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Abstract
We describe a classof causal,discrete latent
variable models called Multiple Multiplica-
tiv e Factor models(MMFs). A data vector is
represented in the latent spaceas a vector of
factors that have discrete, non-negative ex-
pression levels. Each factor proposesa dis-
tribution over the data vector. The distin-
guishing feature of MMFs is that they com-
bine the factors' proposeddistributions mul-
tiplicativ ely, taking into account factor ex-
pression levels. The product formulation of
MMFs allow factors to specializeto a subset
of the items, while the causal generative se-
mantics mean MMFs can readily accommo-
date missing data. This makes MMFs dis-
tinct from both directed models with mix-
ture semantics and undirected product mod-
els. In this paper we present empirical results
from the collaborative ¯ltering domain show-
ing that a binary/m ultinomial MMF model
matchesthe performanceof the best existing
models while learning an interesting latent
spacedescription of the users.

1. In tro duction

In this paper we intro duce a class of directed latent
variable models,Multiple Multiplicativ eFactor models
(MMFs), which are applicable to data setswheremul-
tiple hidden factors may in°uence each data element.
Figure 1 shows the graphical model for an MMF. The
generative processfor an MMF is as follows:

1. A discrete, non-negative expression level znk is
selectedindependently for each of K factors Zk .
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2. Each element xnm of data vector xn is selected
from a distribution proportional to the product
of each factor's predicted distribution for element
m, each raised to the power znk .

Weobtain instancesof the model relevant to particular
types of data by making di®erent assumptionsabout
the domainsand distributions of the latent factors and
observed variables. If we assumethe observed vari-
ablesarecontinuous,and let the factor predictions rep-
resent parameters of Gaussiandistributions, then the
MMF model could be used to model geneexpression
data, for example. The MMF model can be applied to
term-document data by assumingthat each observed
variable X m represents the word in document position
m, and that each factor encodes a di®erent distribu-
tion over words. Similar assumptionsallow the MMF
model to be applied to the task of link prediction.

In the current work we present an application of the
MMF model to the task of prediction in rating-based
collaborative ¯ltering. In the particular MMF model
weapply, X m is categoricaland correspondsto a rating
for item m. Each factor encodes a di®erent multino-
mial distribution over rating valuesfor each item. We
assumethe factors are binary valued and marginally
independent.
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Figure 1. MMF graphical model. Znk - latent factors, X nm

- observed variables, ´ and ½- model parameters.



The MMF model for collaborative ¯ltering is quite
di®erent from other discrete models that have been
applied to rating prediction problems. In the mix-
ture of multinomials model, the aspect model (Hof-
mann, 2001), and the user rating pro¯le model (Mar-
lin, 2003), the generative distribution for each item is
determined by the state of a single categorical latent
variable. In MMF, the complete vector of latent vari-
ablesin°uences the rating of each item. In addition, a
latent factor in MMF can have no `opinion' about the
value of certain input components, a fact that allows
factors to specialize to a subset of the input dimen-
sions. As we discuss in the next section, this is not
possiblein mixture models.

In this paper we describe the binary/m ultinomial mul-
tiple multiplicativ e factor model, present a variational
learning procedure for MMF, give a brief overview of
rating-based collaborative ¯ltering, explain how the
model is applied to the rating prediction task, present
empirical results showing that MMF achievesstate-of-
the-art performanceon two rating prediction data sets,
and explore qualitativ e and quantitativ e properties of
the learned representation.

2. The Binary/Multinomial MMF
Mo del

In the binary/m ultinomial MMF model we assumethe
factor variables Zk are binary valued and marginally
independent. Each factor is Bernoulli distributed with
mean ´ k . The latent spacedescription of each data
vector xn is a vector of factor expressionlevels zn =
(zn

1 ; :::; zn
k ). Note that this vector doesnot represent a

distribution so the factors Zk can independently take
on di®erent expressionlevels zk . The probabilit y of a
latent factor vector is:

P(Z = zj´ ) =
KY

k=1

P(Zk = zk j´ k ) (1)

