 D
gV

— u
vyz €

u

— vyz z

= p—
K

0 u
z0=1 vyz® 20

the problem of the updates for the model parameters. Unlike

(7.18)

the mixture of multinomials case,ead user has a unique distribution over usertypes

: : P
parameterizedoy Y. Again we must ensurethat = %, Y= 1.
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@ o] X e

@v = (ry;v)—, =0 (7.19)
z y=1v=1 z
MR u
= (ry;v)—%
y=1v=1 z
1M
g - - (r;/J;V) 3yz
y=1 v=1
X axX oMW
20 T = (ry;v) vyz0
z0=1 z0=1 y=1 v=1
= Im] D 1
- TK M TV .
z=1 y=1 v=1 (r;;,v) \lﬂyz0
P M \ u. u
u  — o y=1 v=1 (ry1v) vyz 2
z - Pk Twm Tv u- u (7.20)
z0=1  y=1 v=1 (I’ ’V) vyz0

Lastly, we derive the update for the  model parameter.  encales the multinomial
parameters of the distribution P(Ry = vjZ = z) asin the mixture of multinomials

. . . P
model. In optimizing with respectto ,,, we enforcethe constrairt that ‘v’=1 wz = L.

@1 XN W

- = ry,v =0 7.21
@vyz u=1 (y ) vyz ( )
1
wz = — (rysv) Wy,
u=1
x 1 X
VoyZ = - (r;}l,\/(b Soyz
vo=1 vo=1 u=1
XX " "
= (ry,v(§ vOyz
vo=1 E’:l
N u- u
i ver o= (P95 V9 vz

Given these update rules, the optimization procedurefor learning the aspect model
is straightforward. We randomly initialize the parameters and ensuringthat the
constrairts © K, Y=1,and i V.1 wz = 1hold for all uy and z. We then iterate the
updatesuntil the value of the objective function F[; ; ] cornverges.The vector aspect

model learning procedureis speci ed in algorithm 7.5.
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Inputs: frig, K
Outputs:

Initialize

while (F[; ; ] Not Converged)do

foru=1toN,v=1toV,z=1to Z do

u p__wz g
vyz K

end for

u
201 vyzO0 20

for u= 1tg,N,g: 1to K do
M \Y

u - u
U op e v (YY) Wy

z K M

u

u-
20e1 y=1 v=1 (ry:v) vyz0

end for

fory=1toM,v=1toV,z=1to K do
N

p p1 (YY) vye

vyz Y N u- u
Y v0=1 u=1 (rY’VO) vOyz
end for
end while

Algorithm  7.5: Aspect-Learn

7.3.2 Rating Prediction

Rating prediction with the aspect model is somewhatdi erent than with the mixture of

multinomials model. Oncelearning hascorvergedwe have a model ( , ), but this model

can only be usedto make predictions for the N training usersin the data set sincewe

can not properly perform inference. Assumingthe active usera is oneof the N training

userswe nd the distribution over ratings for an unknown item y accordingto equation

7.23.

P(Ry=vjr;U=a; ; )

P(Ry=viU=a; & )

P(Ry = VvjZ = 2)P(Z = zjU = u)
z=1

X
wz 3 (7.23)

z=1
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Input: r@, 2,
Output: £

fory=1to M do
for v=';|;tono
K

a

pV z=1 VyzZ z
end for
fy  medianp,
end for

Algorithm  7.6: Aspect-Predict

7.3.3 Complexit y

In the E-step of the Aspect-Learn algorithm we compute an estimate |,,. The total

computational complexity of the E-Step is thus O(NM VK). The M-step consistsof

computing updatesfor ; and ,y,. The computational complexity of the update for

is O(NMVK). The computational complexity of the update for is alsoO(NM VK).

Letting | be an upper bound on the number of iterations neededto read corvergence
we obtain a total time complexity of O(I NM VK'). The number of parametersthat need

to be stored for the aspect modelis KN + MVK.

7.3.4 Results

The Aspect-Learnand Aspect-Predict methods descriked in algorithms 7.5and 7.6 were
implemerted, and tested for their weak generalizationperformance. As mertioned pre-
viously, a learnedaspect model can not be applied to a set of novel usersin a principled
manner. Thus the strong generalizationerror of the model can not be assessed.

As with the mixture of multinomials model, the learning method was found to con-
vergereliably in 30 to 40 iterations with and initialized randomly. Howewer, with
larger numbers user types, the vector aspect model tendedto over t the training data
with respect to the prediction error measurein preliminary testing. Hofmann suggests

usingearly stopping of the EM iteration to help overcomethis problem. In the implemen-
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tation an additional validation set was extracted from the training set. During EM the
validation error was evaluated after every iteration. When the validation error increased
on three successi iterations, the method was stopped. The best set of parametersac-
cording to the validation error estimate were selectedasthe nal model. The results of

the prediction performanceexperimerts with the vector aspect model are shavn in tables

7.1,and 7.2.
Table 7.3: Aspect-Predict: EachMovie Results
K=5 K =10 K =20 K =30
Weak | 0:4744 0:0038| 0:4631 0:0027| 0:4602 0:0011| 0:4573 0:0007
Table 7.4: Aspect-Predict: MovieLensResults
K=14 K=6 K =28 K =10
Weak || 0:4573 0:0124| 0:4383 0:0048| 0:4405 0:0045| 0:4339 0:0023

7.4 The User Rating Prole Mo del

In this sectionwe presert the User Rating Pro le (URP) model recerily introduced by
Marlin [38]. As wasmertioned in the previoussection,the triadic aspect modelis awed
in seweral ways. Changingthe lower level of the model from a triadic to vector repre-
seration correct one set of problems, but issuesremain with the user level generative
semarnics. The main problem is that the P(ZjU = u) distributions are viewed as pa-
rametersoutside the generative processof the model. As a result the aspect model lacks
a maximum likelihood procedurefor performing inferenceon novel user pro les. This
meansit is impossibleto make rating predictions for usersnot in the training set. There
are also a variety of undesirablesecondarye ects including the number of parameters
in the model increasingwith the number of usersin the training set. The URP model
hasbeenproposedas a generative versionof the vector aspect model, which solvesall of

theseproblems.
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Figure 7.6: LDA model. Figure 7.7: URP model.

Blei, Ng, and Jordan point out similar problemswith the high level generative seman-
tics of the dyadic aspect model. They proposethe Latent Dirichlet Allocation (LDA)
model as a correct generative version of the dyadic aspect model [7]. The obvious cor-
rection to the dyadic aspect model is to remove the index variable D and view the
distribution over Z asa hiddenvariable . The completegenerative processis to sample

for eath documert, and Z and W for eat of the M positionsin the documert. The
simplest generative model with proper documert level semartics would place a uniform
distribution on . Howewer, other priors on can also be used sud as the Dirichlet
prior, which is conjugateto the multinomial distribution. If a Dirichlet prior is used,the
model we have just descrited is preciselythe Latent Dirichlet Allocation (LDA) model

proposedby Blei et al. [7].

Recall from our discussionof the dyadic, triadic, and vector aspect models that
dyadic models can only be applied to a formulation of collaborative ltering basedon
co-accurrencedata. ThereforeLDA is clearly not applicableto rating-basedcollaborative
Itering. Blei et al. slightly confusethis issueby applying LDA to a rating-basedcollab-
orative ltering data setusing a preprocessingstep [7, p. 1014]. All rating valuesabove
a threshold weresetto 1 and thosebelow the threshold weresetto 0. This converts the

rating data into a special form of co-cccurrencedata wherethe pair (u;y) indicatesthat
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useru likes item y.

The userrating pro le (URP) model is a true generative model for rating pro les. It
canbe seenasa generative versionof the vector aspect model in the samesensdahat LDA
can be seenas a generative versionof the dyadic aspect model. To obtain URP from the
vector aspect model we remove the userindex node U and view the distribution over the
latent variable Z asa random variable instead of a parameter. As in LDA we placea
Dirichlet prior on sinceit is more generalthan a uniform prior, and is corveniert to
work with. The completegenerative processfor the URP model is to sample for eah
userfrom a Dirichlet prior with parameter , then for ead item y sampleZ, according
to P(Zj ), and a rating value Ry accordingto P(RyjZ = z; ).

Basedon this description we can derive the joint probability of observinga complete
userpro le r" alongwith correspnding valuesof andZ asshown in equation7.24.To
obtain the probability of observinga particular userpro le r“ we sum and integrate out
the valuesof the hidden variablesfrom the joint probability as shovn in equation 7.25.
Asin LDA, the Dirichlet prior rendersthe computation of the exactposterior distribution
showvn in equation 7.26 intractable, and variational techniques must be usedto t the

URP model.

| WY _ . ’
P(r';z; j , )=P(j) (P(Zy = 2yj )P(Ry = 1yjZy = 2 )) (g (7.24)

y=1 v=1
. z R L . . .
P ;)= P(j) ( P(Zy=12 )P(Ry=ryjz=12 )) "W¥d (7.25)
y=1v=1l z=1
P(;zjr"; 5 )=P@"Y; ;7 ; )=P(r"Yj ;) (7.26)

7.4.1 Variational Appro ximation and Free Energy

The procedureusedfor tting the URP modelis a variational Expectation Maximization
algorithm. We chooseto apply a fully factored variational g-distribution as shawvn in

equation7.27. Wede ne g( j ) to be a Dirichlet distribution with Dirichlet parameters
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', and g(Zyj y) to be a multinomial distribution with parameters .

N
a(;zi % D =a(i ") aZy=1z)jy) (7.27)
y=1

We give the probability of under a Dirichlet distribution with parameter in equa-
tion 7.28. We also needthe expectation E[log ;] to fully compute the free energy We
give the formula for this expectation under a Dirichlet with parameter in equation7.29.

