
Collabora tive Fil tering: A Ma chine Learning Perspective

by

Benjamin Marlin

A thesissubmitted in conformity with the requirements
for the degreeof Master of Science

Graduate Department of Computer Science
University of Toronto

Copyright c
 2004by Benjamin Marlin



Abstract
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2004

Collaborative �ltering was initially proposed as a framework for �ltering information

basedon the preferencesof users,and has since been re�ned in many di�eren t ways.

This thesis is a comprehensive study of rating-based,pure, non-sequential collaborative

�ltering. We analyzeexisting methods for the task of rating prediction from a machine

learning perspective. We show that many existing methods proposedfor this task are

simple applications or modi�cations of oneor more standard machine learning methods

for classi�cation, regression,clustering, dimensionality reduction, and density estima-

tion. We introduce new prediction methods in all of these classes. We introduce a

new experimental procedurefor testing stronger forms of generalizationthan has been

usedpreviously. We implement a total of nine prediction methods, and conduct large

scaleprediction accuracyexperiments. We show interesting new results on the relative

performanceof thesemethods.
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Chapter 1

In tro duction

The problem of information overload was identi�ed as early as 1982 in an ACM Pres-

ident's Letter by Peter J. Denning aptly titled Electronic Junk [17]. Denning argued

that the deployment of o�ce information systemstechnology coupledwith a quickly in-

creasinguseof electronic mail was sure to overwhelm computer users. Sincethat time

many new sourcesof information have becomeavailable through the Internet including

a vast archive of hundredsof millions of Usenetnewsarticles, and an immensecollection

of billions of web pages.In addition, mainstreammedia continue to producenew books,

movies, and music at a staggeringpace.

The responseto the acceleratingproblem of information overload by the computer

sciencecommunity was the founding of a new research areacalled information �ltering .

Work in this areahaslargely focusedon �ltering text documents basedon representations

of their content. However, Goldberg, Nichols, Oki, and Terry founded an orthogonal

research direction termed collaborative �ltering basedon �ltering arbitrary information

items according to user preferences[23, p. 61]. In the current literature, collaborative

�ltering is most often thought of as the problem of recommendation, the �ltering-in of

information items that a particular individual will like or �nd usefull.

However, it is incorrect to think of collaborative �ltering asa singleproblem. Rather,

1



Chapter 1. Intr oduction 2

the �eld of collaborative�ltering consistsof a collectionof collaborative�ltering problems,

which di�er accordingto the typeof input information that is assumed.Only a fraction of

theseformulations hasbeenstudied in depth. In order to properly situate the work which

appears in this thesis, we begin by describing a spaceof formulations of collaborative

�ltering problemsin chapter 2.

We focuson a pure, non-sequential, rating-basedformulation of collaborative �ltering

asdetailed in section2.2. This formulation is the onemost often associated with collabo-

rative �ltering, and is the subject of the majorit y of the collaborative �ltering literature.

Qualitativ ely, this formulation has many nice properties. In particular, the recommen-

dation task decomposesinto the task of rating prediction, and the task of producing

recommendationsfrom a set of rating predictions. The latter is trivially accomplished

by sorting information items according to their predicted ratings, and thus the rating

prediction task will be our primary interest.

In chapter 3 we introducethe fundamental statistical, computational, and experimen-

tal techniquesthat are neededto derive, and analyzerating prediction methods within

the pure, non-sequential, rating-basedformulation of collaborative �ltering. We describe

optimization and learningmethods,givea brief overviewof complexity analysisfor rating

prediction methods,and describeexperimental protocolsand error measuresfor empirical

evaluation.

As we will seein the following chapters, a great deal of research hasbeenperformed

within the pure, non-sequential, rating-basedformulation of collaborative �ltering. While

early work focused on the neighborhood methods introduced by Resnick et al. [49],

new and inventiv e techniques have been introduced from a wide variety of disciplines

including arti�cial intelligence,human factors, knowledgediscovery, information �ltering

and retrieval, machine learning, and text modeling.

Regardlessof their origins, many rating prediction methods can be seenas modi�-

cations or applications of standard machine learning methods. Thus, machine learning
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o�ers a unifying perspective from which to study existing collaborative �ltering research.

In chapter 4 we describe rating prediction methodsbasedon classi�cation and regression.

We present the well known classof neighborhood methods and show how they can be

derived from standard K nearestneighbor classi�cation and regression[49]. We intro-

duce a new rating prediction method basedon learning a set of naive Bayesclassi�ers.

In chapter 5 we describe applications of clustering methods to rating prediction and in-

troducea new rating prediction method basedon K -mediansclustering. In chapter 6 we

present rating prediction methods basedon dimensionality reduction techniquesinclud-

ing weighted singular value decomposition [53], principal components analysis[24], and

probabilistic principal components analysis [13]. We introduce a new rating prediction

algorithm that extendsthe existing work on weighted singular value decomposition. In

chapter 7 we describe a number of methods basedon density estimation in probabilis-

tic models including a multinomial model, a mixture of multinomials model, the aspect

model [29], and the user rating pro�le model [38]. We introducea new family of models

called the Attitude model family.

We implement a total of nine rating prediction methods and perform large scalepre-

diction accuracyexperiments. In chapter 8 we present a comparisonof thesemethods in

terms of learning complexity, prediction complexity, spacecomplexity of learned repre-

sentation, and prediction accuracy.



Chapter 2

Form ulations

The original Information Tapestry systemproposedby Goldberg et al. allowed usersto

expresstheir opinionsin the form of text annotationsthat wereassociatedwith particular

electronicmail messagesand documents. Other Tapestry userswereableto specify �lters

for incoming documents in the form of SQL-like expressionsbasedon the document's

content, the content of the annotations, the number of annotations, and the identit y of

the authors of the annotations associated with each document [23].

The �eld of collaborative �ltering research consistsof a large number of information

�ltering problems,and this collection of formulations is highly structured. In this chap-

ter we introduce a spaceof collaborative �ltering problem formulations, and accurately

situate the current work.

2.1 A Space of Form ulations

In this sectionwestructure the spaceof formulations accordingto three independent char-

acteristics: the type of preferenceindicators used, the inclusion of additional features,

and the treatment of preferencedynamics. A choice for each of these three character-

istics yields a particular formulation. The proposedstructure covers all formulations of

collaborative �ltering currently under study, and many that are not.

4



Chapter 2. Formula tions 5

2.1.1 Preference Indicators

The main types of preferenceindicators used for collaborative �ltering are numerical

ratings triplets, numerical rating vectors, co-occurrencepairs, and count vectors. A

rating triplet has the form (u; y; r ) whereu is a user index, y is an item index, and r is

a rating value. The triplet represents the fact that user u assignedrating r to item y.

The rating valuesmay be ordinal or continuous. A numerical rating vector hasthe form

r u = (r u
1 ; :::; r u

M ) where r u
y is the rating assignedby user u to item y. The components

of the vector r u are either all ordinal or all continuous values. Any component of the

vector may be assignedthe value ? , indicating the rating for the corresponding item is

unknown.

Co-occurrencepairs have the form (u; y) where u is a user index and y is an item

index. The relation implied by observinga pair (u; y) is that user u viewed, accessed,

or purchaseditem y. However, it could also indicate that user u likes item y. A count

vector nu = (nu
1; :::; nu

M ) results when multiple co-occurrencepairs can be observed for

the sameuserand item. In this casenu
y may represent the number of times useru viewed

item y.

These preferenceindicators are not completely distinct. Any rating vector can be

represented as a set of rating triplets. The reverseis not true unlesswe assumethere

is at most one rating speci�ed for every user-item pair. Count vectors and sets of co-

occurrencepairs are always interchangeable.The preferenceindicators basedon ratings

are semantically di�eren t from those basedon co-occurrences,and there is no straight

forward transformation betweenthe two.

A further distinction drawn between preferenceindicators is whether they are ex-

plicitly provided by the user, or implicitly collectedwhile the user performs a primary

task such a browsing an Internet site. Claypool et al. present an interesting compari-

son betweenimplicit preferenceindicators and explicit ratings [15]. Requiring a user to

supply explicit ratings results in a cognitive burden not present when implicit preference
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indicators are collected. Claypool et al. argue that the perceived bene�t of supplying

explicit ratings must exceedthe addedcognitive burden or userswill tend to rate items

sparsely, or stop rating items altogether. On the other hand, Claypool et al. arguethat

becauseimplicit indicators canbe gatheredwithout burdening the user,every userinter-

action with the collaborative �ltering systemresults in the collection of new preference

indicators.

2.1.2 Additional Features

Another decisionthat has important consequencesin collaborative �ltering is whether

to only use preferenceindicators, or allow the use of additional features. In a pure

approach usersare described by their preferencesfor items, and items are described by

the preferencesusershave for them. When additional content-basedfeaturesare included

the formulation is sometimescalledhybrid collaborative �ltering. Additional featurescan

include information about userssuch as age and gender,and information about items

such as an author and title for books, an artist and genrefor music, a director, genre,

and cast for movies, and a representation of content for web pages.

Pure formulations of collaborative �ltering are simpler and more widely used for

research than hybrid formulations. However, recent research has seenthe proposal of

several new algorithms that incorporate additional features. Seefor examplethe work

of Basu, Hirsh, and Cohen[2], Melville, Mooney, and Nagarajan [39], as well as Schein,

Popescul,and Ungar [51].

The hybrid approach purportedly reducesthe e�ect of two well known problemswith

collaborative �ltering systems: the cold start problem, and the new user problem. The

cold start problem occurs when there are few entries recordedin the rating database.

In this casemore accurate recommendationscan me made by recommendingitems ac-

cording to similarities in their content-based features. The new user problem occurs in

an establishedcollaborative �ltering systemwhen recommendationsmust be madefor a
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user on the basisof few recordedratings. In this casebetter recommendationsmay be

achieved by consideringsimilarities betweenusersbasedon additional user features.

2.1.3 Preference Dynamics

Very few formulations of collaborative �ltering take into account the sequencein which

preferenceindicators are collected. Instead preferenceindicators are viewed as a static

set of values representing a \snapshot" of the user's preferences. However, over long

periodsof time, or in domainswhereuserpreferencesarehighly dynamic, olderpreference

indicators may becomeinaccurate. In certain domainsa non-sequential formulation risks

predictions that decreasein accuracyas a user'spro�le becomes�lled with out of date

information. This problem is especially acute when implicit preferenceindicators are

usedbecausethe usercan not directly update past preferenceindicator values.

Recently Pavlov and Pennock, and Girolami and Kab�an have introducedmethods for

dealing with dynamic user pro�les. The advantage of this approach is that it can deal

naturally with userpreferenceschanging over time. The disadvantage is that sequential

formulations requiresmore complexmodelsand prediction methods than non-sequential

formulations. Pavlov and Pennock adopt a maximum entropy approach to prediction

within the sequential framework. Their method performs favorably on a document rec-

ommendationtask whencomparedto content-basedmethods currently in use[46]. Giro-

lami and Kab�an introducea method for learningdynamicuserpro�les basedon simplicial

mixtures of �rst order Markov chains. They apply their method to a variety of data sets

including a web browsing prediction task [21].

2.2 Pure, Non-Sequen tial, Rating-Based Form ulation

Throughout this work we assumea pure, non-sequential, rating-basedformulation of col-

laborative �ltering. In this formulation usersand items are described only by preference
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indicators. Preferenceindicators areassumedto be numerical rating vectorswith ordinal

values. No additional featuresare included. Preferencedynamics are ignored resulting

in a non-sequential treatment of preferenceindicator values. This formulation was pop-

ularized by Resnick, Iacovou, Suchak, Bergstorm, and Riedl through their work on the

GroupLens system [49]. We select this particular formulation becauseit has been the

subject of the greatestamount of previousresearch. It is appealing due to its simplicity,

and the fact that it easily accommodates objective performanceevaluation. We give a

detailed de�nition of this formulation in sub-section2.2.1. As we describe in sub-section

2.2.2, the two tasks performed under this formulation are recommendation,and rating

prediction.

2.2.1 Formal De�nition

We assumethat there are M items 1; :::;M in a collection that can be of mixed types:

email messages,newsarticles, web pages,books, songs,movies, etc. We assumethere is

a set of N users1; :::;N . A useru can provide an opinion about an item y by assigning

it a numerical rating r u
y from the ordinal scale1; :::;V . Each usercan supply at most one

rating for each item, but we do not assumethat all userssupply ratings for all items. We

associate a rating vector also called a user rating pro�le r u 2 f 1; :::;V; ?g M with each

useru. Recall that the symbol ? is usedto indicate an unknown rating value.

2.2.2 Associated Tasks

The main task in any formalation of collaborative �ltering is recomendation. given the

rating vectorsr u of the N users,and the rating vector r a of a particular active usera, we

wish to recommenda set of items that the active user might like or �nd useful. As we

have already noted, in a rating basedformulation the task of recommendationreduces

to the task of rating prediction and the task of producing recommendationsfrom a set of

predictions. In rating prediction we are given the rating vectors r u of the N users,and
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the rating vector r a of a particular active usera. We wish to predict rating valuesr̂ a
y for

all items that have not yet beenassignedratings by the active user.

Given a method for predicting the ratings of unrated items, a method for recommen-

dation can easilybe constructedby �rst computing predictions r̂ a
y for all unrated items,

sorting the predicted ratings, and recommendingthe top T items. Therefore, the focus

of research within the pure, non-sequential, rating-basedformulation is developinghighly

accuraterating prediction methods.



Chapter 3

Fundamen tals

In this chapter we introducethe background material that is neededfor developingrating

prediction methods, analyzing their complexity, and performing experiments in the col-

laborative �ltering domain. We approach collaborative �ltering from a machine learning

standpoint, which meanswe draw heavily from the �elds of optimization, and probability

and statistics. Familiarit y with the basicsof non-linear optimization is assumed. The

collaborative �ltering problemswe considerare too large for higher order optimization

proceduresto be feasible,sowe resort to gradient descent and its variants in most cases.

Familiarit y with probability and statistics and Bayesian belief networks is also as-

sumed. In chapters 6 and 7 we introduceprobabilistic models for collaborative �ltering

containing latent variables, variables whosevalues are never observed. Learning these

models requires the use of an expectation maximization procedure. In this chapter we

review the Expectation Maximization algorithm of Dempster,Laird and, Rubin [16]. We

alsointroducethe morerecent freeenergyinterpretation of standardEM dueto Nealand

Hinton [44]. We follow the freeenergyapproach of Neal and Hinton for the development

of all models in chapter 7.

As we will seein the following chapters, di�eren t learning and prediction methods

di�er greatly in terms of computational complexity, and the complexity of the models

10
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they construct. We introducethe basicelements of the complexity analysiswe apply.

Lastly, we describe the experimental protocols usedto obtain rating prediction per-

formance results. We discussthe various error measuresthat are commonly used in

collaborative �ltering research. We also introduce the EachMovie and MovieLensdata

sets,and describe their main properties.

3.1 Probabilit y and Statistics

In chapters 6 and 7 we introducemethods for rating prediction basedon learning prob-

abilistic models of rating pro�les. The power of thesemodels comesfrom the fact that

they include latent variablesaswell as rating variables. The rating variablescorrespond

to the rating of each item, and are observed or unobserved depending on a particular

user's rating pro�le. The latent variables, which are always unobserved, facilitate the

modeling of complexdependenciesbetweenthe rating variables.

Let x be a vector of observed variables, z be a vector of latent variables, and � be

the model parameters.Let y = (x; z) be a vector of all variablesin the model. If y were

completely observed we could apply standard maximum likelihood estimation to obtain

� � = argmax� logP(y j� ). However, with the z unobserved, y becomesa random variable

and we must apply the Expectation Maximization algorithm of Dempsteret al. [16].

The Expectation Maximization algorithm is an iterativ e procedurefor maximum like-

lihood estimation in the presenceof unobserved variables. The algorithm beginsby ran-

domly initializing the parameters. The initial guessat the parameter valuesis denoted

�̂ 0. In the expectation step the expectedvalue of the log likelihood of the completedata

y is estimated. The expectation is taken with respect to a distribution over y computed

using the observed data x and the current estimate of � , �̂ t . This expressionis called

the Q-function and is written Q(� j �̂ t ) = E[logP(y j� )jx; �̂ t ] to indicate the dependence

on the current estimate of the parameter vector � . In the maximization step �̂ t+1 is set
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to the value which maximizesthe expectedcompletelog likelihood, Q(� j �̂ t ). Thesetwo

updatesare iterated as shown below until the likelihood converges.

E-Step: Q(� j�̂ t )  E [logP(y j� )jx; �̂ t )

M-Step: �̂ t+1  argmax
�

Q(� j�̂ t )

Neal and Hinton view the standard EM algorithm in a slightly di�eren t fashion.

They describe the expectation step as computing a distribution qt (z) = P(zjx; �̂ t ) over

the range of z. In the maximization step �̂ t+1 is set to the value of � which maximizes

Eqt [logP(y j� )], the expectedcompletelog likelihood under the q-distribution computed

during the previousexpectation step.

E-Step: qt+1 (z)  P(zjx; �̂ t )

M-Step: �̂ t+1  argmax
�

Eqt [logP(y j� )]

For more complex models where the parametersof the q-distribution or the param-

eters of the model can not be found analytically, the free energyapproach of Neal and

Hinton leadsto more 
exible model �tting proceduresthan standard EM [44]. As Neal

and Hinton show, standard EM is equivalent to performing coordinate ascent on the

free energyfunction F [q; � ] = Eq[logP(x; zj� )] + H [q], whereH [q] = � Eq[logq(z)]. The

q-distribution may be the exact posterior over z or an approximation. The free energy

F [q; � ] is related to the Kullback-Liebler divergencebetween the q-distribution q(zjx)

and the true posterior p(zjx) asfollows: logP(x; zj� ) = F [q; � ] + D(q(zjjx)jjp(zjx)). The

Kullback-Liebler divergenceis a measureof the di�erence betweenprobability distribu-

tions. It is zeroif the distributions areequal,and positive otherwise,thus the freeenergy

F [q; � ] is a lower bound on the completedata log likelihood. The EM algorithm can then

be expressedas follows:

E-Step: qt+1  argmax
q

F [q; �̂ t ]

M-Step: �̂ t+1  argmax
�

F [qt+1 ; � ]
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Sinceboth the E-step and the M-step maximize the sameobjective function F [q; � ],

�tting proceduresother than standard EM can be justi�ed. In the casewhere the pa-

rametersof qt+1 or �̂ t+1 must be found iterativ ely, di�eren t interleavings of the iterativ e

updatescan be usedand the freeenergyF [q; � ] is still guaranteed to converge. However,

a local maximum of the free energy will only correspond to a local maximum of the

expectedcompletelog likelihood when q� is a true maximizer of F [q; �̂ � ].

3.2 Complexit y Analysis

Achieving higher prediction accuracyon rating prediction tasks often comesat the cost

of higher computational or spacecomplexity. We analyzethe complexity of all learning

and prediction methods which we implement to assessthis fundamental tradeo�.

Many of the methods we will describe, such asthosebasedon expectation maximiza-

tion, involve iterating a set of update rules until convergence.When the computational

complexity of a learning or prediction method dependson iterating a set of operations

until the convergenceof an objective function is obtained, we introduce the notation I

to indicate this dependence. For most learning and prediction algorithms I will be a

function of the number of usersN , the number of items M , the number of vote values

V, and a model sizeparameterK . We provide averagecaseestimatesof the number of

iterations neededto obtain good prediction performancefor data setstested.

The spacecomplexity of the representations found by most methodswill bea function

of the number of items M , the number of vote valuesV, and a model sizeparameterK .

For instancebasedmethods and certain degeneratemodels, the spacecomplexity of the

learnedrepresentation will alsodepend on the number of usersN .
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3.3 Exp erimen tation

In this section we describe the experimental methodology followed in this thesis. We

review di�eren t experimental protocols that have been proposed in the literature for

evaluating the empirical performanceof collaborative �ltering methods. We alsodiscuss

the various data setsthat are commonly usedin rating experiments, and describe some

of their important properties.

3.3.1 Exp erimen tal Proto cols

Most rating prediction experiments found in the literature follow a protocol popularized

by Breese,Heckerman, and Kadie [10]. In these experiments the available ratings for

each user are split into an observed set, and a held out set. The observed ratings are

used for training, and the held out ratings are usedfor testing the performanceof the

method. The training set may be further split if a validation set is needed. However,

this protocol only measuresthe abilit y of a method to generalizeto other items rated by

the sameuserswho wereusedfor training the method. We call this weak generalization.

A more important type of generalization,and oneoverlooked in the existing collabo-

rative �ltering literature, is generalizationto completelynovel userpro�les. We call this

strong generalization. In a strong generalizationprotocol the set of usersis �rst divided

into training usersand test users. Learning is performedwith all available ratings from

the training users.A validation set may be extracted from the training set if needed.To

test the resulting method, the ratings of each test userare split into an observed set and

a held out set. The method is shown the observed ratings, and is used to predict the

held out ratings. A crucial point in this discussionis that somecollaborative �ltering

methods are not designedfor use with novel user pro�les. In this caseonly the weak

generalizationproperties of the method can be evaluated.

In both forms of generalization, testing is done by partitioning each user's ratings
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into a set of observed items, and a set of held out items. This can be donein a variety of

ways. If K items are observed and the rest are held out, the resulting protocol is called

Given-K . When all of a user'sratings are observed except for one, the protocol is often

referredto asall-but-1. Sincethe number of observed ratings variesnaturally in the data

sets used for empirical evaluations, we adopt an all-but-1 protocol for both weak and

strong generalization.Note that in all casesthe error rates we report are taken over sets

of held out ratings usedfor testing, not the set of observed ratings for for training.

Collaborative �ltering data sets are normally quite large, and the error estimates

producedby the weak and strong generalizationprotocolsseemto exhibit relatively low

variance. Nevertheless,crossvalidation is usedto averageerror ratesacrossmultiple ran-

domly selectedtraining, and testing sets,aswell asobserved and unobserved rating sets.

We report the meantest error rate and standard error of the meanfor all experiments.

3.3.2 Error Measures

Two principal forms of error measurehave been used for evaluating the performance

of collaborative �ltering methods. The �rst form attempts to directly evaluate recom-

mendation performance. Such evaluation methods have been studied by Breeseet al.

[10], but are not commonly used. The lack of su�cien tly denserating data setsrenders

recommendationaccuracyestimatesunreliable.

The secondform of error measureis used to evaluate the prediction accuracyof a

collaborative �ltering method. Several popular instancesof this form of error measure

are meansquarederror (MSE), meanabsoluteerror (MAE), and meanprediction error

(MPE). The de�nitions of all three error measurescanbe found below assumingN users,

and one test item per useras in an all-but-1 protocol.

M SE =
1
N

NX

u=1

(r̂ u
yu � r u

yu )2 (3.1)

M AE =
1
N

NX

u=1

jr̂ u
yu � r u

yu j (3.2)
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M PE =
1
N

NX

u=1

[r̂ u
yu 6= r yu ] (3.3)

Sincewewill beexperimenting with data setshaving di�eren t numbersof rating values

we adopt a normalizedmeanabsoluteerror, which enablescomparisonacrossdata sets.