We assumeeach element xn
m of each vector is cate-

gorical, taking one of V values. Each factor k con-
tributes a multinomial distribution P(X m = vjk) over
the valuesof X m . Wecombine thesedistributions mul-
tiplicativ ely, taking into account the factor expression
levels. Given a factor expressionvector zn , we de¯ne
the probabilit y of observing value v for data element
m as follows:

P(X m = vjzn ) =

Q K
k =1 P(X m = vjk)zk

P V
v 0=1

Q K
k =1 P(X m = v0jk)zk

(2)

While it is possible to parameterize the distributions
P(X m = vjk) using basic multinomial parameters
¯ vmk , we avoid the use of constrained optimization

in learning by instead using the natural parameters
½vmk . The natural parameters can take arbitrary
real values and are related to the basic parameters
through the softmax function: ¯ vmk = ¾(½vmk ) =
exp(½vmk )=

P
v0 exp(½v0mk ). We can now re-express

P(X m = vjzn ) in terms of the natural parameters:

P(X m = vjzn ; ½) =
exp(

P K
k =1 zn

k ½v mk )
P V

v 0=1 exp(
P K

k =1 zn
k ½v 0mk )

(3)

In the collaborative ¯ltering domain where we apply
the model in this paper, we must make allowancesfor
missingvaluesin the data vectors. Herewe treat miss-
ing valuesas missing at random. We de¯ne the func-
tion ±(xn

m ; v) to be 1 when xn
m = v and 0 otherwise.

In particular it is 0 if xn
m is unobserved. We de¯ne the

variables sn
m =

P V
v=1 ±(xn

m ; v) to indicate if any value
is observed for xn

m . The probabilit y of a data vector
xn given factor vector zn is as follows:

P(x n jzn ; ½) =
MY

m =1

Q V
v =1 exp(

P K
k =1 zn

k ½v mk )±( x n
m ;v )

P V
v 0=1 exp(

P K
k =1 zn

k ½v 0mk )sn
m

(4)

The multiplicativ e formulation of MMFs allows the
predicted distribution for a particular data dimension
to be determined by a subset of the active factors.
In particular, an active factor k can have no opinion
about a certain data element m by learning a set of
½vmk that are approximately uniform over the range
of v. When combining factor distributions multiplica-
tiv ely, the true predicted distribution is equivalent to
the product of the active, non-uniform factor distribu-
tions. Under a mixture model, the predicted distribu-
tion is a convex combination of the factor distributions
and every active factor (factor with non-zero weight)
will a®ectthe ¯nal distribution. In addition, the multi-
plicativ e combination can producea sharper predicted
distribution than any of the factor distributions, which
is impossibleunder a mixture model becausethe dis-
tributions are averaged.

2.1. Variational Appro ximation

Exact inference in the binary/m ultinomial MMF
model is impractical for large K due to a sum over all
binary vectors of length K . However, exact inference
can always be performed with binary valued factors in
a ¯nite amount of time. In order to develop a learning
procedure, we employ a variational approximation to
the true posterior P(ZjX = xn ). We assumea facto-
rial Q-distribution for the hidden factor variables:

Q(Z = zjX = xn ; ¹ ) =
KY

k=1

Q(Zk = zk j¹ n
k ) (5)

The objective function of the binary/m ultinomial
MMF model with respect to a singledata caseis given



by the negative Kullback-Liebler divergence from
the approximate to true posterior distribution over
the latent variables: F n [¹ n ; ´ ; ½] = ¡ K L(QjjP) =
EQ [logP(xn ; zn j´ ; ½)] + H [Q(zn jxn ; ¹ n )]. Expanding
this expressionin terms of the speci¯ed distributions
and parameters, and applying Jensen'sinequality we
obtain a tractable lower bound ~F n [¹ n ; ´ ; ½] on the
per-vector objective function. Maximizing ~F n [¹ n ; ´ ; ½]
correspondsto an approximate expectation maximiza-
tion procedure (Neal & Hinton, 1998). We intro duce
the auxiliary variables ° n

vmk = ¹ n
k exp(½vmk ) + 1 ¡ ¹ n

k

and ®n
vm =

Q K
k=1 ° n

vmk to simplify the objective:

~F n [¹ n ; ´ ; ½] =
MX

m =1

VX

v =1

±(xn
m ; v)