() denotesthe digammafunction, the rst derivative of the log-gammafunction.
P

Koy
P(j) = % o (7.28)
i=1 i) i=1
Efog j 1= () () (7.29)

The total free energy of the URP model with respect to this fully factorized o
distribution is givenby F[; ; ; ]= P N (EqllogP( ;z;rYj 5 )1+ H[Q( 5z Y5 WD-
We expand F[; ; ; ] accordingto the factorizations of the joint and q distribu-
tions, and then compute ead expectation. We use the notation E4 [] and Eg[] to

denote expectation with respect to eat part of the factorized g-distribution. Note that

Eq[1= Eq [Eq[1l = Eq[Eq []]-

Fl; ;1 = Eqllogp( j )+ logp(zj ) + logp(r¥jz; ) loga(j ") loga(zj )]

X
Eqllogp( j )] = Egllog ( i) log ( )+ (i 1)log i]
i=1 i=1 i=1
X X X
= log ( i) log ( i)+ (i 1)Eq[log i]
i=1 i=1 i=1
X
= log ( i) log ( )+ (i DC D ( i)
i=1 i=1 i=1 =1

X .
Eq logP(Zy =2z )]
y=1

b4
= qu[Eq [|Og z]]
y=1

Eqllogp(zj )]
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y=1 j=1
MoOX . ! X
= azy =2z )C ;) i)
y=1 z=1 =1
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y=1 z=1 j=1
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y=1 v=1
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y=1
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y=1 z=1
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Now we compile the expandedexpectations yielding the total free energy function

F[; ; ; ]showvnin 8quation7.30. .

X X X X X
Fl; ¢+ 1= @og( log ( D+ (i DCH A

u=1 i=1 i=1 i=1 i=1
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u=1ly=1i=1
7.4.2 Learning Variational Parameters
To nd the update for the variational multinomial parameter y; wedi erentiate F[; ; ; ]

with respectto |;, and solwe the resulting equation. Note that | is a distribution and

yis
K

o P iy ,
we must enforcethe normalization constraint = 2; ; = 1. Intuitiv ely, |, is the proba-

yi

bility that useru's rating for item y was generatedby userattitude i giventhe valuery.

Note that if r;,‘ is unobsened the distribution becomesuniform.

— () ')+ X (ry;v)
= i ; r,,;Vv)Io
@y, TRV T

X
log iy = () ( i)+ (ry:v)log

j=1 v=1

X X
y = exp( )exp(( ) )+

wi 1 log j

vyi 1

(rysv)log i
j=1 v=1
u % u X/ u
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i=1 j=1 v=1
X R S 2
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i=1 j=1 v=1
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U~ o exp(( ) ( ngl i+ yrz,l (ry;v)log vyi)
Y oexp(( ") ( }(:1 i)+ v (rg;v)log uyi)
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iK=l ¥=l vyiy exp(( |u) (
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(7.31)
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Input: , ,r, I
Output:

kw 1=K for all k;y

K « + V=K for all k

fort=1to | do
fory=1to M, k= 1to K do

- P
k Voowexn(( ) (K )
y P Q : P
S Ve wiexp(C ) (S )
+ M
k k y=1 Ky
end for
end for

Algorithm  7.7: URP-VarInf

Next we derive the update rule for the variational Dirichlet parameters . Intuitiv ely

' are the parametersof a Dirichlet distribution over given the obsened ratings.

oo X X X
Flod = can o s o
i j=1 y=1 j=1
X
Cxn ¢ m=o
j=1
b
iu = i+ :';, (732)
y=1

By iterating the updates derived in equations7.31 and 7.32 we are guararteed to
readh a local maximum of the free energyfunction F[; ; ; ]for xed ,and . This
iterativ e procedurede nes a variational inferencealgorithm for the URP model asshown

in algorithm 7.7.

7.4.3 Learning Mo del Parameters

In this sub-sectionwe derive estimatesfor the URP model parameters and . , repre-
. e P

sents the parametersof a multinomial distribution sowe must ensurethat = V_; vy, = 1.

While , and both variational parametersadmit closedform solutions, doesnot. We

begin by deriving the updates for the parameters,asthe parameterswill require
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special treatmern.

@[; ;] y
@— = (r;,V)i =0 (733)
vyz u=1 yz
1
we 5= (rysv) vz
u=
X 1 X
vyz =  — (r;‘;vtb ;z
vo=1 vO=1 u=1
XX
= (ryiv9 3
vo=1 u=1
5]

L’:lgl (r;/J;V) yz
\% TN .
vi=1 u=1 (ru1V% 32

As we will see,the ; are unfortunately coupledtogether and do not yield an ana-

(7.34)

vyz —

lytic form for the maximizer. Howewer, Minka has proposedtwo iterative methods for
estimating a Dirichlet distribution from probability vectorsthat can be usedhere. We
give Minka's xed-p oint iteration, which yields very similar results comparedto the al-
ternative Newton iteration. Details for both proceduresincluding the derivation for the

inversion of the psi function may be found in [40].

. NS X X
% =SNG ) (el Oy
i i=1 u=1 j=1
XK XN X
(o= (0 prNC (O
= u=1 j=1 .
XK XN X
C= e’ p+aNC (W (A (7.38)
i=1 u=1 j=1

The xed point iteration for computing ; in itself is quite simple, but it requiresa
method for inverting the psifunction. This canalsobe doneiteratively usinga xed point
iteration alsodueto Minka [4(0. Minka claimsthe inner loop of the iteration requiresjust
Vv e iterations to read fourteen decimal placesof accuracyif the proposedinitialization
schemeis used. We give the completeprocedurefor updating in algorithm 7.8.

We give a variational EM procedurefor model tting basedon the updates derived
for model parameters , , and the variational parameters , . We also discussan

initialization method that has proved to be very e ectiv e for the URP model.
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Input:
Output:

while ( Not Converged)do
for i = 159 K do
P P
Xj = S DFINC L (0 ( jK=1 »))
exp(xj) + 1=2 if y 2:22
I if y< 222
while ; Not Cornvergeddo
i i ( Oi)i)xi
end while
end for
end while

Algorithm  7.8: URP-AlphaUpdate

Since ead iteration of the variational inference procedure increasesthe total free
energyF[; ; ; ], any number of variational inferencesteps| can be usedand overall
corvergenceis guararteed. lIterating to convergencecorresmnds to performing a full
variational E-Step. This is the approad usedby Blei et all to t the LDA model [7]. On
the other hand, a single step of variational inferencecan be used. This is the approadh
adopted by Buntine to t the Multinomial PCA (mPCA) model, a slight generalization
of LDA [11]]. A further re nement is to allow the number of stepsof variational inference
to vary for ead userby de ning a heuristic function that may dependon the user,H (u).
Empirically, we have found that a simple function of the number of obsened ratings in
the userpro le sud asH (u) = b(jr¥j + 4)=4c providesa good heuristic. Note that while
in theory any choiceof H (u) is valid sincewe are guararteedto increasethe free energy
di erent choiceslead to model parameterswith di erent characteristic. The details of

the tting procedureare givenin algorithm 7.9.

7.4.4 An Equiv alence Between The Aspect Mo del and URP

Recenly Girolami and Kaban have shonvn an interesting equivalencebetweenthe dyadic

aspect model and LDA [20]. They show that tting an LDA model with a uniform
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Input: frig, K
Output:

Initialize
while (F[; ; ; ] Not Converged)do
for u= 1to N do
[ Y5 Y] URP-Varinf( ; ;r“;H(u))
end for
forv=0to},y=1toM,z=1to K do

N .
py (YY) ye
I

vyz
end for
URP-AlphaUpdate( ; )

end while

vO=1 u=1 (ry;vo) yz

Algorithm  7.9: URP-Learn

Dirichlet prior using a mixed maximum a posteriori and maximum likelihood tting
procedureis equivalert to tting the dyadic aspect model using maximum likelihood.
Essetially the samerelationship holds betweenthe vector aspect model and the URP
model.

In the URP model exact inferenceis not possibleso approximate inference meth-

ods must be used for model tting. As with LDA, an alternative to the variational
inferencemethod we have adopted is to compute a MAP estimate of for ead user.
The MAP estimate § Ao for a particular user a maximizes the posterior probabil-
ity P( gr2; ; ). If we assumea uniform Dirichlet prior ¢ = 1 for all k, Then
Sap = L= argmaxaP(r3j Y; )= argmaxaQ[f:1 P(rYj Y; ). Given the value of
w for all usersu we may then obtain a maximum likelihood estimateof by comput-
ing mL = argmax Ql']'zl P(r'j m.; )- Now we expandthe quartity Qﬁ‘zl P(rYj Y )
under the URP model as seenin equation 7.36.

Py )= P@y= 4 YRRy = iz = 7 ) 7.36
(rfj 5 )= ( P(Zy=2 )PRy=1yjZ=2 ) (7.36)
u=1y=1v=1 z=1

This quartity is exactly the likelihood of a complete set of user pro les under the

vector aspect model asgivenin equation7.15. Thus, iterating the maximization for
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and . resultsin a setof maximum likelihood parametersfor the vector aspect model.
This demonstraitsthat the maximum likelihood procedureusedto t the vector aspect
model can be interpreted as a mixed maximum a posteriori and maximum likelihood
tting procedurefor the URP model which enforcesa uniform dirichlet prior.

Sincethe tting procedurefor the vector aspect model can be seenasa lower quality
approximation than the variational methods we have adoptedto t the URP model,
we expect the variational methods to result in more accurate rating prediction results.
Similarly, we might expect a model tting procedurebasedon expectation propagation

to result in more accuraterating prediction results than our variational methods [41].

7.45 URP Rating Prediction

Computing the distribution over rating valuesfor a particular unrated item given a user
pro le rY requiresapplying variational inference. For rating prediction we generallyrun
variational inferencefor a xed number of stepssinceeven a crude approximation of the
distribution over rating valuescan lead to correct predictions. The rating distribution

equation for the URP model is shovn in equation 7.37.
ZD
PRy = vjr) = P(Ry = viZ, = Z)p(zj )p( jr*)d (7.37)
z=1
This quantity may look quite di cult to compute, but by interchangingthe sumand
integral, and appealing to our variational approximation q( j “) p( ju) we obtain an

expressionin terms of the model and variational parameters.

