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Abstract.  We analyze the class of Carrier Sense Multiple Access (CSMApolicies for scheduling
packet transmissions in multihop wireless networks with pimary interference constraints. Our main
result is to establish that, in an appropriate limiting regi me of large networks with a small sensing
period, CSMA policies are capacity-achieving. While such eiency characteristics of CSMA policies
has been well-established in the special case of single-haptworks, their analysis for general multihop
networks has been an open problem due to the complexity of thenteraction among coupled interference
constraints.

To answer this problem, we rst introduce a novel xed point e quation to approximate the CSMA
policy performance, and prove that the approximation becones accurate for large networks with a
small sensing period. Then, we use this approximation to chiacterize the achievable rate region of
static CSMA schedulers, and show that the achievable rate rgion asymptotically converges to the
capacity region of the network under primary interference onstraints. This work reveals that random
access schemes, which can operate asynchronously, can bediin large networks to serve many ows
e ciently. Our empirical investigations also indicate tha t the accuracy of our xed point formulation
is achieved even for moderately sized networks.

This result has important implications for network algorit hm design for ad hoc networks in that it
reveals for the rst time that random channel access schemesvith attractive complexity, overhead,
distributiveness, and asynchronism characteristics can ehieve maximum throughput in large multihop
networks.
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1 Introduction

In this paper, we investigate Carrier Sense Multiple Acces§CSMA) policies for multihop wireless
networks in which nodes operate asynchronously and sense eghwireless channel before making an
attempt to transmit a packet, which may result in collisions. Our aim is to understand the achievable
rate region of such random access policies. For fully-concted (also called single-hop) wireless networks
where all nodes are within transmission range of each otherit is well-known that CSMA policies
are throughput-optimal® in the limiting regime of networks with many small ows and small sensing
periods [1]. However the analysis of CSMA schedulers for germal multihop networks has been an
open problem due to the complexity in the interaction amongs interfering transmissions. As a result,
currently very little is known about the performance of CSMA in wireless multihop networks, and
whether they are still throughput-optimal in this case.

Here, we analyze the performance of CSMA policies for gendravireless networks with primary
interference constraints. The main contribution of the paper is to show that CSMA polices are asymp-
totically throughput-optimal for large networks with many small ows and a small sensing time This
is a surprising and counter-intuitive result, and we provide a discussion in Section 5 to give intuition
why this result is true.

The main results that we obtain in our analysis are as follows We introduce a novel xed point
approximation, called the CSMA xed point, to characterize the service rates of CSMA schedulers, and
show that the xed point approximation is asymptotically ac curate for large networks with a small
sensing time. Using the xed point approximation, we charaderize the achievable rate region of the
static CSMA schedulers for networks with primary interference constraints. We show that the achievable
rate region converges to the capacity region for networks vih many small ows and a small sensing
time.

This paper is a continuation of our earlier work [15], in which we analyzed the synchronized operation
of CSMA policies. This assumption greatly simpli es the andysis but is not realistic for a practical
network. Here, we provide the analysis and results for the geeral case of an asynchronous operation of
the networks, and we provide numerical results to con rm our theoretical statements and to investigate
the accuracy of our result for moderate sized networks.

Our results have important implications. While the design of throughput-optimal network algorithm
design has attracted much attention (see, for example, [3,5,8,11,17,18,21,24,25] and references therein)
in the last decade following the seminal work of Tassiulas ath Ephremides [22], there are important
issues such as computational and communication complexitysynchronization, and distributiveness
that need to be resolved before their practical implementaion. Our results show that CSMA policies
can also achieve throughput-optimality in large multihop networks and are potentially much simpler
to implement; hence, opening up the possibility of obtainirg practical distributed resource allocation
mechanisms for wireless multihop networks that are througlput optimal.

The paper is organized as follows. In Section 3, we de ne ourystem model and in Section 4 we
describe the main components of the class of CSMA policies weonsider in this paper. In Section 5
we provide a summary and discussion of our main result. We pnade our xed point formulation and
prove its asymptotic accuracy in Sections 7-sec:asymp. Ineétion 10 and 11, we respectively provide
a characterization of the achievable rate region of the clas of CSMA policies, and show that it is
asymptotically capacity achieving. We end with concluding remarks in Section 12.

2 Related Work

For single-hop networks where all nodes are within transmision range of each other, the performance of
CSMA policies is well-understood. For the case where nodeg@saturated and always have a packet to
sent, the achievable rate region of CSMA policies is easilylained [2]. For the case where nodes only
make a transmission attempt when they have a packet to transnt has recently been derived for the
limiting regime of many small ows [2]. Furthermore, the well-known \in nite node" approximations
provides a simple characterization for the throughput of a gven CSMA policy, as well as the achievable

1An algorithm is said to be throughput-optimal if it stabiliz es the network queues for ow rates that are stabilizable
by any other algorithm.



rate region of CSMA policies, in the case of a single-hop netwrks [1]. This approximation has been
instrumental in the understanding of the performance of CSMVA policies, as well as for the design of
practical protocols for wireless local area networks [1].

For general multihop networks, results for CSMA policies ae available for idealized situation of
instantaneous channel feedback. This assumption of instaaneous channel feedback allows the elimina-
tion of collisions, which signi cantly simpli es the analy sis. Under this assumption, Jiang and Walrand
in [10] derived a dynamic CSMA policy that, combined with rate control, achieves throughput-optimality
while satisfying a given fairness criterion. Similar resuls have been independently derived by Shah and
Sreevastsa in [20] in the context of optical networks. Whilethese results are obtained for a simpli ed
(idealized) model of CSMA policies, they suggest the fact tht CSMA policies might be throughput-
optimal. In this work, we con rm this suggestion in the presence of collisions. It should be noted
that the result by Jiang and Walrand has been obtained for gerral interference models, whereas our
analysis focuses on wireless networks with primary interfeence constraints. However, our analysis does
not assume instantaneous channel feedback and hence takeaghet collisions into account.

The paper establishes a connection between the (asymptotjdehavior of CSMA in multihop wireless
networks with well-known results for the Erlang xed point i n loss networks [12]). In particular, our
proof for showing that the CSMA xed point formulation is asy mptotically accurate heavily uses results
and techniques developed by Hajek and Krishna for the speciaase of a loss network where each link
has capacity one, and the route of each connection consistd two links [9]. This suggests, as it was
also noted in [2], that there is a close connection between th analysis of CSMA policies in multihop
networks and loss networks. Moreover, our analysis suggesthat for the well-known limiting regimes
for which it can be shown that the Erlang xed point is asympto tically accurate (see for example [12]),
it should also be possible to show the same result for the CSMAxed point presented in this paper.
Exploring this connection beyond the limiting regime considered in this paper is future work.

3 System Model

In this section we describe the network and the tra ¢ model assumed in our paper (see also Fig. 1).

Flowg Flowf

Figure 1: Example of a network where two routes f and g given by Ry =
f(sesi); () (iv)i(viw); (w;de)g and Rg = f(sg;K); (k;i);(i5j );(sn);(n;dg)g.  In this net-
work: the set of upstream neighbors of nodej is given by U = fi;vg; the set of downstream
neighbors of nodej is given by D; = fi;sg;n;vg; the set of outgoing links of nodej is given
by Ly = f(;i);(;sg);(v);(;n)g;, and the set of links that interfere with (i;j) is given by
Ly = FG)(se00)s(K) (ki) (Gisg)s (iv)i(vsj); (in)g, the mean rate on link (i;j ) is given by
(ij)= f* g andtheloadonnodeiis =2 ¢ +2 4

Network Model:  We consider a xed wireless network composed of a séd of nodes with cardinality
N; and a setL of directed links with cardinality L: A directed link (i;j) 2 L indicates that node i is
able to send data packets to nodg: We assume that the rate of transmission is the same for all liks
and all packets are of a xed length. Throughout the paper we escale time such that the time it takes
to transmit one packet is equal to one time unit.