KX

k =1

¹ u
k ½v mk

¡
MX

m =1

sn
m log

VX

v =1

®n
v m

+
KX

k =1

(¹ n
k ´ k + (1 ¡ ¹ n

k )(1 ¡ ´ k ))

¡
KX

k =1

(¹ n
k log(¹ n

k ) + (1 ¡ ¹ k ) log(1 ¡ ¹ n
k ))

2.2. Learning

In this sub-sectionwe describe a model ¯tting proce-
dure for the binary/m ultinomial MMF model based
on maximizing the objective function ~F [¹; ´ ; ½]. Not
surprisingly the gradient of ~F [¹; ´ ; ½] with respect to
the ¹ n

k parametershasthe parameterscoupledfor each
user,and the gradient of ~F [¹; ´ ; ½] with respect to ½vmk
has all parameters coupled. Thus, we give formulas
for computing thesegradients, and describe nonlinear
optimization proceduresfor variational inference and
model ¯tting.

@~F [¹; ´ ; ½]
@¹ n

k

=
MX

m =1

VX

v =1

±(r n
m ; v)½v mk

¡
MX

m =1

sn
m

VX

v 0=1

¸ n
m

exp(½v mk ) ¡ 1)
¹ n

k (exp(½v mk ) ¡ 1) + 1

+ log(´ k ) ¡ log(1 ¡ ´ k )
¡ log(¹ n

k ) + log(1 ¡ ¹ n
k ) (6)

@~F [¹; ´ ; ½]
@½v mk

= ¡
NX

u =1

sn
k ¸ n

m
¹ n

k exp(½v mk )
¹ n

k (exp(½v mk ) ¡ 1) + 1

+
NX

n =1

±(r n
m ; v)¹ n

k (7)

@~F [¹; ´ ; ½]
@́k

= ´ k ¡
1
N

NX

n =1

¹ n
k (8)

¸ n
m =

®n
v mP V

v =1 ®n
v m

Algorithm 1 BinMMF-V arInf
Input: x , ´ , ½, I
Output: ¹

Initialize ¹ k , » Ã 1
for t = 1 to I do

for k = 1 to K do
dk Ã @~F [¹;´ ;½]

@¹ n
k

while ( ~F n [P(¹ n ¡ »d); ´ ; ½] > ~F n [¹ n ; ´ ; ½]) do
» Ã ·»

¹ Ã P(¹ ¡ »d)

Algorithm 2 BinMMF-Learn
Input: f r u g, K
Output: ´ , ½

Initialize ´ , ½. »0 Ã 1
while Not Convergeddo

for n = 1 to N do
¹ n Ã BinMMF-V arInf( ´ ; ½;xn ; H (n))

for v = 1 to V , m = 1 to M , k = 1 to K do
dvmk Ã @~F [¹;´ ;½]

@½v mk

while ( ~F [¹; ´ ; ½¡ »d] > ~F [¹ t ; ´ ; ½]) do
» Ã ·»

½Ã ½¡ »d
for k = 1 to K do

´ k Ã 1
N

P N
n =1 ¹ n

k

Analytical updates for ½vyk and ¹ u
k can not be

found due to coupling of parameters in their respec-
tiv e gradient equations, hence we use iterativ e, non-
linear optimization techniques for learning. In the
binary/m ultinomial MMF model the ½vmk param-
eters are unconstrained, but ¹ n

k parameters repre-
sent Bernoulli probabilities and are constrained to lie
within the interval [0; 1].

A number of optimization methods exist for iterativ ely
solving box constrained optimization problems. How-
ever, since the number of users in a collaborative ¯l-
tering data set rangesfrom tens of thousands to hun-
dreds of thousands and the number of factor vari-
ables may be on the order of hundreds, clearly any
method relying on secondderivatives will be compu-
tationally intractable. Two methods that rely only
on ¯rst order derivatives are the log-barrier method,
and the projected gradient method (Bertsekas, 1982,
p. 76). The log-barrier method is well known to ex-
hibit extremely slow convergencein most cases. The
projected gradient method is a modi¯cation of regu-
lar gradient descent. The method has a simple form
for problems where each variable x i is constrained to