Z
p(Ry = vjr¥) = P(Ry = VjZy = 2) p(Zy = zj )p( jr*)d
=1
: Z
P(Ry = ViZy =2) p(Zy=2j )qo( ] ")d
z=1
X .
= P(Ry = vjZ, = 2)Eq [ ]
z=1
X u
= ryzpﬁ (738)

z=1 i=1 i
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Input: r2, |
Output: £

[; 1 URP-Varinf( ; ;r3H(a))
fory=1to M do
forv=_1toV do
K

pv 7=1 ryzPt—
i=1 i
end for
fy  medianp,
end for

Algorithm  7.10: URP-Predict

To compute p(Ry, = vjr") accordingto equation 7.38 given the model parameters
and , it is necessaryto apply the variational inference procedureto compute ‘.
Howewer, this only needsto be doneoncefor any pro le rY regardlessof the number of

predictions that needto be calculated.

7.4.6 Complexit y

In the E-step of the URP-Learn algorithm consistsof running the iterativ e variational
inferencealgorithm for ead userto update the variational parameters. The complexity
of the variational inferencealgorithm is O(I ;M VK ) wherel ; is abound on the number of
stepsof variational inferencetaken for ead user. The total time complexity of the E-step
is thus O(1:NMVK). The complexity of the E-step dominatesthe M-step where the
model parametersare updated. Letting |, be a bound on the number of EM iterations
neededto read cornvergencewe obtain a total time complexity of O(I;1,NMVK). The

total spacecomplexity of the learnedrepresemation is O(M VK + K).

The URP-Predict algorithm consistsof rst performing variational inferenceon the
userprole at a costof O(1;MVK), and then computing the distribution over ratings

for ead item at a costof O(M VK). The total time complexity is thus O(l ;M VK).
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7.4.7 Results

Fitting the URP model can be quite di cult starting from randomly initialized and
parameters. The method we have adoptedfor initialization is to partially t a mixture of
multinomials model with K usertypes. A small, xed number of EM iterations is used.
The mixture of multinomials model yields a multinomial distribution © over ratings
conditioned on the item and usertype, aswell as a single multinomial distribution over
usertypes ° Toinitialize the URP model we set ° Owhere is a positive
constart. Setting = 1 appearsto give good resultsin practice.

The URP-Learn and URP-Predict methods descritedin algorithms 7.9 and 7.10were
implemerted, and testedfor their strongand weakgeneralizationperformance.We report

the resultsin tables7.5and 7.6.

Table 7.5: URP: EachMovie Results
K=5 K =10 K =20 K =30
Weak | 0:4621 0:0016| 0:4442 0:0013| 0:4422 0:0018| 0:4422 0:0008
Strong || 0:4755 0:0013| 0:4579 0:0006| 0:4559 0:0010| 0:4557 0:0012

Table 7.6: URP: MovieLensResults
K=4 K=6 K=8 K =10
Weak | 0:4386 0:0044| 0:4341 0:0023| 0:4402 0:0035| 0:4403 0:0019
Strong | 0:4476 0:0016| 0:4444 0:.0032| 0:4480 0:0020| 0:4535 0:0020

7.5 The Attitude Mo del

The URP model hasconsisterh generative semartics at both the userlevel and the pro le
level. Howewer, the question of whether the generative semarics of URP correspnd
well to intuition hasnot beenaddressed.Recallthat in the URP model the latent space
represemation of a useris a distribution P(Zj Y) over usertypes. A rating for item
y is generatedby sampling a particular attitude z, and then sampling a rating from

P(RyjZy, = z). Thus the useris represeted as a distribution over user attitudes, but
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a di erent stochastically selectedattitude is usedto generatethe rating value for eat
item.

The URP model is descendedrom the dyadic aspect model, and the stochastic se-
lection of user attitudes correspndsdirectly to the stochastic selectionof topics in the
documert case.In the dyadic model a documert is represeited asa distribution over top-
icsP(Zj ). A word is generatedby stochastically selectinga topic z, and then selecting
aword accordingto the distribution P(WjZ = z). In this casethe empirical distribution
of words generatedfor a particular documert will re ect the distribution over topics for
that documert. In the URP model, the distribution over userattitudes will be re ected
in the rating pro le asa whole, but not in the choice of rating value for any particular
item. This is disappointing becauseintuitiv ely we expect that di erent user attitudes
interact to determinea rating for ead item.

The network structure of the attitude model can be seenin gure 7.8. Instead of a
distribution over attitude valuesor usertypes,the attitude model hasa setof marginally
independen attitude nodeslabeled Ay with a factorial prior distribution parameterized
by asseenin equation7.39. The latent spacedescriptionof a useris a vector of attitude
expressionevelsa' = (a;;::;;ax). Note that this vector doesnot represem a distribution

sothe attitudes Ax cantake on di erent expressionlevelsa, independerily of eat other.

¥
P(A=2a" )= P(A=4&j) (7.39)
k=1

Ead attitude Ay hasasseiatedwith it a setof real valuedpreferenceparameters .
Thesecan be thought of as parametersof a distribution over rating valuesfor ead item;
howewer, they are not the parametersof an actual multinomial distribution over ratings.
We can obtain the parametersof correspnding multinomial distribution over ratings
using the softmax function obtaining P (Ry = vjk) = exp( Vyk):P vo voyk. This choice of
parameterizationwas made becausat avoids the useof constrainedoptimization that is
neededto t multinomial parametersdirectly. Given a particular expressionlevel ay for

attitude Ay, the distribution over ratings for a particular item y is de ned accordingto



Chapter 7. Pr obabilistic Rating Models 84

Figure 7.8: The attitude model.

equation 7.40. Given an attitude vector a¥, the probability of rating value v for item y
is a product of attitude expressionlevels and preferenceparametersas seenin equation
7.41. Given an attitude vector a", the probability of a rating pro le r" with unobsened
ratings is shovn in equation7.42. We de ne sy = P v, (ry;Vv) to simplify the notation.
Lastly, the joint probability of observinga userprole rY and an attitude vector a" is

givenin equation 7.43

: exp(ay vyk)
P(Ry=ViAk=1a; ) = P 7.40
(Ry = ViAk = &; ) v exp(al va) ( )
. <, P(Ry = ViA = af)
P(R, = vjA = au; = p k=l y
(Ry : ) y-l VK:l P(Ry = VA, = &)
K u
= pVEXp( g1 O Vj") (7.41)
v0(=21 exp( kst ay o)
o<V K qu (rév)
P(R=r"A% ) = = il et Jy") . (7.42)
y=1 vom1 eXP( g & o)
K W™ QV P K u (ry;v)
PR=GAY ;) = Pz al) w20 et w77 5 45
k=1 y=1 vo=1 eXp(r k=1 A& VoK)

This is a novel approad for collaborative Itering, and is quite distinct from the
mixture models we have descriked to this point. As we have menioned, the URP and
aspect models employ stochastic selectionof user attitudes to generateratings, while
the attitude model allows ewvery user attitude to in uence ewery rating. In the stochas-

tic selectioncasewe would expect preferencepatterns to be learned competitiv ely, and
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that eat userattitude would attempt to explain the ratings for all items. On the other
hand, we would expect the preferencepatterns in the attitude model to be learned co-
operatively. A particular userattitude k can have no opinion about a certain item y by
learninga setof y that areapproximately uniform over the rangeof v. This may allow
di erent attitudes to specializeto a subsetof the items, leadingto a more e cient use

of parameters.

7.5.1 Variational Appro ximation and Free Energy

As with the URP model, exactinferenceis intractable due to a sumover all attitude ex-
pressionvectorsof length k. We assumea factorial g-distribution for the hidden attitude
nodesas shovn in equation 7.44. In the caseof attitudes with binary expressionlevels,
gAc=1j ¥)= {andg(Ax=0j {)=1 {. Inthe caseof moregeneralinteger-valued
attitudes, a Poissondistribution with mean | would be appropriate for q(Ax = aj ).

. ¥ .
gA =a'jR=r"; )= a(Ax = agj «) (7.44)
k=1

We derive the free energy of the attitude model F[; ; ] = Eg[logP(r;a ; )] +
H[q(ajr; )] without assumingparticular formsfor the distributions P (Agj «) andg(Axj «)-
Later this will allow us to easily derive learning algorithms for an attitude model with
binary expressionlevels, as well as an attitude model with integer valued expression
levels.

Expanding the rst term of the free energy and then taking the expectation with

respect to the g-distribution yields equation 7.45.

logP(r;aj ; ) = (logP(r%ja"; )+ logP(a"j ))
u=1
XM W X R WX !
= (I’;;V) aﬁ vyk S;|Og eXp( aﬁ vyk)
u=1 y=1 v=1 k=1 u=1y=1 v=1 k=1

X X )
+ logP (Ak = &j «)

u=1 k=1



Chapter 7. Pr obabilistic Rating Models 86

_ N U X
EqllogP(r;aj ; )] = (rysv)  Eglag vl

u=1y=1v=1 " k=1

N I#

u X X u
syEq log  exp( & vy)

u=1y=1 v=1 k=1

DU
+ EqllogP (AL = & «)] (7.45)

u=1 k=1
To complete the derivation of the free energy we expand the erntropy term obtaining

equation 7.46.

logg(Ax = &y )

k=1

Eqlloga(Ay = ad )] (7.46)
k=1

logq(aj )

Eqllogq(A"jRY; )]

Combining thesequartities we obtain the generalform of the attitude model free energy
function as seenin equation 7.47.