We de�ne our NMAE error measureto be M AE =E[M AE ] whereE[M AE ] denotesthe

expectedvalueof the MAE assuminguniformly distributed observedand predictedrating

values. An NMAE error of lessthan one meansa method is doing better than random,

while an NMAE value of greater than one meansthe method is performing worsethan

random. Note that this is a di�eren t de�nition of NAME than proposedpreviously by

Goldberget al. [24]. In the de�nition of Goldberget al. the normalizing value is taken to

be rmax � rmin , the di�erence betweenthe largestand smallestrating values. However, a

largeportion of the resulting error scaleis not usedbecauseit correspondsto errors that

are far worsethan a method which makesuniformly random predictions. For example,

on a scalefrom oneto �v e rmax � rmin = 4 while E[M AE ] = 1:6.

3.3.3 Data Sets

The single most important aspect of empirical research on rating prediction algorithms

is the availabilit y of large, densedata sets. Currently only two ordinal rating data sets

are freely available for usein research. Theseare the EachMovie (EM) data set and the

MovieLens(ML) data set. EachMovie is a movie rating data setcollectedby the Compaq

SystemsResearch Center over an 18 month period beginning in 1997. The basedata set

contains 72916users,1628movies and 2811983ratings. Ratings are on a scalefrom 1

to 6. The basedata set is 97:6% sparse. MovieLens is also a movie rating data set. It

wascollectedthrough the on going MovieLensproject, and is distributed by GroupLens

Research at the University of Minnesota. MovieLenscontains 6040users,3900movies,

and 1000209ratings collected from users who joined the MovieLens recommendation

servicein 2000. Ratings are on a scalefrom 1 to 5. The basedata set is 95:7% sparse.A
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Table 3.1: Each Movie and MovieLensData Set Statistics
Data Set EM Ratings EM Sparsity (%) ML Ratings ML Sparsity (%)
Base 2811983 97:6 1000209 95:7
Weak 1 2119898 95:6 829824 95:4
Weak 2 2116856 95:6 822259 95:4
Weak 3 2118560 95:6 825302 95:4
Strong 1 348414 95:7 164045 95:4
Strong 2 348177 95:7 172344 95:2
Strong 3 347581 95:7 166870 95:4

third data set often usedin collaborative �ltering research is the freely available Jester

Online Joke data set collected by Goldberg et al. [24]. Jester di�ers from EachMovie

and MovieLensin that the ratings are continuous and not ordinal. The data set is also

much smaller containing 70000users,but only 100 jokes. Sincethis work focuseson a

formulation with ordinal ratings, the Jesterdata set is not used.

For the purposeof experimentation we apply further pruning to the basedata setsby

eliminating usersand items with low numbersof observedratings. Werequirea minimum

of twenty ratings per user. In the caseof EachMoive, this leavesabout 35000usersand

1600items from which we randomly select30000usersfor the weak generalizationset,

and 5000usersfor the strong generalizationset. Filtering the MovieLensdata set leaves

just over 6000 users and 3500 movies from which we randomly select 5000 users for

the weak generalizationset and 1000usersfor the strong generalizationset. For both

EachMovie and MovieLens, the selectionof usersfor weak and strong generalizationis

performedrandomly three times creating a total of twelve data sets. Table 3.1 indicates

that the �ltering and sampling methods usedto extract the various data sets from the

baseEachMove and MovieLensdata setslargely preserve rating sparsity levels. Figures

3.1 and 3.2 show that the rating distributions are also largely preserved. Each bar chart

gives the empirical distribution over rating valuesfor a single data set. The horizontal

axis is orderedfrom lowest to highest rating value.
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Figure 3.1: EachMovie Rating Distributions
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Figure 3.2: MovieLensRating Distributions

3.3.4 The Missing at Random Assumption

One important considerationwhen dealing with data setsthat contain large amounts of

missingdata is the processthat causesthe data to be missing. This processis referredto

asthe missingdata mechanism. If the probability of having a missingvalue for a certain

variable is unrelated to the value of the variable, then the ratings are said to be missing

completelyat random. If the probability that a variable is unobserved given the values

all variablesis equal to the the probability that a variable is unobserved given the values

of just the observed variables, then the data is said to be missing at random [36]. If

the data is missingcompletelyat random or simply missingat random then the missing

data mechanism can be ignored. If the data is not missingat random then ignoring the

missingdata mechanismcanbiasmaximum likelihood estimatescomputedfrom the data

[36].

Given a data set with missingvalues,it is impossibleto determinewhether the miss-

ing valuesare missing at random becausetheir valuesare unknown. However, we can

hypothesizebasedon prior knowledgeof the processthat generatedthe data. For in-

stance,we might believe that a useris likely to only seemoviesthat they believe they will

like, and only rate movies that they have seen.In this casethe probability of observing

a rating value wil l depend on the user'sestimate of their rating for the item. Thus the

data is not missingat random, and ignoring the missingdata mechanism may result in

biasedlearning procedures.
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Taking account of the missingdata mechanismcan be fairly easywhen the goal is to

�nd maximum likelihood estimatesfor simplestatistics like the meanof the data. In the

collaborative �ltering casewe are interestedin optimizing the parametersof probabilistic

models using maximum likelihood methods. This is a more complicated task, and the

problem of incorporating missingdata mechanismsinto generative modelshas not been

studied at all in the collaborative �ltering literature. All existing research explicitly or

implicitly makesthe assumptionthat ratings are missingat random. While this is a very

interesting issue,it is beyond the scope of the present research. In this thesiswe assume

that all missingratings aremissingat random, but acknowledgethat the bias introduced

into learning and prediction may be signi�cant.



Chapter 4

Classi�cation and Regression

Given an M dimensional input vector x i , the goal of classi�cation or regressionis to

accurately predict the corresponding output value ci . In the caseof classi�cation the

outputs c take valuesfrom a �nite set referred to as the set of classlabels. In the case

of regression,the outputs c are real valued. Each component x ij of input vector x i may

may be categoricalor numerical. Classi�cation and regressionsharea commonlearning

framework: a set of training instancesf x i ; ci g is given, and the mapping from input

vectorsto output valuesmust be learned.

Rating prediction for collaborative �ltering is rarely thought of in terms of classi�ca-

tion or regression,despitethe fact that someof the most well known methods fall under

this heading. To seethat classi�cation o�ers a useful framework for personalizedrating

prediction considerconstructing a di�eren t classi�er for every item. The classi�er for

item y classi�esusersaccordingto their rating for item y. The input featuresconsistof

ratings for items other than item y. We learn the set of classi�ers independently. Some

userswill not have recordeda rating for item y, but it su�ces to discard those users

from the training set when learning the classi�er for item y. Collaborative �ltering can

be performedas regressionin a preciselyanalogousfashion.

Billsus and Pazzaniproposean alternate framework for performing rating prediction

20
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as classi�cation or regression[5]. They begin by re-encode ordinal rating values on a

scaleof 1 to V using a binary 1-of-V encoding scheme. This is necessarywhen using

certain classi�ers that can not be applied in the presenceof missing data, but is not

necessaryin general. The framework of Billsus and Pazzanialso obscuresthe true rela-

tionship betweenstandard classi�cation techniquesfrom machine learning, and the set

of methods popularized by Resnick et al. [49], Shardanandand Maes [52], and Her-

locker et al [27]. Thesealgorithms have beencalledmemory-based[10], similarit y-based,

and neighborhood-based [27] in the literature. As we show in the following section,

neighborhood-basedcollaborative �ltering methods can be interpreted as modi�cations

of the well known K -NearestNeighbor classi�er [42].

While not exploredto date, the useof other standard classi�ers for rating prediction

is alsopossible.We detail the application of the naive Bayesclassi�er, and brie
y discuss

the useof other classi�ers such as decisiontreesand arti�cial neural networks.

4.1 K -Nearest Neigh bor Classi�er

The K -NearestNeighbor (K NN) classi�er is oneof the classicalexamplesof a memory-

based,or instance-basedmachine learning method. A K NN classi�er learns by simply

storing all the training instancesthat are passedto it. To classify a new query vector

xq given the stored training set f x i ; ci g, a distancedqi = d(xq; x i ) is computed for all i .

Let xn1 ; :::; xnk be the K nearestneighbors of xq, and cn1 ; :::; cnK be the corresponding

outputs. The output for xq is then calculatedasan aggregateof the classlabelscn1 ; :::; cnK

[42, p. 230-231].

In the standard casewherethe input vectorsconsistof real numbersand the outputs

are discreteclasses,the distancefunction d() is taken to be euclideandistancegiven by

equation 4.1. The predicted output value is taken to be the classof the majorit y of x q's

K nearestneighbors as seenin equation 4.2. If the outputs are continuous, then the
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predicted output is computedas the meanof the outputs of x q's k nearestneighbors as

seenin equation 4.3. This yields K -NearestNeighbor regression.

d(xq; x i ) =

vu
u
u
t

MX

j =1

(xnj � x ij )2 (4.1)

cq = argmax
c2 C

KX

k=1

� (c;cnk ) (4.2)

cq =
1
K

KX

k=1

cnk (4.3)

One standard extensionto K NN that can increaseaccuracyis to incorporate a sim-

ilarit y weight wqi . The similarit y weights is calculated as the inverseof the distance

wqi = 1=dqi . This technique is applicableto both the classi�cation, and regressioncases.

The modi�ed classi�cation and regressionrules are given in equations4.4 and 4.5 [42, p.

233-234]. An additional bene�t of incorporating similarit y weights is that the number

of neighbors K can be set to the number of training casesN , and the presenceof the

weights automatically discounts the contribution of training vectorsthat aredistant from

the query vector.

cq = argmax
c2 C

KX

k=1

wqn j � (c;cnk ) (4.4)

cq =
P K

k=1 wqnk cnkP k
k=1 wqnk

(4.5)

4.1.1 Neigh borho od-Based Rating Prediction

Neighborhood-basedrating prediction algorithms are a specialization of standard K NN

regressionto collaborative �ltering. To make a prediction about an item y, recall that

the input feature vector consistsof all items in the datasetother than y. Someuserswill

not have rated someitems so the distancemetric can only be calculatedover the items

that the active usera and each useru in the data set have rated in common.

Many specializeddistance and similarit y metrics have been proposed. The survey
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by Herlocker et al. mentions Pearsoncorrelation, Spearman rank correlation, vector

similarit y, entropy, and meansquareddi�erence [27]. The Pearsoncorrelation similarit y

metric is shown in equation 4.6. Pearsoncorrelation was usedby Resnick et al. in the

GroupLenssystem[49], and a slight variation was usedby Shardanandand Maesin the

Ringo music recommender[52].

wP
au =

P
f yjr a

y ;r u
y 6= ?g (r a

y � �r a)(r u
y � �r u)

q P
f yjr a

y ;r u
y 6= ?g (r a

y � �r a)2 P
f yjr a

y ;r u
y 6= ?g (r u

y � �r u)2
(4.6)

A straight forward application of the K NN classi�cation and regressionrulesto rating

prediction results in the rules shown in equations4.4 and 4.8. We have accounted for

negative weights which do not occur when euclideandistance is used. We assumethe

active user'sK nearestneighbors are given by u1; :::; uK .

r̂ a
y = argmax

v2 V

KX

k=1

wauk � (v; r uk
y ) (4.7)

r̂ a
y =

P K
k=1 wauk r uk

i
P k

k=1 jwauk j
(4.8)

When using certain similarit y metrics including Pearsoncorrelation and vector sim-

ilarit y, Resnick et al. [49] and Breeseet al. [10] advocate a slight modi�cation of the

prediction rules given above. SincePearsoncorrelation is computed using centered rat-

ings (ratings with the user mean subtracted), Resnick et al. compute centered ratings

in the GroupLensalgorithm, and then add the mean rating of the active user back in.

Breeseet al. do the samefor vector similarit y. Equation 4.9 shows the exact from of this

prediction method, algorithm 4.1 givesthe completeprediction algorithm.

r̂ a
y = �r a +

P K
k=1 wP

auk
(r uk

y � �r uk )
P K

k=1 jwP
auk

j
(4.9)

While the early work by Resnick et al. used all usersto compute predictions [49],

Shardanandand Maes include only those userswhosecorrelation with the active user

exceedsa given threshold [52]. Gokhale and Claypool explored the use of correlation

thresholds, as well as thresholds on the actual number of rated items common to the
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I nput: r a, r , K
Output: r̂ a

for (u = 1 to N ) do

wau  

P
f y j r a

y ;r u
y 6= ?g

(r a
y � �r a )( r u

y � �r u )
q P

f y j r a
y ;r u

y 6= ?g
(r a

y � �r a )2
P

f y j r a
y ;r u

y 6= ?g
(r u

y � �r u )2

end for
Sort wau

for k = 1 to K do
uk  kth closestneighbor to a

end for
for y = 1 to M do

r̂ a
y  �r a +

P K
k =1

wau k (r
u k
y � �r u k )

P K
k =1

jwau k j

end for

Algorithm 4.1: PKNN-Predict

active user and each user from the data set. The later were termed history thresholds

[22]. Herlocker et al. perform experiments using similar thresholds, as well as a Best-

K neighbors method that is most similar to standard K NN classi�cation. The general

result of this work is that using a subsetof all neighbors computedusing a threshold or

other technique tends to result in higher prediction accuracythan when no restrictions

are placedon neighborhood size. However, a precision/recall tradeo� exists when using

thresholds due to the sparsity of data. Essentially , the number of ratings that can be

predicted for any userdecreasesasthresholdvaluesare increased.A true K NN approach

doesnot su�er from this problem, but incurs an addedcomputational cost.

4.1.2 Complexit y

As an instancebasedlearning method, the training for any neighborhood-basedrating

prediction algorithm consistsof simply storing the pro�les of all training users. These

pro�les must be kept in memory at prediction time, which is a major drawback of these

methods. However, if sparsematrix storagetechniquesareused,the storagespaceneeded

dependsonly on the total number of observed ratings. Computing all rating predictions



Chapter 4. Classifica tion and Regression 25

for the active user a with a neighborhood method requiresO(N ) similarit y weight cal-

culations each taking at most O(M ) time for a total of O(N M ). If a method is usedto

selectneighbors with weights above a given threshold, then an additional O(N ) time is

needed. If a method is usedto selectthe K nearestneighbors, then an additional time

complexity of O(N logN ) is needed. Finally, computing all rating predictions for the

active usertakesO(N M ) in generalor O(K M ) if only the K nearestneighbors are used.

In all of thesevariations the contribution of the weight calculation is O(N M ), and

prediction time scaleslinearly with the number of usersin the database.With a realistic

number of usersthis becomesquite prohibitiv e. Note that certain de�nitions of prediction

allow for the similarit y weights to be computed as a preprocessingstep; however, we

assumethat the active user may be a novel user so that its pro�le is not known before

prediction time.

4.1.3 Results

A weighted nearestneighbor rating prediction algorithm using the Pearsoncorrelation

similarit y metric was implemented. We electedto usethe active user'sK nearestneigh-

bors to compute predictions. We call this method PKNN-Predict, and list the pseudo

codein algorithm 4.1. PKNN-Predict hastotal time complexity O(N M + N logN + K M ).

Note that if we let K = N we recover the original GroupLensmethod.

We tested the predictive accuracyof PKNN-Predict using three neighborhood sizes

K = f 1; 10; 50g. Both weak generalizationand strong generalizationexperiments were

performed using the EachMovie and MovieLens data sets. The mean error values are

reported in terms of NMAE, along with the corresponding standard error values.

From theseresults we seethat acrossall data sets and experimental protocols, the

lowest meanerror rates are obtained using onenearestneighbor to predict rating values.

However, there is little variation in the results for di�eren t settings of K in the range

tested.
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Table 4.1: PKNN-Predict: EachMovie Results
Data Set K = 1 K = 10 K = 50
Weak 0:4886� 0:0014 0:4890� 0:0014 0:4898� 0:0014
Strong 0:4933� 0:0006 0:4936� 0:0006 0:4943� 0:0006

Table 4.2: PKNN-Predict: MovieLensResults
Data Set K = 1 K = 10 K = 50
Weak 0:4539� 0:0030 0:4549� 0:0030 0:4569� 0:0031
Strong 0:4621� 0:0022 0:4630� 0:0023 0:4646� 0:0023

4.2 Naiv e Bayes Classi�er

The Naive Bayes classi�er is robust with respect to missing feature values,which may

make it well suited to the task of rating prediction. The naive Bayes classi�er can be

compactly represented asa Bayesiannetwork asshown in �gure 4.1. The nodesrepresent

random variables corresponding to the classlabel C, and the components of the input

vector X 1; :::;X M . The Bayesian network in �gure 4.1 reveals the primary modeling

assumptionpresent in the naive Bayesclassi�er: the input attributes X j are independent

given the value of the classlabel C. This is referred to as the naive Bayesassumption

from which the nameof the classi�er is derived.

Training a naive Bayes classi�er requires learning values for P(C = c), the prior

probability that the classlabel C takesvalue c; and P(X j = xjC = c), the probability

that input feature X j takes value x given the value of the classlabel is C = c. These

X1 X2 XM

C

Figure 4.1: Naive BayesClassi�er
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probabilities canbe estimatedusing frequenciescomputedfrom the training data asseen

in equations4.10and 4.11. Given a new input pattern x q, we classifyit accordingto the

rule shown in equation 4.12.

P(C = c) =
1
N

NX

i =1

� (ci ; c) (4.10)

P(X j = xjC = c) =
P N

i=1 � (x ij ; x)� (ci ; c)
P

x
P N

i=1 � (x ij ; x)� (ci ; c)
(4.11)

cq = argmax
c

P(C = c)
Y

j

P(X j = xqj jC = c) (4.12)

When applying a classi�er to domains with attributes of unknown quality, feature

selection is often used to pick a subset of the given features to use for classi�cation.

In a �lter approach to feature selection,a set of features is selectedas a preprocessing

step, ignoring the e�ect of the selectedfeatureson classi�er accuracy[33]. In a wrapper

approach to feature selection,classi�cation accuracy is used to guide a search through

the spaceof feature subsets[33].

One feature selection�lter often usedwith the naive Bayesclassi�er is basedon the

empirical mutual information betweenthe classvariable and each attribute variable. The

empirical mutual information scoreis computedfor each attribute, and the attributes are

sorted with respect to their scores.The K attributes with the highestscoreare retained

as features. In the present casewhere all variables are discrete, the empirical mutual

information can be easily computedbasedon the distributions found when learning the

classi�er. The formula is given in equation 4.13. The mutual information can also be

computedduring the learning processlearning.

M I (X j ; C) =
X

x

X

c
P(X j = x; C = c) log

P(X j = x; C = c)
P(X j = x)P(C = c)

(4.13)

One issuewith the use of mutual information as a feature selection�lter is that it

may selectredundant features. For example,if a model contained multiple copiesof the

samefeature variable, and that feature variable had maximal mutual information with
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R1 R2 Ry-1 Ry+1

Ry

RM

Figure 4.2: Naive Bayesclassi�er for rating prediction.

the classvariable, the mutual information feature selection�lter would selectas many

redundant copiesof that feature variable as possible.When selectinga small number of

features,this can be very problematic.

4.2.1 Naiv e Bayes Rating Prediction

To apply the naive Bayesclassi�er to rating prediction we independently learn oneclas-

si�er for each item y. We train the classi�er for item y using all usersu in the data set

who have supplieda rating for item y. The input vectorsusedto construct the classi�er

for item y consistof ratings for all items other than item y. We will refer to item y asthe

classitem, and the remaining items as feature items. We can expressthis naive Bayes

classi�er for item y in terms of a Bayesiannetwork as seenin �gure 4.2.

To learn the naive Bayesrating predictor we must estimate P(Ry = v) and P(Rj =

wjRy = v). The naive Bayes learning rules given in equations4.10 and 4.11. can be

applied without modi�cation, but we smooth the probabilities by adding prior counts to

avoid zero probabilities. Training rules that include smoothing are shown in equations

4.14, and 4.15. The complete learning procedure is given in algorithm 4.2 where � yv

encodesP(Ry = v), and � yvj w encodesP(Rj = wjRy = v).

P(Ry = v) =
1

N + V
(1 +

NX

u=1

� (r u
y ; v)) (4.14)

P(Rj = wjRy = v) =
1 +

P N
u=1 � (r u

j ; w)� (r u
y ; v)

V +
P V

w=1
P N

u=1 � (r u
j ; w)� (r u

y ; v)
(4.15)
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I nput: r a, r
Output: � , �

for y = 1 to M , v = 1 to V do
� yv  1

N + V (1 +
P N

u=1 � (r u
y ; v))

for j = 1 to M , w = 1 to V do

� yvj w  
1+

P N
u =1

� (r u
j ;w)� (r u

y ;v)

V +
P V

w =1

P N
u =1

� (r u
j ;w)� (r u

y ;v)

end for
end for

Algorithm 4.2: NBClass-Learn

I nput: r a, � , �
Output: r̂ a

for y = 1 to M do
r̂ a

y  argmaxv � yv
Q

j 6= y
Q V

w=1 � yvj w
� (r a

y ;w)

end for

Algorithm 4.3: NBClass-Predict

To predict the value of r a
y given the pro�le r a of a particular active user a we apply

a slightly modi�ed prediction rule to allow for missing values. This prediction rule is

shown in equation 4.16. A completeprediction method is given in algorithm 4.3.

r̂ a
y = argmax

v
P(Ry = v)

Y

j 6= y

VY

w=1

P(Rj = wjRy = v)� (r a
j ;w) (4.16)

Applying a feature selectiontechnique as described in section4.2 may be useful for

several reasons.First, it reducesthe number of parametersthat needto be stored from

O(M 2V 2) to O(K M V 2). Second,the elimination of irrelevant attributes shoulddecrease

prediction error. Feature selectionby empirical mutual information is an obvious candi-

date sincethe probabilities neededto compute the scoreare found when estimating the

parametersof the classi�er. However, the empirical mutual information scorescomputed

for di�eren t feature items will be basedon di�eren t numbers of observed ratings due to

rating sparsity. Clearly weshouldhavemorecon�dencein a mutual information estimate

computed using more observed rating values than one computed using fewer observed

ratings. A simple heuristic scorecan be obtained by scalingthe empirical mutual infor-



Chapter 4. Classifica tion and Regression 30

mation value for a feature item by the number of samplesusedto compute it. Za�alon

and Hutter present a principled, Bayesianapproach to dealing with this problem based

on estimating the distribution of mutual information [56].