For a given nodei 2 N;let U = fj 2N : (i;j) 2 Lg be the set of upstream nodes, i.e. the set
containing all nodes which can receive packets from. Similarly, let D; := fj 2N : (j;i) 2 Lg be set



of downstream nodes, i.e. the set containing all nodeg from which i can receive packets. Collectively,
we denote the set of all the neighbors of node asN; := U, [D ;. Also, we letL; := f(i;j):j 2D;g be
the set of outgoing links from nodei, i.e. the set of all links from nodei to its upstream nodesU, .
Throughout the paper, we assume thatU; = D;, for all i 2 N so that we haveU;, = D; = N;; for
eachi 2 N : This assumption simpli es the notation as we can use a singleset N; to represent both D;
and U;. Our analysis can be extended to the more general case reqing only notational changes.
Henceforth, we will describe a network by the tuple (N ;L).
Interference Model: We focus on networks under the well-knownprimary interference, or node
exclusive interference model [13,23].

De nition 1 (Primary Interference Model). A packet transmission over link (i;j ) 2 L is successful
if only if within the transmission duration ? there exist no other activity over any other link(m;n) 2 L
which shares a node with(i;j ).

The primary interference model applies, for example, to wieless systems where multiple frequen-
cies/codes are available (using FDMA or CDMA) to avoid interference, but each node has only a single
transceiver and hence can only send to or receive from one aghnode at any time (see [19] for additional
discussion).

We use the following notation to represent the primary interference constraints. For each linkl 2 L,
let || denote the set of linksI®2 L that interfere with link |, i.e. the set of all links 1°2 L that have a
node in common with link 1.

Tra ¢ Model: We characterize the network tra ¢ by a rate vector = f ;g.2r WhereR is the set
of routes used by the trac, and , 0, is the mean rate in packets per unit time along route
r2RrR .

For a given router 2 R, let s; be its source node andd; be its destination node, and let
Rr = f(s;i); (i) s(viw);(w;dr)g L
be the set of links traversed by the route. We allow several rates to be de ned for a given source and

destination pair (s;d), s;d2 N .
Given the rate vector = f . gror, We let

X ..
(i) = r (j)y2L; (1)
ri(ij )2R ¢
be the mean packet arrival rate to link (i;j ). Similarly, we let

x .
i = @yt Gi) o i2N: 2
j2N

be the mean packet arrival rate to nodei 2 N :

4 Policy Space and CSMA Policy Description

In this section, we introduce the space of scheduling polieis that we are interested in, and provide the
description of CSMA policies in that space. We also de ne thenotions of stability and achievable rate
region.

4.1 Scheduling Policies and Capacity Region

Consider a xed network (N ; L) with tra c vector =f ,gr2r . A schedulingpolicy then de nes the
rules that are used to schedule packet transmissions on eadimk (i;j) 2 L. In the following we focus
on policies that have a well-de ned link service rates as a function of tre rate vector = f [ gor .

2Notice that our de nition of interference model does not req uire a time slotted operation of the communication
attempts, and hence applies to asynchronous network operat ion.



De nition 2  (Service Rate) : Consider a xed network (N;L). The link service rate (i )( ),
(i;j) 2L, of policy forthetracvector =1f .gror IS the fraction of time nodei spends successfully
transmitting packets on link (i;j ) under and , i.e. the fraction of time node i sends packets over
link (i;j ) that do not experience a collision.

Let P be the class of all policies that have well-de ned link service rates. Note that this class
contains a broad range of scheduling policies, including dyamic policies such as queue-length-based
policies that are variations of the MaxWeight policy [22], as well as noncausal policies that know the
future arrival of the ows.

We then de ne network stability as follows.

De nition 3  (Stability) . For a given network (N;L), let ()= f (i )( )9 2o the link service
rates of policy , 2P, for the rate vector = f ;g2,r . We say that policy stabilizes the network
for if (i ) < (i )( ), (l,] ) 2L.

This commonly used stability criteria [22] requires that for each link (i;j ) the link service rate
(i )( ) is larger than the arrival rate ;). The capacity region of a network (N ;L) is then de ned
as follows.

De nition 4.  (Capacity Region) For a given a network(N ;L), the capacity region C is equal to the
set of all trac vectors = f ;gr2r such that there exists a policy 2 P that stabilizes the network
for ,i.e. we have

C=f 0:9 2P with 5y < 4,(); 8(;j)2Lg:

4.2 CSMA Policies

In this paper we are interested in characterizing the perfomance of CSMA policies. In particular, we
are interested in the question whether CSMA policies are thoughput-optimal in the sense that for a
given network (N ; L) they are able to stabilize any rate vector in the capacity region C. In this section,
we describe the basic operation of the CSMA policies that we ansider; a more detailed description of
channel sensing and transmission scheduling mechanismseagiven in Appendix A.

A CSMA policy is given by a transmission attempt probability vector p = (P ))¢ij )2 2 [0; 1+
and a sensing period (or idle period) > 0. The policy works as follows: each node, say, senses the
activity on its outgoing links | 2 L. We say that i has sensed link{j ) 2 L; to be idle for a duration
of an idle period if for the duration of time units we have that (a) nodei has not sent or received a
packet and (b) nodei has sensed that nodg have not sent or received a packet. If node has sensed
link (i;j) 2 L; to be idle for a duration of an idle period , then i starts a transmission of a single
packet on link (i;j ) with probability p; ), independent of all other events in the network. If nodei
does not start a packet transmission, then link §;j ) has to remain idle for another period of time
units before i again has the chance to start a packet transmission. Thus, te epochs at which nodd
has the chance to transmit a packet on link {;j ) are separated by periods of length during which link
(i;j ) is idle, and the probability that i starts a transmission on link (i;j ) after the link has been idle
for time units is equal to pi; ),

We assume that packet transmission attempts are made accoimdg to above description regardless
of the availability of packets at the transmitter. In the eve nt of a transmission decision in the absence
of packets, the transmitting node transmits a dummy packet, which is discarded at the receiving end
of the transmission (see also our discussion in Section 12).

The duration of an idle period is again given relative to the length of a packet transmissia which
is assumed to take one unit time, i.e. if the length of an idle eriod is L; seconds and the length of
a packet transmission isL, seconds, then we have = L;=L,: For a xed L;, the duration of an idle
period will become small if we increase the packet lengths, and heecthe packet transmission delay
Lp.

Given the length of an idle period , in the following we will sometimes refer top as the CSMA
policy.



4.3 Achievable Rate Region of CSMA Policies

We show in [16] that a CSMA policy p has a well-de ned link service rate vector (p), i.e. CSMA
policies are contained in the setP. Note that for a given , the link service rate under a CSMA policy
depend only on the transmission attempt probability vector p, but not on the arrival rates . The
achievable rate region of CSMA policies is then given as fallws.

De nition 5  (Achievable Rate Region of CSMA Policies) For a given network (N ;L) and a given

sensing period , the achievable rate region of CSMA policiesis given by the set of rate vectors =

f rgr2r for which there exists a CSMA policyp that stabilizes the network for , i.e. we have that
@) < (), (i) 2L.

5 Main Result

For given network (N;L), let ( ) be the achievable ow rate region of CSMA policies when the
duration of an idle period is equal to . After providing a characterization of (), in our main result
in Section 11, we show that

Ii%( )= f 0: <1 foralli2Ng

for networks with many small ows 3. Since it is impossible for any policy to stabilize the netwak if for
a nodei we have that ; 1, this results states the CSMA policies are (asymptoticaly) throughput-
optimal.