S U A S XM ¥ooox 7
F[; 51 = (rysv)  Eqlag vyl syEq log exp( a vyk)

u=1ly=1v=1 k=1 u=1ly=1 v=1 k=1

XX u u; XX u us u
+ EqllogP (A = aj «)] Eqlloga(Ax = agj )] (7.47)

u=1 k=1 u=1 k=1
We obtain lower boundonthe freeenergyF[; ; ] F[; ; ]whichiseasierto work
with by applying Jensen'sinequality to the secondterm in 7.47. A further simpli cation
is obtained by noting that the Ay are marginally independent and thus the expected
value of their product is equalto the product of their expectedvalues.
XMW S XM

XK
F[; ;1 = (rysv) K vyk sy log Eqlexp(Ag vyk)]
u=1ly=1v=1 k=1 u=1ly=1 v=1 k=1

X\I X( u u; X\I X< u u; u
+ EqllogP (A = &j «)] Eqlloga(Ag = aj )] (7.48)

u=1 k=1 u=1 k=1
7.5.2 Learning

We begin the dewlopmern of a learning algorithm for the attitude model by nding

the derivatives of the bound on the free energy F[; ; ] with respect to the model
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parameters ,, and , aswell asthe variational parameters [. We will later usethe
generalderivatives found hereto dewelop model tting proceduresfor both binary and
integer attitude models. We de ne intermediate variables j,, and |, to simplify the

derivative equations:

Eq[exp(ak“ vyk)] vy = vyk

. XN
@l ] _ (r:v) v Q(E lloga(agj )1+ EqllogP (ayj «)])

@E y=1 v=1 p
X u yl @U(EQ[eXp(ak vyk)]) |6qu[eXp(ayu vyi)]
ot Y PV T Edlexp@l ]
X/I X/ . .
= (rysv) vy @(Eq[logq(a‘k‘l W1 EqllogP (aj )l)
y=1 v=1 k
pd X @Y v hd
S —gr )T W) (7.49)
y=1 vOo=1 k vyk vO=1
or; ;] X (ri:y) ¢ X u@ q[eXp(ak wyi)]) ,ngq[exp(ai” vyi)l
@ yk B w1 “ w1 i Vo1 V|K Eqlexp(al’ voyi)]
@U
X X Wk u
- (ré;v) ¢ sy O p W (7.50)
u=1 u=1 vyk o v0=1 vy
CaA X @ .
=L 1 = —E.llogP (a“ 7.51
@ @ allogP (& «)] (7.51)

Learning now reducesto the problem of performing gradiert ascem to maximize the
free energy of the model F[; ; ]. As we will seein subsequeh sections,some care
must be taken in maximizing the free energybecausesomeof the variational and model
parametersare constrainedunder di erent distributions. Learning will thus require the

useof an iterativ e, constrainedoptimization procedure.

7.5.3 Rating Prediction

Prediction with the attitude model is much more computationally intensive than in the

other models studies to this point, including the URP model. In this subsectionwe
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de ne the generalprediction equation for the attitude model, and explain how it can be
appraximated. In later subsectionswe shov how the prediction equation specializesto
the binary and integer attitude models. The probability that a given item y will have

rating v given a userpro le r" is shovn in equation 7.52

P(Ry = ViR = r")

P(Ry = VJA = a)P(A = ajR = r")
a
P
X exp( E,:_;l a vyk)
a  voop €XP( Kop & vyk)

P
X exp( X, a ¥ .
S P(Av=ad ) (752

p
a vo=1 exp( |l<<=1 A v0yk) k=1

A = ajR = rf)

Y

)

It is important to note two facts about the expressiongiven above. First, we have
appealedto the variational approximation P(A = ajR = r") g(A = aj ). This means
that to computeP (R, = vjR = r"), wemust rst perform variational inferenceto obtain
estimatesof the variational parameters |.. Howeer, this only needsto be doneoncein
orderto make predictionsfor all unknown items. Secondthe sumover a is a sumover all
possibleattitude vectorsof length K. In the binary casethe number of attitude vectors
is exponertial in the number of attitudes, K. In the integer casethe number of possible
attitude vectorsis in nite. To presene computational tractabilit y in either caserequires
that the true value of P(Ry = VvjR = r") be appraximated by samplinga relatively small

number of attitudes vectorsa.

7.5.4 Binary Attitude Mo del

In this subsectionwe derive a model tting procedureassumingbinary attitude expres-
sion. In this casethe prior distribution onthe Ay is Bernoulli. Wehave P(Ax = 1) =
and P(Ax = 0) = 1 . We de nes the g-distribution to be Bernoulli aswell. The
g-distribution hasthe formq(Ax = 1 ()= [fandqA; =0 ) =1 . Theinterme-
diate variables ,, and |, aswell astheir derivativesare shavn below.

vyk

u

\L/jyk = Eq[exfxaﬁ vyk)] = Eexp( vyk) +1 k
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¥
\L/Jy = vik = k €XP(wyk) + 1 k
k=1 k=1
Wk
vy —
—— = exp(wk) 1
@ v
Wk
vy — u
—— = exp( vyk)
k
@vyk v

To derive a variational learning algorithm for the binary attitude model we must nd
the gradiert of F[; ; ] with respect to the model parameters v and , aswell as
the variational parameters |. This is easily accomplishedby substituting the valuesof

the intermediate variablesand their derivativesinto equations7.49to 7.51.

Br - . )M X/
CANETEER g (1) wet log ) logl ) log( )+ logl  ¥)
@ k y:l v=1
)M u X/ (exp( vyk) 1) X/
\ = v 753
y=1 Sy(vozl Y ﬂ(exp( vyk) 1) + 1_(v=1 y) ( )
@B[ v ] X! u u X u E exp( vyk) \L;y
—= = : Py — 7.54
@vyk u=1 (ry V) “ u=1 “ E(exp( vyk) 1)+ 1 yo:l vy ( )
@1; ;1 X
—_— = — 7.55
@« “ N, (7.55)

As we noted previously analytical updates for yx, and § can not be found due
to coupling of parametersin their respective gradiert equations. We must thus resort
to iterativ e optimization techniquesfor learning. In the binary attitude model the
parametersare unconstrained,but | parametersrepresen Bernoulli probabilities and
are constrainedto lie within the interval [0; 1].

A number of optimization methods exist for iterativ ely solving box constrainedopti-
mization problems. Howewer, sincethe number of usersin a collaborative ltering data
setrangesfrom tens of thousandsto hundredsof thousandsand the number of attitude
variablesmay be on the order of hundreds, clearly any method relying on secondderiva-
tives will be computationally intractable. Two methods that rely only on rst order

derivatives are the log-barrier method, and the projected gradiert method [4, p. 76].
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Input: , ,r,|I
Output:

Initialize . 1. Compute s.
fort=1tol do
for k = |;I,to +§, do
de Vo Vo (V) vt log( W) logt ) log( k)

M v exp(wi) 1) _Pv
tlog(l W) ym S0 vt wee o DT

while (FB[P(  d); ; 1> FB[; ; ])do

v=1 VY)

end while
P( d)
end for
end for

Algorithm  7.11: AttBin-V arinf

The log-barrier method is well known to exhibit extremely slov convergencein most
cases.The projected gradiert method is a modi cation of regular gradiert desceh The
method hasan extremely simply form for problemswhereead variable x; is constrained
to lie in the interval [Ib;ulh]. In this caseThe projected gradiert method replacesthe
standard gradiert descen step x'** = x!  'r f(x') with the projected gradiert step
xt*1 = P(x! r f (x')) where P(x) is the projection function. For box constrained
problemsP (x); = median(b;x;;ul) [4, p. 92]. To ensurecorvergencethe step size
must be chosenby an inexact line seard procedurewhich satis es su cien t decreaseand

curvature conditions. A badtracking line seart is particularly easyto implemert.

We obtain a variational inference procedure by iteratively maximizing FB[; ; ]
with respect to  using the projected gradiert method. It is important to note that
while the Y parametersare coupledfor eat user,they are not coupledacross users. It

is thus natural to de ne a per userobjective function FE[ Y; ; ]Jsudthat FB[; ; ]=
P N

u=1

rithm 7.11. is a parameterthat cortrols the speedof badtracking in the line seard.

FB[ Y; ; ]. We summarizethe resulting variational inferenceprocedurein algo-

Its value must satisfy0< < 1
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Input: frig, K
Output:

Initialize , . 1. Compute s.
while (FB[; ; ] Not Converged)do
for u= 1to N do
U AtBIn-V arlnf( ; ; r; H(u))

end for
for v= 1|£°V’y: ltoM,k=1to K do
. & exp( vyk) v
dvyk L’:lzl (ru’v) E l’}lzl SE E(e)l((p( vyk)yk1)+1 P \\,/Uzly \L;y
end for
while (FB[; ; d > FB[; ; ])do
end while

d
for k=1t0 K do
1 E)N u
k N u=l k
end for
end while

Algorithm  7.12: AttBin-Learn

An iterativ e procedurefor learning the parameters ,y and  of the binary attitude
model cannow be de ned. The yx parametersare unconstrained,so standard gradiert
descenh with line seard can be used. The | parametershave an analytic update. We
give the model tting procedurein algorithm 7.12. Lastly, we give the prediction equa-
tions for the binary attitude model. Recall that in the binary casethe g-distribution is
givenby q(Ak = &j ¥) = a ¢+ (1 &) ). Tomake predictionsfor any userwe
must rst apply the variational inferencealgorithm to compute the valuesof the varia-
tional parameters. As mertioned previously, computing the distribution P(RyjR = r")
is intractable even whenthe variational appraximation is used. This is becausehe com-
putation involvesa sum over all binary vectorsof length K. To overcomethis problem,
we compute an appraximation to the true prediction distribution by sampling attitude
vectorsaccordingto their probability under the g-distribution. Luckily, the attitudes are

marginally independert sosamplingan attitude vectorreducedo independerly sampling
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Input: r2,
Output: £

AttBin-V arinf( ; ; r?;H(a))
for s= 1to S do
Samplea® from Bernoulli( )
end for
for y=1to M do
forv=1toV do p

P exp( po A wyk)  Q
o¥ o1 Pv P - @kt (@A) W)
v0=1 p( k=1 ak vyk)
end for

p Py
v=1 Pv

fy  median(p)
end for

Algorithm  7.13: AttBin-Predict

eat componert. We give a completeprediction method in algorithm 7.13.

