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Abstract

We describe a classof causal, discrete latent
variable models called Multiple Multiplica-

tive Factor models (MMFs). A data vector is
represened in the latent spaceas a vector of
factors that have discrete, non-negative ex-
pressionlevels. Each factor proposesa dis-
tribution over the data vector. The distin-
guishing feature of MMFs is that they com-
bine the factors' proposeddistributions mul-
tiplicativ ely, taking into accourt factor ex-
pressionlevels. The product formulation of
MMFs allow factors to specializeto a subset
of the items, while the causal generative se-
mantics mean MMFs can readily accommo-
date missing data. This makes MMFs dis-
tinct from both directed models with mix-
ture semarnics and undirected product mod-
els. In this paper we presen empirical results
from the collaborative Ttering domain show-
ing that a binary/m ultinomial MMF model
matchesthe performanceof the best existing
models while learning an interesting latent
spacedescription of the users.

1. Intro duction

In this paper we introduce a class of directed latent
variable models, Multiple Multiplicativ e Factor models
(MMFs), which are applicable to data setswhere mul-
tiple hidden factors may in°uence ead data elemert.
Figure 1 shows the graphical model for an MMF. The
generative processfor an MMF is as follows:

1. A discrete, non-negative expressionlevel z,x is
selectedindependertly for ead of K factors Zy.
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2. Each elemen x,n of data vector x, is selected
from a distribution proportional to the product
of ead factor's predicted distribution for elemen
m, ead raised to the power z, .

We obtain instancesof the model relevant to particular

types of data by making di®eren assumptionsabout
the domainsand distributions of the latent factors and
obsened variables. If we assumethe obsened vari-

ablesare contin uous, and let the factor predictions rep-
resent parametersof Gaussiandistributions, then the
MMF model could be usedto model geneexpression
data, for example. The MMF model can be applied to

term-documert data by assumingthat ead obsened
variable X, represets the word in documert position
m, and that ead factor encales a di®eren distribu-

tion over words. Similar assumptionsallow the MMF

model to be applied to the task of link prediction.

In the current work we presert an application of the
MMF model to the task of prediction in rating-based
collaborative Ttering. In the particular MMF model
we apply, X n, is categoricaland correspondsto arating
for item m. Each factor encadesa di®erert multino-
mial distribution over rating valuesfor ead item. We
assumethe factors are binary valued and marginally
independert.

O

Figure 1. MMF graphical model. Z.« - latent factors, X nm
- obserwed variables, © and Y2- model parameters.
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The MMF model for collaborative Ttering is quite
di®erert from other discrete models that have been
applied to rating prediction problems. In the mix-
ture of multinomials model, the aspect model (Hof-
mann, 2001), and the userrating pro le model (Mar-
lin, 2003), the generative distribution for ead item is
determined by the state of a single categorical latent
variable. In MMF, the complete vector of latent vari-
ablesin®uencesthe rating of ead item. In addition, a
latent factor in MMF can have no “opinion' about the
value of certain input componerts, a fact that allows
factors to specializeto a subset of the input dimen-
sions. As we discussin the next section, this is not
possiblein mixture models.

In this paper we describe the binary/m ultinomial mul-
tiple multiplicativ e factor model, presert a variational
learning procedure for MMF, give a brief overview of
rating-based collaborative TTtering, explain how the
model is applied to the rating prediction task, presen
empirical results shaving that MMF acdhievesstate-of-
the-art performanceon two rating prediction data sets,
and explore qualitativ e and quantitativ e properties of
the learned represenation.