In fact, there is an interesting corollary to this result. It provides a simple characterization of
the capacity region for networks with many small ows, i.e. the (asymptotic) capacity region of such
networks is given by

C=f 0: ;<1 foralli2Ng:

The result that the achievable rate region of CSMA policies § asymptotically equal to C (for networks
with primary interference constraints) may seem very surpiising and counter-intuitive at rst. And
indeed, it is important to stress that our result does not state that the achievable rate region of CSMA
policies is always equal tcC, but only under the conditions that (a) becomes small and (b) the network
resources are shared by many small ows. Let us brie y commenon these two conditions.

The fact that needs to be small in order to obtain a large achievable rate iggon is rather intuitive;
clearly if is large (let's say close to 1) then the above result will not ke true. The fact that we need
the assumption of many small ows in order to obtain our result is illustrated by the following example.

Five possible maximal matchings for the Pentagon
network under the primary interference model

Flow f;

v
v

Figure 2: The pentagon network with ows ri;  ;rs on each link, and the ve possible simultaneous
transmissions that can occur under the primary interferen@ model. The rate ,, = (1 )=2; i =

1, ;5; forany 2 (0;0:1] is not achievable by any policy for this scenario.

Example 1. For the pentagon network of Figure 2, let 2 (0;0:1] and ,, = (1 )=2 for each
r=1, ;5. Then, the load on each node is given by; = (1 ) for eachi 2 N . Although the
resulting tra c vector lies within C, no scheduling policy can stabilize the network for. This can be

seen by noting that at most two links out of ve can transmit sacessfully at a given time, as shown in
the gure. Hence, even an optimal centralized controller canot achieve a maximum symmetric node
activity of more than 2=5, and clearly, our result cannot hold for this network.

3We will provide a precise description of the assumption need for the derivation of this result in Section 11.



The reason that in the pentagon network a node cannot achieva throughput of more than 2=5 is
that under each \maximal" schedule given in Figure 2, if one d the neighboring nodes of a given node
i is busy transmitting, then node i has to wait for a duration of 1 time unit to get a chance to make
a transmission attempt. However, if we have a network where ach nodei has many neighbors with
which it exchanges data packets (many ows), then nodes willtypically have to wait for much less than
1 time unit before it gets the chance to make start a packet transmissions. Intuitively, the larger the
number of neighbors of a node, the shorter a node has to wait uih it gets a chance to start a packet
transmission. In addition to having many ows, we need the asumption that each ow is small in order
to avoid the situation where the dynamics at each node is basally determined by a small number of
large ows, essentially leading to a similar behavior as in he case where each node has only a small
numbers of neighbors. Note however that these assumptionsran't su cient in order to obtain our
result; we also need to show that there exists a CSMA policy uder which nodes (a) don't wait too long
before making a transmission attempt (and hence waste capdy), (b) are not too aggressive such that
a large fraction of packet transmissions result in collisims, and (c) share the available network resources
such that the resulting link service rates support the giventra c vector 2 C.

6 Overview of Analysis

In this section, we provide a brief description of the di erent steps taken toward obtaining our main
result that CSMA policies are (asymptotically) throughput -optimal for networks with many small ows
and su cient routing diversity.

CSMA Fixed Point Our rst step is to derive a tractable way to characterize the link service rates
for a given CSMA policy. Inspired by the reduced load approxmations utilized in the loss network
analysis [12], in Section 7.2 we propose a novel xed point fonulation to model the performance of a
CSMA policy p. Similar to the reduced load approximation in loss networks the xed point equation

is based on an independence assumption. We show that the xegoint is well-de ned, i.e. there exists
a unigue xed point.

Asymptotic Accuracy of the CSMA Fixed Point We then show that the CSMA xed point
asymptotically accurate in the sense that it accurately chaacterizes the link service rates of a CSMA
policy as becomes small for large networks with many small ows. A techical issue the requires care
in the proof is the scaling of how becomes small and the network siz&l becomes large. For our proof,
we use the scaling given in Assumption 1 in Section 9.

Achievable Rate Region under the CSMA Fixed Point We then use the CSMA xed point to
characterize the achievable rate region, and show that thisharacterization suggests that CSMA policies
are throughput-optimal in the limit as the sensing time  becomes small. As part of the deriving the
achievable rate region using the CSMA xed point, we obtain an algorithm that allows to compute
CSMA policy to stabilize the network for a given rate vector that is in the achievable rate region.

Throughput-Optimality of CSMA polices Finally, in Section 11, we derive our main result, i.e.
that CSMA policies become asymptotically throughput-optimal as becomes small for large networks
with many small ows.

In our subsequent discussion, for ease of exposition we witypically refer to links as performing
sensing or transmission attempts. This must be understood s the transmitting node of the (directed)
link performing the action.

7 Formulation of CSMA Fixed Point Equation

In the rst part of our analysis, we introduce a xed point app roximation, called the CSMA xed point,
to characterize the link service rates under a CSMA policyp. The xed point approximation extends



the well-known in nite node approximation for single-hop networks (see for example [1]) to multihop
networks which we brie y review below.

In the following we will use to denote the services rates obtained under our analyticaldrmulations
that we use to approximate the actual service rates under a CSMA policy as de ned in Section 4.3.

7.1 Innite Node Approximation for Single-Hop Networks

Consider a single-hop network whereN nodes share a single communication channel, i.e. where nogle
are all within transmission range of each other. In this casea CSMA policy is given by the vector
p=(p; ;pn) 2 [0;1]N wherep, is the probability that node n starts a packet transmission after
an idle period of length  [1].

The network throughput, i.e. the fraction of time the channel is used to transmit packets that do
not experience a collision, can then be approximated by (sefor example [1])

G(p)e G(p)
+1 e G

(G(p)) = ©)

where G(p) = P ,’:':1 pn. Note that G(p) captures the expected number of transmissions attempt akr
an idle period under a CSMA policy p.

This well-known approximation is based on the assumption that a large (in nite) number of nodes
share the communication channel. It is asymptotically accuate as the number of nodesN becomes
large and each node makq§ a transmission attempt with a prolality p,, n 2 N that approaches zero
while the o ered load G = ,’:':1 pn Stays constant (see for example [1]).

The following results are well-known. For > 0, one can show that

(G) < 1; G 0 4)
and for G* () = p2_, > 0, we have that
lim (G ()=1: (5)

Using (3), the service rate ,(p) of node n under a given CSMA policy p can be approximated by

G(p)
_ Pn€ . e a N
n(p) - ]--'-—eG(p), n—l,,N (6)
In the above expression,p, is the probability that node n tries to capture the channel after an idle
period and e ¢(P) characterizes the probability that this attempt is succesdul, i.e. the attempt does
not collide with an attempt by any other node.
Similarly, the fraction of time that the channel is idle can be approximated by

(P) = (G(p)) = +1—eG(P); (7)
where we have that lim 4 (G*( ))=0:

7.2 CSMA Fixed Point Approximation for Multihop Networks

We extend the above approximation for single-hop networks © multihop networks as follows.
For a given a sensing period , we approximate the fraction of time ;(p) that node i is idle under
the CSMA policy p by the following xed point equation,

i(p)= i=1; ;N; (8)