P
. X exp( K, a wk) ¥
P(R, = ViR = r! P = y a Y+ (1 a)d
Ry : ) a }//%1 exp( Ezlak vyk) k=1( o 4

P*(Ry = VR = ")
voey P3(Ry = VIR = 1Y)

D
P

: ¥ exp( ke & k) X
P(Ry=vVvjR=r") = P P & v+ @1 &)@
’ s=1 Vo1 eXp( k1 35 vyk) k=1 e %

7.5.5 Integer Attitude Mo del

k)

k)

In this sectionwe derive a model tting procedureassuminginteger attitude expression.

In this casewe assumea Poissonprior distribution on the Ay sudh that P(A; = a ) =

exp( ) g=a, aswell as a Poissong-distribution q(Ay = a ) = exp( «) §=a. The

intermediate variables ,, and |, aswell astheir derivativesare shavn below.

exp[ w(exp( vwk) 1)]

u
vyk

u

K
vy exp[ E(exp( vyk) 1)]

k=1
v k
\ —
@—i - \L/Jyk(exp( vyk) 1)
u
k
Z WK — u Eexrx vyk)

k
@vyk i
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To derive a variational model tting algorithm for the integer attitude model we need
the gradiert of the total free energywith respect to the model parameters yx and ,
as well asthe variational parameters . Again we simply substitute the valuesof the

intermediate variablesand their derivativesinto equations7.49to 7.51.

P
@, ; M X Vo [exp( v 1] u
el () it logl ) log( ) syl e L
k y=1 v=1 y=1 v=1l vk
(7.56)
CAHE X X wexpl k) v
é@vyk I - 1 (ré;v) ¢ 153 : & ngoy Y (7.57)
u= u=
L 1 X
@-‘[@k - = (7.58)
u=1

As in the binary case,analytical updates for y, and | can not be found due
to coupling of parametersin their respective gradiert equations. We again resort to
iterativ e optimization techniquesfor model tting. In the integer attitude model the |
parametersrepreseh the meanof a poissondistribution over integer attitude expression
levels, and are thus constrainedto lie in the interval [0;1 ). This type of optimization
problem is also consideredto be box constrained, and the projected gradiert method
descriked in previous sub-sectioncan be applied without modi cation. In the Poisson
caselly is setto O for all k and u, while uly; is setto 1 . The ,y parametersremain
unconstrainedand  parametershave the sameanalytical update asin the binary case.
We give the variational inferencemethod for the integerattitude modelin algorithm 7.14,
followed by a model tting procedurein algorithm 7.15.

Lastly, we give the prediction equationsfor the integer attitude model. Recall that
in the integer casethe g-distribution is given by q(Ax = aj ) = exp(  )( ¥)*=a!.
To make predictions for any userwe must rst apply the variational inferencealgorithm
to compute the valuesof the variational parameters. In the integer casethe calculation
of the prediction distribution P(RyjR = r") is clearly intractable becauseit involvesa

sum over all integer valued vectors of length K. Howewer, we can still appraximate the
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Input: , ,r,|I
Output:

Initialize . 1. Compute s.
fort=1tol do
for k = |;I,to +§, do
de Y v, (NyiV) vt log( ) log( k)
P o v 300w 1w
y=1 %Yy le vk

while (FI[P( d); ; 1> Fl[; ;] do

end while
P( d)
end for
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Algorithm  7.14: Attin t-Varinf

prediction distribution. In the integer casethe attitudes are marginally independert so
samplingan attitude vector reducesto independerlly samplingead componert asin the
binary case. Sampling the componerts is slightly more complicated than in the binary

casebecausethe g-distribution is Poissonand not Bernoulli.
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7.5.6 Complexit y

The computational and spacecomplexity of the binary and integer attitude models are
asymptotically equivalert. The complexity of computing the per-userfree energyfunc-
tion is O(M K V). The badtracking phaseof the variational inferencemethod thus has
computational complexity O(l1 ;M K V) wherel, is a bound on the number of badtrack-

ing iterations neededto ensurea decreasen the free energyfunction. By preservingthe
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end for
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end while
d
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k N u=l k
end for
end while

Algorithm  7.15: Attint-Learn

value of for ead userbetweencalls to variational inferencemethod, |, is obsened to
drop to 1 on averageasthe learning method progressesThe cost of computing the gra-
dient with respectto " is O(MVK). The total complexity of the variational inference
method is thus O(l ;I ;M VK') wherel, is a bound on the number of iterations needed
for the objective function to corverge. In the implemertation a hard limit of v e steps

was imposedto cortrol computation time.

The learning method is also an iterative optimization algorithm. In ead step the
variational inferencealgorithm is run for ead userto updatethe valuesat atotal costof
O(I2I{NM VK). The gradiert with respectto isalsocomputedat acostof O(NM VK).
If afull line seard is usedto update aswe suggestthe badktracking procedurerequires
O(IsNMVK), wherel 3 isabound on the number of badtracking iterations. The value of
| ; wasalsoobsenedto goto 1 on averageasthe number of optimization stepsincreased.

The cost of updating is negligibleat O(NK). The total computational complexity of
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Algorithm  7.16: Attin t-Predict

the learning algorithm is thus O(l 4121 :INM VK + [413NMVK), wherel 4 is a bound on
the number of iterations of the learning algorithm neededto obtain corvergenceof the
total free energyfunction. Again, a hard limit of 50 iterations was imposedto cortrol
computation time. The spacecomplexity of the learnedrepresemation is similar to the
other probabilistic models we have investigatedrequiring M VK + K parameters.

The prediction method rst call the variational inferenceprocedureto compute 2
for the active user at a cost of O(l,I;MVK). Next, the rating distributions for eah
item are computed using S samplesat a cost of SM VK. This givesa total prediction

complexity of O(1,1 ;M VK + SMVK).

7.5.7 Results

The AttBin-Learn and AttBin-Predict methods descriked in algorithms 7.12 and 7.13
wereimplemerted, and testedfor both their strong and weakgeneralizationperformance.
EachMovie wastested using 5, 10, and 20 attitudes. MovieLenswas alsotested using 5,
10, and 20 attitudes. The results are presetted in tables 7.7, and 7.8.

Like with the URP model, the attitude model is very sensitive to the initial values
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for the variational parameters and the model parameters . Random initialization

of these parameterslead to fairly poor resultsin preliminary testing. An initialization

sthemewas adoptedwherethe attitude model was t to a random subsetof the training

usersfor seweral iterations. At the end of the initialization phasethe learned values
wereretained, the valueswerereinitialized randomly for all training users,and the full

training phasewas started.

Prediction performanceis alsohighly sensitive to the step sizeparametersusedin the
line sear® proceduresfor optimizing . The line seart proceduresensurethat the free
energydecreasesnonotonically to corvergenceregardlessof the settings of the learning
parameters, but somesolutions are clearly of higher quality than others. Setting the
initial step sizetoo high in the variational inferenceprocedurewill causethe vectors
for many usersto immediately jump very closeto the extremevaluesO and 1. This tends
to lead to parameterswith poor predictive ability. A fair amourt of experimertation is
neededto obtain reasonablenitial step sizesfor ead data set.

Due to the complexity of the attitude model learning procedure,the complete Each-
Movie training data setsEMWeak1,EMWeak2,and EMWeak3were not usedfor exper-
imentation. Instead, a random sampleof 5000userswas drawn from ead of thesedata
sets,and the model wastrained on ead random sample. Of course,the nal prediction

error on the weak data setswas calculated using all training users.

Table 7.7: AttBin-Predict: EadiMovie Results

K=5 K =10 K =20
Weak | 0:4803 0:0023| 0:4664 0:0030| 0:4520 0:0016
Strong | 0:4785 0:0024| 0:4601 0:0043| 0:4550 0:0023

Table 7.8: AttBin-Predict: MovieLensResults

K =5 K =10 K =20
Weak | 0:4384 0:0060| 0:4320 0:0055| 0:4338 0:0034
Strong || 0:4400 0:0086| 0:4375 0:0028| 0:4400 0:0082




Chapter 8

Comparison of Metho ds

In this chapter we presen a comparisonof ratings prediction methods. We have im-
plemerted a total of nine methods including a classicalPearsoncorrelation K nearest
neighbor regressionmethod (PKNN), a naive Bayes classi cation method (NBClass), a
K-Medians clustering method (K-Medians), the wighted singular value decompsition
method (WwSVD), a simple multinomial model (Multi), a mixture of multinomials model
(MixMulti), the vector aspect model (Aspect), the userrating pro le model (URP), and
the binary attitude model (Attitude).

For eadh model we give the computational complexity of the learning and prediction
algorithms, aswell asthe spacecomplexity of the represetation learnedby ead method.
We also report the mean weak and strong generalizationerror rates achieved by eadh
method on ead data set. For methods with a complexity parameter K, we report the

lowest meanerror rate achieved by the settings of K we have tested.

8.1 Complexit y

From a strict complexity-basedpoint of view, the most attractiv e feature of rating pre-
diction method are a non-iterative prediction algorithm, prediction complexity that is

independent of the number of users, reasonablelearning complexity, and a compact

98
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Table 8.1: Computational Complexity Of Learning and Prediction Methods

| Method | Learning | Prediction |
PKNN o(1) O(NM + N logN + KM)

NBClass || O(INM?VZ+ MZ?logM) O(MVK)

K-Medians | O(INMK) O(MK)

wSVD O(INMZ+ M3 O(IKM)

Mult O(NMV) o(1)

MixMulti || O NMVK) O(MVK)

Aspect O(INMVK) O(MVK)

URP O(I.1,NMVK) O(I:MVK)

Atitude | O(I 4l 2l iINMVK + 1,13NMVK) | O(I,I;MVK + SMVK)

\ N: #users M : #items V: #rating valuesl : #iterations S: #samplesK : complexity \

learnedrepresetation.