4.2.2 Complexit y

The computational cost of separately learning one Naive Bayes classi�er for each item

is O(N M 2V 2). Storing the probabilities for a singe classi�er takes M V 2 + V space

and thus M 2V 2 + M V for all M classi�ers. This spacerequirement begins to be pro-

hibitiv e; however, it can be loweredby applying feature selectionindependently for each

class item. For example, the empirical mutual information with the heuristic correc-

tion discussedpreviously can be computed between items at a computational cost of

O(N M 2V 2 + M 2 logM ). If the best K feature items are retained as input features,this

lowersthe storagerequirement to O(K M V 2). The computational complexity of predict-

ing all unknown ratings for a singeuser is O(M 2V). If we restrict the input vectors to

the best K featuresfor each item, we obtain O(K M V).

4.2.3 Results

Learning and prediction methods for the naive Bayes classi�er were implemented ac-

cording to algorithms 4.2, and 4.3. In addition, the heuristic mutual information score

discussedin subsection4.2.1was applied to selectthe K best featuresafter training the

classi�er for each item. Despitethe issueswe have outlined with the useof mutual infor-

mation for feature selection,it was found to result in improved accuracyin preliminary

testing.

Both weakgeneralizationand stronggeneralizationexperiments wereperformedusing

the EachMovie and MovieLensdata sets. The method wastestedfor K = f 1; 20; 50; 100g.

The mean error values are reported in terms of NMAE, along with the corresponding

standard error values.
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Table 4.3: NBClass-Predict: EachMovie Results
Data Set K = 1 K = 20 K = 50 K = 100
Weak 0:5789� 0:0007 0:5258� 0:0022 0:5270� 0:0019 0:5271� 0:0011
Strong 0:5820� 0:0043 0:5319� 0:0057 0:5317� 0:0042 0:5295� 0:0047

Table 4.4: NBClass-Predict: MovieLensResults
Data Set K = 1 K = 10 K = 50 K = 100
Weak 0:4803� 0:0027 0:4966� 0:0021 0:5042� 0:0026 0:5086� 0:0014
Strong 0:4844� 0:0016 0:4833� 0:0052 0:4942� 0:0065 0:4940� 0:0111

4.3 Other Classi�cation and Regression Techniques

While the application of other standard typesof classi�cation and regressiontechniques

including decisiontree classi�ers and, arti�cial neural networks is possible,the presence

of missingvaluesin the input is more problematic. In the caseof decisiontress,missing

attribute valuescanbedealt with by propagatingfractional instancesduring learning[42,

p. 75]. This is the method usedin the popular decisiontree learning algorithm C4.5 [48].

In the caseof neural networks missingvaluesmust be explicitly represented. Two main

possibilitiesexist. First, `missing'cansimply be consideredasan additional rating value.

There are casesin statistical analysisof categoricaldata wherethis type of treatment of

missingdata is sensible;however, in the rating data caseit is not justi�ed. Second,the

1-of-V encoding schemeproposedby Billsus and Pazzani [5] can be applied. We have

experimented brie
y with someof these techniques, but the results were fairly poor.

Neighborhood methods appear to achieve the best prediction accuracyin the presenceof

extremely sparserating pro�les of any of the classi�cation or regressionbasedprediction

methods.
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Clustering

Givena setof M dimensionalinput vectorsf x i g, the goalof clustering is to group similar

input vectors together. A number of clustering algorithms are well known in machine

learning, and they fall into two broad classes:hierarchical clustering, and standard clus-

tering [3]. In hierarchical clustering a tree of clusters is constructed,and methods di�er

dependingon whether the tree is constructedbottom-up or top-down. Standard cluster-

ing includesK -means,K -medians,and related algorithms. A key point in all clustering

methodsis decidingon a particular distancemetric to apply. For ordinal data possibilities

include, hamming distance,absolutedistance,and squareddistance.

Clustering has been applied to collaborative �ltering in two basic ways. First, the

items can be clusteredto reducethe dimensionof the item spaceand help alleviate rat-

ing sparsity. Second,userscan be clustered to identify groups of userswith similar or

correlated ratings. Item clustering doesnot directly lead to rating prediction methods.

It is a form of preprocessingstep, which requiresthe subsequent application of a rating

prediction method. O'Connor and Herlocker have studied item clustering as a prepro-

cessingstep for neighborhood basedrating prediction [45]. They apply several clustering

methods, but their empirical results show prediction accuracyactually decreasescom-

paredto the unclusteredbasecaseregardlessof the clustering method used. A reduction

32
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in computational complexity is achieved, however.

Unlike item clustering, user clustering methods can be used as the basis of simple

rating prediction methods. Rating prediction basedon user clustering is the focus of

this chapter. We review clustering algorithms from both the standard, and hierarchical

classes.We introducea novel K -medianslike rating prediction method with good predic-

tion accuracyand low prediction complexity. We also discussexisting rating prediction

methods for hierarchical clustering.

5.1 Standard Clustering

Standard clustering methods perform an iterativ e optimization procedure that shifts

input vectors between K clusters in order to maximize an objective function. A rep-

resentativ e vector for each cluster called a cluster prototype is maintained at each step.

The objective function is usually the sum or meanof the distancefrom each input vector

x i to its cluster prototype [3, p.13]. The role of the underlying distancemetric is crucial.

It de�nes the exact form of the objective function, as well as the form of the cluster

prototypes.

When squareddistanceis used,the objective function is the sum over input vectors

of the squareddistancebetweeneach input vector and the prototype vector of the cluster

it is assignedto. For a particular assignment of input vectors to clusters, the optimal

prototype for a given cluster is the mean of the input vectors assignedto that cluster.

When absolutedistanceis used,the objective function is the sum of the absolutedi�er-

encebetween the input vectors assignedto each cluster and the corresponding cluster

prototype. For a particular assignment of input vectors to clusters, the optimal proto-

type for a given cluster is the median of the input vectors assignedto that cluster. In

theory any distance function can be used,but somedistance functions may not admit

an analytical form for the optimal prototype.
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To obtain a clustering of the input vectors which corresponds to a local minimum

of the objective function, an iterativ e optimization procedure is required. We begin

by initializing the K prototype vectors. On each step of the iteration we compute the

distance from each input vector to each cluster prototype. We then assigneach input

vector to the cluster with the closestprototype. Lastly we update the cluster prototypes

basedon the input vectorsassignedto each prototype. The generalform of this algorithm

is given below. When squareddistanceis usedthis algorithm is known asK -Means,and

when absolutedistanceis usedit is known as K -Medians.

1. ct+1
i = argmink d(x i ; p t

k)

2. pt+1
k = argminp

P N
i=1 � (k; ct+1

i )d(x i ; p t
k)

5.1.1 Rating Prediction

In userclustering the input vectorsx i correspond to the rows r u of the user-itemrating

matrix. A simple rating prediction scheme basedon user clustering can be obtained

by de�ning a distance function that takes missing values into account. We chooseto

minimize total absolute distance since this corresponds to our choice of NMAE error

measure. We modify the standard absolute distance function by taking the sum over

components that are observed in both vectors as shown in equation 5.1. The objective

function we minimize is thus given by equation 5.2 where cu is the cluster user u is

assignedto.

d(r u; pk) =
X

f yjr u
y ;pk

y 6= ?g

jr u
y � pk

y j (5.1)

F [r ; c;p] =
NX

u=1

d(r u; pcu ) (5.2)

The minimizer of this distancefunction occurswhen all the valuesof pk
y are set to ? .

However, if we alsostipulate that the maximum number of components be de�ned, then

the optimal prototype for cluster Ck is the median of the rating vectorsassignedto Ck ,
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I nput: f r ug, K
Output: f p lg

Initialize pk

while (F [r ; c;p] Not Converged)do
for u = 1 to N do

cu  argmink
P

f yjr u
y ;pk

y 6= ?g jr u
y � pk

y j
end for
for k = 1 to K , y = 1 to M do

pk
y  medianf r u

y jcu = k; r u
y 6= ?g

end for
end while

Algorithm 5.1: KMedians-Learn

I nput: r a, f p lg, K
Output: r̂ a

k  argminl
P

f yjr a
y ;pl

y 6= ?g jr a
y � pl

y j
r̂ a

y  pk

Algorithm 5.2: KMedians-Predict

taking missing ratings into account. Speci�cally, the prototype value for item y is the

medianof the de�ned ratings for item y. It is only set to ? if no usersassignedto cluster

k have rated item y. In our experiments unde�ned components are not a problem due

to the small number of clustersusedcomparedto the large number of users.

Once the user clusters have been formed, we obtain a very simple algorithm for

predicting all ratings for the active user a. We simply determinewhich cluster k user a

belongsto and set r̂ a to pk . We give learning and prediction proceduresin algorithms

5.1 and 5.2.

5.1.2 Complexit y

The complexity of learning the K -Medians cluster prototypes depends on the number

of iterations neededto reach convergence.Assuming it takes I iterations to reach con-

vergence,the total time complexity of the learning algorithm is O(I N M K ). The space
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Table 5.1: K-Medians Clustering: EachMovie Results
Data Set K = 5 K = 10 K = 20 K = 40
Weak 0:4810� 0:0023 0:4676� 0:0016 0:4631� 0:0015 0:4668� 0:0013
Strong 0:4868� 0:0007 0:4725� 0:0021 0:4688� 0:0012 0:4694� 0:0035

Table 5.2: K-Medians Clustering: MovieLensResults
Data Set K = 5 K = 10 K = 20 K = 40
Weak 0:4495� 0:0027 0:4596� 0:0052 0:4573� 0:0067 0:4677� 0:0058
Strong 0:4637� 0:0056 0:4585� 0:0056 0:4556� 0:0053 0:4612� 0:0091

complexity for the learned cluster prototype parameters is M K . Given a novel user

pro�le, the time neededto computepredictions for all items is O(M K ).

5.1.3 Results

The KMedians-Learnmethod wasrun on the EachMovie and MovieLensweak data sets

with K = f 5; 10; 20; 40g. The cluster prototypeswereinitialized to K di�eren t randomly

chosenuserpro�le vectors. Preliminary testing indicated that good prediction accuracy

was obtained after lessthan 25 iterations. This value was usedas a hard limit on the

number of iterations allowedin the learning implementation. After learningwascomplete

the KMedians-Predictmethod wasrun on both weakand strong generalizationdata sets,

and the meanprediction error rates were calculated. The NMAE valuesalong with the

standard error level are shown in tables 5.1, and 5.2.

5.2 Hierarc hical Clustering

A hierarchical clusteringmethod constructsa tree of clustersfrom the input vectorsf x i g.

The main property of a cluster tree or dendrogram is that the children of each cluster

node Cl form a partition of the input vectorscontained in Cl [3]. There are two ways of

constructing a cluster tree: agglomeratively and divisively.

In agglomerative clusteringeach input vector is initially placedin its own cluster. On

each subsequent step the two most similar clustersare identi�ed and mergedto obtain
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their commonparrent. The merging continuesuntil only one node remains. This node

forms the root of the tree and contains all the input vectors.

The central issue in agglomerative clustering is deciding which pair of clusters to

mergenext. A pair of clustersis selectedby computing a linkagemetric betweenall pairs

of clusters, and choosing the pair of clusters that is closestwith respect to the metric.

Common linkagemetrics include single linkage,complete linksage,and averagelinkage

[18]. The linkagemetric dependson a distancefunction betweeninput vectorsd(x a; xb ).

SingleLinkage ls(Ck ; Cl ) = min
x r 2 Ck ;x t 2 Cl

d(x r ; x t )

CompleteLinkage lc(Ck ; Cl ) = max
x r 2 Ck ;x t 2 Cl

d(x r ; x t )

AverageLinkage la(Ck ; Cl ) = mean
x r 2 Ck ;x t 2 Cl

d(x r ; x t )

A secondmethod for cluster tree construction is to begin with all input vectors in

the root node, and to recursively split the most appropriate node until a termination

condition is reached. The construction method may be terminated when each leaf node

contains lessthan a maximum number of input vectors, when a maximum number of

clustersis reached, or wheneach cluster satis�es a condition on within-cluster similarit y.

In the caseof collaborative �ltering we typically want a small set of clusters with

respect to the number of items so divisive clustering a better choice in terms of total

computational complexity. In divisive clustering the main issuesare which cluster to

selectfor splitting, and how to split the input vectorswithin a cluster. Both issuesagain

require the de�nition of a distancemeasured(x a; xb) betweeninput vectors.

Clusters are selectedfor splitting basedon any number of heuristics including size,

within-cluster similarit y, and cluster cohesion[18]. A standard technique for splitting

a cluster Cl is to randomly select an input vector x r from the elements of Cl , and to

determine the element x t of Cl that is furthest from x r . These two input vectors are

placedin their own clusters,and the remaining input vectorsare assigneddepending on

which of x r or x t they are closerto.
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5.2.1 Rating Prediction

Sengand Wangpresent a userclusteringalgorithm basedon divisive hierarchical cluster-

ing calledthe RecommendationTreealgorithm (RecTree) [14]. In the RecTreealgorithm

a cluster node is expandedif it is at a depth lessthan a speci�ed maximum, and its size

is greater than a speci�ed maximum. The exact sequencein which nodesare expanded

is not critical, and a simple depth-�rst or breadth-�rst expansionof the nodes can be

useduntil oneof the termination conditions is met.

Interestingly, Sengand Wang do not use a common method for splitting the input

vectorsassignedto a cluster in the RecTree algorithm. Instead, they apply a K -means

algorithm with K = 2 to each cluster. If the total number of leaf clusters is K 0, then

the RecTree algorithm computesthe clustering more e�cien tly than applying K -means

to the data with K 0 clusters. However, the quality of the clustering produced by the

RecTreealgorithm will likely be lower than that obtained using K -meansdirectly.

Ratings could be predicted using the computed prototypes similar to the method

proposedabove for K -medians.However, Sengand Wangchooseto apply neighborhood-

basedrating prediction within each user cluster. This meansthe RecTree algorithm as

givenby Sengand Wangis moreof a pre-processingmethod than a true rating prediction

method. Experimental results presented by Seng and Wang show that the RecTree

algorithm performs slightly better than neighborhood-basedrating prediction methods

on certain tasks [14].
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Dimensionalit y Reduction

Dimensionality reduction is a technique analogousto clustering. Instead of assuming

that a single, discrete latent variable is the underlying causefor the observed data, we

assumethere are a small number of continuous latent variables. In general,the process

of dimensionality reduction can be described asmapping a high dimensionalinput space

into a lower dimensional latent space. A special caseof dimensionality reduction is

matrix factorization wherea data matrix D is reducedto the product of several low rank

matrices.

In this chapter we introducethree standard techniquesusedfor dimensionality reduc-

tion: singularvaluedecomposition (SVD), factor analysis(FA), andprincipal components

analysis(PCA). We discusshow each technique can be applied or adaptedto rating pre-

diction. We provide rating prediction results for weighted singular value decomposition.

We also introduce a new rating prediction technique which extends weighted singular

value decomposition to novel userpro�les.

6.1 Singular Value Decomp osition

Singularvaluedecomposition is a techniquefor matrix factorization. Givena data matrix

D of sizeN � M , the singular value decomposition of D is a factorization D = U� V T

39
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whereU is of sizeN � M , � is of sizeM � M , and V is of sizeM � M . In addition, U

and V are orthonormal, and � is diagonal. The standard solution to the singular value

decomposition is to let � = diag(� 1; � 2; :::; � M ) where � i is the i th largest eigenvalue of

DD T , the columnsof U arede�ned to be the eigenvectorsof DD T , and the columnsof V

arede�ned to bethe eigenvectorsof D T D. The columnsof U and V areorderedaccording

to the sizesof their corresponding eigenvalues. Given this solution to the SVD, it is well

known that UK � K V T
K is the best rank-K approximation to D under the Frobeniusnorm.

� K is obtained by preservingthe �rst K diagonalelements of � and truncating the rest.

UK and VK are obtained by preservingthe �rst K columnsof U and V and truncating

the rest. The Frobenius norm is simply the sum of squaresof all elements of a matrix,

which in this casegiven by equation 6.1.

F (D � UK � K V T
K ) =

NX

n=1

MX

m=1

(Dnm � (UK � K V T
K )nm )2 (6.1)

The components of the low rank approximation UK � K V T
K also have interpretations

in terms of a latent spacemapping. The columnsof UK can be interpreted asspecifying

a set of K basis vectors for an N dimensionalspace,while the columns of VK specify

a set of K basisvectors in an M dimensionalspace. � K is responsible for scaling the

dimensionsof the latent spaceand can be multiplied into UK and Vk .

6.1.1 Weighted Low Rank Appro ximations

As we have mentioned, UK � K V T
K is the best rank K approximation to D under the

Frobenius norm F . As Srebro and Jaakola argue, in certain situations it is natural

to consider a weighted Frobenius norm [53]. For instance, if estimates of the noise

varianceassociatedwith each measurement areavailable,and thoseestimatesdi�er across

measurements. Another caseof special interest here is when someentries in the matrix

are not observed. In this caseunobserved elements of the matrix can be given a weight

of 0, while observed elements are given a weight of 1. It is important to note that the
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SVD of a matrix is unde�ned if the matrix contains missingentries.

In general the optimal rank K approximation to the data matrix D minimizes the

di�erence between D and UV T under the weighted Frobenius norm F W as shown in

equation6.2. Herethe only restriction on U and V are that U is of sizeN � K , and that

V is of sizeM � K . W is an N � M matrix which speci�es a non-negative weight value

for each element of D.

FW (D � UV T ) =
NX

n=1

MX

m=1

Wnm (Dnm � (UV T )nm )2 (6.2)

Srebroand Jaakola show that the problem of computing an optimal rank K weighted

approximation does not have an analytical solution, despite the fact that a minimizer

can be found exactly under the unweighted Frobenius norm using standard SVD [53].

Srebro and Jaakola also show the existenceof local minima in the weighted case. In

the unweighted caseevery local minima is also a global minima. The obvious method

for �nding a locally optimal solution is thus to directly minimize F W (D � UV T ) with

respect to U and V usingnumericaloptimization. Srebroand Jaakola present a numerical

optimization method that performs coordinate descent in U and V. The minimum of

FW (D � UV T ) with respect to U can be found exactly for any given V. However, when

the exact form of the minimizer is substituted into the gradient equation for V, the

resulting system does not have an analytic solution. Thus, standard gradient descent

must be used to �nd the minimum of F W (D � UV T ) with respect to V for a given

U. We give the coordinate descent iteration equationsbelow. The notation Ui , Wi , D i

indicates the i th row of the corresponding matrix. The notation � denoteselementwise

multiplication. diag(v) is the diagonalmatrix with the elements of the vector v along its

diagonal.

U�
i = (V T diag(Wi )V)� 1V T diag(Wi )D i (6.3)

@FW (D � U� V T )
@V

= 2(W � (VU � T � D T ))U� (6.4)
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In addition to the straightforward optimization approach for the generalweighted low

rank approximation problem, Srebroand Jaakola develop a simpleEM algorithm for the

missingdata problem. This algorithm is basedon iterativ ely applying standard SVD to

obtain successively better low rank approximations D̂ = UK � K V T
K . In this caseif an

element of D is unobserved it is assigneda weight of 0, and if it is observed it is assigned

a weight of 1. In the expectation step of the EM algorithm, the missingvaluesof D are

�lled in with valuesfrom the low rank reconstruction D̂ forming a completematrix X .

In the maximization step a low rank approximation of X is computed and new values

for U, �, and V are found. The low rank approximation neededin the M-step can be

found using standard SVD sinceX is a completely speci�ed matrix. The stepsof this

procedureare given in detail below.

E-Step X = W � D + (1 � W) � D̂ (6.5)

M-Step [U; � ; V ] = SVD(X ) (6.6)

D̂ = UK � K V T
K (6.7)

In fact, this EM algorithm holdsfor any weight matrix W solongasWij liesin the interval

[0; 1] for all i and j [53]. Srebro and Jaakola note that both the number of iterations

neededto achieve convergence,and the quality of the solution of the EM procedure

depend strongly on the amount of missing data in the zero-oneweight case[53]. They

suggestan alternate procedurewherethe value of K is initialized signi�cantly above the

desiredvalue, and on each iteration of the EM procedurethe value of K is reduceduntil

the desiredvalue is reached. Oncethe desiredvalue of K is reached, the EM procedure

is run to convergencewith K held constant.

6.1.2 Learning with Weighted SVD

While the presenceof missing data prohibits the use of standard SVD for rating pre-

diction, it does not posea problem for either of the weighted low rank approximation
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I nput: R, W, L, K
Output: �, V

R̂  0
while (FW (R � R̂) Not Converged)do

X  W � R + (1 � W) � R̂
[U; � ; V ] = SVD(X )
U  UL , �  � L , V  VL

R̂  U� V T

if (L > K ) then
ReduceL

end if
end while

Algorithm 6.1: wSVD-Learn

schemesproposedby Srebro and Jaakola. The EM procedureis particularly attractiv e

sincemany numericalcomputingpackagesincluderobust routinesfor computing the SVD

of a completematrix. Letting R represent the matrix of user ratings whereeach row of

the matrix represents a di�eren t user pro�le, the EM procedureof Srebro and Jaakola

can be applied without modi�cation. In the presenceof large amounts of missing data

the quality of the solution can be greatly improved by slowly lowering the rank of the

approximation from L to the desiredK , as Srebro and Jaakola suggest. We give the

completelearning procedurein algorithm 6.1.

6.1.3 Rating Prediction with Weighted SVD

Predicting ratings for pro�les usedto computethe low rank approximation is trivial given

the �nal approximation matrix R̂. The rating value predicted for user u and item y is

simply r̂ u
y = R̂uy . However, Srebroand Jaakola do not proposea method for prediction

with novel userpro�les [53]. In the completedata casethe rank K latent spacedescription

l of a userpro�le r can easilybe found by observingthat r = l � V T and thus l = rV � � 1.

We proposea simple iterativ e prediction method for novel user pro�les basedon this

relationship. We give the prediction schemein algorithm 6.2.
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I nput: r a, wa, �, V , K
Output: r̂ a

r̂ a  0
while (Fwa (r a � r̂ a) Not Converged)do

x  wa � r a + (1 � wa) � r̂ a

la  xV � � 1

r̂ a  la� V T

end while

Algorithm 6.2: wSVD-Predict

Recalling that � is a diagonalmatrix with a trivial inverse,it is clear that each step

of this iteration schemecan be quickly computed. In fact, a matrix of novel userpro�les

could besubstituted for the singlepro�le vector r , and a setof predictionscould be found

simultaneously for all pro�les in the matrix.

6.1.4 Complexit y

The complexity of computing the singular value decomposition of a complete N � M

matrix is O(N M 2 + M 3) using Golub and van Loan's R-SVD algorithm [25, p. 254]. A

slight gain can be made by employing the economy sizedsingular value decomposition,

which only computesthe �rst M singular valuesand vectorsif M < N . The complexity

of the weighted singular value decomposition EM algorithm is clearly dominated by the

cost of performing the SVD at each step. The total computational complexity of the

learning algorithm is given by O(I N M 2 + I M 3) where I is the number of iterations

performed. In practice this meansthe weighted singular value decomposition learning

method is extremely slow.