lie in the interval [lbi ; ubi ]. In this casethe projected
gradient method replaces the standard gradient de-
scent step x t +1 = x t ¡ »t r f (x t ) with the projected
gradient step x t +1 = P(x t ¡ »r f (x t )) where P(x) is
the projection function. For box constrainedproblems
P(x) i = median(lbi ; x i ; ubi ) (Bertsekas, 1982, p. 92).
To ensureconvergencethe step size ®t must be cho-
senby an inexact line search procedurewhich satis¯es
su±cient increaseand curvature conditions. A back-
tracking line search is particularly easyto implement.

We obtain a variational inferenceprocedure by itera-
tiv ely maximizing ~F n [¹; ´ ; ½] with respect to ¹ n using
the projected gradient method. It is important to note
that while the ¹ n parametersare coupledfor each data
case,they are not coupledacross data cases.We sum-
marize the resulting variational inferenceprocedurein
Algorithm 1. · is a parameter that controls the speed
of backtracking in the line search. Its value must sat-
isfy 0 < · < 1.

An iterativ e procedure for learning the parameters
½vmk and ´ k of the binary/m ultinomial MMF model
can now be de¯ned. The ½vmk parametersare uncon-
strained, sostandard gradient descent with backtrack-
ing can be used. The ´ k parametershave an analytic
update. We give the model ¯tting procedure in Algo-
rithm 2.

3. Collab orativ e Filtering

In rating-based collaborative ¯ltering, users express
their preferences by explicitly assigning ratings to
items that they have accessed,viewed, or purchased.
This form of data is becoming increasingly prevalent
as many web sites o®er the user the option of rating
items such as movies, research papers, or even profes-
sors.

The principal information ¯ltering task in collabora-
tiv e ¯ltering is commonly referred to as recommenda-
tion. In rating-based collaborative ¯ltering this task
hasa natural decomposition into the task of rating pre-
diction, and the task of computing recommendations
from a set of predictions. Given a particular item and
user pro¯le, the goal of rating prediction is to pre-
dict the user's true rating for the item as accurately
as possible. Recommendationcan be accomplishedby
recommending the items with the highest predicted
ratings.

A variety of rating prediction methods have beenpro-
posed for rating-based collaborative ¯ltering. The
original methods for this task, such as the GroupLens
algorithm, were basedon nearest neighbor regression
using Pearson's correlation as a similarit y measure

(Resnick et al., 1994). Other techniques that have
been applied to rating prediction construct explicit
models. As we have already mentioned, probabilis-
tic techniques include probabilistic principal compo-
nents analysis (Canny, 2002), the aspect model (Hof-
mann, 2001), and the user rating pro¯le model (Mar-
lin, 2003). For a summary of theseand other collabo-
rativ e ¯ltering modelsand methodssee(Marlin, 2004).

4. Applying MMF to Collab orativ e
Filtering

The binary/m ultinomial MMF model has an intuitiv e
application to collaborative ¯ltering. In the rating-
based case, the data vectors x n correspond to user
rating pro¯les r u where r u

m is user u's rating for item
m. The rating values are assumedto be ordinal, and
on a scale from 1 to V . The latent factors Zk have
an interpretation as user attitudes. The latent space
description of a user is thus a binary vector indicating
which attitudes areexpressedfor that user. The multi-
nomial distributions associated with each factor give
that factor's distribution over rating values for each
item.

The abilit y of the factors in the MMF model to haveno
opinion about certain items is especially appealing in
the collaborative ¯ltering case.Supposethe factors to
represent di®erent attitudes toward genresof ¯lms. In
MMF it is possible for a factor that expressesstrong
preferencesfor a certain genre to have no in°uence
over the ratings for unrelated genres. Again, this is
not possiblein models that have mixture semantics.