The computational complexity of ead learning and rating prediction method is given
in table 8.1. The learning method with the lowestcomputational complexity is the neigh-
borhood method PKNN-Learn. As aninstancebasedmethod, PKNN-Learn simply stores
all training pro les in the learning step. Howewer, the complexity of the PKNN-Predict
method isO(NM + N logN + K M), making it the only method with prediction complex-
ity that scaleswith the number of usersN. On the other hand, the multinomial model
learning method Multi-Learn scaledinearly with the number of users,but the prediction
method Multi-Predict hasa computation time of O(1). Thesetwo methods illustrate a
fundamenal tradeo in computational complexity betweenthe learning algorithm and
the prediction algorithm. From a systemsstandpoint it is much more desirableto trade-
o higher learning time for lower prediction time. Learning can be done o ine, while
prediction must be doneonline, and often in real time for Internet-basedrecommendation
services.The remainderof the methods we have studied fall somewheren betweenthese
two. All learning methods other than PKNN-Learn scalelinearly with respect to the
number of usersN, while all prediction methods other than Multi-Predict scalelinearly

with the number of items M .

The methods which perform clustering, dimensionality reduction, and learn proba-
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bilistic latent variable model all require iterative learning procedures. The computa-
tional complexity of these methods all depend on the number of iterations neededfor
an objective function to corverge. The K-medians clustering method Kmedians-Learn
reliably corvergedfrom random initializations in approximately 20 iterations at a cost
of O(NMK)) per iteration. The MixMulti-Learn and Aspect-Learn algorithms also con-
vergedvery reliably from random initializations in approximately 30 iterations both at a

costof O(NM VK) per iteration.

Running the URP-Learn algorithm with a randomly initialized set of parameters
resulted in extremely unreliable corvergenceregardlessof the number of steps used.
Howewer, when initialized with learned parametersfrom a multinomial mixture model,
URP-Learn would reliably corverge in approximately 10 iterations. URP-Learn is a
doubly iterativ e algorithm sincethe variational inferencemethod for the model is itself
iterative. While theory dictates that the variational inferencealgorithm should also be
run to corvergence limits proportional to the number of obsened ratings in ead user

pro le wereimposed.

The two learning methods that exhibited the greatestnumber of iterations to yield
reasonableresults were the wSVD-Learn method, and the Attitude-Learn method. In
the caseof the wSVD-Learn method, convergenceis known to be slow in the zero/one
weight case. This condition is further aggravated by the extreme sparsity of the rating
data. A limit of 100iterations wasimposedto cortrol the total computation time of the
experimens; howewer, the method was still making slow but steady progressat the end
of theseiterations in all cases.Better results may be obtained using a greater number
of iterations, but this simply is not practical due to the O(NM 2 + M 3) computational

complexity of ead iteration.

The attitude model is triply iterative, which makesit one of the slowest learning
methods. A limit of 50 iterations was imposedon the learning method. A limit of

5 iterations was imposedon the variational inferencemethod for ead user. The line
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Table 8.2: SpaceComplexity of Learned Represetation
Method | SpaceComplexity of Learned Represetation
PKNN NM
NBClass MV?K + MV
K-Medians | MK

wSVD MK + K
Multi MV
MixMulti MVK + K
Aspect MVK + NK
URP MVK + K

Attitude MVK + K
\ N: #users M : #items V: #rating valuesK : complexity \

seart procedureswere permitted to badtrack until the step sizefell belov 10 °. The
method yields excellen performancewithin these computational limits, but allowing
moreiterations would likely result in improved performance.We note that a major factor
a ecting the quality of the solution is the choice of initial step length and badtracking
parametersfor the line seart proceduresemployed by the method. Small valuesfor both
guartities will yield good solutions, but increasetime to corvergenceand the number of
badtracking steps. A largeinitial steplength decreasesime to corvergence put results
in a poor model.

The majority of the prediction methods have xed computational complexity, ex-
cept for wSVD-Predict, URP-Predict, and AttBin-Predict. The per-iteration cost of the
wSVD method is O(K M), which is fairly low. Howeer, a relatively large number of iter-
ations is needed,and a limit of 100iterations wasimposed. The per-iteration cost of the
URP-Predict method is alsoquite low at O(M VK'). A number of iterations proportional
to the number of obsened ratings was usedin practice. The AttBin-Predict algorithm
cortains both a doubly iterativ e variational inferencestep and a sampling step, which
make it the slowest prediction method. Even with the largest number of possiblebinary
attitude con gurations tested, 220, the prediction method yields excellen results based
on only 200 samples. This is due to the fact that for most usersthe mean | of the

Bernoulli distribution for most attitudes k is closeto either O or 1.



Chapter 8. Comparison of Methods 102

In terms of spacecomplexity of the learnedrepresetation, the multinomial model and
the K-Medians cluster prototypesare approximately tied for the most compactlearned
represemation. The two methods with the largestlearnedrepresemation are the PKNN
method and the vector aspect model. The PKNN method takes spaceproportional to
N M, or more correctly, the total number of obsenedratings in the training data. This is
not surprising sincePKNN is an instancebasedlearningmethod: learningsimply consists
of storing the train data. On the other hand, the vector aspect model actually learnsa
represemation of the data that grows linearly with the number of userin the training
set. This is an artifact of a probabilistic model with a generative processcortaining
incomplete semarics. This particular problem, along with seeral others, is solved by
the URP model which learnsa represemation of sizeM VK + K.

Only two of the nine methods we have studied satisfy all the complexity-basedcriteria
we have outlined. K-Medians clustering method has a simple, non-iterative prediction
method of complexity O(M K), learning complexity of O(INMK), and M K model pa-
rameters. The mixture of multinomials method involves calculations with distribution
over ratings, so naturally the number of rating valueserters into the complexity of the
method. The mixture of multinomials prediction method is noniterative due to the fact
that inferencein the model is simple and exact. The prediction complexity is O(M VK).
The complexity of learningis O(NM VK), while the number of parametersin the model

is O(M VK).

8.2 Prediction Accuracy

In terms of prediction performance,the goal of any rating prediction method is to obtain
the lowest possible prediction error. We have introduced two separate experimertal
protocolsto evaluate prediction performance. The weak generalizationprotocol tests a

method's ability to generalizeto new items for the usersit was trained on. The strong
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Table 8.3: EachMovie: Prediction Results
Method | WeakComp | WeakNMAE | Strong Comp | Strong NMAE |

PKNN 1 0:4886 0:0014 1 0:4933 0:0006
NBClass 20 0:5258 0:0022 100 0:5295 0:0047
K-Medians 20 0:4631 0:0015 20 0:4688 0:0012
wSVD 20 0:4562 0:0032 20 0:4672 0:0012
Multi 1 0:5383 0:0022 1 0:5446 0:0029
MixMulti 30 0:4557 0:0012 30 0:4573 0:0007
Aspect 30 0:4573 0:0007 N/A N/A

URP 30 0:4422 0:0008 30 0:4557 0:0008
Attitude 20 0:4520 0:0016 20 0:4550 0:0023

Table 8.4: MovieLens: Prediction Results
Method | WeakComp | WeakNMAE | Strong Comp | Strong NMAE |

PKNN 1 0:4539 0:0010 1 0:4621 0:0022
NBClass 1 0:4803 0:0027 10 0:4831 0:0052
K-Medians 5 0:4495 0:0027 20 0:4556 0:0013
wSVD 10 0:4886 0:0065 8 0:4710 0:0042
Multi 1 0:4694 0:0020 1 0:4746 0:0035
MixMulti 4 0:4444 0:0007 6 0:4383 0:0048
Aspect 10 0:4339 0:0023 N/A N/A

URP 6 0:4341 0:0023 6 0:4444 0:0032
Attitude 10 0:4320 0:0055 10 0:4375 0:0028

generalization protocol tests the ability of a method to generalizeto completely novel

userpro les.

While the weak generalizationprotocol hastypically beenusedto evaluate rating pre-
diction methods, the strong generalizationresults give a better indication of a method's
online performance.In anonline cortext it is not practical to re-learna model wheneer a
new rating is received, or a newrating pro le is created. Instead a model is applied that,
having beentrained at sometime in the past, was trained without complete knowledge
of the current setof userpro les. This situation arisesoften in Internet recommendation
services,making strong generalization performance most relevant for that application

area.

For methods with a model sizeparameterK , we have conductedexperimerts testing a

rangeof valuesof K. For eath method and ead setting of the model sizeparameter,eat
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experimental procedurewas carried out using three partitions of the available data for
ead data set. We report the lowestnormalizedmeanabsoluteerror rate attained by eat
method along with the correspnding standard error value (NMAE), and the number of
componerts at which the lowest error rate was obtained (Comp). We presen results for
the weak and strong generalizationperformanceof eacy method on the EachMovie data
setin table 8.2. We presen resultsfor the weakand strong generalizationperformanceof
eat method on the MovieLensdata setin table 8.3. In addition, we presern bar charts
of weakand strong generalizationerror in gures 8.1to 8.4. We have ranked the methods

alongthe horizontal axis from highestto lowest mean NMAE.

The performanceof a rangePearsoncorrelation neighborhood methods haslong been
established.Our version,the PKNN method, consistertly obtains better error ratesthan
the multinomial model, but is consistertly worsethan the specializedprobabilistic models
and the K-mediansmethod. All of the model-basedmethods learn represemations of the
data that are more compactthan the instance-basedKNN method, and have prediction

complexitiesnot directly dependart on the number of usersN .