2. The Binary/Multinomial MMF

Mo del

In the binary/m ultinomial MMF model we assumethe
factor variables Z are binary valued and marginally
independert. Each factor is Bernoulli distributed with
mean “¢. The latent spacedescription of ead data
vector x" is a vector of factor expressionlevels z" =
(75, 27). Note that this vector doesnot represert a
distribution sothe factors Zx can independertly take
on di®erert expressionlevels z,. The probability of a
latent factor vector is:

P(Zz=12")=
k=1

P(Zk = zkj «) 1)

We assumeead elemen xj), of ead vector is cate-
gorical, taking one of V values. Each factor k con-
tributes a multinomial distribution P (X, = vjk) over
the valuesof X ,,. We combine thesedistributions mul-
tiplicativ ely, taking into account the factor expression
levels. Given a factor expressionvector z", we de ne
the probability of observing value v for data elemert
m as follows:

QK P(Xm = vjk)*
oy K P(Xm = VOk)%

vO0=1

PXm =vjz")= p

@)

While it is possibleto parameterize the distributions
P(Xm = vjk) using basic multinomial parameters
vmk » We avoid the use of constrained optimization

in learning by instead using the natural parameters
Yamk - The natural parameters can take arbitrary

real values and are related to the basic parameters
through thgsoftmax function: ~ymk = #Y%mk) =

expemk )= ,oexp(Meomk ). We can now re-express
P(Xm = vjz") in terms of the natural parameters:

P K ni
exp( o Zk Yomk)
K

v T ny
vO0=1 eXp( k=1 Zk /%Omk)

P(Xm =vjiz";3 = p (3)

In the collaborative Ttering domain where we apply
the model in this paper, we must make allowancesfor
missing valuesin the data vectors. Here we treat miss-
ing values as missing at random. We de ne the func-
tion #(xJ},;v) to be 1 when x}, = v and 0 otherwise.
In particular it E 0if xp, is unobsened. We de ne the

variables ]y, = *(xp,; V) to indicate if any value
|s obsened for xn The probablllty of a data vector
x" given factor vector z" is as follows:

Q a(xn
1) = ¥ V exp( k,—l El/emk)_(xm'v (4)

P(x"jz" =
! v
m=1 vO=1 eXp( k:1 ZE Yaomk )Snm

The multiplicativ e formulation of MMFs allows the
predicted distribution for a particular data dimension
to be determined by a subset of the active factors.
In particular, an active factor k can have no opinion
about a certain data elemernt m by learning a set of
Yoamk that are approximately uniform over the range
of v. When conbining factor distributions multiplica-
tively, the true predicted distribution is equivalent to
the product of the active, non-uniform factor distribu-
tions. Under a mixture model, the predicted distribu-
tion is a convex combination of the factor distributions
and every active factor (factor with non-zero weight)
will a®ectthe "nal distribution. In addition, the multi-
plicative combination can produce a sharper predicted
distribution than any of the factor distributions, which
is impossibleunder a mixture model becausethe dis-
tributions are averaged.

2.1. Variational Appro ximation

Exact inference in the binary/m ultinomial MMF
model is impractical for large K dueto a sum over all
binary vectors of length K. Howewer, exact inference
can always be performed with binary valued factors in
a nite amount of time. In order to dewelop a learning
procedure, we employ a variational approximation to
the true posterior P(ZjX = x"). We assumea facto-
rial Q-distribution for the hidden factor variables:

QZ=1zXx=x"1)= QZ=2zj'x) ()
k=1

The objective function of the binary/m ultinomial
MMF model with respect to a single data caseis given



by the negative Kullback-Liebler divergence from
the approximate to true posterior distribution over
the latent variables: F"[1";";%4 = j KL(QjjP) =
EqllogP (x™; 2" ;%] + H[Q(z"jx";* ")]. Expanding
this expressionin terms of the speci ed distributions
and parameters, and applying Jensen'sinequality we
obtain a tractable lower bound F"[1";" ;%4 on the
per-vector objective function. Maximizing F"[1";" ;14
correspondsto an approximate expectation maximiza-
tion procedure (Neal & Hinton, 1998). We introduce
the auxmar)bvarlables gk = tRhexp®mc) + 1i {7

and ®(,, = ~,_; I tO S|mpI|fy the objective:
F'["; i = H(XmiV) T Yemk
1 v=1 k=1
i smlog &,
=1 v=1
+ CRi+ @i @i ")
5@1
i (klog(*k)+ (Xi *«)log(li *x))
k=1
2.2. Learning