Predicting all ratings given a novel user pro�le using the proposediterativ e scheme

hascomputational complexity O(I K M ). Approximately onehundred iterations leadsto

acceptableconvergenceon the data setswe have studied. The only parameterswe need

to store are the K singular valuesand the M � K latent item spacematrix V for a total

of M K + K .
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Table 6.1: wSVD-Predict: EachMovie Results
K = 5 K = 10 K = 20 K = 30

Weak 0:5083� 0:0027 0:4725� 0:0023 0:4562� 0:0032 0:4618� 0:0034
Strong 0:5012� 0:0030 0:4752� 0:0005 0:4672� 0:0012 0:4673� 0:0021

Table 6.2: wSVD-Predict: MovieLensResults
K = 4 K = 6 K = 8 K = 10

Weak 0:5450� 0:0011 0:5018� 0:0025 0:4914� 0:0021 0:4886� 0:0065
Strong 0:5260� 0:0024 0:4862� 0:0025 0:4710� 0:0042 0:4728� 0:0057

6.1.5 Results

The wSVD-Learn and wSVD-Predict methods described in algorithms 6.1 and 6.2 were

implemented, and tested for both their strong and weak generalization performance.

Due to the computational complexity of computing the SVD in each iteration of the

wSVD-Learn algorithm, learning was performed using all 5000training pro�les for the

MovieLens data set, but only the 5000most densetraining pro�les for the EachMovie

data set. The computation time neededto compute the SVD on all 30000EachMovie

training userswas simply too prohibitiv e. EachMovie was tested using latent spacesof

size5, 10, 20,30. MovieLenswas tested using latent spacesof size4, 6, 8, 10. To reduce

total computation time a limit of 100 iterations was imposedon all iterations.

6.2 Principal Comp onents Analysis

Principal components analysis is a method for dimensionality reduction that seeksto

identify orthogonal axes of variance given a data matrix D whoseN rows consist of

samplesfrom an M dimensionalspace.Principal components analysisrelieson a theorem

of linear algebrawhich statesthat for any real symmetric matrix A there existsa unitary

matrix � such that � = � T A�, and � is diagonal. A solution to this problem can be

found using the eigenvectorsof A. In particular, let the columnsof � be the eigenvectors

of A ordered according to decreasingeigenvalues. Then � T A� must be diagonal with

� ii = � i , the i th largesteigenvalue of A. In the caseof principal components analysis,we
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let A = 1
N � 1D T D, the covariancematrix of D which is clearly real and symmetric. The

eigenvaluesof A then indicate the amount of variancealong the direction given by the

corresponding eigenvector. A reduction to dimension K is obtained by projecting the

data matrix D on the subspaceconsisting of eigenvectors corresponding to the largest

K eigenvaluesof A. This projection preservesthe maximum amount of varianceof any

projection to K dimensions.

Many current computational packagesinclude routines for extracting eigenvaluesand

eigenvectors from a matrix, rendering the computation of principal components quite

easy. An alternative method for performing PCA is to exploit the relationship between

the diagonalizationof D T D and the singularvaluedecomposition of the centereddata ma-

trix D. Approximating D by U� V T we have D T D = (U� V T )T (U� V T ) = V� UT U� V T

and sincethe columnsof U are orthonormal we get D T D = V� 2V T . Sincethe columns

of V are alsoorthonormal we get � 2 = V T D T DV, which is a PCA solution since� 2 is a

diagonalmatrix.

6.2.1 Rating Prediction with PCA

Like with standard SVD, standard PCA can not be usedin caseswherethe input matrix

D contains missing data. Goldberg, Roeder, Gupta and Perkins proposea solution to

this problem using a set of items they call the gaugeset [24]. The gaugeset consistsof

a small number of items that all usersmust rate completely. The samegaugeset is used

for all users. This meansthat PCA can be applied to the portion of the rating matrix

consistingof ratings for the gaugeset items. Goldberg et al. retain only the two �rst

principal components, although in theory any number could be used.

A direct rating prediction schemeis not possibleusing this application of PCA. In-

stead,Goldberg et al. cluster usersin the two dimensionallatent spaceusing a recursive

rectangularclusteringmethod, which is an instanceof hierarchical divisiveclustering(see

sub-section5.2). Next, they determinea meanrating vector for each cluster basedon the
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ratings of usersin each cluster. When a prediction is neededfor a new user, that user's

rating pro�le for the gaugeset is projected into the low dimensional latent space,and

the user'scluster is determined. Next, predictionsfor unknown items aredrawn from the

pre-computedmean rating vector. This is precisely the simple mean rating prediction

schemediscussedin sub-section5.1.1. The combination of PCA applied to a small gauge

set, clusteringusersin the latent space,and predicting cluster meanvaluesresultsan the

method Goldberg et al. refer to as the EigenTaste algorithm [24].

From a practical point of view there are several problemswith this method. First,

the gaugeset must consistof the sameitems for all users,and all usersmust rate all the

gaugeset items. Goldberg et al. considercollaborative �ltering of jokes in which case

it is easyfor a user to determine a rating for any item. However, this is not the case

in collaborative �ltering applications whereitems may not have conciseand informative

text baseddescriptionssuch ascollaborative �ltering of movies,music,or books. Another

problemthat is not addressedby Goldberget al. is the selectionof the items in the gauge

set. Clearly this problemis key if wewish to extract the maximum amount of information

about a set of userswhile askinga small number of rating queries.

6.3 Factor Analysis and Probabilistic PCA

Factor analysis is a dimensionality reduction method basedon a simple, constrained

linear Gaussianmodel. The standard factor analysismodel is speci�ed in equation 6.8

wherex is an observed data vector, z is a vector in the latent space,� an N � K matrix

which mapsthe K dimensionallatent spacevectorsinto the N dimensionaldata space,�

speci�es a meanin the data spacecommonto all data vectors,and � is randomly sampled

Gaussiannoiseuniqueto each data vector [54]. � is often referredto asthe factor loading

matrix. The corresponding graphical model is shown in �gure 6.1.

x = � z + � + � (6.8)
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Figure 6.1: Factor Analysis and Probabilistic PCA Graphical Model.

In standard factor analysisP(Z) = N (0; I ). The covarianceof the Gaussiannoise�

is assumedto be a diagonalmatrix 	. Thus the conditional probability of a data vector

given the latent spacevector and parameters�, � and 	 is alsoGaussian.It is given by

P(xjz; �; 	 ) = N (xj� + � z; 	). In fact, sincewe are dealingwith products of Gaussians,

the joint distribution P(x; z), the marginal distribution P(x), and thus the conditional

distribution P(zjx) are all Gaussiandistributions. This factor analysismodel is �t using

an expectation maximization algorithm. The updatesare given next.

E-Step L n = (I + � T 	 � 1�) � 1 (6.9)

mn = Ln � T 	 � 1(xn � � )

M-Step � =

 NX

n=1

xnmnT

!  NX

n=1

Ln

! � 1

(6.10)

	 =
1
N

diag

 NX

n=1

xnxnT + �
NX

n=1

mnxnT

!

Probabilistic principal components analysis is a dimensionality reduction technique

that can be seenboth as a generalizationof standard principal components analysis,

and as a restricted version of factor analysis. Like factor analysis, probabilistic PCA

is basedon a simple, constrained linear Gaussianmodel as seenin equation 6.8. The

only di�erence betweenthe two is that in probabilistic PCA the covariancematrix 	 is

restricted to be spherical,not only diagonal. In other words, 	 = � 2I for some� 2. Not

surprisingly, the EM algorithm for probabilistic PCA is almost identical to that of factor

analysisas seennext.
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E-Step L n = (I + � � 2� T �) � 1 (6.11)

mn = � � 2Ln � T (xn � � )

M-Step � =

 NX

n=1

xnmnT

!  NX

n=1

Ln

! � 1

(6.12)

� 2 =
1

N M
trace

 NX

n=1

xnxnT + �
NX

n=1

mnxnT

!

The sphericalcovariancerestriction decouplesthe parametersof the linear model leading

to analytical solutions for � and � in the completedata case. However, in the missing

data caseanalytical solutions are not possible.

6.3.1 Rating Prediction with Probabilistic PCA

Canny has developed an EM algorithm for probabilistic principal components analysis

speci�cally aimed at rating prediction for collaborative �ltering [13]. Canny beginsby

de�ning an M � M trimming matrix Tu for each useru whereTu
yy is 1 if useru speci�ed a

rating for item y, and 0 other wise. The expectation stepof the expectation maximization

algorithm for probabilistic PCA remainssimple,but the maximization stepcontains some

subtleties related to the fact that the trimming matrix T u is di�eren t for each user u.

However, Canny is still able to �nd updates in closedform [13]. We give the sparse

probabilistic PCA algorithm below where 
 represents the Kronecker tensor product,

st(X ) is the vector obtained by vertically stacking the columns of X , and jr u j is the

number of observed items for useru.

E-Step L u = (I + � � 2� T Tu �) � 1 (6.13)

mu = � � 2Lu(Tu �) T (r u � � )

M-Step st(�) =

 UX

n=1

1
jr u j

st(Tur umnT )

!  UX

n=1

1
jr u j

Tu 
 (zumnT + � 2Lu

! � 1

(6.14)

� 2 =
1
N

UX

n=1

1
jr u j

(r uT Tur u � trace(� mur uT Tu))
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To usethis model for rating prediction on novel userpro�les r u it su�ces to compute

� u, Lu, and mu according to the formulas in the E-Step above, and then to compute

� mn + � . Note that estimating the meanvector � can be doneusing either the sample

meanof each usersratings, or the individual meansfor each item taken over all users.

Canny presents experimental results comparing pPCA-basedrating prediction with

the GroupLens neighborhood method, and several other methods. Several data sets

are used including the EachMovie data set. The experimental procedureemployed by

Canny is similar to the strong generalization all-but-1 experimental proceduresused

here. Converted to our NMAE error measure,the pPCA method achieved an error rate

of 0:5585when trained with 5000users. When trained with 50000users,the error rate

dropped to 0:5400.
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Probabilistic Rating Mo dels

In this chapter we discussa set of methods for collaborative �ltering basedon unsuper-

visedlearning of specializedprobabilistic models. Several such modelshave beenstudied

in the literature to date including a multinomial mixture model [10] [38], Hofmann's

aspect model [29], and Marlin's user rating pro�le model [38]. We begin the discussion

by describinga simple multinomial model, which forms the basisof the more complex

modelswe investigatein this chapter. We move on to the mixture of multinomials model,

and the aspect model which are both discretemixture models. The User Rating Pro�le

model is a continuousmixture model and can be seenasan extensionof several existing

models including the aspect model, and the latent Dirichlet allocation model of Blei,

Ng, and Jordan [7]. We introduce the Attitude model family, a completely novel family

of product models for categorical data. We will be concernednot only with deriving

learning and prediction methods for all of thesemodels,but alsowith describingthe un-

derlying modeling assumptions.We will be particularly interestedthe generative process

underlying each model, and whether the generative processmakesintuitiv e sensein the

context of collaborative �ltering.

The modelswe describe di�er signi�cantly from factor analysis(FA) and probabilistic

principal component analysis (pPCA), which both assumeratings are generatedby a

51



Chapter 7. Pr obabilistic Rating Models 52

linear processwith additive Gaussiannoise. In both pPCA and FA the observed rating

variables are modeled as real valued random variables. Recall that we have de�ned

ratings to be ordinal valued, so the density under a linear Gaussianmodel is incorrect.

As a result, pPCA and FA models can predict valuesthat do not correspond to ordinal

ratings. In fact, they may even predict someratings that are o� the prede�ned rating

scale. However, such models are still useful for prediction if we do not mind truncating

values that are o� the rating scale,and making predictions that are not actual rating

values. The models we describe in this chapter all assumethat the distribution over

rating valuesis a multinomial, or conditional multinomial. This meanswe treat ratings

ascategoricalrandom variables,which is a better approximation for ordinal ratings than

continuousrandom variables,but ignoresthe inherent ordering of the rating values.

7.1 The Multinomial Mo del

The multinomial model is a simple probabilistic model for categoricaldata. The main

modeling assumption at the pro�le level is that the values of ratings for each item

are statistically independent of each other. This corresponds to the assumption that

P(R = r u) =
Q M

y=1 P(Ry = r u
y ). At the data set level the multinomial model asserts

that there is only one type of user. In the corresponding generative process,a rating

pro�le is generatedby independently samplingonerating for each item accordingto the

unique multinomial distribution over ratings for that item. It is important to note that

the generative processoutputs a completeuserpro�le with no missingratings. From an

inferencestandpoint, the complete independenceassumption meansthat knowing any

subset of the rating values in a user pro�le tells you nothing more about the ratings

of the remaining items. The multinomial model is thus too weak to provide personal-

ized recommendations. However, it serves as a good introduction to models basedon

multinomial rating distributions.



Chapter 7. Pr obabilistic Rating Models 53

R2 RMR1

b

N

Figure 7.1: Multinomial Model

We show the graphical model in �gure 7.1. Each node labeledRy represents a multi-

nomial random variable corresponding to the rating for item y. The value of random

variable Ry is said to be observed if the active user has speci�ed a rating for item y as

given by r a
y , and is unobserved otherwise. The node labeled� is a model parameterthat

encodes the multinomial distributions for each item. It can be thought of as a V � M

matrix where� vy represents P(Ry = v).

7.1.1 Learning

Sinceall variables are independent, learning the parametersof the multinomial model

simpli�es to estimating the P(Ry = v) for all y and v. This is quickly and easily done

using frequencycounts. It is generallya good idea to smooth the probability estimates

in the casewhere little data is available for items to avoid zero probabilities . In the

equation below we compute the standard Laplace estimate of P(Ry = v). We give a

learning method for the multinomial model in algorithm 7.1.

P(Ry = v) =
1 +

P N
u=1 � (r u

y ; v)

V +
P V

v0=1
P N

u=1 � (r u
y ; v0)

(7.1)

7.1.2 Rating Prediction

Given a learnedmultinomial model, we have already mentioned that the predictions for

unknown items are independent of the ratings speci�ed in the pro�le of the active user,

r a. However, there are still several methods for computing a prediction basedon the
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Inputs: f r ug
Outputs: r̂

Initialize � , �
for y = 1 to M do

for v = 1 to V do
pv  

1+
P N

u =1
� (r u

y ;v)

V +
P V

v 0=1

P N
u =1

� (r u
y ;v0)

end for
r̂ y  medianp

end for

Algorithm 7.1: Multi-Learn

I nput: r a, r̂
Output: r̂ a

r̂ a  r̂

Algorithm 7.2: Multi-Predict

distribution over ratings, and each method minimizes a di�eren t error measure. For

a particular item y, if we predict the expected rating r̂ a
y =

P V
v=1 vP(Ry = v) we will

minimize the mean squared error de�ned in equation 3.1. If we predict the median

rating de�ned by r̂ a
y = f vjP(Ry < v) � 1=2; P(Ry > v) � 1=2g we minimize the mean

absolute error de�ned in equation 3.2. Lastly, if we predict the most probable rating

valuede�ned asr̂ a
y = argmaxv P(Ry = v) we minimize the meanprediction error de�ned

in equation3.3. This result holds not only for the multinomial model, but for all models

basedon multinomials over ratings. Existing work on thesemodelsoften combinesmean

prediction with the mean absoluteerror measure. If the goal is to minimize prediction

error, then this is clearly the incorrect choice. We usemedianprediction with all models

sinceit minimizes the meanabsoluteerror measurewe have chosen.

7.1.3 Complexit y

Learning the multinomial model has time complexity O(M N V). As a non-personalized

prediction method, predictionsfor each item needonly becomputedonce,a stepthat can
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be incorporated into the learningphaseat an addition costof O(M V). At prediction time

all unknown ratings for the active usercan be looked up in the pre-computedprediction

vector at no additional computational cost as we show in algorithms 7.1 and 7.2.

7.1.4 Results

Learning and prediction methods for the multinomial model were implemented, and

tested for both their strong and weak generalizationperformance. On the EachMovie

data set a weak generalizationNMAE rate of 0:5383� 0:0022was obtained, along with

a strong generalizationNAME rate of 0:5446� 0:0029. On the MovieLens data set a

weak generalizationNMAE rate of 0:4694� 0:0020was obtained, along with a strong

generalizationNAME rate of 0:4746� 0:0035. The multinomial model is too simplistic

to be of seriousinterest; however, theseresults serve as a useful baselinefor comparing

the performanceof the more complexmodelswe will study next.

7.2 Mixture of Multinomials Mo del

The mixture of multinomials model posits that there are K typesof usersunderlying all

pro�les, and that the valuesof rating variables are independent of each other and the

user'sidentit y given the user'stype. A user'stype is modeledasa latent variable Z that

takesK settings. The assertionthat the ratings of items are conditionally independent

given the value of the latent variable Z is sometimescalled the naive Bayesassumption.

From a generative point of view, a pro�le is generatedby sampling a user type z

according to a prior distribution over user types, and then sampling a rating for each

item accordingto the distribution over ratings for that item, given the chosenusertype.

The model parametersare the components of the multinomial distribution over settings

of the latent variable, and the components of the distribution over rating valuesfor each

item and user type.
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Figure 7.2: Mixture of Multinomials Model.

We show the graphical model in �gure 7.2. Again, each node labeledRy represents a

multinomial rating random variable for item y. The node labeledZ is the latent variable

corresponding to the user type. The node labeled � is a parameter that encodes the

multinomial distributions for each item given a value of the latent variable. It can be

thought of as a V � M � K matrix where � vyz represents P(Ry = vjZ = z). The node

labeled � is a parameter that encodesa prior distribution over the latent variable Z . It

can be thought of as a length K vector where� z givesP(Z = z).

The joint probability of observinga userof type z with pro�le r u is given by 7.2. Of

course,we never actually know the value of the latent variable becausewe are never told

what type a user is. To compute the marginal probability of a particular user pro�le

with the usertype unobserved, we simply sum out the latent variable obtaining 7.3. The

resulting density is a mixture of K multinomial distributions.

P(R = r u; Z = z) = P(Z = z)
MY

y=1

P(Ry = r u
y jZ = z) (7.2)

P(R = r u) =
KX

z=1

P(Z = z)
MY

y=1

P(Ry = r u
y jZ = z) (7.3)
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7.2.1 Learning

Learning in the mixture of multinomials model is moredi�cult than in the simplemulti-

nomial casebecausethe value of the latent variable is never observed. This necessitates

the useof an Expectation Maximization (EM) procedure[16]. We have alreadydescribed

several EM algorithms in connectionwith weighted singular value decomposition, factor

analysis,andprobabilistic principal components analysisin Chapter 6. In this sub-section

we derive an EM procedurefor the mixture of multinomials model by applying the free

energyapproach of Neal and Hinton described in chapter 3 [44]. This approach provides

a uni�ed framework for deriving many variants of EM.

To begin we de�ne the total freeenergyof the mixture of multinomials model, which

depends on the de�nition of a distribution q(Z jR = r u). In general the distribution

q(Z jR = r u) can be an approximation to the true posterior P(Z jR = r u); however, in

the caseof the mixture of multinomials model the true posterior can be found exactly.

We parameterizethe distribution q(Z jR = r u) as a multinomial with components � u
z .

The total free energyfunction F [�; � ; � ] is shown in equation 7.4.

F [�; � ; � ] =
NX

u=1

Eq[logP(R = r u; Z = zj� ; � )] +
NX

u=1

H [q(Z = zjR = r u)] (7.4)

=
NX

u=1

KX

z=1

q(Z = zjR = r u) logP(R = r u; Z = zj� ; � )

�
NX

u=1

KX

z=1

q(Z = zjR = r u) logq(Z = zjR = r u)

=
NX

u=1

KX

z=1

� u
z log

0

@� z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

1

A �
NX

u=1

KX

z=1

� u
z log� u

z (7.5)

Learning is now cast as the task of optimizing the function F [�; � ; � ] with respect to

the q distribution parameters� u
z , and the model parameters� z and � vyz. We derive an

iterativ e gradient descent procedurefor optimizing the parametersasis donein standard

EM. For the mixture of multinomials model this is easilyaccomplishedaswe show below.

We �rst derive the update for the � u
z parameters. Recall that theseparametersencode

multinomial distributions so we must enforcethe normalization constraint
P K

z=1 � u
z = 1.
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@F [�; � ; � ]
@� u

z
= log

0

@� z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

1

A �
� u

z

� u
z

� log� u
z � � = 0 (7.6)

log� u
z = log

0

@� z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

1

A � 1 � �

� u
z = e� 1� � � z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

KX

z=1

� u
z =

KX

z=1

e� 1� � � z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

e1+ � =
KX

z=1

� z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

� = log
KX

z=1

� z

MY

y=1

VY

v=1

�
� (r u

y ;v)
vyz

� u
z =

� z
Q M

y=1
Q V

v=1 �
� (r u

y ;v)
vyz

P K
z0=1 � z0

Q M
y=1

Q V
v=1 �

� (r u
y ;v)

vyz0

(7.7)

Next we move on to the updatesfor the model parameters.We begin with � , which has

the sameconstraint as � u. Namely, we must ensurethat
P K

z=1 � z = 1.

@F [�; � ; � ]
@� z

=
NX

u=1

� u
z

Q M
y=1

Q V
v=1 �

� (r u
y ;v)

vyz

� z
Q M

y=1
Q V

v=1 �
� (r u

y ;v)
vyz

� � = 0 (7.8)

� z =
1
�

NX

u=1

� u
z

KX

z=1

� z =
1
�

KX

z=1

NX

u=1

� u
z

� =
KX

z=1

NX

u=1

� u
z

� z =
P N

u=1 � u
z

P K
z=1

P N
u=1 � u

z

(7.9)

Lastly, we derive the update for the � model parameter. Recall that � vyz gives the

multinomial parametersof the distribution P(Ry = vjZ = z). In optimizing with respect

to � vyz we must enforcethe constraint that
P V

v=1 � vyz = 1.
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Inputs: f r ug,K
Outputs: � , �

Initialize � , �
while (F [�; � ; � ] Not Converged)do

for u = 1 to N do

� u
z  

� z
Q M

y =1

Q V
v =1

� v y z
� ( r u

y ;v )

P K
z0=1

� z0
Q M

y =1

Q V
v =1

� v y z0
� ( r u

y ;v )

end for
for z = 1 to K do

� z  
P N

u =1
� u

zP K
z=1

P N
u =1

� u
z

for y = 1 to M , v = 1 to V do

� vyz  
P N

u =1
� u

z � (r u
y ;v)

P V
v 0=1

P N
u =1

� u
z � (r u

y ;v0)

end for
end for

end while

Algorithm 7.3: MixMulti-Learn

@F [�; � ; � ]
@� vyz

=
NX

u=1

� u
z

� (r u
y ; v)

� vyz
� � = 0 (7.10)

� vyz =
1
�

NX

u=1

� u
z � (r u

y ; v)

VX

v=1

� vyz =
1
�

VX

v=1

NX

u=1

� u
z � (r u

y ; v)

� =
VX

v=1

NX

u=1

� u
z � (r u

y ; v)

� vyz =
P N

u=1 � u
z � (r u

y ; v)
P V

v0=1
P N

u=1 � u
z � (r u

y ; v0)
(7.11)

Given these update rules, the optimization procedure for learning the mixture of

multinomials model is straightforward. We randomly initialize the parameters� and �

ensuringthat the constraints
P K

z=1 � z = 1, and
P V

v=1 � vyk = 1 hold. Iterating the derrived

updatesuntil the value of the objective function F [�; � ; � ] convergesde�nes a standard

EM algorithm as given in algorithm 7.3.
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I nput: r a, � , �
Output: r̂ a

for (z = 1 to K ) do

� z  
� z

Q M
y =1

Q V
v =1

�
� ( r a

y ;v )
v y z

P K
z0=1

� z0
Q M

y =1

Q V
v =1

�
� ( r a

y ;v )

v y z0

end for
for y = 1 to M do

for v = 1 to V do
pv  

P K
z=1 � vyz� z

end for
r̂ y  medianpv

end for

Algorithm 7.4: MixMulti-Predict

7.2.2 Rating Prediction

Oncelearninghasconverged,the resulting model (� ; � ) canbe usedto predict ratings

given any novel user pro�le r a. Rating prediction with the mixture of multinomials

model consistsof �rst estimating P(Ry = vjr a; � ; � ) as shown in equation 7.12, and

then applying a prediction rule such as median prediction to the estimateddistribution.