The naive Bayesclassi cation method is quite clearly a failure. In two casest per-
forms only slightly better than the baselinemultinomial model, and in two caseit per-
formsslightly worse. This is an interesting result becausef a givenuserhasnot rated any
of the feature items for a given classitem, the naive Bayesmodel reverts to a multinomial
model for that item. Thusin the worst casewe shouldexpect the error of the multinomial
model to upper bound the error of the naive Bayesclassi cation method. The fact that
this doesn't hold indicates that someselectedfeature items or combinations of feature
items actually result in decreasal performance. The performanceof this method could
likely be improved by exploring an approad to feature selectionthat would incremen-
tally selectfeature items only if they resulted in an increasein prediction performance.
Howewer, the added computational cost of sudh a learning method would probably not

be worth the resulting gain in performance.
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For a method basedon hard clustering, the K-Medians method performsmuch better
than expected. It acdhieveserror rates comparablewith someof the specializedproba-
bilistic models using a very reasonablenumber of componerts. It also outperformsthe
PKNN method by a signi cant amourt, while having far lower prediction complexity.
While not a top performer, taking the reliability and speedof convergenceinto accourt
along with its excellen prediction complexity, the K-Medians method is amongthe top
\ligh t-weight" prediction methods we have studied. It is actually quite astonishingthat
early work on collaborative ltering failed to popularize the use of standard clustering

methods for rating prediction given the performanceof thesemethods.

The performanceof the wSVD algorithm is quite interesting. On the EachMovie data
set, which hasa smallernumber of items than the MovieLensdata setby roughly half, the
wSVD method obtains error rates very closeto the specializedprobabilistic models. It is
amongthe top four methods with respect to both weak generalizationerror and strong
generalizationerror. On the smaller MovieLensdata setwSVD ranks amongthe bottom
three methods. It is the only method which exhibits sudh a decreasein performance
acrossthe two data sets. This would seemto indicate a drop in prediction performance
of the wSVD-Learn algorithm as the number of items increases. Howewer, it may also
be the casethat wSVD actually over ts on the training data due to the lower number
of userpro les. The training error rates were obsened to be much lower than the test
error rates at the end of the wSVD learning procedure,which would tend to support the
secondview. Further testing could not be carried out due againto the complexity of the

method.

The mixture of multinomials method performs better than expected. It ties the
Attitude model for best strong generalizationperformanceon the MovieLens data set,
and is top three on both EachMovie tasks. The mixture of multinomials model alsosenes
asa very usefulmethod for initializing the URP model, aswe have noted previously The

availability of simple, exact inferencecoupledwith good performancemakesthis model
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very well suited for usein an online cortext.

The vector aspect model achieves very good accuracy on the EachMovie data set
and ties with URP and the Attitude model for the bestweak generalizationperformance
on the MovieLens data set. The structure and parameterization of the vector aspect
model imply that inferencecan not be performedin a principled manner for new user
pro les. Howeer, the interpretation of the vector aspect model tting procedurein terms
of an appraximate, restricted tting procedurefor the URP model in fact justi es the
use of the heuristic \folding in" procedurefor inferencewith new users[29. Howewer,
this new perspective also makesit clear that the variational approximation method we
have proposedfor tting the URP model is more accurate than the mixed MAP/ML
appraximation. Thus, in terms of prediction accuracy URP completely superseedshe
vector aspect model.

The URP model obtains the lowest weak generalizationerror on the EachMovie data
set,andties the attitude and multinomial mixture modelsfor loweststrong generalization
error on the EachMovie data set. URP also placesin the top three on both MovieLens
tasks. Overall, the URP model is a close secondto the attitude model in terms of
prediction performance. Howeer, it attains this performancelevel at a lower cost in
terms of both learning and prediction complexity.

Lastly, the binary attitude model achievesmean error rates lower than all the other
modelsin this study in three out of four experimerts. This is an appealingresult because
the attitude model wasdesignedo have generative semairtics that are morerealistic than
the stochastic selectionsemairtics of the multinomial mixture, aspect, and URP models.
In the attitude model, all latent attitudes interact to determinethe rating for ead user.
The more sophisticated generative semartics result in more complex model tting and
prediction procedures but the resultis a model that obtainsthe bestoverall performance

of any of the models we have studied.
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EachMovie: Best Weak Generalization Results
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Figure 8.1: Comparisonof EacdhMovie weak generalizationperformance.

EachMovie: Best Strong Generalization Results
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Figure 8.2: Comparisonof EachMovie strong generalizationperformance.
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Figure 8.3: Comparisonof MovieLensweak generalizationperformance.

MovielLens: Best Strong Generalization Results
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Figure 8.4: Comparisonof MovieLensstrong generalizationperformance.



Chapter 9

Conclusions

We begin by summaryzingthe work cortained in this thesis,outlining the main dewelop-
merts, and indicating the primary results. Next we adopt a broader perspective, analyze
what we have accomplished,and indicate interesting directions for future researt. Fi-
nally, we considerthe feasibility of scalingsomeof the methods we have proposedfor use

with large electronicdocumert collectionssut asthe Web.

9.1 Summary

In the precedingchapterswe have presened a comprehensie study of rating-based,pure,
non-sequetial collaborative ltering. We have given detailed descriptions and deriva-
tions for a variety of methods, shown their relationship to standard madine learning
algorithms, analyzedtheir computational and spacerequiremerts.

We shaw that the original GroupLensmethod is a modi cation of the well known K
nearestneighbor classi er. We introduce a new application of the standard naive Bayes
classi er to the task of rating prediction. We discussse\eral rating prediction methods
basedon userclustering and introduce a new method basedon the standard K -medians
clustering algorithm. We review dimensionality reduction techniquesincluding singular

value decomposition, weighted singular value decomposition, principal componerts anal-

109



Chapter 9. Conclusions 110

ysis, probabilistic principal componerts analysis, and factor analysis. We introduce a
new rating prediction technique for weighted singular value decomposition. In the area
of probabilistic models we review the multinomial model, the mixture of multinomials
mode, the aspect model, and the URP model. We also introduce the attitude model

family, a new family of product modelsfor collaborative Itering

We implemert and analyze learning and prediction methods for a neighborhood
method, the naive Bayesclassi cation method, the K -mediansclusteringmethod, weighed
singularvalue decompsition, the multinomial model, the mixture of multinomials model,
the aspect model, the URP model, and the binary attitude model. We introducethe no-
tion of strong generalization as the ability of a learning method to correctly predict
ratings for novel user pro les, pro les other than those usedfor training. This is an
important form of generalizationfor rating prediction, which is especially relevant when
consideringthe online performanceof a prediction method. We introducean experimen-
tal protocol for assessingtrong generalizationto complemen the existing protocols for

assessingveak generalization.

The primary result of this study hasbeenthe identi cation of seweral newand promis-
ing rating prediction methods. The K mediansclustering method was found to exhibit
excellen rating prediction ability given its relative simplicity. It is an excellert candi-
date for usein an interactive recommendationservice. The attitude model family was
designedto have intuitiv e and appealing generative semartics for rating basedcollabo-
rative ltering. While the binary attitude model exhibits the most complexlearning and
prediction methods, we have found that it achievesthe best overall prediction accuracy

of any of the methods we have studied.
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9.2 Future Work

In this section we consider possible directions for future work. We discussthe work
left to be done with existing models, and considerremoving someof the assumptions
underlying the dewelopmen of thesemodels. We discussextending someof the models
we have studied to new formulations of collaborative Itering. Lastly, we indicate other

application areaswhere our current techniquesand their extensionsmay be useful.

9.2.1 Existing Mo dels

We have performeda fairly comprehensie evaluation of a wide range of models; however,
somework with existing models remainsto be done. One of the main omissionsin our
set of methods was probabilistic principal componerts analysis. Weighted singular value
decompsition was selectedas a represetativ e dimensionality reduction method due to
the fact that it had not beenextensiwely tested for collaborative ltering. pPCA is an
intersting method in its own right. It has beentested by Canny on protocols and data
setscomparableto the EachMovie strong generalizationexperimert we have used, but
the error rate reported is equivalert to the error rate achieved by the multinomial model
in our tests. This is curiously poor giventhat simple clustering methods achieve superior
performancein our tests. Experimentation with the pPCA model could be performedto
determineif its performanceimproveson the particular data setswe use,or if it remains
the sameas reported by Canny.

As we have noted previously the weighted singular value decompsition method
turned out to be fairly enigmatic. It was the only method to exhibit a large change
in prediction performanceacrossthe EachMovie and MovieLensdata sets. This result
callsfor a separatestudy to more closelyexaminethe e ect of the sizeand sparsity of the
rating matrix on the performanceof the method, and the number of iterations neededfor

the method to corverge. The discrepancyin performancecould be a result of an insu -
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ciert number of iterations in the MovieLenscase,but noneof the other methods studied
exhibited this problem. In fact, the generaltrend over all other models s that perfor-
manceon the MovieLensdata setis slightly better than performanceon the EachMovie
data set. An alternative explanation is that the wSVD method over ts on the training
data during model tting. This is extremely hard to believe when the model consistsof
as few as 10 item spacebasisvectors. On the other hand, the feasibility of sud an in
depth study is somewhatquestionablegiven the high computational complexity if the
wSVD learning method. In addition, any improvemers that result from further insight
into this problem are highly unlikely to result in prediction performancethat surpasses

the specializedprobabilistic models.

The equivalence between the vector aspect model and the URP model is another
areawe have not fully explored. The MAP/ML tting procedurefor URP represeis
a signi cant savings in terms of learning and prediction complexity. If computing time
is not an issue,then the variational tting procedureshould always be usedin place of
the MAP/ML procedure. Howeer, an intersting situation ariseswhenwe considerusing
the URP model in an online cortext sud as an interactive recommendersystem. The
variational model tting algorithm could be usedwith a xed, uniform Dirichlet prior for
oine model tting. For online prediction the MAP inferenceprocedurecould be usedin
place of full variational inference.Sud a prediction method would not be iterativ e, and
could be fast enoughfor interactive use. Experimerts similar to the oneswe have already
carried out could be applied to determinethe degreeto which the strong generalization
performanceof this hybrid method degradescomparedto the full variational prediction

methods.