In this sub-sectionwe describe a model "tting proce-
dure for the binary/m ultinomial MMF model based
on maximizing the objective function FT; “;%. Not
surprisingly the gradient of F[%; ;%4 with respect to
the 1} parametershasthe parameterscoupledfor ead
user,and the gradient of F[; " ; %} with respectto Y4 mx
has all parameters coupled. Thus, we give formulas
for computing these gradients, and describe nonlinear
optimization proceduresfor variational inference and
model tting.

[ R BRSNS
n —(rm lv)%mk
@ m=1 v=1
i X sn X n exp(Y%emk )i 1)
m=1 " vO=1 " te(exp(*mk )i 1)+ 1
+log("k)i logXi “«)
i log(*p)+ log(1i y) ©)
(il TS S X S 12 exp(Homk )
@ | - ml”(eXp(l/emk). n+1
X
+ Hro vty )
n=1
CASREEZ VIR
= k1 Kk (8)
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Algorithm 1 BinMMF-V arInf
Input: x, ", %1
Output: *

Initialize 1y, »A 1
for t=1to | do
for k= 1to K do

d A FG
while (F"[P("i »d);" ;%4> F"[t";" ;1) do
» A DD
LA P( i »d)
Algorithm 2 BinMMF-Learn

Input: friYg, K
Output: ", ¥

Initialize ~, %2 »° A 1
while Not Convergeddo
for n=1to N do
10 A BinMMF-V arlInf(”; %x"; H (n))
forv=1toV,m=1to M, k= 1to K do
dymi A @y 4

@4 mk
while (FT[%; "% »d]> F[t%;" ;%) do
))A 4
A Y »d

for k = 1t9K do

O | N 1n
kAW n=1 "k

Analytical updates for %yx and '} can not be
found due to coupling of parametersin their respec-
tive gradient equations, hence we use iterativ e, non-
linear optimization techniques for learning. In the
binary/m ultinomial MMF model the % param-
eters are unconstrained, but !} parameters repre-
sent Bernoulli probabilities and are constrained to lie
within the interval [0; 1].

A number of optimization methods exist for iterativ ely
solving box constrained optimization problems. How-
ever, since the number of usersin a collaborative T-

tering data set rangesfrom tens of thousandsto hun-
dreds of thousands and the number of factor vari-
ables may be on the order of hundreds, clearly any
method relying on secondderivatives will be compu-
tationally intractable. Two methods that rely only
on rst order derivatives are the log-barrier method,
and the projected gradient method (Bertsekas, 1982,
p. 76). The log-barrier method is well known to ex-
hibit extremely slow corvergencein most cases. The
projected gradient method is a modi cation of regu-
lar gradiernt descen. The method has a simple form
for problems where eac variable x; is constrained to



lie in the interval [Ib;ub]. In this casethe projected
gradient method replacesthe standard gradient de-
scert step x'*1 = x'j »'r f(x') with the projected
gradiert step x'*1 = P(x' | »r f(x!)) where P(x) is
the projection function. For box constrained problems
P(x); = median(ll; x;;uly) (Bertsekas, 1982, p. 92).
To ensure corvergencethe step size ® must be cho-
senby an inexact line seard procedurewhich satis es
suzxcient increaseand curvature conditions. A back-
tracking line seard is particularly easyto implemert.

We obtain a variational inference procedure by itera-
tively maximizing F"[%; “ ;%4 with respectto 1" using
the projected gradient method. It isimportant to note
that while the 1 " parametersare coupledfor ead data
case,they are not coupledacross data cases.We sum-
marize the resulting variational inferenceprocedurein
Algorithm 1. - is a parameter that cortrols the speed
of badktracking in the line seard. Its value must sat-
isfy 0< - < 1.