Estimating the distribution consists of an inference step that determines the mixing

coe�cien ts P(Z = zjr a), and the actual mixture step. Intuitiv ely P(Z = zjr a) is the

degreeto which the active userexhibits traits of a type z user through the pro�le r a. In

the mixture step, the distribution over ratings for an item is computed as a mixture of

the distributions over ratings for the item given by each user type. Note that while the

generative semantics of the mixture of multinomials model assertthat every userbelongs

to exactly one of the K user types, the predicted distributions are actually computed

as if the user was a mixture of di�eren t user types. The completeprediction method is

given in algorithm 7.4.

P(Ry = vjr a; � ; � ) =
KX

z=1

P(Ry = vjZ = z)P(Z = zjr a) (7.12)

=
KX

z=1

� vyz
� z

Q M
y=1

Q V
v=1 �

� (r a
y ;v)

vyz

P K
z0=1 � z0

Q M
y=1

Q V
v=1 �

� (r a
y ;v)

vyz0
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7.2.3 Complexit y

In the E-stepof the MixMulti-Learn algorithm wecomputean estimate� u
z for all z and u.

The total computational complexity of the E-Step is O(N M VK ). The M-step consists

of computing updatesfor � z and � vyz. The computational complexity of the update for �

is O(M K ). The computational complexity of the update for � is O(N M VK ). Letting I

be an upper bound on the number of iterations neededto reach convergencewe obtain a

total time complexity of O(I N M VK ). The number of parametersthat needto be stored

for the mixture of multinomials model is K + M VK .

The MixMulti-Predict algorithm �rst computes� z for the active userat a computa-

tional cost of O(M VK ). For each item a distribution over ratings is calculatedat a cost

of O(VK ) per item. The total computational cost of the MixMulti-Predict algorithm is

thus O(M VK ).

7.2.4 Results

The MixMulti-Learn and MixMulti-Predict methods described in algorithms 7.3 and 7.4

wereimplemented, and testedfor both their strong and weakgeneralizationperformance.

EachMovie was tested using 5, 10, 20, and 30 user types. MovieLenswas tested using 4,

6, 8, and 10 user types. The learning method was found to convergereliably in 30 to 40

iterations with � and � initialized randomly. The results of the prediction performance

experiments with the mixture of multinomials model are shown in tables 7.1, and 7.2.

Table 7.1: MixMulti-Predict: EachMovie Results
K = 5 K = 10 K = 20 K = 30

Weak 0:4755� 0:0013 0:4579� 0:0006 0:4559� 0:0010 0:4557� 0:0012
Strong 0:4744� 0:0038 0:4631� 0:0027 0:4602� 0:0011 0:4573� 0:0007

Table 7.2: MixMulti-Predict: MovieLensResults
K = 4 K = 6 K = 8 K = 10

Weak 0:4444� 0:0032 0:4480� 0:0020 0:4535� 0:0020 0:4528� 0:0049
Strong 0:4573� 0:0124 0:4383� 0:0048 0:4405� 0:0045 0:4339� 0:0023
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7.3 The Asp ect Mo del

In this sectionwe describe the aspect model for rating prediction [29]. The rating pre-

diction versionof the aspect model is closelyrelated to the aspect model for probabilistic

latent semantic analysisof text documents, also referred to as pLSA or pLSI [28]. To

avoid confusionwe will refer to the rating prediction versionasthe triadic aspect model,

and the text analysisversionas the dyadic aspect model. It is important to understand

the relationship betweenthe dyadic and triadic models,and more generallythe relation-

ship betweenvectorspaceor bag-of-words text analysis,collaborative �ltering, and rating

prediction. Theserelationshipsplay a crucial role in the development of the next section.

In the dyadic aspect model applied to text analysis,a corpusof documents is modeled

as a set of pairs (d;w), where d is a document index and w is a word index. A �xed

vocabulary is assumed.This type of data is often called co-occurrenceor dyadic data,

thus our choiceof namefor the model. The graphical representation of the dyadic aspect

model applied to text analysisappears in �gure 7.3. Each document is represented as

a unique distribution over the K settings of the latent variable Z . Each setting of the

latent variablesZ corresponds to an underlying \topic". Associated with each topic is

a distribution over words in the vocabulary. Thus, a document is seenas a distribution

over topics whereeach topic is described by a di�eren t distribution over words. A word

is generatedfor a document by choosing a topic and then selectinga word according

to the distribution over words for the chosentopic. This is an interesting model for

Z

D

W

Figure 7.3: Dyadic aspect model.

R

YZ

U

Figure 7.4: Triadic aspect model.
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text becauseit allows di�eren t documents to be generatedby di�eren t distributions over

topics (settings of the latent variable), which is not possiblewith a multinomial mixture

model whereall documents would sharea commondistribution over topics.

The dyadic aspect model can also be applied to collaborative �ltering, but within a

di�eren t formulation. Recall from our discussionof preferenceindicators in sub-section

2.1.1that co-occurrencedata is semantically distinct from explicit ratings. To apply the

dyadic aspect model to a pure, non-sequential, co-occurrenceformulation of collaborative

�ltering, we simply exchangedocuments for usersand words for items. The data consists

of (u; y) pairs representing the fact that user u accessed,or viewed item y. A data set

may contain the samepair multiple times, just asa corpusof text documents may contain

the sameword-document pair multiple times.

The correct analogy betweencollaborative �ltering and bag-of-words text modeling

should now be clear: only the pure, non-sequential, co-occurrenceformulation of collab-

orative �ltering is equivalent to the bag-of-words representation of text documents. Any

model that can be applied in one domain can be applied in the other. Formulations

basedon other typesof preferenceindicators including ratings are not equivalent to the

this representation of text documents, and modelsof each are not exchangeable.

However, a slight extensionof the dyadic aspect model yieldsthe triadic aspect model,

which is capableof representing preferencesbasedon explicit ratings. The particular

instance of the triadic aspect model we are interested in assumesthat the basic data

element is a triple (u; y; v) where u is a user, y is an item, and v is a rating value.

Each triple represents the fact that user u assignedrating v to item y. Hofmann's

depiction of the model is shown in �gure 7.4 [29]. Each setting of the latent variable Z

can be interpreted as a \user type", or \user attitude". A particular user u is modeled

as a unique distribution over user types P(Z jU = u). These distributions are seen

as parameters and are encoded by � u. A user type is represented as a multinomial

distribution P(RjZ = z; Y = y) over rating valuesfor each item.
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Figure 7.5: Vector aspect model.

The triadic aspect model is 
a wed in several ways, and it sharessomeof these
a ws

with the dyadicversion. First, the distribution over typesfor each useru must bespeci�ed

outside of the generative processasa parameter� u. If we wish to generateratings for N

usersthen we must be given N distributions � 1; :::; � N . The triadic aspect model itself

providesno probabilistic mechanismfor sampling� u. As a result the model hasimproper

generative semantics at the user level. The number of model parametersalsogrows with

the number of userpro�les we are trying to model. This is a highly undesirablefeature

for a model basedapproach. In addition, the model lacks a principled inferenceprocedure

for novel userpro�les sincethe � u parametersare unknown for an arbitrary pro�le. This

meansit is impossibleto perform rating prediction with novel userpro�les.

The lower levels of the generative processare also problematic. Once the � u param-

eters are given, the generative processiterates through all the users. For each user and

each item a value of Z is sampledfrom P(Z j� u; U = u), and a rating is sampledfrom

P(RjZ = z; Y = y). While it is possibleto forcethe aspect model into generatinga com-

plete pro�le for each userby clamping the U and Y nodesto the desiredvalues,there is

nothing in the model itself which restricts it to onerating per user-itemcombination.

The problems with the generative processat the higher levels of the model have a

nontrivial solution as we will seein the next section. However, we can �x the repeated

samplingproblemsat the lower levelsof the aspect model quite easily. We simply expand
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the lower levelsof the model to ensurethat exactly onerating is generatedfor each item.

The necessarymodi�cation hasno impact on model �tting or inferenceif we assumethat

the data contains at most onerating for each user-itempair. It alsohasno e�ect on the

de�nition or interpretation of the model parameters. Our vector version of the aspect

model appearsin �gure 7.5. The joint probability of a user rating pro�le and choice of

user attitudes is shown in equation 7.13. The probability of of a user rating pro�le is

shown in equation 7.14. The likelihood of the complete set of user pro�les under the

aspect model is given in equation 7.15.

P(r u; zj� u; � )
MY

y=1

VY

v=1

(P(Zy = zy j� u)P(Ry = r u
y jZy = zy; � )) � (r u

y ;v) (7.13)

P(r u j� ; � ) =
MY

y=1

VY

v=1

(
KX

z=1

P(Zy = zj� u)P(Ry = r u
y jZ = z; � )) � (r u

y ;v) (7.14)

P(r j� ; � ) =
NY

u=1

MY

y=1

VY

v=1

(
KX

z=1

P(Zy = zj� u)P(Ry = r u
y jZ = z; � )) � (r u

y ;v) (7.15)

7.3.1 Learning

In this subsectionwederivean EM procedurefor model �tting basedon the vector aspect

model. We again apply the free energyapproach of Neal and Hinton. Hofmann givesa

set of update rules for the triadic versionof the aspect model, but the rules we derive for

the vector aspect model make the handling of missingrating valuesexplicit.

In the generativeprocessrecall that for each item weindependently chooseonesetting

of the latent variable Z . We assumea corresponding factorization of the q-distribution

q(Z = zjR = r u) =
Q M

y=1 q(Zy = zy jR = r u). Note that Zy depends only on the

value of r u
y so we can further factorize the q-distribution obtaining

Q M
y=1 q(Zy = zy jr u

y )

We parameterizeq(Zy = zjr u
y ) as a multinomial distribution with parametersgiven by

� u
vyz. Note that this distribution is normalized with respect to Z so that we must have

P
z � u

vyz = 1. The total free energyfunction F [�; � ; � ] is shown next.
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F [�; � ; � ] =
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We�rst work out the update for the � u
vyz parameters.Recallthat theseparametersare

multinomial distributions sowe must enforcethe normalization constraint
P K

z=1 � u
vyz = 1

for all u.

@F [�; � ; � ]
@� u

vyz
= � (r u

y ; v) log(� vyz� u
z ) � � (r u

y = v)(log � u
vyz + 1) � � = 0 (7.17)
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= log(
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y ; v)(log(

KX

z0=1

� vyz0� u
z0) � 1)

� u
vyz = � vyz� u

z e
� 1�
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y ;v )(log (

P K
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� v y z0� u
z0) � 1)

� ( r u
y ;v )

=
� vyz� u

z
P K

z0=1 � vyz0� u
z0

(7.18)

Next we move on to the problem of the updates for the model parameters. Unlike

the mixture of multinomials case,each user has a unique distribution over user types

parameterizedby � u. Again we must ensurethat
P K

z=1 � u
z = 1.
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@F [�; � ; � ]
@� u
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� u
z

� � = 0 (7.19)
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�
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(7.20)

Lastly, we derive the update for the � model parameter. � encodes the multinomial

parameters of the distribution P(Ry = vjZ = z) as in the mixture of multinomials

model. In optimizing with respect to � vyz we enforcethe constraint that
P V

v=1 � vyz = 1.

@F [�; � ; � ]
@� vyz

=
NX

u=1

� (r u
y ; v)

� u
vyz

� vyz
� � = 0 (7.21)
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u=1 � (r u
y ; v)� u

vyz
P V

v0=1
P N

u=1 � (r u
y ; v0)� u

v0yz

(7.22)

Given theseupdate rules, the optimization procedurefor learning the aspect model

is straightforward. We randomly initialize the parameters � and � ensuring that the

constraints
P K

z=1 � u
z = 1, and

P V
v=1 � vyz = 1 hold for all u,y and z. We then iterate the

updatesuntil the value of the objective function F [�; � ; � ] converges.The vector aspect

model learning procedureis speci�ed in algorithm 7.5.
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Inputs: f r ug, K
Outputs: � , �

Initialize � , �
while (F [�; � ; � ] Not Converged)do

for u = 1 to N , v = 1 to V, z = 1 to Z do
� u

vyz  � v y z � u
zP K

z0=1
� v y z0� u

z0

end for
for u = 1 to N , z = 1 to K do

� u
z  

P M
y =1

P V
v =1

� (r u
y ;v)� u

v y zP K
z0=1

P M
y =1

P V
v =1

� (r u
y ;v)� u

v y z0

end for
for y = 1 to M , v = 1 to V, z = 1 to K do

� vyz  
P N

u =1
� (r u

y ;v)� u
v y zP V

v 0=1

P N
u =1

� (r u
y ;v0)� u

v 0y z

end for
end while

Algorithm 7.5: Aspect-Learn

7.3.2 Rating Prediction

Rating prediction with the aspect model is somewhatdi�eren t than with the mixture of

multinomials model. Oncelearning hasconvergedwe have a model (� ,� ), but this model

can only be usedto make predictions for the N training usersin the data set sincewe

can not properly perform inference.Assumingthe active usera is oneof the N training

userswe �nd the distribution over ratings for an unknown item y accordingto equation

7.23.

P(Ry = vjr a; U = a; � ; � ) = P(Ry = vjU = a; � a; � )

=
KX

z=1

P(Ry = vjZ = z)P(Z = zjU = u)

=
KX

z=1

� vyz� a
z (7.23)
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I nput: r a, � a, �
Output: r̂ a

for y = 1 to M do
for v = 1 to V do

pv  
P K

z=1 � vyz� a
z

end for
r̂ y  medianpv

end for

Algorithm 7.6: Aspect-Predict

7.3.3 Complexit y

In the E-step of the Aspect-Learn algorithm we compute an estimate � u
vyz. The total

computational complexity of the E-Step is thus O(N M VK ). The M-step consistsof

computing updates for � u
z and � vyz. The computational complexity of the update for �

is O(N M VK ). The computational complexity of the update for � is also O(N M VK ).

Letting I be an upper bound on the number of iterations neededto reach convergence

we obtain a total time complexity of O(I N M VK ). The number of parametersthat need

to be stored for the aspect model is K N + M VK .

7.3.4 Results

The Aspect-Learnand Aspect-Predict methods described in algorithms 7.5 and 7.6 were

implemented, and tested for their weak generalizationperformance. As mentioned pre-

viously, a learnedaspect model can not be applied to a set of novel usersin a principled

manner. Thus the strong generalizationerror of the model can not be assessed.

As with the mixture of multinomials model, the learning method was found to con-

verge reliably in 30 to 40 iterations with � and � initialized randomly. However, with

larger numbers user types, the vector aspect model tended to over �t the training data

with respect to the prediction error measurein preliminary testing. Hofmann suggests

usingearly stoppingof the EM iteration to help overcomethis problem. In the implemen-
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tation an additional validation set was extracted from the training set. During EM the

validation error wasevaluated after every iteration. When the validation error increased

on three successive iterations, the method was stopped. The best set of parametersac-

cording to the validation error estimate were selectedas the �nal model. The results of

the prediction performanceexperiments with the vector aspect model areshown in tables

7.1, and 7.2.

Table 7.3: Aspect-Predict: EachMovie Results
K = 5 K = 10 K = 20 K = 30

Weak 0:4744� 0:0038 0:4631� 0:0027 0:4602� 0:0011 0:4573� 0:0007

Table 7.4: Aspect-Predict: MovieLensResults
K = 4 K = 6 K = 8 K = 10

Weak 0:4573� 0:0124 0:4383� 0:0048 0:4405� 0:0045 0:4339� 0:0023

7.4 The User Rating Pro�le Mo del

In this sectionwe present the User Rating Pro�le (URP) model recently introducedby

Marlin [38]. As wasmentioned in the previoussection,the triadic aspect model is 
a wed

in several ways. Changing the lower level of the model from a triadic to vector repre-

sentation correct one set of problems, but issuesremain with the user level generative

semantics. The main problem is that the P(Z jU = u) distributions are viewed as pa-

rametersoutside the generative processof the model. As a result the aspect model lacks

a maximum likelihood procedure for performing inferenceon novel user pro�les. This

meansit is impossibleto make rating predictions for usersnot in the training set. There

are also a variety of undesirablesecondarye�ects including the number of parameters

in the model increasingwith the number of usersin the training set. The URP model

hasbeenproposedasa generative versionof the vector aspect model, which solvesall of

theseproblems.
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Figure 7.7: URP model.

Blei, Ng, and Jordan point out similar problemswith the high level generative seman-

tics of the dyadic aspect model. They proposethe Latent Dirichlet Allocation (LDA)

model as a correct generative version of the dyadic aspect model [7]. The obvious cor-

rection to the dyadic aspect model is to remove the index variable D and view the

distribution over Z asa hidden variable � . The completegenerative processis to sample

� for each document, and Z and W for each of the M positions in the document. The

simplest generative model with proper document level semantics would placea uniform

distribution on � . However, other priors on � can also be used such as the Dirichlet

prior, which is conjugateto the multinomial distribution. If a Dirichlet prior is used,the

model we have just described is preciselythe Latent Dirichlet Allocation (LDA) model

proposedby Blei et al. [7].

Recall from our discussionof the dyadic, triadic, and vector aspect models that

dyadic models can only be applied to a formulation of collaborative �ltering basedon

co-occurrencedata. ThereforeLDA is clearly not applicableto rating-basedcollaborative

�ltering. Blei et al. slightly confusethis issueby applying LDA to a rating-basedcollab-

orative �ltering data set using a preprocessingstep [7, p. 1014]. All rating valuesabove

a threshold wereset to 1 and thosebelow the threshold wereset to 0. This converts the

rating data into a special form of co-occurrencedata wherethe pair (u; y) indicates that



Chapter 7. Pr obabilistic Rating Models 72

useru likes item y.

The userrating pro�le (URP) model is a true generative model for rating pro�les. It

canbeseenasa generativeversionof the vector aspect model in the samesensethat LDA

can be seenasa generative versionof the dyadic aspect model. To obtain URP from the

vector aspect model we remove the userindex node U and view the distribution over the

latent variable Z as a random variable � instead of a parameter. As in LDA we placea

Dirichlet prior on � since it is more generalthan a uniform prior, and is convenient to

work with. The completegenerative processfor the URP model is to sample� for each

user from a Dirichlet prior with parameter � , then for each item y sampleZy according

to P(Z j� ), and a rating value Ry accordingto P(Ry jZ = z; � ).

Basedon this description we can derive the joint probability of observinga complete

userpro�le r u alongwith corresponding valuesof � and Z asshown in equation7.24. To

obtain the probability of observinga particular userpro�le r u we sum and integrate out

the valuesof the hidden variables from the joint probability as shown in equation 7.25.

As in LDA, the Dirichlet prior rendersthe computation of the exactposteriordistribution

shown in equation 7.26 intractable, and variational techniquesmust be used to �t the

URP model.

P(r u; z; � j� ; � ) = P(� j� )
MY

y=1

VY

v=1

(P(Zy = zy j� )P(Ry = r u
y jZy = zy; � )) � (r u

y ;v) (7.24)

P(r u j� ; � ) =
Z

�
P(� j� )

MY

y=1

VY

v=1

(
KX

z=1

P(Zy = zj� )P(Ry = r u
y jZ = z; � )) � (r u

y ;v)d� (7.25)

P(� ; zjr u; � ; � ) = P(r u; � ; zj� ; � )=P(r u j� ; � ) (7.26)

7.4.1 Variational Appro ximation and Free Energy

The procedureusedfor �tting the URP model is a variational Expectation Maximization

algorithm. We chooseto apply a fully factored variational q-distribution as shown in

equation7.27. We de�ne q(� j
 u) to be a Dirichlet distribution with Dirichlet parameters
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 u
i , and q(Zy j� u

y ) to be a multinomial distribution with parameters� u
iy .

q(� ; zj
 u; � u) = q(� j
 u)
MY

y=1

q(Zy = zy j� u
y ) (7.27)

We give the probability of � under a Dirichlet distribution with parameter� in equa-

tion 7.28. We also needthe expectation E[log� i ] to fully compute the free energy. We

give the formula for this expectation under a Dirichlet with parameter� in equation7.29.

	() denotesthe digammafunction, the �rst derivative of the log-gammafunction.

P(� j� ) =
�(

P K
i=1 � i )

Q K
i=1 �( � i )

KY

i =1

� � i � 1
i (7.28)

E[log� i j� ] = 	( � i ) � 	(
KX

j =1

� j ) (7.29)

The total free energy of the URP model with respect to this fully factorized q-

distribution is given by F [�; 
 ; � ; � ] =
P N

u=1 (Eq[logP(� ; z; r u j� ; � )] + H [q(� ; zj
 u; � u)]).

We expand F [�; 
 ; � ; � ] according to the factorizations of the joint and q distribu-

tions, and then compute each expectation. We use the notation Eq� [�] and Eqz[�] to

denoteexpectation with respect to each part of the factorized q-distribution. Note that

Eq[�] = Eq� [Eqz[�]] = Eqz[Eq� [�]].

F [�; 
 ; � ; � ] =
NX

u=1

Eq[logp(� j� ) + logp(zj� ) + logp(r u jz; � ) � logq(� j
 u) � logq(zj� u)]
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� i ) �
KX

i =1

log�( � i ) +
KX
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(� i � 1) log� i ]

= log�(
KX
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� i ) �
KX

i =1

log�( � i ) +
KX

i =1

(� i � 1)Eq� [log� i ]
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MX
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MX
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Eqz[Eq� [log� z]]
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Now we compile the expandedexpectations yielding the total free energy function

F [�; 
 ; � ; � ] shown in equation 7.30.
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7.4.2 Learning Variational Parameters

To �nd the update for the variational multinomial parameter� u
yi wedi�eren tiate F [�; 
 ; � ; � ]

with respect to � u
yi , and solve the resulting equation. Note that � u

y is a distribution and

we must enforcethe normalization constraint
P K

i=1 � u
yi = 1. Intuitiv ely, � u

yi is the proba-

bilit y that useru's rating for item y wasgeneratedby userattitude i given the value r u
y .