Our strongly positive resultsfor the binary attitude model call for further testing with
it and other members of the attitude model family. In the binary casewe were forced
to imposehard limits on the number of iterations allowed for model tting, variational

inference, and line seart procedures. The only justi cation o ered for the choice of
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theselimits was that the resulting models exhibited excellert prediction performance.
Howewer, a more thorough study of the e ect of data set size, data set sparsity, step
size,and badktracking on corvergences clearly needed.A better understandingof how
all thesevariablesinteract will likely leadto model tting proceduresthat attain better
prediction accuracythan we have reported.

Basedon the successf the binary attitude model, an investigation of the integer
attitude model is alsorequired. The integer attitude model hasmore exible generative
semairtics and latent user represemation than the binary version. This meansit has
the capacity to outperform the binary version. Howewer, we expect it to suer from
similar learning issuesas the binary versionincluding a sensitivity to initial step sizes

and badtracking parameters.

9.2.2 The Missing at Random Assumption

One of the mostimportant simplifying assumptionsmadein this study wasthat missing
ratings were missing at random. This is an assumption which has been made either
implicitly or explicitly in all existing researt on rating prediction methods. Howewer,
we also noted that in the caseof rating-basedcollaborative Itering there is reasonto
beliewe that this assumptiondoesnot hold. In the standard interaction model with a
recommendersystem, a user may initially be required to rate a subsetof a randomly
selectedset of items. After theseinitial ratings are collected, the user is free to rate
any items they choose. In the caseof information items sud as movies or books, it
is reasonableto hypothesizesthat a userwill only seea movie or read a book if they
anticipate liking it or nding it useful, and that a user can only rate items they have
seenor read. This meansthat the lower a usersestimate of their rating for a particular
item, the lesslikely they are to supply a rating for that item. This is exactly the type of
scenariowherethe missingat random assumptionfails to hold.

If our hypothesis about this missing data medanism is correct, one consequence
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would be a skewing of the obsenable rating distribution toward high rating values. This
skewing is obsened in both the EachMovie and MovieLensdata sets. Theory dictates
that if the missingat random assumptiondoesnot hold, then any maximum likelihood
estimatesderived from the obsened data without taking the missing data medanism
into accourt will be biased. Sincelearning in all the models we have described is based
on nding maximum likelihood parameters,not taking the missingdata medanisminto
account may be resultsingin biasedparameter estimates.

An interestingtest of whetherthe proposedmissingdata medanismdoesa ect learn-
ing and prediction would be to generatea densedata set from a learned model such as
URP or the attitude model, and then createtwo training setsfrom it. Onein which rat-
ings are removed uniformly randomly, and a secondwhereratings are removed inversely
proportional to their values. The samelearning method could be trained on eat of these
training data sets,and the resulting models could be tested on the sametest setto see
if prediction performanceis a ected by the pattern of missingdata.

If asigni cant e ect is obsened, this opensthe possibility of developinga novel set of
modelsfor rating prediction basedon incorporating prior knowledgeof the missingdata
medanism directly into the generatie model. An obvious rst step in this direction
would be to extend the multinomial mixture model to include a missing data meda-
nism, and evaluate its empirical performanceon real data setscomparedto the standard
multinomial mixture model. It is our belief that sudy models will result in increased

prediction accuracy

9.2.3 Extensions to Additional Form ulations

As we discussedin chapter 2, rating-based, pure, non-sequetial collaborative Itering
is one out of a large number of possibleformulations. Even within this small classof
problemswe have focusedon the casewhereratings are ordinal valued and neglectedthe

cortinuouscase.Someof the methods we have studied including the PKNN method, the
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K -mediansmethod, and the wSVD method canbe appliedto either cortinuousor ordinal
rating data, but all the specializedprobabilistic modelsrepresen ratings using categorical
random variables. This meansthey can not be applied to the casewhererating values
are cortinuous. One simple extensionof the presert work would be to changethe lower
levels of all probabilistic models to Gaussiandistributed cortinuous random variables
and then re-derrive all the model tting and prediction equations. Hofmann hasrecerily

carried out this exercisewith the triadic aspect model [30].

A closesecondto our chosenformulation in terms of researt activity is the co-
occurrence,pure, non-sequetial formulation. We briey discussedthis formulation in
conjunction with LDA and the dyadic aspect model, but it is alsoquit signi cant. URP
already hasa co-cccurrenceanalogin LDA, but the attitude model family could easilybe

extended(or, more accurately retracted) to this type of preferenceinformation aswell.

Seeral other more complex and more interesting formulations are beginningto re-
ceiwe attention from the researti commnunity. Of particular interest are sequetial formu-
lations, which remove the assumptionthat preferencesare static. Recerlly Girolami and
Kaban have introduced a method for learning dynamic user pro les basedon simplicial
mixtures of rst order Markov chainsin a pure, sequetial, co-cccurrenceformulation of
collaborative Itering. In theory their model could be extendedto dynamic user rating

pro les aswell, although data for testing such a model is not currerntly available.

The principled integration of preferenceinformation with additional cortent based
featuresin a single generative model is also an interesting direction for future researt.
The addition of content-baseditem featuresmay help alleviate the cold start and newuser
problems,which are commonto all recommendersystems.The cold start problem arises
when a systemis initialized with little preferenceinformation. The new user problem

occursin an operational systemwhen a new userhaslittle preferenceinformation.
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9.2.4 Generalizations to Additional Applications

We have just consideredadditional formulations of collaborative Itering and how our
existing methods could be extendedto yield algorithms in someof these formulations.
An alternative is to considergeneralizationsof the rating prediction problemitself. In a
pure, non-sequetial, rating-basedformulation of collaborative Itering, predicting miss-
ing ratings for all userscanbe thought of more generallyasan imputation problem. Sud
problemsoccur fairly frequertly. One particularly interesting example comesfrom the
analysis of geneexpressiondata. Somesimple madine learning techniques have been
applied for imputing missingdata valuesin microarrays. Continuous valued versionsof
any of the probabilistic models we have studied could be applied to this problem. Once
candidate is a Gaussianversion of the binary or integer attitude model, both of which
have fairly sophisticatedgenerative semairtics. In an application arealike computational
biology, the complexity of the prediction methods is not ascritical asin the collaborative
Itering case.In addition, the data is many times lesssparse.There is reasonto believe

that our methods will yield good resultsin this area.

9.3 The Last Word

We beganthis thesisby introducing the problem of information overload. We indicated
that the major sourcesof information overload were web pagesand Usenetnewsarticles
available through the Internet, aswell asbooks, moviesand music. We motivated cortent
basedinformation Itering, and collaborative ltering astwo independert methods for
dealingwith information overload.

As aresult of the limited data setscurrently available, our work hasbeenconstrained
to the areaof movie rating prediction. A fair critique of the presen work is that few
peopletend to feel overwhelmedby the volume of movies being produced. Indeed, the

items and usersin the data setswe have usedonly number is in the thousands. While
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thesemovie rating data setsare consideredairly substartial by normal madine learning
standards,they palein comparisonwith the billions of web pagesroutinely processedy

state-of-the-art cortent based Itering systems.

Clearly scaling up the size of a collaborative Itering systemto rival content based
Itering systemssud as Google requiressomethought. Google indexeson the order of
10° web pages. At peaktimes it senesthousandsof queriesper second.An equivalert
collaborative Itering systemmight be expectedto sene 1(° usersead with an averageof
10° ratings. For deployment on the Internet we would alsowant to maintain a documert

collection of 10° web pagesand sene 10° recommendationsper second.

Supposethat we were given computational resourcesequivalert to those currently
usedby Google: 10* CPU's running at 500MHzead capableof performing 10° additions
and subtractions per second[1]. The method with the most reasonablecomputational
complexity that we have studied is the K -mediansmethod, which has a learning com-
plexity of O(INMK), and a prediction complexity of O(M K). If implemenrted using
data structures that take sparsity into accoun, the learning time can be decreasedo
O(I K T), and the prediction time can be reducedto O(K T") whereT is the total num-
ber of obsened ratings and T is the total number of obsened ratings for useru. A
reasonablenumber of clusters for this problem might be K = 10*. Note that for rec-
ommendations,the prototype vectorscould be sortedo line after they are learnedat a
savings of O(M logM ) per recommendation. The complexity of generatingead set of

recommendationss thus O(K TY).

Under theseassumptionswe nd that processingeat recommendationrequestwould
take only O(10’) additions and subtractions. With a cluster capable of 10'? additions
and subtractions per secondwe could sene over 10* queriesper second. This is quite
remarkable. The number of operations neededfor ead iteration of the K -medianslearn-
ing algorithm under our assumptionsis O(10'3). Interestingly, the K -medianslearning

algorithm can be completely parallelized meaningead iteration of the learning method
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would take aslittle as10seconds!Evenif 10° iterations were neededto learn the cluster
prototypes, learning would only take a few hours.

Thesesimple order of magnitude computations neglectthe time neededto move data
around in the system, which is likely to dominate the time neededfor computation.
Howewer, in a specialized architecture where ea of the 10* cluster nodes keepsone
prototype vector in active memory at a spacecomplexity of about 1GB, we would only
needto move the relatively small userpro les in and out of memory Even if our naive
calculations are o by two orders of magnitude it would still be possibleto sene 10°
queriesper secondand perform over three learning iterations every hour. Learning could
be performedin appraximately ten days.

The point of this exposition hasbeento shav that someof the collaborative Itering
methods we have descriked, suth as K -medians, could scaleup to the level of state-
of-the-art corntent-based ltering systemslike Google. The only factor obstructing the
application of collaborative ltering techniquesto large electronic documert collections
like the Web s the commitment of computational resources.We leave this asan exercise

for the interestedreader.
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