An iterative procedure for learning the parameters
Yamk and " of the binary/m ultinomial MMF model
can now be de ned. The %« parametersare uncon-
strained, sostandard gradiert descem with bactrack-
ing can be used. The "¢ parametershave an analytic
update. We give the model "tting procedurein Algo-
rithm 2.

3. Collab orativ e Filtering

In rating-based collaborative “Ttering, users express
their preferencesby explicitly assigning ratings to

items that they have accessedyiewed, or purchased.
This form of data is becomingincreasingly prevalent

as many web sites o®erthe user the option of rating

items such as movies, researt papers, or even profes-
sors.

The principal information Ttering task in collabora-
tive Ttering is commonly referred to as recommenda-
tion. In rating-based collaborative Ttering this task
hasa natural decomposition into the task of rating pre-
diction, and the task of computing recommendations
from a set of predictions. Given a particular item and
user pro le, the goal of rating prediction is to pre-
dict the user'strue rating for the item as accurately
as possible. Recommendationcan be accomplishedby
recommending the items with the highest predicted
ratings.

A variety of rating prediction methods have beenpro-
posed for rating-based collaborative Ttering. The
original methods for this task, suc asthe GroupLens
algorithm, were basedon nearestneighbor regression
using Pearson's correlation as a similarity measure

(Resnidk et al.,, 1994). Other techniques that have
been applied to rating prediction construct explicit
models. As we have already mertioned, probabilis-
tic techniques include probabilistic principal compo-
nents analysis (Canny, 2002), the aspect model (Hof-
mann, 2001), and the userrating pro le model (Mar-
lin, 2003). For a summary of theseand other collabo-
rativ e Ttering modelsand methods see(Marlin, 2004).

4. Applying  MMF to Collab orativ e
Filtering

The binary/m ultinomial MMF model has an intuitiv e
application to collaborative TTtering. In the rating-

based case, the data vectors x" correspond to user
rating pro les r" whererp, is useru's rating for item

m. The rating valuesare assumedto be ordinal, and
on a scalefrom 1 to V. The latent factors Zy have
an interpretation as user attitudes. The latent space
description of a useris thus a binary vector indicating

which attitudes are expressedor that user. The multi-

nomial distributions assaiated with ead factor give
that factor's distribution over rating values for eact
item.

The ability of the factorsin the MMF modelto have no
opinion about certain items is especially appealing in
the collaborative Ttering case.Supposethe factors to
represen di®erern attitudes toward genresof Tms. In
MMF it is possiblefor a factor that expressesstrong
preferencesfor a certain genre to have no in°uence
over the ratings for unrelated genres. Again, this is
not possiblein modelsthat have mixture sematriics.

The variational inferenceand learning proceduresfor
the binary/m ultinomial MMF model can be applied in
the collaborative Ttering casewithout modi cation.

To usethe model for predicting missingrating values,
all that remainsis to derive prediction equations. We
begin by applying the variational inferencemethod to
computethe variational parameterst! { giventhe active
user's rating prole r2. Computing the distribution

P(RmjR = r?) is impractical even when the varia-
tional approximation is usedbecauset involvesa sum
over all binary vectors of length K. To overcomethis
problem, we compute an approximation to the true
predictive distribution by sampling factor vectors ac-
cording to their probability under the Q-distribution.

The factors are marginally independent sosampling a
complete factor vector reducesto independertly sam-
pling eadh factor. As we will show later, the factors
tend to be sparsesothat a relatively small number of
samplesleadsto very good results. We give the rat-
ing prediction equationsbelow, and a complete rating
prediction method in Algorithm 3. In practice a small



Algorithm 3 BinMMF-Predict
Input: r2, %
Output: £

1 A BinMMF-V arlnf(’
for s= 1to S do
Samplez® ~ Bernoulli(1)
for m=1to M do
for v=1to V do
Compute P5(Rpy = vjré@)
r2 A medianPS(Rpjr?)