(+1 e cm)’
where
x .
Gi(p) = Piiy + Pgiy i (P); i=1; ;N: ()]
j2N



We refer to the above xed point equation as the CSMA xed point equation, and to a solution (p) =
( 1(p); 7 n(p)) and G(p) = (Gi(p); ; Gy (p)) to the xed point equation as a CSMA xed point .
The intuition behind the CSMA xed point equation (8) and (9) is as follows: suppose that the
fraction of time that node i is idle under the CSMA policy p is equal to ;(p), and suppose that the
times when nodei is idle are independent of the processes at all other nodest hodei has been idle for
time units, i.e. nodei has not received or transmitted a packet for time units, then node i can start
a transmission attempt on link (i;j ), j 2 N, only if node j also has been idle for an idle period of
time units. Under the above independence assumption, this il be (roughly) the case with probability
i (p), and the probability that node i start a packet transmission on the link (i;j ), j 2 N, given that
it has been idle for time units is (roughly) equal to p;; j(p). Similarly, the probability that node
j 2 N starts a packet transmission on the link (;i) after node i has been idle for time units is
(roughly) equal to pj;iy j(p). Hence, the expected number of transmission attempts thanodei makes
or receives, after it has been idle for time units is (roughly) given by (9). Using (7) of Section 7.1,
the fraction of time that node i is idle under p can then be approximated by (8).
There are two important questions regarding the CSMA xed point approximation. First, one needs
to show that the CSMA xed point is well-de ned, i.e. that the re always exists a unigue CSMA xed
point. We have the following result.

Theorem 1. For every CSMA policy p 2 [0;1]- there exists a uniqgue CSMA xed point (p).

We prove Theorem 1 in the next section.

Second, one would like to know how accurate the CSMA xed poim approximation is. In the next
section, we show that the CSMA xed point approximation is asymptotically accurate for large networks
with many small ows and a small sensing period .

For a given an sensing period , we can then use the CSMA xed point G(p) for a policy p to
approximate the link service rate (;; (p) under a CSMA policy p by

R R
p(i;j ) ](p)e (G (p)+ Gj(p))

(i) )(p) = 1+ e Gi(p) (10)

where X
GR(p) = Pgiy i (P):
j2N
Note that the above equation is similar to (6) wherep;; ) j (p) captures the probability that node i
makes an attempt to capture link (i;j ) if it has been idle for ~ time units, and exp  (GR(p) + G;j (p))
is the probability that this attempt is successful, i.e. the attempt does not overlap with an attempt by
any other node to capture a link that has an endpoint in commonwith link ( i;j ). Note that

p(|J ) e (Gi(p)+ Gj(p)

1+ e Gi(p) 1+ e Gi(p) (11)

(i) (P)
asGi(p) GR(p).

8 Existence of a Unique CSMA Fixed Point

In this section, we prove Theorem 1 which states that there alvays exists a unique CSMA xed point.
We rst establish the existence of a CSMA xed point.

Proposition 1.  For every CSMA policy p; there exists a CSMA xed point (p).

Proof. The proof uses the continuity properties of the xed point equation given (8), and is a straight-
forward application of the Brouwer's xed point theorem. O

We next establish the uniqueness of the CSMA xed point for ary p. Unlike standard methods in
establishing the uniqueness of a xed point, our proof metha does not require additional assumptions
on the xed point mapping, therefore may be of independent irterest. The proof follows a number

10



of steps, which is outlined here for clarity: Lemma 1 shows tk uniqueness of the solution under the
CSMA policy such that pg;y = 0, (i;j) 2 L; Proposition 2 proves the upper-semicontinuity of the
correspondenceG(p) given by (9); Proposition 3 proves that for any CSMA policy p and G 2 G(p),
(p; G(p)) is uniquely de ned in a neighborhood of (p; G(p)); nally Theorem 1 combines the preceding
results to establish global uniqueness of the CSMA xed poinfor any p.

Lemma 1. Consider CSMA policy p with
Pijy =0; forall (i;j)2L;
then for any > 0 the uniqgue CSMA xed point (p) is given by
i(p)=1; i=1;:;N:

and
Gi((p)=0; i=1;:5N:
The above results follow immediately by using the CSMA poliy p with p;;y =0 in (8) and (9).
We next study the continuity properties of G(p). The proof uses the continuity of the mapping

Paij) + Pai) .

fi(G;p) = G m,

i=1;:::;N: (12)
j2N

Proposition 2. The correspondenceG : [0; 1]- 7! RY is upper-semicontinuous; i.e., G(p) has a closed
graph.

Proof. Note that for all p 2 [0;1]-, G(p) is given by
G(p)= fG2RY jfi(G;p)=0;i=1;:::;Ng: (13)

We will show that G has a closed graph. Leff (px; Gk)g be a sequence which satis e$5¢ 2 G(pk) for
all k and converges to somep; G). Assume to arrive at a contradiction that G 2 G(p). By (13), this

that there exists some > 0 such that
fi(G;p) > 2: (14)

By the continuity of the functions f;, we have
Jm i (Gk;pr) = Ti(G;p);
which implies the existence of some& such that
fi(Gip) fi(Gkipx) 8k K:

Combined with (14), this yields
fi(Gk;pk) fi(Gip) >
contradicting the fact that Gy 2 G(pk) [cf. (13)]. O

establishes the local uniqueness of the correspondenGdp).

Proposition 3.  For all CSMA policies p and all CSMA xed points G 2 G(p), there exist neighborhoods
U RY ofGandV [0;1]- of p such that for eachp 2 V the equationf (G;p) = 0 has a unique
solution G 2 U. Moreover, this solution can be given by a functionG = (p) where is continuously
di erentiable on A.

11



Proof. We prove this statement by using the implicit function theorem.

For nodei 2 N we have 8
<1 i

o= 0 .

N CR I

NN

J;
Ni,
N
with

i) = P PG T g6y
and
T TR e oy

Note that the function f is continuously di erentiable. Therefore, in order to use the implicit function
theorem we need to show that the matrix

ot
@G‘ G=G(p)

has linearly independent rows. Before we proceed, we note & this matrix is a positive matrix.
Suppose that the rows are not linearly independent, then thee exists a coe cient vector x =
(X1; ;XN ) 8 0 such that

(15)

X @f(p)

———= =0; foralli2f1;:::;Ng:
@G g

j=1

Using the special structure of the Jacobian matrix, we obtan

X
Xi + " GiH)X =0; foralli2f1;:::;Ng
j2N
and X
Xi= ' (i) Xis foralli2f1;:::;Ng:
j2N
Consider nodei such that for all i =1;::;;N we have
xi[ +@ e® ) x[ +@ e ®): (16)
Then,
1= " (i )y
j2N '
X
i Pi i) T Pgi ) Y1 e G
j2N +1 e )
xi[ +(1 e )]
xi[ +(1 e Gi)]
(a) X
i ' Pi )t Pai ) W
i2N
: Gi (p) (c)
® Gi (pe ST (17)

(1 e & )

where (@) follows from (16), (b) follows from the fact that f; (G;p) =0; and (c) follows from (4). This
proves that the Jacobian matrix in (15) is non-singular. The result follows from the implicit function
theorem. O

We next combine Propositions 1-3 to complete the proof of Therem 1.

12



of Theorem 1. By Proposition 1, for the policy p with pgy =0, (i;j) 2L, there exists a unique xed
point G(p). For a given policy p de ne the convex combination of p and p as

pit)=(1 t)p+ tp; t 2 [0; 1]:

By Lemma 1, the setG(p) is nonempty, i.e., there exists at least one CSMA xed pointat p. We use
the following lemma to complete the proof.