The variational inferenceand learning proceduresfor
the binary/m ultinomial MMF model can be applied in
the collaborative ¯ltering casewithout modi¯cation.
To usethe model for predicting missing rating values,
all that remains is to derive prediction equations. We
begin by applying the variational inferencemethod to
computethe variational parameters¹ a

k giventhe active
user's rating pro¯le r a . Computing the distribution
P(Rm jR = r a) is impractical even when the varia-
tional approximation is usedbecauseit involvesa sum
over all binary vectors of length K . To overcomethis
problem, we compute an approximation to the true
predictive distribution by sampling factor vectors ac-
cording to their probabilit y under the Q-distribution.
The factors are marginally independent so sampling a
complete factor vector reducesto independently sam-
pling each factor. As we will show later, the factors
tend to be sparseso that a relatively small number of
samplesleads to very good results. We give the rat-
ing prediction equationsbelow, and a complete rating
prediction method in Algorithm 3. In practice a small



Algorithm 3 BinMMF-Predict
I nput: r a , ½
Output: r̂ a

¹ Ã BinMMF-V arInf (´ ; ½;r a ; H (a))
for s = 1 to S do

Samplezs ~ Bernoulli( ¹ )
for m = 1 to M do

for v = 1 to V do
Compute P s(Rm = vjr a)

r̂ a
m Ã medianP s(Rm jr a)

number of samplesgives very good prediction results
due to the fact that most usersappear to expressrel-
atively few factors.

P(Rm = vjr a ) ¼
P s (Rm = vjr a )

P V
v 0=1 P s (Rm = v0jr a )

P s (Rm = vjr a ) =
SX

s=1

Ã
exp(

P K
k =1 zs

k ½v mk )
P V

v 0=1 exp(
P K

k =1 zs
k ½v mk )

KY

k =1

(zs
k ¹ a

k + (1 ¡ zs
k )(1 ¡ ¹ a

k ))

!

5. Empirical Evaluation

We perform an empirical evaluation of the bi-
nary/m ultinomial MMF model based on two collab-
orative ¯ltering data sets. The EachMovie data set
wascollectedby the CompaqSystemsResearch Center
over an 18 month period beginning in 1997. The data
set contains 72916users,1628moviesand 2811983rat-
ings. Ratings are on a scale from 1 to 6. The data
set is 97:6% sparse. The MovieLens data set was col-
lected through the ongoing MovieLens project, and is
distributed by GroupLens Research at the University
of Minnesota. MovieLens contains 6040 users, 3900
movies, and 1000209ratings collected from userswho
joined the MovieLensrecommendationservicein 2000.
Ratings are on a scalefrom 1 to 5. The basedata set
is 95:7% sparse.

We begin by ¯ltering each data set to contain users
that have rated at least 20 items. In the caseof Each-
Movie, this leaves about 35000usersand 1600 items.
Filtering the MovieLensdata set leavesjust over 6000
usersand 3500 movies. Next, we form three random
partitions of each data set into training and testing
users. We form three random partitions of EachMovie
into 30000 training users and 5000 test users, and

three random partitions of MovieLens into 5000train-
ing users and 1000 test users. We hold out the ob-
served rating of one item for each user in the test set.
Note that MMF was trained using a random subsetof
5000training usersin the caseof EachMovie.

We apply a strong generalization experimental proto-
col (Marlin, 2004, p. 14). We begin by training each
method using a set of training users. We then evaluate
the abilit y of the trained method to predict the held
out ratings for each test set user. The strong general-
ization protocol measuresthe abilit y of the method to
predict ratings given novel userpro¯les. Note that this
protocol is di®erent than the weak generalization pro-
tocol normally used for collaborative ¯ltering where
methods are tested on held out training user ratings
(Breeseet al., 1998). The strong generalization per-
formance of a collaborative ¯ltering method is thus a
better estimate of its performancein an online recom-
mendation setting.

We evaluate generalization in terms of prediction per-
formance using a normalized mean absolute error
measure (NMAE). The standard mean absolute er-
ror measureused in collaborative ¯ltering is M AE =
1
N

P N
u=1 jr̂ u

yu ¡ r u
yu j, assumingone held out rating per

user pro¯le. Sincewe will be experimenting with data
setshaving di®erent numbers of rating valueswe nor-
malize the mean absolute error, which enablescom-
parison acrossdata sets. We de¯ne our NMAE error
measure to be M AE =E[M AE ] where E[M AE ] de-
notes the expected value of the MAE assuming uni-
formly distributed observed and predicted rating val-
ues. For EachMovie E [M AE ] ¼ 1:9444and for Movie-
Lens E[M AE ] = 1:6.