;Y212 H (@)

number of samplesgivesvery good prediction results
due to the fact that most usersappear to expressrel-
atively few factors.

P3(Rm = vjr#)

P(Rm = Vjr?) % p
( m ] ) 4 :,/Ofl Ps(Rm - VOjra)
x A Pr s
PS(R. = vir? _ D exp( (=1 Zkl/zmk)
(Rm = vjr?) = P~ P
s=1 vo-p eXP( oy Z /lei)
(z'k+ (i Z)@i *R)
k=1
5. Empirical Evaluation

We perform an empirical evaluation of the bi-
nary/m ultinomial MMF model based on two collab-
orative Ttering data sets. The EachMovie data set
wascollectedby the Compag SystemsReseart Center
over an 18 month period beginningin 1997. The data
setcortains 72916users,1628moviesand 2811983 at-
ings. Ratings are on a scalefrom 1 to 6. The data
setis 97.6% sparse. The MovielLens data set was col-
lected through the ongoing MovieLens project, and is
distributed by GroupLens Researt at the University
of Minnesota. MovieLens cortains 6040 users, 3900
movies, and 1000209ratings collected from userswho
joined the MovieLensrecommendationservicein 2000.
Ratings are on a scalefrom 1to 5. The basedata set
is 95:7% sparse.

We begin by TTtering ead data set to contain users
that have rated at least 20 items. In the caseof Each-
Movie, this leaves about 35000usersand 1600items.
Filtering the MovieLens data set leavesjust over 6000
usersand 3500 movies. Next, we form three random
partitions of ead data set into training and testing
users. We form three random partitions of EachMovie
into 30000 training users and 5000 test users, and

three random partitions of MovieLensinto 5000train-
ing usersand 1000 test users. We hold out the ob-
sened rating of oneitem for ead userin the test set.
Note that MMF wastrained using a random subsetof
5000training usersin the caseof EachMovie.

We apply a strong genealization experimental proto-
col (Marlin, 2004, p. 14). We begin by training eah
method using a set of training users. We then evaluate
the ability of the trained method to predict the held
out ratings for ead test set user. The strong general-
ization protocol measuresthe ability of the method to
predict ratings given novel userpro les. Note that this
protocol is di®eren than the weak genealization pro-
tocol normally used for collaborative Ttering where
methods are tested on held out training user ratings
(Breeseet al., 1998). The strong generalization per-
formance of a collaborative Ttering method is thus a
better estimate of its performancein an online recom-
mendation setting.

We evaluate generalizationin terms of prediction per-
formance using a normalized mean absolute error
measure (NMAE). The standard mean absolute er-
rorpmeasureusedln collaborative Ttering is M AE =
W u=1 JMyu i Tyu], assumingone held out rating per
userpro"[e Slncewe will be experimenting with data
setshaving di®erert numbers of rating valueswe nor-
malize the mean absolute error, which enablescom-
parison acrossdata sets. We de ne our NMAE error
measureto be M AE =E[M AE] where E[M AE] de-
notes the expected value of the MAE assuming uni-
formly distributed obsened and predicted rating val-
ues. For EachMovie E[M AE ] % 1:9444and for Movie-
LensE[M AE] = 1.6.

We determine the strong generalization NMAE for
ead of the three sets of test usersfrom a given base
data set (EachMovie or MovieLens). We compute the
mean NMAE acrossthesethree test setsaswell asthe
standard error of the mean. For models with a size
parameter K we repeat the evaluation procedure for
seweral settings of this parameter.