Lemma 2. For every G 2 G(p), there exists a continuous function h : [0;1] ! RY that satis es
h(0) = G(p); and h(1) = G:

of Lemma 2. Assume, to arrive at a contradiction, that there does not exst such a continuous function.
We de ne the set of functions

H, fh:[0;1]! RY jh(t) 2 G(p(t); h(1)= G(P)u:

For all h 2 H, let T, 2 [0; 1] denote the set of points at whichh is discontinuous. We de ne the point
t2 [0;1] as
r, s inf t:
2 |
t2 Th

> >
h2H '

IV ©

[
Note that the set Th is a bounded and closed set, therefore the minimum in the presding opti-

h2H
mization problem is attained, implying the existence of sone h 2 H such that h is discontinuous at

t: By the upper-semicontinuity of G(p) (cf. Proposition 2), the function h can be chosen to be right
continuous at t: Note also that since G(p(0)) is unique, it follows that t> 0. By the de nition of t;
there exists some > 0 such that for all > 0 su ciently small,

h® G > : 8G 2G(p(t )):

This contradicts the fact that for all p and G 2 G(p), (p; G(p)) is uniquely de ned in a neighborhood
of (p; G) (cf. Proposition 3), proving the claim. O

Back to the Proof of Theorem 1: Assume, to arrive at a contradiction, that there exist G; and G,
(61 8 G,) such that G1; G, 2 G(p). By Claim 2, it follows that there exist continuous functio ns, h1()
and hy(); such that h1(0) = h,(0) = G(p); h1(1) = G1(p) and h,(1) = Go(pP): Then, there must exist
a =maxft 2 [0;1]: hi(t) = ha(t)g: Since we know that G(p) is unique, there must be a bifurcation
of the (p(t); G(p(t)) ast exceeds: But, this contradicts the local uniquenessresult of Proposition 3.
Hence,G(p) [and therefore (P)] is unique for all p: O

The uniqueness result of Theorem 1 combined with the upper&micontinuity of Proposition 2 directly
implies the continuity of G(p); and hence of (p): This is stated in the following corollary.

Corollary 1. The xed point (p) is continuous in p.

9 Asymptotic Accuracy

Consider a sequence of networks for which the number of nodes$ increases to in nity. Let L(N) be
the set of all links in the network with N nodes, and IetNi(N) be the set of neighbors of node.

As N increases, consider a corresponding sequence of CSMA paif p(N)gy 1 with sensing periods
f Ngy 1, wherepMN) de nes the CSMA policy for the network with N nodes. We make the following
assumptions.

Assumption 1.  For the sequencespM)gy ; andf (Ngy ; the following is true.

(@) We have thatlimy,; N (N) =0,

13



. (N)
(b) For ph = (i_mgxw) pgi’?;)) we have thatlimy,; P22 =0.

(c) There exists a constant and an integer N such that for all N Ng we have that
N N .
[pgi:j )) + péj;i))] (N); 1=1; N
i 2N |(N )

These technical assumption have the following interpretaton: condition (a) characterizes how fast
(N) decreases to zero as the network sizd increases, condition (b) implies that the attempt proba-
bility of each link becomes small asN becomes large, and condition (c) states that the total rate vith
which links that originate or end at a given nodei are captured, is upper-bounded by .
For the above scaling, let (pMN)) = ( 1(pM)); ; n(P™N))) be the CSMA xed point for the
network of sizeN, and let ;(p™\)) be the actual fraction of time that node i is idle. Furthermore, let

M= max_ji(p™) i(pM)
i=1; M\
be the maximum approximation error of the CSMA xed point. Si milarly, let

N
(N) = max 1 (] )(p( ))
(i )2L (V) iy (PMND)

be the maximum relative approximation error of the link service rates under the CSMA xed point.
Note that under Assumption 1 the link service rate (; )(p(N)) will approach zero asN increases and
the error term j (i;,(p™N)) ;) (PM))j will trivially vanish; this is the reason why we consider the
relative error when studying the accuracy of the CSMA xed point equation for the link service rates.

The following result states that in the limit as N approaches in nity the CSMA xed point approx-
imation becomes asymptotically accurate.

Theorem 2. For the above de ned scaling we have that

lim ™) =0; and lim ™) =0:
N1 N1

We provide a proof of Theorem 2 in Appendix B.

9.1 Numerical Results

In this section we illustrate Theorem 2 using numerical resits obtain for the network given in Figure 3.

Figure 3: Network topology for our numerical results consiss of a set ofN sender nodedNs = f1;::;;Ng,
and a set of N receiver nodesNg = fN +1;::;2Ng. The set of links L consists of all directed links
(i;j ) from a senderi 2 Ns to a receiverj 2 Ng.

For this network, a CSMA policy p = (pgij))cij)ze 2 [0;1]- determines the probabilities pi; ) with
which senderi 2 Ng starts a transmission of a packet to receiverj 2 Ng, after link (i;j) has been
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sensed to be idle for sensing period of time units. Given a sensing period , the CSMA xed point
for a policy p is then given by

i(p) = (+1 eGmy i=1; 2N
where X
Gi(p) = Pij) i (P); i2Ns
j2N r
and

X
Gj(p) = Piiy i (P); J 2Ng:
i2N s
Consider then a sequence of policiegs(N) and a sequence of sensing period$N) as function of size
of the sender setNs, given by

(N) =1=(Nlog(N)) and pgjy= M=2N):

Note that this scaling satis es Assumption 1. Furthermore, due the symmetry of the network topology
as well as the CSMA policyp™N) that we consider, the CSMA xed point ;(pN)) is symmetric and
we have that

i(p™) = j(e™); i) 2N = Ns[N &:

We then evaluate the performance of a CSMA policypN) using = 10 for di erent sizes N of the
sender setNs:

0.48f 0.6
8
© 0.46 2
. . . < 8
E 0.44 -©-Fixed Point Analysis, N) £ 05
o 0 " L s
= 02 °‘ =% Simulated CSMA Performance, ™ 5 04T
5 0421 . | o
5 031 -e- i Q]
S 04 1 :g ©-Fixed Point Analysis, t
8 038 ; S o2 — Simulated CSMA Performance, nf"
[l -3 7] 2
0.g.
0.36 : ©-0-0-0-0-0-6-0-0- L Eo1
0.34 X i i i i i 4 i i i i i i i
2 4 6 8 10 14 16 18 20 22 24 2 4 6 8 10 14 16 18 20 22 24
Number of sender nodes, N Number of sender nodes, N

Figure 4: Comparison of the actual fraction of idle time unde the CSMA policy and the predicted
values based on the xed point formulation.

(N)
o
S
S

™
d\

Maximum error in idle fraction,
Maximum Error in rates,

i i i i i i i i i i i i i i i i
8 10 14 16 18 20 22 24 4 6 8 10 12 14 16 18 20 22 24
Number of sender nodes, N Number of sender nodes, N

Figure 5: Error terms of Theorem 2 for di erent values of N.

Figure 4 shows the measured mean fraction of times that nodesre idle and mean node throughput,
compared with the performance predicted by the CSMA xed point. Figure 5 shows the error terms of
Theorem 2 for the approximation error in the fraction of time that nodes are idle, and the link service
rates.

Note that the above numerical results suggest that the CSMA xed point approximation is remark-
ably accurate even for smaller values oN . This suggest that the CSMA xed point approximation is
not only asymptotically accurate, but is already useful to characterize the performance for networks
where each nodes has a relatively small number of neighborglowever, more simulations are needed to
verify this observation for more general network topologies.
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10 Approximate Achievable Rate Region

In this section we use the CSMA xed point approximation to characterize the achievable rate region
of CSMA policies. In Section 11 we will show that this charactrization is asymptotically accurate for
large networks with a small sensing time.
Consider a network (N ;L) with sensing time > 0 as described in Section 3, let ( ) be given by
n 0
()= =f 0i< (G ()e®ii=1; N ;

p

whereG*( )= 2 and (G*( ) are as de ned in Section 7.1 and

x .
i = G+t oGy o 12N
j2N

is as de ned in Section 3.
The next result states that for a network (N ;L) with sensing time > 0 the achievable rate region
of CSMA policies under the CSMA xed point approximation contains the set ( ).