We determine the strong generalization NMAE for
each of the three sets of test users from a given base
data set (EachMovie or MovieLens). We compute the
meanNMAE acrossthesethree test setsaswell as the
standard error of the mean. For models with a size
parameter K we repeat the evaluation procedure for
several settings of this parameter.

6. Results

We present prediction performanceresults comparing
the binary/m ultinomial MMF model with a range of
other methods and models for rating prediction in-
cluding a simple multinomial model (Multi), a Pear-
son's correlation best K neighbor method (PKNN), a
multinomial mixture model (MixMulti), and the URP
model (URP). The graphsin Figure 2 report the lowest
mean NMAE rate attained by each method for meth-
ods with a model size parameter K . We report the
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Figure 2. Prediction results for the multinomial model (Multi), Pearson's correlation K -nearest neighbour (PKNN), the
multinomial mixture model (MixMulti), the user rating pro¯le model (URP), and MMF on the EachMovie and MovieLens
data sets. The di®erencesin performance between MixMulti, URP and MMF are not statistically signi¯can t in either
data set. The di®erencein performance betweenthe best methods and both PKNN and Multi are statistically signi¯can t.
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Figure 3. Factor activations are shown for a random set of 100 training usersfrom the MovieLens data set. Black indicates
the factor is on with probabilit y 0, white indicates that a factor is on with probabilit y 1. The ¯rst row represents a bias
factor, which we clamp to 1 during learning for all users.

model sizebelow the name of each method. Thesere-
sults show that the binary/m ultinomial MMF rating
prediction method attains strong generalization per-
formance that is statistically equivalent to the most
accuratecurrently known methods (URP and mixture
of multinomials) on both the MovieLens and Each-
Movie data sets.

In addition to rating prediction performance,we study
other qualitativ e and quantitativ e properties of the
learned MMF model. All the results that follow were
obtained using the binary/m ultinomial MMF model
of size 10 which achieved the best rating prediction
accuracyon the MovieLens data set.

In Figure 3 we show a representation of the variational
parameters ¹ u

k for a random subset of 100 training
users. ¹ u

k indicates the probabilit y that factor k is ac-
tivated for useru. By looking at the columnsof Figure
3, we seethat the number of activated factors for each
user is quite low. By looking at the intensity of the
cells, we seethat factors tend to either be completely
o®,or completely on. Note that the ¯rst row of activa-

tions correspond to a bias factor, whoseactivation is
clamped to 1 during learning. The fact that the model
performs well while achieving sparselatent spacede-
scriptions is an appealing property. This justi¯es the
useof a relatively low number of factor vector samples
when computing predictions.

Each factor is represented as a multinomial distribu-
tion over ratings for each item. To gain insight into
thesedistributions and how they combine to form the
predictive distribution over rating values for a given
user,we selectedan item that represents a particularly
hard case. From all items rated by greater than 1000
users, we selectedthe item with the highest entropy
empirical distribution over rating values. Intuitiv ely
this is a hard casebecauseequally large numbers of
people have very di®erent opinions about the item.
Ideally, we would like the model to learn a representa-
tion where di®erent factors place probabilit y masson
di®erent rating values. We show the set of multino-
mial distributions learned by the model in Figure 4a
where the intensity of each cell is proportional to its
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Figure 4. The matrix at the left shows each factor's distribution over rating values for a single item. The matrix on the
right shows the posterior distribution over ratings for the set of 100 users in Figure 3. The posterior distribution was
computed using the variational approximation and sampling procedure given in Equation 9. A black cell represents a
probabilit y of 0, while a white cell represents a probabilit y of 0:5.

probabilit y. A close inspection reveals that factor 5
has a clear maximum on value 2, factor 10 has a clear
maximum on value 3, factor 6 hasa clear maximum on
value 4, and factor 8 has a clear maximum on value 5.
On the other hand, factors 1, 2, and 3 are more uni-
form with no obvious single peak. These results are
an indication of the type of cooperative learning and
specialization that are possiblewith MMFs.