6. Results

We present prediction performanceresults comparing
the binary/m ultinomial MMF model with a range of
other methods and models for rating prediction in-
cluding a simple multinomial model (Multi), a Pear-
son's correlation best K neighbor method (PKNN), a
multinomial mixture model (MixMulti), and the URP
model (URP). The graphsin Figure 2 report the lowest
mean NMAE rate attained by ead method for meth-
ods with a model size parameter K. We report the
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Figure 2. Prediction results for the multinomial model (Multi),
the userrating pro le model (URP), and MMF on the EachMovie and MovieLens
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data sets. The di®erencesin performance between MixMulti,

MovieLens Strong Generalization

0.5

0.48

0.46+

NMAE

0.44+

0.42

0.4+

Multi PKNN
(K=1) (K=6) (K=6)

MixMulti  URP MMF
(K=10)

Pearson's correlation K -nearest neighbour (PKNN), the

URP and MMF are not statistically signi cant in either

data set. The di®erencein performance betweenthe best methods and both PKNN and Multi are statistically signi cant.
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Figure 3. Factor activations are shown for a random set of 100training usersfrom the MovieLens data set. Black indicates
the factor is on with probabilit y 0, white indicates that a factor is on with probability 1. The rst row represerts a bias

factor, which we clamp to 1 during learning for all users.

model size below the name of eadh method. Thesere-
sults shawv that the binary/m ultinomial MMF rating
prediction method attains strong generalization per-
formance that is statistically equivalent to the most
accurate currently known methods (URP and mixture
of multinomials) on both the MovieLens and Eacdh-
Movie data sets.

In addition to rating prediction performance,we study
other qualitative and quartitativ e properties of the
learned MMF model. All the results that follow were
obtained using the binary/m ultinomial MMF model
of size 10 which achieved the best rating prediction
accuracyon the MovieLens data set.

In Figure 3 we show a represetation of the variational
parameters * ! for a random subset of 100 training
users. !} indicates the probability that factor k is ac-
tivated for useru. By looking at the columnsof Figure
3, we seethat the number of activated factors for each
user is quite low. By looking at the intensity of the
cells, we seethat factors tend to either be completely
o®,or completely on. Note that the rst row of activa-

tions correspond to a bias factor, whoseactivation is
clampedto 1 during learning. The fact that the model
performs well while achieving sparselatent spacede-
scriptions is an appealing property. This justi es the
useof a relatively low number of factor vector samples
when computing predictions.

Each factor is represenied as a multinomial distribu-
tion over ratings for ead item. To gain insight into
thesedistributions and how they combine to form the
predictive distribution over rating values for a given
user, we selectedan item that represens a particularly
hard case. From all items rated by greater than 1000
users, we selectedthe item with the highest entropy
empirical distribution over rating values. Intuitiv ely
this is a hard casebecauseequally large numbers of
people have very di®erert opinions about the item.
Ideally, we would like the model to learn a represerta-
tion where di®erer factors place probability masson
di®erer rating values. We shav the set of multino-
mial distributions learned by the model in Figure 4a
where the intensity of ead cell is proportional to its
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Figure 4. The matrix at the left shows each factor's distribution over rating valuesfor a single item. The matrix on the
right shows the posterior distribution over ratings for the set of 100 usersin Figure 3. The posterior distribution was
computed using the variational approximation and sampling procedure given in Equation 9. A black cell represens a
probabilit y of 0, while a white cell represens a probabilit y of 0:5.

probability. A closeinspection reveals that factor 5
has a clear maximum on value 2, factor 10 hasa clear
maximum on value 3, factor 6 hasa clear maximum on
value 4, and factor 8 has a clear maximum on value 5.
On the other hand, factors 1, 2, and 3 are more uni-
form with no obvious single peak. These results are
an indication of the type of cooperative learning and
specialization that are possiblewith MMFs.