Note that if r u
y is unobserved the distribution becomesuniform.
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(7.31)
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Input: � , � , r , I
Output: � , 


� ky  1=K for all k; y

 k  � k + V=K for all k
for t = 1 to I do

for y = 1 to M , k = 1 to K do

� yk  
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 k  � k +

P M
y=1 � ky

end for
end for

Algorithm 7.7: URP-VarInf

Next wederive the update rule for the variational Dirichlet parameters
 u
i . Intuitiv ely


 u
i are the parametersof a Dirichlet distribution over � given the observed ratings.
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@
 u
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 u
i = � i +

MX

y=1

� u
iy (7.32)

By iterating the updates derived in equations 7.31 and 7.32 we are guaranteed to

reach a local maximum of the free energyfunction F [�; 
 ; � ; � ] for �xed � , and � . This

iterativ e procedurede�nes a variational inferencealgorithm for the URP model asshown

in algorithm 7.7.

7.4.3 Learning Mo del Parameters

In this sub-sectionwederiveestimatesfor the URP model parameters� and � . � yz repre-

sents the parametersof a multinomial distribution sowe must ensurethat
P V

v=1 � vyz = 1.

While � , and both variational parametersadmit closedform solutions, � doesnot. We

begin by deriving the updates for the � parameters,as the � parameterswill require
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special treatment.

@F [�; � ; � ]
@� vyz

=
NX

u=1

� (r u
y ; v)

� u
yz

� yz
� � = 0 (7.33)
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(7.34)

As we will see,the � i are unfortunately coupled together and do not yield an ana-

lytic form for the maximizer. However, Minka has proposedtwo iterativ e methods for

estimating a Dirichlet distribution from probability vectors that can be usedhere. We

give Minka's �xed-p oint iteration, which yields very similar results comparedto the al-

ternative Newton iteration. Details for both proceduresincluding the derivation for the

inversionof the psi function may be found in [40].

@F [�; � ; � ]
@� i
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kX

i =1
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	( � i ) = 	(
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 u
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 u
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� i = 	 � 1

0

@	(
kX

i =1

� j ) + 1=N (
NX

u=1

	( 
 u
i ) � 	(

KX

j =1


 u
j ))

1

A (7.35)

The �xed point iteration for computing � i in itself is quite simple, but it requiresa

method for inverting the psi function. This canalsobedoneiterativ ely usinga �xed point

iteration alsodueto Minka [40]. Minka claimsthe inner loop of the iteration requiresjust

�v e iterations to reach fourteen decimal placesof accuracyif the proposedinitialization

schemeis used. We give the completeprocedurefor updating � in algorithm 7.8.

We give a variational EM procedurefor model �tting basedon the updates derived

for model parameters � , � , and the variational parameters 
 , � . We also discussan

initialization method that hasproved to be very e�ectiv e for the URP model.
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Input: � ,

Output: �

while (� Not Converged)do
for i = 1 to K do

x i = 	(
P k

i=1 � j ) + 1=N (
P N

u=1 	( 
 u
i ) � 	(

P K
j =1 
 u

j ))

� i  

(
exp(x i ) + 1=2 if y � � 2:22

� 1
x i � 	(1) if y < � 2:22

while � i Not Convergeddo
� i  � i � 	( � i )� x i

	 0(� i )
end while

end for
end while

Algorithm 7.8: URP-AlphaUpdate

Since each iteration of the variational inferenceprocedure increasesthe total free

energyF [�; 
 ; � ; � ], any number of variational inferencestepsI can be usedand overall

convergenceis guaranteed. Iterating to convergencecorresponds to performing a full

variational E-Step. This is the approach usedby Blei et all to �t the LDA model [7]. On

the other hand, a singlestep of variational inferencecan be used. This is the approach

adoptedby Buntine to �t the Multinomial PCA (mPCA) model , a slight generalization

of LDA [11]. A further re�nement is to allow the number of stepsof variational inference

to vary for each userby de�ning a heuristic function that may dependon the user,H (u).

Empirically, we have found that a simple function of the number of observed ratings in

the userpro�le such asH (u) = b(jr u j + 4)=4c providesa good heuristic. Note that while

in theory any choiceof H (u) is valid sincewe are guaranteed to increasethe freeenergy,

di�eren t choiceslead to model parameterswith di�eren t characteristic. The details of

the �tting procedureare given in algorithm 7.9.

7.4.4 An Equiv alence Bet ween The Asp ect Mo del and URP

Recently Girolami and Kab�an have shown an interesting equivalencebetweenthe dyadic

aspect model and LDA [20]. They show that �tting an LDA model with a uniform
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Input: f r ug, K
Output: � , �

Initialize � , �
while (F [�; 
 ; � ; � ] Not Converged)do

for u = 1 to N do
[� u; 
 u]  URP-VarInf(� ; � ; r u; H (u))

end for
for v = 0 to V, y = 1 to M , z = 1 to K do

� vyz  
P N

u =1
� (r u

y ;v)� u
y zP V

v 0=1

P N
u =1

� (r u
y ;v0)� u

y z

end for
�  URP-AlphaUpdate(� ; 
 )

end while

Algorithm 7.9: URP-Learn

Dirichlet prior using a mixed maximum a posteriori and maximum likelihood �tting

procedure is equivalent to �tting the dyadic aspect model using maximum likelihood.

Essentially the samerelationship holds betweenthe vector aspect model and the URP

model.

In the URP model exact inferenceis not possibleso approximate inferencemeth-

ods must be used for model �tting. As with LDA, an alternative to the variational

inferencemethod we have adopted is to compute a MAP estimate of � for each user.

The MAP estimate � a
M AP for a particular user a maximizes the posterior probabil-

it y P(� ajr a; � ; � ). If we assumea uniform Dirichlet prior � k = 1 for all k, Then

� a
M AP = � a

M L = argmax� a P(r aj� u; � ) = argmax� a
Q N

u=1 P(r u j� u; � ). Given the value of

� u
M L for all usersu we may then obtain a maximum likelihood estimateof � by comput-

ing � M L = argmax�
Q N

u=1 P(r u j� u
M L ; � ). Now we expand the quantit y

Q N
u=1 P(r u j� u; � )

under the URP model as seenin equation 7.36.

P(r u j� ; � ) =
NY

u=1

MY

y=1

VY

v=1

(
KX

z=1

P(Zy = zj� u)P(Ry = r u
y jZ = z; � )) � (r u

y ;v) (7.36)

This quantit y is exactly the likelihood of a complete set of user pro�les under the

vector aspect model asgiven in equation7.15. Thus, iterating the maximization for � M L
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and � M L results in a set of maximum likelihood parametersfor the vector aspect model.

This demonstraits that the maximum likelihood procedureusedto �t the vector aspect

model can be interpreted as a mixed maximum a posteriori and maximum likelihood

�tting procedurefor the URP model which enforcesa uniform dirichlet prior.

Sincethe �tting procedurefor the vector aspect model can be seenasa lower quality

approximation than the variational methods we have adopted to �t the URP model,

we expect the variational methods to result in more accurate rating prediction results.

Similarly, we might expect a model �tting procedurebasedon expectation propagation

to result in more accuraterating prediction results than our variational methods [41].

7.4.5 URP Rating Prediction

Computing the distribution over rating valuesfor a particular unrated item given a user

pro�le r u requiresapplying variational inference.For rating prediction we generallyrun

variational inferencefor a �xed number of stepssinceeven a crude approximation of the

distribution over rating valuescan lead to correct predictions. The rating distribution

equation for the URP model is shown in equation 7.37.

p(Ry = vjr u) =
Z

�

KX

z=1

p(Ry = vjZy = z)p(zj� )p(� jr u)d� (7.37)

This quantit y may look quite di�cult to compute,but by interchangingthe sum and

integral, and appealing to our variational approximation q(� j
 u) � p(� ju) we obtain an

expressionin terms of the model and variational parameters.

p(Ry = vjr u) =
KX

z=1

p(Ry = vjZy = z)
Z

�
p(Zy = zj� )p(� jr u)d�

�
KX

z=1

p(Ry = vjZy = z)
Z

�
p(Zy = zj� )q(� j
 u)d�

=
KX

z=1

p(Ry = vjZy = z)Eq� [� z]

=
KX

z=1

� r yz

 u

z
P k

i=1 
 u
i

(7.38)
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I nput: r a, � , �
Output: r̂ a

[�; 
 ]  URP-VarInf( � ; � ; r a; H (a))
for y = 1 to M do

for v = 1 to V do
pv  

P K
z=1 � r yz


 u
zP k

i =1

 u

i

end for
r̂ a

y  medianpv

end for

Algorithm 7.10: URP-Predict

To compute p(Ry = vjr u) according to equation 7.38 given the model parameters

� and � , it is necessaryto apply the variational inferenceprocedure to compute 
 u.

However, this only needsto be doneoncefor any pro�le r u regardlessof the number of

predictions that needto be calculated.

7.4.6 Complexit y

In the E-step of the URP-Learn algorithm consistsof running the iterativ e variational

inferencealgorithm for each user to update the variational parameters. The complexity

of the variational inferencealgorithm is O(I 1M VK ) whereI 1 is a bound on the number of

stepsof variational inferencetaken for each user. The total time complexity of the E-step

is thus O(I 1N M VK ). The complexity of the E-step dominates the M-step where the

model parametersare updated. Letting I 2 be a bound on the number of EM iterations

neededto reach convergence,we obtain a total time complexity of O(I 1I 2N M VK ). The

total spacecomplexity of the learnedrepresentation is O(M VK + K ).

The URP-Predict algorithm consistsof �rst performing variational inferenceon the

user pro�le at a cost of O(I 1M VK ), and then computing the distribution over ratings

for each item at a cost of O(M VK ). The total time complexity is thus O(I 1M VK ).
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7.4.7 Results

Fitting the URP model can be quite di�cult starting from randomly initialized � and �

parameters.The method we have adoptedfor initialization is to partially �t a mixture of

multinomials model with K user types. A small, �xed number of EM iterations is used.

The mixture of multinomials model yields a multinomial distribution � 0 over ratings

conditioned on the item and user type, as well as a singlemultinomial distribution over

user types� 0. To initialize the URP model we set �  � 0, �  �� 0 where� is a positive

constant. Setting � = 1 appearsto give good results in practice.

The URP-Learn and URP-Predict methods described in algorithms 7.9and 7.10were

implemented, and testedfor their strongand weakgeneralizationperformance.Wereport

the results in tables 7.5 and 7.6.

Table 7.5: URP: EachMovie Results
K = 5 K = 10 K = 20 K = 30

Weak 0:4621� 0:0016 0:4442� 0:0013 0:4422� 0:0018 0:4422� 0:0008
Strong 0:4755� 0:0013 0:4579� 0:0006 0:4559� 0:0010 0:4557� 0:0012

Table 7.6: URP: MovieLensResults
K = 4 K = 6 K = 8 K = 10

Weak 0:4386� 0:0044 0:4341� 0:0023 0:4402� 0:0035 0:4403� 0:0019
Strong 0:4476� 0:0016 0:4444� 0:0032 0:4480� 0:0020 0:4535� 0:0020

7.5 The A ttitude Mo del

The URP model hasconsistent generative semantics at both the userlevel and the pro�le

level. However, the question of whether the generative semantics of URP correspond

well to intuition hasnot beenaddressed.Recall that in the URP model the latent space

representation of a user is a distribution P(Z j� u) over user types. A rating for item

y is generatedby sampling a particular attitude z, and then sampling a rating from

P(Ry jZy = z). Thus the user is represented as a distribution over user attitudes, but
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a di�eren t stochastically selectedattitude is usedto generatethe rating value for each

item.

The URP model is descendedfrom the dyadic aspect model, and the stochastic se-

lection of user attitudes corresponds directly to the stochastic selectionof topics in the

document case.In the dyadic model a document is represented asa distribution over top-

ics P(Z j� ). A word is generatedby stochastically selectinga topic z, and then selecting

a word accordingto the distribution P(WjZ = z). In this casethe empirical distribution

of words generatedfor a particular document will re
ect the distribution over topics for

that document. In the URP model, the distribution over userattitudes will be re
ected

in the rating pro�le as a whole, but not in the choice of rating value for any particular

item. This is disappointing becauseintuitiv ely we expect that di�eren t user attitudes

interact to determinea rating for each item.

The network structure of the attitude model can be seenin �gure 7.8. Instead of a

distribution over attitude valuesor usertypes,the attitude model hasa set of marginally

independent attitude nodeslabeledAk with a factorial prior distribution parameterized

by � asseenin equation7.39. The latent spacedescriptionof a useris a vector of attitude

expressionlevelsau = (a1; :::; ak). Note that this vector doesnot represent a distribution

sothe attitudes Ak can take on di�eren t expressionlevelsak independently of each other.

P(A = au j� ) =
KY

k=1

P(Ak = au
k j� ) (7.39)

Each attitude Ak hasassociatedwith it a setof real valuedpreferenceparameters� vyk .

Thesecan be thought of asparametersof a distribution over rating valuesfor each item;

however, they are not the parametersof an actual multinomial distribution over ratings.

We can obtain the parametersof corresponding multinomial distribution over ratings

using the softmax function obtaining P(Ry = vjk) = exp(� vyk)=
P

v0 � v0yk . This choiceof

parameterizationwasmadebecauseit avoids the useof constrainedoptimization that is

neededto �t multinomial parametersdirectly. Given a particular expressionlevel ak for

attitude Ak , the distribution over ratings for a particular item y is de�ned accordingto
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Figure 7.8: The attitude model.

equation 7.40. Given an attitude vector au, the probability of rating value v for item y

is a product of attitude expressionlevels and preferenceparametersas seenin equation

7.41. Given an attitude vector au, the probability of a rating pro�le r u with unobserved

ratings is shown in equation 7.42. We de�ne su
y =

P V
v=1 � (r u

y ; v) to simplify the notation.

Lastly, the joint probability of observinga user pro�le r u and an attitude vector au is

given in equation 7.43

P(Ry = vjAk = au
k ; � ) =

exp(au
k � vyk)

P V
v0=1 exp(au

k � v0ik )
(7.40)

P(Ry = vjA = au; � ) =
Q K

k=1 P(Ry = vjAk = au
k )

P V
v0=1

Q K
k=1 P(Ry = v0jAk = au

k )

=
exp(

P K
k=1 au

k � vyk)
P V

v0=1 exp(
P K

k=1 au
k � v0ik )

(7.41)

P(R = r u jAu; � ) =
MY

y=1

Q V
v=1 exp(

P K
k=1 au

k � vyk)� (r u
y ;v)

P V
v0=1 exp(

P K
k=1 au

k � v0ik )su
y

(7.42)

P(R = r u; Au j� ; � ) =
KY

k=1

P(Ak = au
k j� )

MY

y=1

Q V
v=1 exp(

P K
k=1 au

k � vyk)� (r u
y ;v)

P V
v0=1 exp(

P K
k=1 au

k � v0ik )su
y

(7.43)

This is a novel approach for collaborative �ltering, and is quite distinct from the

mixture models we have described to this point. As we have mentioned, the URP and

aspect models employ stochastic selectionof user attitudes to generateratings, while

the attitude model allows every user attitude to in
uence every rating. In the stochas-

tic selectioncasewe would expect preferencepatterns to be learnedcompetitiv ely, and
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that each userattitude would attempt to explain the ratings for all items. On the other

hand, we would expect the preferencepatterns in the attitude model to be learnedco-

operatively. A particular userattitude k can have no opinion about a certain item y by

learning a set of � vyk that areapproximately uniform over the rangeof v. This may allow

di�eren t attitudes to specializeto a subsetof the items, leading to a more e�cien t use

of parameters.

7.5.1 Variational Appro ximation and Free Energy

As with the URP model, exact inferenceis intractable due to a sum over all attitude ex-

pressionvectorsof length k. We assumea factorial q-distribution for the hidden attitude

nodesas shown in equation 7.44. In the caseof attitudes with binary expressionlevels,

q(Ak = 1j� u
k ) = � u

k and q(Ak = 0j� u
k ) = 1� � u

k . In the caseof moregeneralinteger-valued

attitudes, a Poissondistribution with mean� u
k would be appropriate for q(Ak = aj� u

k ).

q(A = au jR = r u; � ) =
KY

k=1

q(Ak = au
k j� k) (7.44)

We derive the free energy of the attitude model F [�; � ; � ] = Eq[logP(r ; aj� ; � )] +

H [q(ajr ; � )] without assumingparticular formsfor the distributions P(A k j� k) andq(Ak j� k).

Later this will allow us to easily derive learning algorithms for an attitude model with

binary expressionlevels, as well as an attitude model with integer valued expression

levels.

Expanding the �rst term of the free energy and then taking the expectation with

respect to the q-distribution yields equation 7.45.

logP(r ; aj� ; � ) =
NX

u=1

(log P(r u jau; � ) + logP(au j� ))

=
NX

u=1

MX

y=1

VX

v=1

� (r u
y ; v)

KX

k=1

au
k � vyk �

NX

u=1

MX

y=1

su
y log

 VX

v=1

exp(
KX
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au
k � vyk)

!
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X
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KX

k=1

logP(Ak = au
k j� k)
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To complete the derivation of the free energy we expand the entropy term obtaining

equation 7.46.

logq(aj� ) =
KX

k=1

logq(Ak = au
k j� u

k )

Eq[logq(Au jRu; � )] =
KX

k=1

Eq[logq(Au
k = ak j� u

k )] (7.46)

Combining thesequantities we obtain the generalform of the attitude model freeenergy

function as seenin equation 7.47.
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Weobtain lower boundon the freeenergy ~F [�; � ; � ] � F [�; � ; � ] which is easierto work

with by applying Jensen'sinequality to the secondterm in 7.47. A further simpli�cation

is obtained by noting that the Ak are marginally independent and thus the expected

value of their product is equal to the product of their expectedvalues.

~F [�; � ; � ] =
NX

u=1

MX

y=1

VX

v=1

� (r u
y ; v)

KX

k=1

� u
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NX
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MX
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su
y log

VX
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Eq[exp(Au
k � vyk)]

+
NX

u=1

KX

k=1

Eq[logP(Au
k = au

k j� k)] �
NX

u=1

KX

k=1

Eq[logq(Au
k = au

k j� u
k )] (7.48)

7.5.2 Learning

We begin the development of a learning algorithm for the attitude model by �nding

the derivatives of the bound on the free energy ~F [�; � ; � ] with respect to the model
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parameters� vyk and � k , as well as the variational parameters� u
k . We will later usethe

generalderivatives found here to develop model �tting proceduresfor both binary and

integer attitude models. We de�ne intermediate variables 
 u
vyk and � u

vy to simplify the

derivative equations:


 u
vyk = Eq[exp(au

k � vyk)] � u
vy =

KY

k=1
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(7.50)

@~F [�; � ; � ]
@� k

=
NX

u=1

@
@� l

Eq[logP(au
k j� k)] (7.51)

Learning now reducesto the problem of performing gradient ascent to maximize the

free energy of the model ~F [�; � ; � ]. As we will seein subsequent sections,somecare

must be taken in maximizing the free energybecausesomeof the variational and model

parametersare constrainedunder di�eren t distributions. Learning will thus require the

useof an iterativ e, constrainedoptimization procedure.

7.5.3 Rating Prediction

Prediction with the attitude model is much more computationally intensive than in the

other models studies to this point, including the URP model. In this subsectionwe
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de�ne the generalprediction equation for the attitude model, and explain how it can be

approximated. In later subsectionswe show how the prediction equation specializesto

the binary and integer attitude models. The probability that a given item y will have

rating v given a userpro�le r u is shown in equation 7.52

P(Ry = vjR = r u) =
X

a
P(Ry = vjA = a)P(A = ajR = r u)

�
X

a

exp(
P K

k=1 ak � vyk)
P V

v0=1 exp(
P K

k=1 ak � vyk)
q(A = ajR = r u)

=
X

a

exp(
P K

k=1 ak � vyk)
P V

v0=1 exp(
P K

k=1 ak � v0yk)

KY

k=1

P(Ak = ak j� u
k ) (7.52)

It is important to note two facts about the expressiongiven above. First, we have

appealedto the variational approximation P(A = ajR = r u) � q(A = aj� ). This means

that to computeP(Ry = vjR = r u), we must �rst perform variational inferenceto obtain

estimatesof the variational parameters� u
k . However, this only needsto be doneoncein

order to make predictionsfor all unknown items. Second,the sumover a is a sumover all

possibleattitude vectorsof length K . In the binary casethe number of attitude vectors

is exponential in the number of attitudes, K . In the integer casethe number of possible

attitude vectorsis in�nite. To preserve computational tractabilit y in either caserequires

that the true value of P(Ry = vjR = r u) be approximated by samplinga relatively small

number of attitudes vectorsa.

7.5.4 Binary A ttitude Mo del

In this subsectionwe derive a model �tting procedureassumingbinary attitude expres-

sion. In this casethe prior distribution on the Ak is Bernoulli. We have P(Ak = 1) = � k

and P(Ak = 0) = 1 � � k . We de�nes the q-distribution to be Bernoulli as well. The

q-distribution hasthe form q(Ak = 1j� u
k ) = � u

k and q(Au
k = 0j� u

k ) = 1� � u
k . The interme-

diate variables
 u
vyk and � u

vy as well as their derivativesare shown below.


 u
vyk = Eq[exp(au

k � vyk)] = � u
k exp(� vyk) + 1 � � u

k
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= � u
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To derive a variational learning algorithm for the binary attitude model we must �nd

the gradient of ~F [�; � ; � ] with respect to the model parameters� vyk and � k , as well as

the variational parameters� u
k . This is easily accomplishedby substituting the valuesof

the intermediate variablesand their derivativesinto equations7.49 to 7.51.

@~F B [�; � ; � ]
@� u

k
=

MX

y=1

VX

v=1

� (r u
y ; v)� vyk + log(� k) � log(1 � � k) � log(� u

k ) + log(1 � � u
k )

�
MX

y=1

su
y (

VX

v0=1

� vy
(exp(� vyk) � 1)

� u
k (exp(� vyk) � 1) + 1

=(
VX

v=1

� vy) (7.53)

@~F B [�; � ; � ]
@� vyk

=
NX

u=1

� (r u
y ; v)� u

k �
NX

u=1

su
k

� u
k exp(� vyk)

� u
k (exp(� vyk) � 1) + 1

� u
vy

P V
v0=1 � u

vy

(7.54)

@~F [�; � ; � ]
@� k

= � k �
1
N

NX

u=1

� u
k (7.55)

As we noted previously analytical updates for � vyk , and � u
k can not be found due

to coupling of parametersin their respective gradient equations. We must thus resort

to iterativ e optimization techniquesfor learning. In the binary attitude model the � vyk

parametersare unconstrained,but � u
k parametersrepresent Bernoulli probabilities and

are constrainedto lie within the interval [0; 1].