Theorem 3. Given a network (N ;L) with sensing period > O, for every 2 ( ) there exists a
CSMA policy p such that

i) < )P (ij)2L:

Proof. By the de nition, we have ;< (G*( ))e ¢ () foralli2N:
For each nodei =1;:::;;N, chooseG; 2 [0;G* ( )) such that
G S () (G)e & ()=

and let

Such aG; exists since the function
f(Gi) = glGi GT () (Gi)e G' ()
is continuous in G; with f (0) =0 and
FGT(N= (G (Ne® > ()
Using ; =1;::; N as de ned above, consider the CSMA policyp given by
Py =~ e O (ij)2L: (18)
i

By applying the above de nitions, at every node i =1;::;;N we have that
X

NS T .
[p(i;j )+ p(j;i)] = M 267 () i
2N j2N; b
e26°() X 26" ()
= —  lant al= ——— ()
i j2N i
2G* ()
e oGt . 15
= S @ () (Ge = =& (G)
I I
+1 e Gi .a Gi
= eG‘ Gie = Gj:
+1 e G
This implies that the above choices ofG = ( Gy; ;Gn)and =( 1;  ; n) denethe CSMA xed

point of the static CSMA policy given by (18), i.e. we have that
(p)= and G(p)= G:
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Using (11), the service rate (;; y(p) on link (i;j ) under p is then given by

Pij) j(p)e (Gi(p)*+ Gj (p))
1+ e Gi(p)

@ (GitGj) R e (GitGj)

p(i;j)11+ — = (i) o26%()_i -

e vi i 1+ e vi

i ) (P)

26" () (Gi+Gj)

(G) (1 e Gi)
= ) ) ©re > s
where we used in the last inequality the fact that by construdion we have G;;G; < G*( ). The
proposition then follows. O

The proof of Theorem 3 is constructive in the sense that givera rate vector 2 (), we construct
a CSMA policy p such that iy < ¢;y(p), (i;j) 2 L. We will use this construction for our numerical
results in Section 11.3.

Note that from Section 7.1, we have that

li.m0G+( )=0; and Iilm0 (G ()=1:
Using these results, we obtain that
Ii%( )= f 0j i<1li=1; ;Ng:

Since any rate vector for which there exists a nodei with ;1 cannot be stabilized, this suggests
that for network with a small sensing time the achievable rate region of static CSMA policies is equal
to the capacity region, C= f 0j i<1li=1, iNg.

In the next section we show that this result is true for the limiting regime of networks with many
small ows.

11 Asymptotic Throughput-Optimality

In this section we derive our main result and show that CSMA pdicies are asymptotically throughput-
optimal as the sensing period becomes small for networks with many small ows.

11.1 Many Small Flows Asymptotic

In Section 9 we introduced a sequence of networks for which thnumber of nodes\ increases to in nity,
and let L(N) be the set of all links in the network with N nodes, andNi(N) be the set of neighbors of
nodei in the network with N nodes. In this section, we introduce a similar scaling for tle rate vectors.
Let M) =f Mg . -« be the rate vector for the network with N nodes. Furthermore,
(N) — X (N). (N).
i) = oo (B 2L
r2rR (N):(isj)2r

be the mean packet arrival rate on link (;j ), and let

X
(N) _ (N)Y o (N) . A
i = @rt oG 1= NS
jZNI(N)

be the mean packet arrival rate at nodei.
De nition 6  (Many Small Flows Asymptotic). Given a sequence of networkéN (N);L(N)gy 1, we
de ne D as the set of all rate vector sequencels (N)gy 1 such that

limsu max (N =0:
N1 P (i )2L (N (i)
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The above de nition characterizes the limiting regime where as the number of nodes in the network
increases, we have that the mean arrival on each route becorsesmall, i.e. the network tra c consists
of many small ows.

We then de ne the asymptotic achievable rate region of CSMA plicies under the many small ows
asymptotic as follows.

Denition 7.  The asymptotic achievable rate region of static CSMA policies mder the many ow
limit is the set of sequences (N)gy 1 2 D for which there exists a sequence of static CSMA scheduling
policies fp(N)gy 1 such that
0 1
(N)
liminf @ min _a (P A > 1
NI (i )aL (V) (N)
(i)
The above de nition implies that every rate sequencef (N)gy ; in the asymptotic rate region can

eventually be stabilized by the sequence of CSMA policyf p(N) gy 1.
Note that a sequencef (N)gy 1 2 D for which there exists a nodei with

im ™)1
N1
can not be stabilized as service rate at each node is bounded/li. Hence, the achievable region under
the many ow limit is contained in the set

c= f Mgy ;2Dj limsup max M) <1
N 11 i=1;:5N

We refer to C as the capacity region under the many small ows asymptotic.

11.2 Asymptotic Rate Region

In this subsection we characterize the asymptotic achievale rate region of CSMA policies under the

many small ows asymptotic for networks with a small sensing period. To do this, we again consider
a sequence of sensing periodsN), N 1, that satis es Assumption 1. The next theorem shows that

in this case CSMA policies are throughput-optimal, i.e. the achievable rate region converges to the
capacity region C.

Theorem 4. Given a sequence of networkBN (N); L(N) gy 1 and a sequence of sensing periods (N))y 1
such that
lim N (V) =0;
N 11

we have that for every sequence(N) 2 C there exists a sequence of CSMA policiesp(N)gy 1 that
asymptotically stabilizes the network, i.e. we have
0 1
(N)
fiminf @ min G (PTA .
N1 (i )2L ) (N)
(i)

Proof. By de nition, for each sequencef (N)gy ; 2 C there exists a scalar < 1 and an integer N

such that for N N we have -
i

Let then be given by

and let
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Using this de nitions, let

Ei'?})): Ei'?})); (Gj)2L;
and (N) — X h(N) (N)i. ; (N).
Pz GH) T oGi) P2N
jon V)
For all i 2N (N) we then have
i(N) ; N N:

As limyy N =0and lim 4 (G*()) =1 (see (5)), there exists a integer No such that for
N  Ng we have that

< (G Mye © ™. j=1;:N:

Using the proof of Theorem 3, we can then construct a sequenagf CSMA policiesfp(N)gy 1 such
that for N Ng we have

0 < aH®e™) i) 2L™:

Using Theorem 2, the approximation ; )(p(N)) of the service rate of link (i;j ) is asymptotically
accurate asN increases, if the sequencép™)gy v, satis es Assumption 1. In this case, the theorem
follows as we have that

0 1

(N)
iminf @ min P77 A
N (i )2L (V) (N)
0 (i) 1
N N
=liminf @ min @) P™) i) (M) A
N1 (i )2L (\) Eil?})) (i )(p(N))

0
C(n(N)
“liminf @ min 6P ")
N 11 (i )2L () (N)
0 (i) 1
(p(N)
iminf @ min P ")
N1 (ij)eL ™ (N)
(i)
> 1

To verify Assumption 1, recall that by using the proof of Theorem 3 we obtain a sequence of CSMA
policiesfp(N)gy 1 such that for N N we have

B < anH®e™) i)™y,

we follows.
For a given network sizeN the value let G™) 2 [0;G* ( (V))) such that

e e () (Mg ()= (N
and let
(N)

(N) _ .
(N)+1 e 6"

Such aGi(N) exists as shown in the proof of Proposition 3.
Consider then the CSMA policy p(N) given by

(N)
(N) (i) (N)e2G+( Ny, (:j)2L:

Pii) = (N) (N)
o
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using the proof of Theorem 3 we then have that
B < aH®e™) i) 2L™:

To verify Assumption 1 for the resulting sequencef p(N)gy n,, we rst show that for

(N) — (N)
max (i;in;?LX<N> @)
we have that
i Phaax o
N1 (N) —

To see this, note that for i(N) as given above, we have that

(N) (N)

R . (N).
T Ny 41 e 6™ (N)+1 e G (M P2 N
It then follows that
(N) om)
Peij ny M+l e O M) .
((llili Ei;i)) ( ()2 e (0 (i;j)2L:

Note that by de nition we have
lim e (") =1.
N1
Furthermore, we have that
(N y1 e (™ 4

e ()2 S

Combining the above results with the fact that for f N)gy ;2 D we have

lim su max N =p:
N1 P (i yoL vy ()
it follows that
i Pma o
N1 (N) ~

In addition, using the results that

(N) G (M)
lim *1 e Q26T (M) _ 4.
N1 ( (N))2 ’

w

and )
+ N
P ) (N) N) 41 e G (™

+ (N) .o
) (i) ( N2 e (T (ij)2L;

we obtain that there exists a constantB such that for N Ng we have that

(N)+1 oG (™
( (N))2

e (" B

(N) , ~(N)
X Py + PGl

™ ; 1=1; Kk

jan M)

Hence the sequencépN)gy n, satis es Assumption 1 and the theorem follows.
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11.3 Numerical Results

In this section, we illustrate Theorem 2 using the network topology as the one that we used for the
numerical results in Section 9.1 (see also Figure 3).
As the network size increases, we consider a sequence of ratectors idle periods (N) and trac
vectors (N) given by
(N) = 0:1=(Nlog(N))

and

()= 2P €M (GF (M), 2N 2NRs
We then have )

M= 8% M (G (M) i2N = Ns[N R

and the rate vector is within approximate rate region ( (N) that we obtained using CSMA xed point
approximation.

In the proof for Theorem 3, we derive the following constructon for obtaining a policy p(N) that
supports a given trac vector 2 ( (N)). Let GIN) 2 [0;G* ( (N))) be such that

g6 & (M) (gye (M) = 890 6t M) (g ny).
N

In the proof, we also showed that such &G(N) exists. Furthermore, let

(N)

(N) = :
(N 41 e 67

Then the CSMA policies p(N) with

= M gt (M iy LM
Py = ( ()2 ) |
will support the trac vector ~ (N) under the CSMA xed point approximation.
Theorem 4 then states that for the above sequence of CSMA pdlies we have for a large enoughl
that

(N) (N) . (N).
Gy > G G 2L
as well as X
lim (N) > 0:95; i2Ns;
N 11 @)
j2N Rr
and X
lim (h) > 095  j2Ng:
N1 i)
i2N s

We simulate the network to measure the true link service rate for di erent values of N. Figure 6
shows the average node throughput that we obtained. Note thathe average node throughput indeed
is above the value (N) for which we designed the CSMA policypN). Furthermore, as N increases the
average node throughput becomes larger then:05 as predicted by our theoretical result. This example
suggests that CSMA policy can be close to throughput optimaleven if the number of neighbors of each
node is relatively small.

Figure 7 shows the distribution of the ratio of link service rates to link throughputs. We know from
Theorem 4 that this ratio will eventually exceed 1 for all links asN tends to in nity. We observe in
Figure 7 that already at a moderate value ofN = 20; more than 95% of the links exceed 1 and the rest
of the links achieve rates close to 1This simulation also reveals the fair nature of our CSMA policy by
demonstrating that link rates are closely located.

It is interesting to contrast the measurements shown in Figue 7 with results obtained for other
random access policies where a high throughput comes at thexpense of severe (short) term unfairness
(see for example [4]). The above constructed CSMA policy pneents such unfairness by selecting the
transmission attempts carefully so that they are locally balanced
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achieves rates close to the aimed value of.95 per sender node even for moderate values bf:

Number of links

1.05 11 115
(N) /) (N) —
Ratio of rrfm 1) for N=20
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12 Conclusions

For our analysis, we consider CSMA policies where links makea transmission attempt with a xed
probability after the channel has been sensed to be idle, ingpendent of the current backlog of the link.
This may seem unreasonable scenario as it implies that a linknight make a transmission attempt even
if there is no packet to be transmitted. However, there are atleast two reasons why this situation
is of interest. First, such a policy could indeed be implemeted (where links send dummy packets
once in a while) and if we can show that it is able to achieve thoughput-optimality, then it might be
considered to be practical. Second, and more importantly, Bing able to characterize the throughput
of such a policy opens up the possibility of studying more complex, dynamic CSMA policies where
the attempt probabilities depend on the current backlog. In particular, the results of our analysis
can be used to formulate a uid- ow model for backlog-depencent policies, where the instantaneous
throughput at a given state (backlog vector) is given by the expected throughput obtained in our
analysis. Besides showing that the CSMA policies are (asyntptically) throughput-optimal, our work
also provides a framework for the analysis of CSMA policies fere the transmission probabilities for
a given link depend on the backlog at the link. Such policies g of interest as they might allow for
dynamic adaptation of the tra c load in the network. An examp le of such a policy, combined with rate
control, is given in [14]. We are currently investigating this approach.
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A Detailed Description of CSMA Policies

In this section, we provide a detailed description of the CSM policies that we consider.

Recall that a CSMA policy is given by a transmission attempt probability vector p = (pi;j ))(ij jor 2
[0; 1] and a sensing period (or idle period) > 0. The policy works as follows: each node, say senses
the activity on its outgoing links | 2 L;. We say that i has sensed link {j) 2 L; to be idle for a
duration of an idle period if for the duration of time units we have that (a) node i has not sent
or received a packet and (b) node has sensed that nodg have not sent or received a packet. If node
i has sensed linkij) 2 L; to be idle for a duration of an idle period , then i starts a transmission
of a single packet on link (;j ) with probability p;; ), independent of all other events in the network.
If node i does not start a packet transmission, then link ¢;j ) has to remain idle for another period of

time units before i again has the chance to start a packet transmission. Thus, th epochs at which
node i has the chance to transmit a packet on link {;j ) are separated by periods of length during
which link (i;] ) is idle, and the probability that i starts a transmission on link (i;j ) after the link has
been idle for time units is equal to pj; y,

We assume that packet transmission attempts are made accomdg to above description regardless
of the availability of packets at the transmitter. In the eve nt of a transmission decision in the absence
of packets, the transmitting node transmits a dummy packet, which is discarded at the receiving end
of the transmission.

Below we describe more precisely the channel sensing, as Wwa$ the scheduling, mechanism of a
CSMA policy.
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A.1 Sensing Delay and Idle Periods

When a link 1%in the interference region of a linkl 2 L; becomes idle (or busy), then node will be not
be able to detect this instantaneously, but only after some @lay, to which we refer to as thesensing
delay.

De nition 8  (Sensing Delay ;(1)). We let (19 denote the time it takes for nodei to sense the state
(active or idle) of a link 1%in the interference region of a link | 2 L;.

Note that a the sensing delay a given in the above de nition islower-bounded by the propagation
delay between nodei and i® The exact length of the sensing delay will depend on the spécs of the
sensing mechanism deployed. We describe two possible sergsimechanisms in Appendix A.2. In the
following we assume that all sensing delays are bounded by ¢éhlength of an idle period .

Assumption 2. For all links | 2L we have that
(19 1921

In our subsequent discussion, for ease of exposition we witypically refer to links as performing
sensing or transmission attempts. This must be understood s the transmitting node of the (directed)
link performing the action.