Next, we computed the posterior over rating valuesfor
the item in question using the factor activations of the
usersdepicted in Figure 3. The posterior distribution

wascomputed using the variational approximation and
sampling proceduregiven in Equation 9. We show the
results in Figure 4b. Se\eral usersexhibit sharper dis-
tributions over rating valuesthan occur in the factors
themseles. In particular, user88 hasa higher proba-
bilit y on rating value 3 than occursin any of the factor
distributions. This is a unique ability of a model based
on combining distributions using products, instead of
sums. A mixture model necessarilyaveragesdistribu-

tions creating a posterior distribution over ratings that

is no sharper than any of the componert distributions.

Another  pertinent question about the hi-
nary/m ultinomial MMF model is the quality of
the variational inference procedure. With 10 factors
there are 1024 joint con gurations of the factor
vectors, and it is still possibleto compute the exact
distribution over all joint con gurations of their
settings given suzcient resources.We took advantage
of this fact to compute the exact distribution over
joint con gurations of the latent variables for a
random sample of 1000 usersbasedon the 10 factor
MMF model learned on the MovieLens data set.
We then computed the variational approximation
to the distribution over all joint con gurations of
the latent variables for these sameusers. Lastly, we
computed the Kullback-Liebler divergencefrom the
exact distribution to the variational approximation.
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Figure 5. KL divergencefrom exact distribution over joint
settings of the latent factors to the variational approxi-
mation for a trained 10 factor binary/m ultinomial MMF
model.

We show a histogram of KL divergence values in
Figure 5. It is clear from the histogram that for the
majority of usersin our random sample, the number
of excessbits is lessthan one. This is quite good
consideringthe granularity of the factorial variational
distribution we have assumed.

7. Conclusions and Future Work

The key trait that distinguish of MMFs from previous
directed latent variable models is the multiplicativ e
combination of factor distributions. As we pointed out
in Section 2 and obsened experimentally, the product
form hasthe advantage that it can create sharper dis-
tributions than the individual factors' distributions,
and allows factors to specializeto a subsetof the data
vector componerts. By cortrast models with mixture
semarics must average distributions, and every fac-
tor with non-zeroweight cortributes to the predictive
distribution for every data dimension.

MMFs can be consideredas a directed analog to the



undirected models de ned by the product of experts
(PoEs) (Hinton, 2002). PoEs have the advantage that
inferenceis easybecausethe latent variables are con-
ditionally independert giventhe data, but MMF mod-
els have the advantage that they naturally handle any
amount of missingdata dueto their directed structure.

The empirical results on the collaborative Ttering task
show that the binary/m ultinomial model matchesthe
performance of the best known methods, while learn-
ing an interesting, sparselatent spacedescription of
the users. This apparert sparsity justi es the useof a
relatively small number of factor vector samplesdur-
ing prediction. The results preseried here were based
on only 100 out of a possible1024 samples.

The major drawback of MMFs is the complexity of
learning and inference. Our variational approxima-
tion has proved to be e®ective on the tasks we have
investigated so far, and the amount of computation
required can be carefully controlled by imposing lim-
its on the number of gradient ascen steps. While any
scheduling of the updatesimprovesthe objective func-
tion, further testing is requiredto establishthe tradeo®
between limiting computation and the quality of the
learned represenation.

We are currently examining other instances of
MMF models. First, we are exploring an Inte-
ger/Multinomial version, which will provide ner con-
trol when combining the factor predictions (seeEqua-
tion 3). Here the °exibilit y in the factor expression
levels trades o® against more complicated constraints
during inference. We plan to explore versions of the
MMF model for other tasks such astext analysis, and
geneexpressionanalysis. In theseo?ine domains, the
computational complexity of learning and inferencein
the MMF model is lessof an issue.

We are considering adding a level in the graphical
model to encade interdependenciesbetween the fac-
tors. For example, incorporating some topographic
order in the latent space could improve represena-
tions and visualization in applications such as latent
semartic analysis. Finally, an input-output version of
the MMF would make it appropriate for classi cation
problems, and has some interesting relationships to
methods such as logarithmic opinion pools (Bordley,
1982; Heslkes, 1998).
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