A number of optimization methods exist for iterativ ely solving box constrainedopti-

mization problems. However, sincethe number of usersin a collaborative �ltering data

set rangesfrom tens of thousandsto hundredsof thousandsand the number of attitude

variablesmay be on the order of hundreds,clearly any method relying on secondderiva-

tiv es will be computationally intractable. Two methods that rely only on �rst order

derivatives are the log-barrier method, and the projected gradient method [4, p. 76].



Chapter 7. Pr obabilistic Rating Models 90

Input: � , � , r , I
Output: �

Initialize � . �  1. Compute s.
for t = 1 to I do

for k = 1 to K do
dk  

P M
y=1

P V
v=1 � (r y; v)� vyk + log(� k) � log(1 � � k) � log(� k)

+ log(1 � � k) �
P M

y=1 sy(
P V

v0=1 � vy
(exp(� v y k )� 1)

� k (exp(� v y k )� 1)+1 =(
P V

v=1 � vy)

while ( ~F B
u [P(� � � d); � ; � ] > ~F B

u [�; � ; � ]) do
�  ��

end while
�  P(� � � d)

end for
end for

Algorithm 7.11: AttBin-V arInf

The log-barrier method is well known to exhibit extremely slow convergencein most

cases.The projected gradient method is a modi�cation of regular gradient descent. The

method hasan extremely simply form for problemswhereeach variable x i is constrained

to lie in the interval [lbi ; ubi ]. In this caseThe projected gradient method replacesthe

standard gradient descent step x t+1 = x t � � t r f (x t ) with the projected gradient step

x t+1 = P(x t � � r f (x t )) where P(x) is the projection function. For box constrained

problemsP(x) i = median(lbi ; x i ; ubi ) [4, p. 92]. To ensureconvergencethe step size� t

must be chosenby an inexact line search procedurewhich satis�es su�cien t decreaseand

curvature conditions. A backtracking line search is particularly easyto implement.

We obtain a variational inference procedure by iterativ ely maximizing ~F B [�; � ; � ]

with respect to � using the projected gradient method. It is important to note that

while the � u parametersare coupledfor each user, they are not coupledacross users. It

is thus natural to de�ne a per userobjective function ~F B
u [� u; � ; � ] such that ~F B [�; � ; � ] =

P N
u=1

~F B
u [� u; � ; � ]. We summarizethe resulting variational inferenceprocedurein algo-

rithm 7.11. � is a parameter that controls the speedof backtracking in the line search.

Its value must satisfy 0 < � < 1
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Input: f r ug, K
Output: � , �

Initialize � , � . �  1. Compute s.
while ( ~F B [�; � ; � ] Not Converged)do

for u = 1 to N do
� u  AttBin-V arInf(� ; �; r ; H (u))

end for
for v = 1 to V, y = 1 to M , k = 1 to K do

dvyk  
P N

u=1 � (r u
y ; v)� u

k �
P N

u=1 su
k

� u
k exp(� v y k )

� u
k (exp( � v y k )� 1)+1

� u
v yP V

v 0=1
� u

v y

end for
while ( ~F B [�; � ; � � � d] > ~F B [�; � ; � ]) do

�  ��
end while
�  � � � d
for k = 1 to K do

� k  1
N

P N
u=1 � u

k
end for

end while

Algorithm 7.12: AttBin-Learn

An iterativ e procedurefor learning the parameters� vyk and � k of the binary attitude

model can now be de�ned. The � vyk parametersare unconstrained,sostandard gradient

descent with line search can be used. The � k parametershave an analytic update. We

give the model �tting procedurein algorithm 7.12. Lastly, we give the prediction equa-

tions for the binary attitude model. Recall that in the binary casethe q-distribution is

given by q(Ak = ak j� u
k ) = ak � u

k + (1 � ak)(1 � � u
k ). To make predictions for any userwe

must �rst apply the variational inferencealgorithm to compute the valuesof the varia-

tional parameters. As mentioned previously, computing the distribution P(Ry jR = r u)

is intractable even when the variational approximation is used. This is becausethe com-

putation involvesa sum over all binary vectorsof length K . To overcomethis problem,

we compute an approximation to the true prediction distribution by sampling attitude

vectorsaccordingto their probability under the q-distribution. Luckily, the attitudes are

marginally independent sosamplingan attitude vector reducesto independently sampling
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I nput: r a, � , �
Output: r̂ a

�  AttBin-V arInf(� ; �; r a; H (a))
for s = 1 to S do

Sampleas from Bernoulli(� )
end for
for y = 1 to M do

for v = 1 to V do
pv  

P S
s=1

exp(
P K

k =1
as

k � v y k )
P V

v 0=1
exp(

P K
k =1

as
k � v y k )

Q K
k=1 (as

k � k + (1 � as
k)(1 � � k))

end for
p  pP V

v =1
pv

r̂ a
y  median(p)

end for

Algorithm 7.13: AttBin-Predict

each component. We give a completeprediction method in algorithm 7.13.

P(Ry = vjR = r u) �
X

a

exp(
P K

k=1 ak � vyk)
P V

v0=1 exp(
P K

k=1 ak � vyk)

KY

k=1

(ak � u
k + (1 � ak)(1 � � u

k ))

�
P s(Ry = vjR = r u)

P V
v0=1 P s(Ry = v0jR = r u)

P s(Ry = vjR = r u) =
SX

s=1

exp(
P K

k=1 as
k � vyk)

P V
v0=1 exp(

P K
k=1 as

k � vyk)

KY

k=1

(as
k � u

k + (1 � as
k)(1 � � u

k ))

7.5.5 In teger A ttitude Mo del

In this sectionwe derive a model �tting procedureassuminginteger attitude expression.

In this casewe assumea Poissonprior distribution on the Ak such that P(Au
k = aj� ) =

exp(� � k)� a
k =a!, as well as a Poissonq-distribution q(Au

k = aj� ) = exp(� � k)� a
k=a!. The

intermediate variables
 u
vyk and � u

vy as well as their derivativesare shown below.


 u
vyk = exp[� u

k (exp(� vyk) � 1)]

� u
vy =

KY

k=1

exp[� u
k (exp(� vyk) � 1)]

@
 u
vyk

@� k
= 
 u

vyk(exp(� vyk) � 1)

@
 u
vyk

@� vyk
= 
 u

vyk � u
k exp(� vyk)
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To derive a variational model �tting algorithm for the integerattitude model we need

the gradient of the total free energywith respect to the model parameters� vyk and � k ,

as well as the variational parameters� u
k . Again we simply substitute the valuesof the

intermediate variablesand their derivativesinto equations7.49 to 7.51.

@~F [�; � ; � ]
@� u

k
=

MX

y=1

VX

v=1

� (r u
y ; v)� vyk + log(� k) � log(� u

k ) �
MX

y=1

su
y

P V
v=1 [exp(� vyk) � 1]� u

vk
P V

v=1 � u
vk

(7.56)
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NX
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su
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(7.57)

@~F [�; � ; � ]
@� k

= � k �
1
N

NX

u=1

� u
k (7.58)

As in the binary case,analytical updates for � vyk , and � u
k can not be found due

to coupling of parameters in their respective gradient equations. We again resort to

iterativ e optimization techniquesfor model �tting. In the integer attitude model the � u
l

parametersrepresent the meanof a poissondistribution over integer attitude expression

levels, and are thus constrainedto lie in the interval [0; 1 ). This type of optimization

problem is also consideredto be box constrained, and the projected gradient method

described in previous sub-sectioncan be applied without modi�cation. In the Poisson

caselbu
k is set to 0 for all k and u, while ubu

k is set to 1 . The � vyk parametersremain

unconstrainedand � k parametershave the sameanalytical update as in the binary case.

Wegive the variational inferencemethod for the integerattitude model in algorithm 7.14,

followed by a model �tting procedurein algorithm 7.15.

Lastly, we give the prediction equationsfor the integer attitude model. Recall that

in the integer casethe q-distribution is given by q(Ak = ak j� u
k ) = exp(� � u

k )( � u
k )ak =ak !.

To make predictions for any userwe must �rst apply the variational inferencealgorithm

to compute the valuesof the variational parameters. In the integer casethe calculation

of the prediction distribution P(Ry jR = r u) is clearly intractable becauseit involves a

sum over all integer valued vectorsof length K . However, we can still approximate the
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Input: � , � , r , I
Output: �

Initialize � . �  1. Compute s.
for t = 1 to I do

for k = 1 to K do
dk  

P M
y=1

P V
v=1 � (r y; v)� vyk + log(� k) � log(� k)

�
P M

y=1 sy

P V
v =1

[exp( � v y k )� 1]� v kP V
v =1

� v k

while ( ~F I
u [P(� � � d); � ; � ] > ~F I

u [�; � ; � ]) do
�  ��

end while
�  P(� � � d)

end for
end for

Algorithm 7.14: AttIn t-VarInf

prediction distribution. In the integer casethe attitudes are marginally independent so

samplingan attitude vector reducesto independently samplingeach component asin the

binary case. Sampling the components is slightly more complicated than in the binary

casebecausethe q-distribution is Poissonand not Bernoulli.

P(Ry = vjR = r u) �
X

A

exp(
P K

k=1 ak � vyk)
P V

v0=1 exp(
P K
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k=1
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k )( � u

k )ak =ak !

�
P s(Ry = vjR = r u)

P V
v0=1 P s(Ry = v0jR = r u)

P s(Ry = vjR = r u) =
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s=1

exp(
P K

k=1 as
k � vyk)

P V
v0=1 exp(

P K
k=1 as

k � vyk)

KY

k=1

exp(� � u
k )( � u

k )as
k =as

k !

7.5.6 Complexit y

The computational and spacecomplexity of the binary and integer attitude models are

asymptotically equivalent. The complexity of computing the per-userfree energyfunc-

tion is O(M K V). The backtracking phaseof the variational inferencemethod thus has

computational complexity O(I 1M K V) whereI 1 is a bound on the number of backtrack-

ing iterations neededto ensurea decreasein the freeenergyfunction. By preservingthe
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Input: f r ug, K
Output: � , �

Initialize � , � . �  1. Compute s.
while ( ~F I [�; � ; � ] Not Converged)do

for u = 1 to N do
� u  AttIn t-VarInf(� ; �; r ; H (u))

end for
for v = 1 to V, y = 1 to M , k = 1 to K do

dvyk  
P N

u=1 � (r u
y ; v)� u

k �
P N

u=1 su
y

� u
k exp(� v y k )� u

v yP 0
v

� u
v 0y

end for
while ( ~F I [�; � ; � � � d] > ~F I [�; � ; � ]) do

�  ��
end while
�  � � � d
for k = 1 to K do

� k  1
N

P N
u=1 � u

k
end for

end while

Algorithm 7.15: AttIn t-Learn

value of � for each user betweencalls to variational inferencemethod, I 1 is observed to

drop to 1 on averageas the learning method progresses.The cost of computing the gra-

dient with respect to � u is O(M VK ). The total complexity of the variational inference

method is thus O(I 2I 1M VK ) where I 2 is a bound on the number of iterations needed

for the objective function to converge. In the implementation a hard limit of �v e steps

was imposedto control computation time.

The learning method is also an iterativ e optimization algorithm. In each step the

variational inferencealgorithm is run for each userto update the � valuesat a total costof

O(I 2I 1N M VK ). The gradient with respect to � is alsocomputedat a costof O(N M VK ).

If a full line search is usedto update � aswe suggest,the backtracking procedurerequires

O(I 3N M VK ), whereI 3 is a boundon the number of backtracking iterations. The valueof

I 3 wasalsoobserved to go to 1 on averageasthe number of optimization stepsincreased.

The cost of updating � is negligible at O(N K ). The total computational complexity of
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I nput: r a, � , �
Output: r̂ a

�  AttIn t-VarInf(� ; �; r a; H (u))
for s = 1 to S do

Sampleas from Poisson(� )
end for
for y = 1 to M do

for v = 1 to V do
pv  

P S
s=1

exp(
P K

k =1
as

k � v y k )
P V

v 0=1
exp(

P K
k =1

as
k � v y k )

Q K
k=1 exp(� � k)( � k)as

k =as
k !

end for
p  pP V

v =1
pv

r̂ a
y  medianp

end for

Algorithm 7.16: AttIn t-Predict

the learning algorithm is thus O(I 4I 2I 1N M VK + I 4I 3N M VK ), whereI 4 is a bound on

the number of iterations of the learning algorithm neededto obtain convergenceof the

total free energy function. Again, a hard limit of 50 iterations was imposedto control

computation time. The spacecomplexity of the learnedrepresentation is similar to the

other probabilistic modelswe have investigatedrequiring M VK + K parameters.

The prediction method �rst call the variational inferenceprocedureto compute � a

for the active user at a cost of O(I 2I 1M VK ). Next, the rating distributions for each

item are computed using S samplesat a cost of SM VK . This givesa total prediction

complexity of O(I 2I 1M VK + SM VK ).

7.5.7 Results

The AttBin-Learn and AttBin-Predict methods described in algorithms 7.12 and 7.13

wereimplemented, and testedfor both their strong and weakgeneralizationperformance.

EachMovie was tested using 5, 10, and 20 attitudes. MovieLenswas also tested using 5,

10, and 20 attitudes. The results are presented in tables 7.7, and 7.8.

Like with the URP model, the attitude model is very sensitive to the initial values
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for the variational parameters � and the model parameters � . Random initialization

of theseparameterslead to fairly poor results in preliminary testing. An initialization

schemewasadoptedwherethe attitude model was �t to a random subsetof the training

usersfor several iterations. At the end of the initialization phasethe learned � values

wereretained, the � valueswerereinitialized randomly for all training users,and the full

training phasewas started.

Prediction performanceis alsohighly sensitive to the stepsizeparametersusedin the

line search proceduresfor optimizing � . The line search proceduresensurethat the free

energydecreasesmonotonically to convergenceregardlessof the settings of the learning

parameters,but somesolutions are clearly of higher quality than others. Setting the

initial step size too high in the variational inferenceprocedurewill causethe � vectors

for many usersto immediately jump very closeto the extremevalues0 and 1. This tends

to lead to parameterswith poor predictive abilit y. A fair amount of experimentation is

neededto obtain reasonableinitial step sizesfor each data set.

Due to the complexity of the attitude model learning procedure,the completeEach-

Movie training data setsEMWeak1,EMWeak2,and EMWeak3werenot usedfor exper-

imentation. Instead, a random sampleof 5000userswas drawn from each of thesedata

sets,and the model was trained on each random sample. Of course,the �nal prediction

error on the weak data setswas calculatedusing all training users.

Table 7.7: AttBin-Predict: EachMovie Results
K = 5 K = 10 K = 20

Weak 0:4803� 0:0023 0:4664� 0:0030 0:4520� 0:0016
Strong 0:4785� 0:0024 0:4601� 0:0043 0:4550� 0:0023

Table 7.8: AttBin-Predict: MovieLensResults
K = 5 K = 10 K = 20

Weak 0:4384� 0:0060 0:4320� 0:0055 0:4338� 0:0034
Strong 0:4400� 0:0086 0:4375� 0:0028 0:4400� 0:0082



Chapter 8

Comparison of Metho ds

In this chapter we present a comparisonof ratings prediction methods. We have im-

plemented a total of nine methods including a classicalPearsoncorrelation K nearest

neighbor regressionmethod (PKNN), a naive Bayesclassi�cation method (NBClass), a

K-Medians clustering method (K-Medians), the wighted singular value decomposition

method (wSVD), a simple multinomial model (Multi), a mixture of multinomials model

(MixMulti), the vector aspect model (Aspect), the userrating pro�le model (URP), and

the binary attitude model (Attitude).

For each model we give the computational complexity of the learning and prediction

algorithms, aswell asthe spacecomplexity of the representation learnedby each method.

We also report the mean weak and strong generalizationerror rates achieved by each

method on each data set. For methods with a complexity parameter K , we report the

lowest meanerror rate achieved by the settings of K we have tested.

8.1 Complexit y

From a strict complexity-basedpoint of view, the most attractiv e feature of rating pre-

diction method are a non-iterative prediction algorithm, prediction complexity that is

independent of the number of users, reasonablelearning complexity, and a compact

98
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Table 8.1: Computational Complexity Of Learning and Prediction Methods

Method Learning Prediction
PKNN O(1) O(N M + N logN + K M )
NBClass O(N M 2V 2 + M 2 logM ) O(M VK )
K-Medians O(I N M K ) O(M K )
wSVD O(I N M 2 + I M 3) O(I K M )
Multi O(N M V) O(1)
MixMulti O(I N M VK ) O(M VK )
Aspect O(I N M VK ) O(M VK )
URP O(I 1I 2N M VK ) O(I 1M VK )
Attitude O(I 4I 2I 1N M VK + I 4I 3N M VK ) O(I 2I 1M VK + SM VK )
N : #users M : #items V: #rating valuesI : #iterations S: #samples K : complexity

learnedrepresentation.

The computational complexity of each learning and rating prediction method is given

in table 8.1. The learningmethod with the lowestcomputational complexity is the neigh-

borhood method PKNN-Learn. As an instancebasedmethod, PKNN-Learn simply stores

all training pro�les in the learning step. However, the complexity of the PKNN-Predict

method is O(N M + N logN + K M ), making it the only method with prediction complex-

it y that scaleswith the number of usersN . On the other hand, the multinomial model

learning method Multi-Learn scaleslinearly with the number of users,but the prediction

method Multi-Predict has a computation time of O(1). Thesetwo methods illustrate a

fundamental tradeo� in computational complexity between the learning algorithm and

the prediction algorithm. From a systemsstandpoint it is much more desirableto trade-

o� higher learning time for lower prediction time. Learning can be done o�ine, while

prediction must bedoneonline, and often in real time for Internet-basedrecommendation

services.The remainderof the methods we have studied fall somewherein betweenthese

two. All learning methods other than PKNN-Learn scalelinearly with respect to the

number of usersN , while all prediction methods other than Multi-Predict scalelinearly

with the number of items M .

The methods which perform clustering, dimensionality reduction, and learn proba-
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bilistic latent variable model all require iterativ e learning procedures. The computa-

tional complexity of these methods all depend on the number of iterations neededfor

an objective function to converge. The K-medians clustering method Kmedians-Learn

reliably convergedfrom random initializations in approximately 20 iterations at a cost

of O(N M K ) per iteration. The MixMulti-Learn and Aspect-Learnalgorithms alsocon-

vergedvery reliably from random initializations in approximately 30 iterations both at a

cost of O(N M VK ) per iteration.

Running the URP-Learn algorithm with a randomly initialized set of parameters

resulted in extremely unreliable convergenceregardlessof the number of steps used.

However, when initialized with learned parametersfrom a multinomial mixture model,

URP-Learn would reliably converge in approximately 10 iterations. URP-Learn is a

doubly iterativ e algorithm sincethe variational inferencemethod for the model is itself

iterativ e. While theory dictates that the variational inferencealgorithm should also be

run to convergence,limits proportional to the number of observed ratings in each user

pro�le were imposed.

The two learning methods that exhibited the greatestnumber of iterations to yield

reasonableresults were the wSVD-Learn method, and the Attitude-Learn method. In

the caseof the wSVD-Learn method, convergenceis known to be slow in the zero/one

weight case. This condition is further aggravated by the extreme sparsity of the rating

data. A limit of 100iterations was imposedto control the total computation time of the

experiments; however, the method was still making slow but steady progressat the end

of theseiterations in all cases.Better results may be obtained using a greater number

of iterations, but this simply is not practical due to the O(N M 2 + M 3) computational

complexity of each iteration.

The attitude model is triply iterativ e, which makes it one of the slowest learning

methods. A limit of 50 iterations was imposed on the learning method. A limit of

5 iterations was imposedon the variational inferencemethod for each user. The line
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Table 8.2: SpaceComplexity of LearnedRepresentation
Method SpaceComplexity of LearnedRepresentation
PKNN N M
NBClass M V 2K + M V
K-Medians M K
wSVD M K + K
Multi M V
MixMulti M VK + K
Aspect M VK + N K
URP M VK + K
Attitude M VK + K
N : #users M : #items V: #rating valuesK : complexity

search procedureswere permitted to backtrack until the step size fell below 10� 5. The

method yields excellent performancewithin these computational limits, but allowing

moreiterations would likely result in improvedperformance.Wenote that a major factor

a�ecting the quality of the solution is the choiceof initial step length and backtracking

parametersfor the line search proceduresemployedby the method. Small valuesfor both

quantities will yield good solutions,but increasetime to convergenceand the number of

backtracking steps. A large initial step length decreasestime to convergence,but results

in a poor model.

The majorit y of the prediction methods have �xed computational complexity, ex-

cept for wSVD-Predict, URP-Predict, and AttBin-Predict. The per-iteration cost of the

wSVD method is O(K M ), which is fairly low. However, a relatively largenumber of iter-

ations is needed,and a limit of 100iterations was imposed.The per-iteration cost of the

URP-Predict method is alsoquite low at O(M VK ). A number of iterations proportional

to the number of observed ratings was usedin practice. The AttBin-Predict algorithm

contains both a doubly iterativ e variational inferencestep and a sampling step, which

make it the slowest prediction method. Even with the largest number of possiblebinary

attitude con�gurations tested, 220, the prediction method yields excellent results based

on only 200 samples. This is due to the fact that for most usersthe mean � u
k of the

Bernoulli distribution for most attitudes k is closeto either 0 or 1.
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In termsof spacecomplexity of the learnedrepresentation, the multinomial model and

the K-Medians cluster prototypesare approximately tied for the most compact learned

representation. The two methods with the largest learnedrepresentation are the PKNN

method and the vector aspect model. The PKNN method takes spaceproportional to

N M , or morecorrectly, the total number of observed ratings in the training data. This is

not surprisingsincePKNN is an instancebasedlearningmethod: learningsimply consists

of storing the train data. On the other hand, the vector aspect model actually learnsa

representation of the data that grows linearly with the number of user in the training

set. This is an artifact of a probabilistic model with a generative processcontaining

incomplete semantics. This particular problem, along with several others, is solved by

the URP model which learnsa representation of sizeM VK + K .

Only two of the nine methodswehavestudiedsatisfy all the complexity-basedcriteria

we have outlined. K-Medians clustering method has a simple, non-iterative prediction

method of complexity O(M K ), learning complexity of O(N M K ), and M K model pa-

rameters. The mixture of multinomials method involves calculations with distribution

over ratings, so naturally the number of rating valuesenters into the complexity of the

method. The mixture of multinomials prediction method is noniterative due to the fact

that inferencein the model is simpleand exact. The prediction complexity is O(M VK ).

The complexity of learning is O(N M VK ), while the number of parametersin the model

is O(M VK ).