Next, we computed the posterior over rating valuesfor
the item in question using the factor activations of the
usersdepicted in Figure 3. The posterior distribution
wascomputedusingthe variational approximation and
sampling proceduregiven in Equation 9. We show the
results in Figure 4b. Several usersexhibit sharper dis-
tributions over rating valuesthan occur in the factors
themselves. In particular, user 88 has a higher proba-
bilit y on rating value 3 than occurs in any of the factor
distributions. This is a unique abilit y of a model based
on combining distributions using products, instead of
sums. A mixture model necessarilyaveragesdistribu-
tions creating a posterior distribution over ratings that
is no sharper than any of the component distributions.

Another pertinent question about the bi-
nary/m ultinomial MMF model is the quality of
the variational inference procedure. With 10 factors
there are 1024 joint con¯gurations of the factor
vectors, and it is still possible to compute the exact
distribution over all joint con¯gurations of their
settings given su±cient resources.We took advantage
of this fact to compute the exact distribution over
joint con¯gurations of the latent variables for a
random sample of 1000 users basedon the 10 factor
MMF model learned on the MovieLens data set.
We then computed the variational approximation
to the distribution over all joint con¯gurations of
the latent variables for these same users. Lastly, we
computed the Kullback-Liebler divergence from the
exact distribution to the variational approximation.
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Figure 5. KL divergencefrom exact distribution over joint
settings of the latent factors to the variational approxi-
mation for a trained 10 factor binary/m ultinomial MMF
model.

We show a histogram of K L divergence values in
Figure 5. It is clear from the histogram that for the
majorit y of users in our random sample, the number
of excessbits is less than one. This is quite good
consideringthe granularit y of the factorial variational
distribution we have assumed.

7. Conclusions and Future Work

The key trait that distinguish of MMFs from previous
directed latent variable models is the multiplicativ e
combination of factor distributions. As we pointed out
in Section2 and observed experimentally , the product
form has the advantage that it can create sharper dis-
tributions than the individual factors' distributions,
and allows factors to specializeto a subsetof the data
vector components. By contrast models with mixture
semantics must average distributions, and every fac-
tor with non-zeroweight contributes to the predictive
distribution for every data dimension.

MMFs can be consideredas a directed analog to the



undirected models de¯ned by the product of experts
(PoEs) (Hinton, 2002). PoEs have the advantage that
inferenceis easybecausethe latent variables are con-
ditionally independent given the data, but MMF mod-
els have the advantage that they naturally handle any
amount of missingdata due to their directed structure.

The empirical results on the collaborative ¯ltering task
show that the binary/m ultinomial model matchesthe
performanceof the best known methods, while learn-
ing an interesting, sparse latent spacedescription of
the users. This apparent sparsity justi¯es the useof a
relatively small number of factor vector samplesdur-
ing prediction. The results presented here were based
on only 100 out of a possible1024samples.

The major drawback of MMFs is the complexity of
learning and inference. Our variational approxima-
tion has proved to be e®ective on the tasks we have
investigated so far, and the amount of computation
required can be carefully controlled by imposing lim-
its on the number of gradient ascent steps. While any
scheduling of the updates improvesthe objective func-
tion, further testing is required to establishthe tradeo®
between limiting computation and the quality of the
learned representation.

We are currently examining other instances of
MMF models. First, we are exploring an Inte-
ger/Multinomial version, which will provide ¯ner con-
trol when combining the factor predictions (seeEqua-
tion 3). Here the °exibilit y in the factor expression
levels trades o® against more complicated constraints
during inference. We plan to explore versions of the
MMF model for other tasks such as text analysis,and
geneexpressionanalysis. In theseo²ine domains, the
computational complexity of learning and inferencein
the MMF model is lessof an issue.

We are considering adding a level in the graphical
model to encode interdependenciesbetween the fac-
tors. For example, incorporating some topographic
order in the latent space could improve representa-
tions and visualization in applications such as latent
semantic analysis. Finally, an input-output version of
the MMF would make it appropriate for classi¯cation
problems, and has some interesting relationships to
methods such as logarithmic opinion pools (Bordley,
1982;Heskes,1998).
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