8.2 Prediction Accuracy

In terms of prediction performance,the goalof any rating prediction method is to obtain

the lowest possible prediction error. We have introduced two separateexperimental

protocols to evaluate prediction performance. The weak generalizationprotocol tests a

method's abilit y to generalizeto new items for the usersit was trained on. The strong
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Table 8.3: EachMovie: Prediction Results
Method Weak Comp Weak NMAE Strong Comp Strong NMAE
PKNN 1 0:4886� 0:0014 1 0:4933� 0:0006
NBClass 20 0:5258� 0:0022 100 0:5295� 0:0047
K-Medians 20 0:4631� 0:0015 20 0:4688� 0:0012
wSVD 20 0:4562� 0:0032 20 0:4672� 0:0012
Multi 1 0:5383� 0:0022 1 0:5446� 0:0029
MixMulti 30 0:4557� 0:0012 30 0:4573� 0:0007
Aspect 30 0:4573� 0:0007 N/A N/A
URP 30 0:4422� 0:0008 30 0:4557� 0:0008
Attitude 20 0:4520� 0:0016 20 0:4550� 0:0023

Table 8.4: MovieLens: Prediction Results
Method Weak Comp Weak NMAE Strong Comp Strong NMAE
PKNN 1 0:4539� 0:0010 1 0:4621� 0:0022
NBClass 1 0:4803� 0:0027 10 0:4831� 0:0052
K-Medians 5 0:4495� 0:0027 20 0:4556� 0:0013
wSVD 10 0:4886� 0:0065 8 0:4710� 0:0042
Multi 1 0:4694� 0:0020 1 0:4746� 0:0035
MixMulti 4 0:4444� 0:0007 6 0:4383� 0:0048
Aspect 10 0:4339� 0:0023 N/A N/A
URP 6 0:4341� 0:0023 6 0:4444� 0:0032
Attitude 10 0:4320� 0:0055 10 0:4375� 0:0028

generalizationprotocol tests the abilit y of a method to generalizeto completely novel

userpro�les.

While the weakgeneralizationprotocol hastypically beenusedto evaluate rating pre-

diction methods, the strong generalizationresults give a better indication of a method's

onlineperformance.In an onlinecontext it is not practical to re-learna model whenever a

newrating is received, or a newrating pro�le is created. Insteada model is applied that,

having beentrained at sometime in the past, was trained without completeknowledge

of the current set of userpro�les. This situation arisesoften in Internet recommendation

services,making strong generalizationperformancemost relevant for that application

area.

For methodswith a model sizeparameterK , wehaveconductedexperiments testing a

rangeof valuesof K . For each method and each setting of the model sizeparameter,each
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experimental procedurewas carried out using three partitions of the available data for

each data set. Wereport the lowestnormalizedmeanabsoluteerror rate attained by each

method along with the corresponding standard error value (NMAE), and the number of

components at which the lowest error rate wasobtained (Comp). We present results for

the weak and strong generalizationperformanceof each method on the EachMovie data

set in table 8.2. We present resultsfor the weakand strong generalizationperformanceof

each method on the MovieLensdata set in table 8.3. In addition, we present bar charts

of weakand strong generalizationerror in �gures 8.1 to 8.4. We have ranked the methods

along the horizontal axis from highest to lowest meanNMAE.

The performanceof a rangePearsoncorrelation neighborhood methods haslong been

established.Our version,the PKNN method, consistently obtains better error rates than

the multinomial model, but is consistently worsethan the specializedprobabilistic models

and the K-mediansmethod. All of the model-basedmethods learn representations of the

data that aremorecompactthan the instance-basedPKNN method, and have prediction

complexitiesnot directly dependant on the number of usersN .

The naive Bayesclassi�cation method is quite clearly a failure. In two casesit per-

forms only slightly better than the baselinemultinomial model, and in two caseit per-

formsslightly worse. This is an interestingresult becauseif a givenuserhasnot rated any

of the feature items for a givenclassitem, the naive Bayesmodel reverts to a multinomial

model for that item. Thus in the worst caseweshouldexpect the error of the multinomial

model to upper bound the error of the naive Bayesclassi�cation method. The fact that

this doesn't hold indicates that someselectedfeature items or combinations of feature

items actually result in decreased performance. The performanceof this method could

likely be improved by exploring an approach to feature selectionthat would incremen-

tally selectfeature items only if they resulted in an increasein prediction performance.

However, the added computational cost of such a learning method would probably not

be worth the resulting gain in performance.
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For a method basedon hard clustering, the K-Medians method performsmuch better

than expected. It achieves error rates comparablewith someof the specializedproba-

bilistic models using a very reasonablenumber of components. It also outperforms the

PKNN method by a signi�cant amount, while having far lower prediction complexity.

While not a top performer, taking the reliabilit y and speedof convergenceinto account

along with its excellent prediction complexity, the K-Medians method is amongthe top

\ligh t-weight" prediction methods we have studied. It is actually quite astonishingthat

early work on collaborative �ltering failed to popularize the use of standard clustering

methods for rating prediction given the performanceof thesemethods.

The performanceof the wSVD algorithm is quite interesting. On the EachMovie data

set,which hasa smallernumber of items than the MovieLensdata setby roughly half, the

wSVD method obtains error ratesvery closeto the specializedprobabilistic models. It is

amongthe top four methods with respect to both weak generalizationerror and strong

generalizationerror. On the smallerMovieLensdata set wSVD ranks amongthe bottom

three methods. It is the only method which exhibits such a decreasein performance

acrossthe two data sets. This would seemto indicate a drop in prediction performance

of the wSVD-Learn algorithm as the number of items increases.However, it may also

be the casethat wSVD actually over �ts on the training data due to the lower number

of user pro�les. The training error rates were observed to be much lower than the test

error rates at the end of the wSVD learning procedure,which would tend to support the

secondview. Further testing could not be carried out due again to the complexity of the

method.

The mixture of multinomials method performs better than expected. It ties the

Attitude model for best strong generalizationperformanceon the MovieLens data set,

and is top three on both EachMovie tasks. The mixture of multinomials model alsoserves

asa very usefulmethod for initializing the URP model, aswe have noted previously. The

availabilit y of simple, exact inferencecoupledwith good performancemakesthis model
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very well suited for usein an online context.

The vector aspect model achieves very good accuracy on the EachMovie data set

and ties with URP and the Attitude model for the best weakgeneralizationperformance

on the MovieLens data set. The structure and parameterization of the vector aspect

model imply that inferencecan not be performed in a principled manner for new user

pro�les. However, the interpretation of the vectoraspect model �tting procedurein terms

of an approximate, restricted �tting procedurefor the URP model in fact justi�es the

useof the heuristic \folding in" procedurefor inferencewith new users[29]. However,

this new perspective also makes it clear that the variational approximation method we

have proposedfor �tting the URP model is more accurate than the mixed MAP/ML

approximation. Thus, in terms of prediction accuracy, URP completely superseedsthe

vector aspect model.

The URP model obtains the lowest weakgeneralizationerror on the EachMovie data

set,and ties the attitude and multinomial mixture modelsfor loweststronggeneralization

error on the EachMovie data set. URP also placesin the top three on both MovieLens

tasks. Overall, the URP model is a close secondto the attitude model in terms of

prediction performance. However, it attains this performancelevel at a lower cost in

terms of both learning and prediction complexity.

Lastly, the binary attitude model achievesmeanerror rates lower than all the other

modelsin this study in three out of four experiments. This is an appealingresult because

the attitude model wasdesignedto havegenerativesemantics that aremorerealistic than

the stochastic selectionsemantics of the multinomial mixture, aspect, and URP models.

In the attitude model, all latent attitudes interact to determinethe rating for each user.

The more sophisticatedgenerative semantics result in more complex model �tting and

prediction procedures,but the result is a model that obtains the bestoverall performance

of any of the modelswe have studied.
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Figure 8.1: Comparisonof EachMovie weak generalizationperformance.
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Figure 8.2: Comparisonof EachMovie strong generalizationperformance.



Chapter 8. Comparison of Methods 108

wSVD NBClass Multi PKNN K-Medians MixMulti URP Aspect Attitude

0.4

0.42

0.44

0.46

0.48

0.5
MovieLens: Best Weak Generalization Results

N
M

A
E

0.00 

Figure 8.3: Comparisonof MovieLensweak generalizationperformance.
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Figure 8.4: Comparisonof MovieLensstrong generalizationperformance.



Chapter 9

Conclusions

We begin by summaryzingthe work contained in this thesis,outlining the main develop-

ments, and indicating the primary results. Next we adopt a broaderperspective, analyze

what we have accomplished,and indicate interesting directions for future research. Fi-

nally, we considerthe feasibility of scalingsomeof the methods we have proposedfor use

with large electronicdocument collectionssuch as the Web.

9.1 Summary

In the precedingchapterswehavepresented a comprehensivestudy of rating-based,pure,

non-sequential collaborative �ltering. We have given detailed descriptions and deriva-

tions for a variety of methods, shown their relationship to standard machine learning

algorithms, analyzedtheir computational and spacerequirements.

We show that the original GroupLensmethod is a modi�cation of the well known K

nearestneighbor classi�er. We introducea new application of the standard naive Bayes

classi�er to the task of rating prediction. We discussseveral rating prediction methods

basedon userclustering and introducea new method basedon the standard K -medians

clustering algorithm. We review dimensionality reduction techniquesincluding singular

value decomposition, weighted singular value decomposition, principal components anal-

109
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ysis, probabilistic principal components analysis, and factor analysis. We introduce a

new rating prediction technique for weighted singular value decomposition. In the area

of probabilistic models we review the multinomial model, the mixture of multinomials

mode, the aspect model, and the URP model. We also introduce the attitude model

family, a new family of product models for collaborative �ltering

We implement and analyze learning and prediction methods for a neighborhood

method, the naiveBayesclassi�cation method, the K -mediansclusteringmethod, weighted

singularvaluedecomposition, the multinomial model, the mixture of multinomials model,

the aspect model, the URP model, and the binary attitude model. We introducethe no-

tion of strong generalization as the abilit y of a learning method to correctly predict

ratings for novel user pro�les, pro�les other than those used for training. This is an

important form of generalizationfor rating prediction, which is especially relevant when

consideringthe online performanceof a prediction method. We introducean experimen-

tal protocol for assessingstrong generalizationto complement the existing protocols for

assessingweak generalization.

The primary result of this study hasbeenthe identi�cation of several newand promis-

ing rating prediction methods. The K mediansclustering method was found to exhibit

excellent rating prediction abilit y given its relative simplicity. It is an excellent candi-

date for use in an interactive recommendationservice. The attitude model family was

designedto have intuitiv e and appealing generative semantics for rating basedcollabo-

rative �ltering. While the binary attitude model exhibits the most complexlearning and

prediction methods, we have found that it achievesthe best overall prediction accuracy

of any of the methods we have studied.
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9.2 Future Work

In this section we consider possibledirections for future work. We discussthe work

left to be done with existing models, and consider removing someof the assumptions

underlying the development of thesemodels. We discussextending someof the models

we have studied to new formulations of collaborative �ltering. Lastly, we indicate other

application areaswhereour current techniquesand their extensionsmay be useful.

9.2.1 Existing Mo dels

Wehaveperformeda fairly comprehensiveevaluation of a wide rangeof models;however,

somework with existing models remains to be done. One of the main omissionsin our

set of methods wasprobabilistic principal components analysis. Weighted singular value

decomposition was selectedas a representativ e dimensionality reduction method due to

the fact that it had not beenextensively tested for collaborative �ltering. pPCA is an

intersting method in its own right. It has beentested by Canny on protocols and data

setscomparableto the EachMovie strong generalizationexperiment we have used,but

the error rate reported is equivalent to the error rate achieved by the multinomial model

in our tests. This is curiously poor given that simpleclusteringmethods achieve superior

performancein our tests. Experimentation with the pPCA model could be performedto

determineif its performanceimproveson the particular data setswe use,or if it remains

the sameas reported by Canny.

As we have noted previously, the weighted singular value decomposition method

turned out to be fairly enigmatic. It was the only method to exhibit a large change

in prediction performanceacrossthe EachMovie and MovieLensdata sets. This result

calls for a separatestudy to morecloselyexaminethe e�ect of the sizeand sparsity of the

rating matrix on the performanceof the method, and the number of iterations neededfor

the method to converge. The discrepancyin performancecould be a result of an insu�-



Chapter 9. Conclusions 112

cient number of iterations in the MovieLenscase,but noneof the other methods studied

exhibited this problem. In fact, the generaltrend over all other models is that perfor-

manceon the MovieLensdata set is slightly better than performanceon the EachMovie

data set. An alternative explanation is that the wSVD method over�ts on the training

data during model �tting. This is extremely hard to believe when the model consistsof

as few as 10 item spacebasisvectors. On the other hand, the feasibility of such an in

depth study is somewhatquestionablegiven the high computational complexity if the

wSVD learning method. In addition, any improvements that result from further insight

into this problem are highly unlikely to result in prediction performancethat surpasses

the specializedprobabilistic models.

The equivalencebetween the vector aspect model and the URP model is another

area we have not fully explored. The MAP/ML �tting procedure for URP represents

a signi�cant savings in terms of learning and prediction complexity. If computing time

is not an issue,then the variational �tting procedureshould always be usedin placeof

the MAP/ML procedure.However, an intersting situation ariseswhenwe considerusing

the URP model in an online context such as an interactive recommendersystem. The

variational model �tting algorithm could be usedwith a �xed, uniform Dirichlet prior for

o�ine model �tting. For online prediction the MAP inferenceprocedurecould be usedin

placeof full variational inference.Such a prediction method would not be iterativ e, and

could be fast enoughfor interactive use. Experiments similar to the oneswe have already

carried out could be applied to determine the degreeto which the strong generalization

performanceof this hybrid method degradescomparedto the full variational prediction

methods.

Our strongly positive resultsfor the binary attitude model call for further testing with

it and other members of the attitude model family. In the binary casewe were forced

to imposehard limits on the number of iterations allowed for model �tting, variational

inference,and line search procedures. The only justi�cation o�ered for the choice of
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these limits was that the resulting models exhibited excellent prediction performance.

However, a more thorough study of the e�ect of data set size, data set sparsity, step

size,and backtracking on convergenceis clearly needed.A better understandingof how

all thesevariablesinteract will likely lead to model �tting proceduresthat attain better

prediction accuracythan we have reported.

Basedon the successof the binary attitude model, an investigation of the integer

attitude model is also required. The integer attitude model hasmore 
exible generative

semantics and latent user representation than the binary version. This meansit has

the capacity to outperform the binary version. However, we expect it to su�er from

similar learning issuesas the binary version including a sensitivity to initial step sizes

and backtracking parameters.

9.2.2 The Missing at Random Assumption

One of the most important simplifying assumptionsmadein this study wasthat missing

ratings were missing at random. This is an assumption which has been made either

implicitly or explicitly in all existing research on rating prediction methods. However,

we also noted that in the caseof rating-basedcollaborative �ltering there is reasonto

believe that this assumptiondoes not hold. In the standard interaction model with a

recommendersystem, a user may initially be required to rate a subset of a randomly

selectedset of items. After these initial ratings are collected, the user is free to rate

any items they choose. In the caseof information items such as movies or books, it

is reasonableto hypothesizesthat a user will only seea movie or read a book if they

anticipate liking it or �nding it useful, and that a user can only rate items they have

seenor read. This meansthat the lower a usersestimate of their rating for a particular

item, the lesslikely they are to supply a rating for that item. This is exactly the type of

scenariowherethe missingat random assumptionfails to hold.

If our hypothesis about this missing data mechanism is correct, one consequence
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would be a skewingof the observable rating distribution toward high rating values. This

skewing is observed in both the EachMovie and MovieLensdata sets. Theory dictates

that if the missingat random assumptiondoesnot hold, then any maximum likelihood

estimatesderived from the observed data without taking the missing data mechanism

into account will be biased. Sincelearning in all the models we have described is based

on �nding maximum likelihood parameters,not taking the missingdata mechanism into

account may be resultsing in biasedparameterestimates.

An interestingtest of whether the proposedmissingdata mechanismdoesa�ect learn-

ing and prediction would be to generatea densedata set from a learnedmodel such as

URP or the attitude model, and then createtwo training setsfrom it. One in which rat-

ings are removed uniformly randomly, and a secondwhereratings are removed inversely

proportional to their values. The samelearningmethod could be trained on each of these

training data sets,and the resulting models could be tested on the sametest set to see

if prediction performanceis a�ected by the pattern of missingdata.

If a signi�cant e�ect is observed, this opensthe possibility of developinga novel set of

models for rating prediction basedon incorporating prior knowledgeof the missingdata

mechanism directly into the generative model. An obvious �rst step in this direction

would be to extend the multinomial mixture model to include a missing data mecha-

nism, and evaluate its empirical performanceon real data setscomparedto the standard

multinomial mixture model. It is our belief that such models will result in increased

prediction accuracy.

9.2.3 Extensions to Additional Form ulations

As we discussedin chapter 2, rating-based,pure, non-sequential collaborative �ltering

is one out of a large number of possibleformulations. Even within this small classof

problemswe have focusedon the casewhereratings are ordinal valuedand neglectedthe

continuouscase.Someof the methods we have studied including the PKNN method, the
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K -mediansmethod, and the wSVD method canbeapplied to either continuousor ordinal

rating data, but all the specializedprobabilistic modelsrepresent ratings usingcategorical

random variables. This meansthey can not be applied to the casewhere rating values

are continuous. One simple extensionof the present work would be to changethe lower

levels of all probabilistic models to Gaussiandistributed continuous random variables

and then re-derrive all the model �tting and prediction equations.Hofmann hasrecently

carried out this exercisewith the triadic aspect model [30].

A close secondto our chosen formulation in terms of research activit y is the co-

occurrence,pure, non-sequential formulation. We brie
y discussedthis formulation in

conjunction with LDA and the dyadic aspect model, but it is alsoquit signi�cant. URP

alreadyhasa co-occurrenceanalogin LDA, but the attitude model family could easilybe

extended(or, more accurately, retracted) to this type of preferenceinformation as well.

Several other more complex and more interesting formulations are beginning to re-

ceive attention from the research community. Of particular interest aresequential formu-

lations, which remove the assumptionthat preferencesare static. Recently Girolami and

Kab�an have introduceda method for learning dynamic user pro�les basedon simplicial

mixtures of �rst order Markov chains in a pure, sequential, co-occurrenceformulation of

collaborative �ltering. In theory their model could be extendedto dynamic user rating

pro�les as well, although data for testing such a model is not currently available.

The principled integration of preferenceinformation with additional content based

featuresin a singlegenerative model is also an interesting direction for future research.

The addition of content-baseditem featuresmay helpalleviate the coldstart andnewuser

problems,which are commonto all recommendersystems.The cold start problem arises

when a system is initialized with little preferenceinformation. The new user problem

occurs in an operational systemwhen a new userhas little preferenceinformation.
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9.2.4 Generalizations to Additional Applications

We have just consideredadditional formulations of collaborative �ltering and how our

existing methods could be extendedto yield algorithms in someof theseformulations.

An alternative is to considergeneralizationsof the rating prediction problem itself. In a

pure, non-sequential, rating-basedformulation of collaborative �ltering, predicting miss-

ing ratings for all userscanbe thought of moregenerallyasan imputation problem. Such

problems occur fairly frequently. One particularly interesting examplecomesfrom the

analysis of geneexpressiondata. Somesimple machine learning techniques have been

applied for imputing missingdata valuesin microarrays. Continuous valued versionsof

any of the probabilistic modelswe have studied could be applied to this problem. Once

candidate is a Gaussianversion of the binary or integer attitude model, both of which

have fairly sophisticatedgenerative semantics. In an application arealike computational

biology, the complexity of the prediction methods is not ascritical asin the collaborative

�ltering case.In addition, the data is many times lesssparse.There is reasonto believe

that our methods will yield good results in this area.

9.3 The Last Word

We beganthis thesisby introducing the problem of information overload. We indicated

that the major sourcesof information overloadwereweb pagesand Usenetnewsarticles

available through the Internet, aswell asbooks,moviesand music. Wemotivated content

basedinformation �ltering, and collaborative �ltering as two independent methods for

dealing with information overload.

As a result of the limited data setscurrently available, our work hasbeenconstrained

to the area of movie rating prediction. A fair critique of the present work is that few

peopletend to feel overwhelmedby the volume of movies being produced. Indeed, the

items and usersin the data setswe have usedonly number is in the thousands. While
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thesemovie rating data setsareconsideredfairly substantial by normal machine learning

standards,they pale in comparisonwith the billions of web pagesroutinely processedby

state-of-the-art content based�ltering systems.

Clearly scaling up the sizeof a collaborative �ltering systemto rival content based

�ltering systemssuch as Google requiressomethought. Google indexeson the order of

109 web pages.At peak times it serves thousandsof queriesper second.An equivalent

collaborative �ltering systemmight beexpectedto serve106 userseach with an averageof

103 ratings. For deployment on the Internet we would alsowant to maintain a document

collection of 109 web pagesand serve 103 recommendationsper second.

Suppose that we were given computational resourcesequivalent to those currently

usedby Google: 104 CPU's running at 500MHzeach capableof performing 108 additions

and subtractions per second[1]. The method with the most reasonablecomputational

complexity that we have studied is the K -mediansmethod, which has a learning com-

plexity of O(I N M K ), and a prediction complexity of O(M K ). If implemented using

data structures that take sparsity into account, the learning time can be decreasedto

O(I K T), and the prediction time can be reducedto O(K T u) whereT is the total num-

ber of observed ratings and Tu is the total number of observed ratings for user u. A

reasonablenumber of clusters for this problem might be K = 104. Note that for rec-

ommendations,the prototype vectorscould be sorted o� line after they are learnedat a

savings of O(M logM ) per recommendation. The complexity of generatingeach set of

recommendationsis thus O(K Tu).

Under theseassumptionswe �nd that processingeach recommendationrequestwould

take only O(107) additions and subtractions. With a cluster capableof 1012 additions

and subtractions per secondwe could serve over 104 queriesper second. This is quite

remarkable. The number of operationsneededfor each iteration of the K -medianslearn-

ing algorithm under our assumptionsis O(1013). Interestingly, the K -medianslearning

algorithm can be completely parallelizedmeaningeach iteration of the learning method
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would take as little as10 seconds!Even if 103 iterations wereneededto learn the cluster

prototypes,learning would only take a few hours.

Thesesimpleorder of magnitudecomputationsneglectthe time neededto move data

around in the system, which is likely to dominate the time neededfor computation.

However, in a specialized architecture where each of the 104 cluster nodes keepsone

prototype vector in active memory at a spacecomplexity of about 1GB, we would only

needto move the relatively small user pro�les in and out of memory. Even if our naive

calculations are o� by two orders of magnitude it would still be possibleto serve 103

queriesper secondand perform over three learning iterations every hour. Learning could

be performedin approximately ten days.

The point of this exposition hasbeento show that someof the collaborative �ltering

methods we have described, such as K -medians, could scaleup to the level of state-

of-the-art content-based �ltering systemslike Google. The only factor obstructing the

application of collaborative �ltering techniquesto large electronic document collections

like the Web is the commitment of computational resources.We leave this asan exercise

for the interestedreader.
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