A.2 Channel Sensing

The exact length of the sensing delay will depend on the specis of the sensing mechanism deployed.
Here we describe two possible approaches how channel sergsoould be done for networks with primary
interference constraints.

Suppose that each node 2 N is assigned a channet; over which it receivesdata packets, and
suppose that the sensing radius and transmission radius ohe nodes are di erent. The channelc; could
either be a frequency range, or a code, if a FDMA-based, or a CHMA-based, approach respectively is
used to implement to obtain a network with primary interfere nce constraints (see also our discussion
in Section 3). Nodes that are within the transmission radius of a node can successfully receive its
packet transmission if there are no collisions by another tansmission within the transmission radius
of the receiver. Nodes that are within the sensing radius of e transmitting node can only detect the
presence or absence of activity together with its destinatbn. The activity within the sensing radius
does not cause collisions, but it signals the presence of agity. In this setting, a node j 2 N can sense
whether nodei is currently sending a packet by scanning the channels, used by nodei for transmission
on its outgoing links (i;k) 2 L;. Furthermore, if the sensing radius is at least twice the transmission
radius, then a nodej 2 N; can sense whether nodeis currently receiving a packet by scanning channel
¢i. Note that the time (measured in seconds) that it takes a nodeto detect whether a neighboring node
is busy, will increase as the number of neighbors of a node ineases; however, the sensing delay (19
measured relative to the time it takes to transmit a packet can still kept low by increasing the size of a
packet, and hence increase the time. , it takes to transmit a packet.

Again, suppose that each node 2 N is assigned a communication channet; over which it receives
data packets, and that in addition it is assigned a control ctannel ¢;, where the bandwidth of the
communication channel ¢ is much larger than the one of the control channelc;. Then, if node i is
currently receiving a packet transmission on its communic#éion channel ¢;, then it can send out a busy
signal on the control channelc;. In this setting, a node j 2 N; can sense whether nodeé is currently
sending a packet by scanning the channelsx used by nodei for transmission on its outgoing links
(i5k) 2 L. Furthermore, a nodej 2 N; can sense whether node is currently receiving a packet by
scanning the control channelc;. Again, the time (measured in seconds) that it takes a node todetect
whether a neighboring node is busy, will increase as the numdy of neighbors of a node increases; but
the sensing delay | (19 measured relative to the time it takes to transmit a packet can still kept low by
increasing the size of a packet. Figure 8 gives a timing-diagm for this case.

A.3 Scheduling

One additional issue that we have to account for is the event hat the idle periods of two links | and
1° that both originate at node i end at the same time. To prevent the possibility that node i starts
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Figure 8: Nodesm;i;j; and k are connected as shown on the left. Node starts a packet transmission
to nodej at tp; which is overheard starting att; by node m: Thus, the sensing delay n, (i;] ) is equal to
(t1 to): Nodej starts reception of the packet att, (hence its sensing delay satises; (i;j ) = (t2  to))
and generates a signal over its control channe| to indicate the activity of link ( i;j ): Node k senses the
control signal of nodej at time t3 (hence its sensing delay is k(i;j ) = (tz  tp): The transmission of
the packet ends at timet, which equals {o + 1) since the packet transmission duration is normalized
to one. Nodesm;j; and k sense the end of the activity atts;tg; and t7, respectively.

in this case a transmission on both linksl and 1° simultaneously (leading to sure collision), we use the
following mechanism.

Atagiventime t O, let L;(t) be the set of links inL; for which an idle period ends at timet. If
link | = (i;j ) belongs to the setL;(t) then the probability that node i starts a transmission on link | at
time t is given by

3 Pei)

P 0
£0:(i 92L i (t)g

independently of all other attempts by any node in the network.

B Proof of Theorem 2

Recall the setting for Theorem 2. We consider a sequence of merks for which the number of nodes
N increases to in nity. Let L) be the set of all links in the network with N nodes, and letN " be
the set of neighbours of nodei. Furthermore, let fp(N)gy 1 be a sequence of CSMA policies where
p(N) de nes a CSMA policies for the network with N nodes, and letf (N)gy ;1 be the corresponding
sequence of sensing periods. By Assumption 1, the followingonditions hold.

(a) For the sequencef (N)gy 1 we have

lim N (M) =0:
N 11
(b) For p,(#'a))( = max p(N) we have that
(i y2L ) )
(N)
. Pmax
m Sy =0
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(c) There exists a constant and an integer Ng such that for all N Ny we have that

(N) (N) N). N
[Py + iyl N, i=1;:N:
joN ()

For this setup, Theorem 2 states that

lim N =0; and lim () =0:
N 11 N 11

where ™) and ™) are as de ned in Section 9.

To prove Theorem 2, we uses techniques and results presentégt Hajek and Krishna in [9] for their
analysis of blocking probabilities in loss networks. Befoe we start we the analysis, we provide in the
next section a brief summary of the work by Hajek and Krishna i [9]. In Section B.2, we provide an
overview of the proof.

B.1 Result by Hajek and Krishna

Here we provide a brief summary of the work by Hajek and Krishra, we refer to [9] for a more detailed
description.

Consider a wired (loss) network consisting of a set of undireted links L, where each linki 2 L has
capacity 1. The network serves connections (calls) where eh connection uses 1 unit of the capacity
at each link it traverses, i.e. each link can accommodate at rast 1 connection. Furthermore, suppose
that all connections use routes that consist of exactly two inks. Connection requests arrive according
to independent Poisson processes wherg = j; denotes the arrival rate for connections that use linki
and j. Once a connection is accepted, it stays in the system for anmount of time that is exponentially
distributed time with mean one. If a new connection using lirks i and j as a route, and one these
links is already serving another connection, then the newlyarrived connection is blocked and lost. The
Erlang xed point equation for this loss network is then given by (see also [9])

Bi
1 Bi

X
= i (1 Bj); i2N; (19)
jaL

where B; approximates the probability that link i is busy, i.e. serving a connection. In [9], Hajek and
Krishna obtain the following result.

Proposition 4. Consider a loss network as de ned above and let

ry = max i
Vool Y

and X
= max ij -

i2L .
j2L

For the actual steady-state probabilityB;, i 2 L, that link i is busy we have that
(1 Be 1B (1 Be v,
whereBj, i 2 L, is the solution to the Erlang xed point equation given by Eq (19).
The above proposition implies that for small and r, the solution to the Erlang xed point equation
approximates well the actual steady-state probability of alink being busy.
B.2 Overview of the Proof for Theorem 2
To prove Theorem 2, we will proceed as follows.

1. We relate the CSMA xed point to the Erlang xed point given by Eq. (19). To do this, we derive
and analyze in Section B.3 and B.4 an alternative formulation of the CSMA xed point.
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2. We show that the steady-steady probabilities of nodes beig idle under CSMA policy p are
asymptotically independent. More precisely, we will rst derive in Section B.6 and B.7 several
properties for the the steady-steady probabilities of nods being idle under a CSMA policy p,
which we then use to show in Section B.8 that the steady-statgrobabilities of nodes being idle
become asymptotically independent.

3. Combining the results from step 1 and 2, we show in Section B that that under Assumption 1
the solution to the CSMA xed point equation is asymptotical ly accurate. In particular, we derive
the following result.

Proposition 5. Consider a CSMA policy p(N) for a wireless network consisting ofN nodes and
let
(N) — (N)
pmax - (T?%(L p(i;j)
and let be as de ned in Assumption 1. Then there exist constants and ¢ that do not depend
on N, such that the actual steady-state probabilities;(p(N)), i 2 N, that nodei is idle under the

CSMA policy p(N) satisfy
(pMye (=g ()= (P
(pMNye (+17=g ( +( )P=2).
where ;(p™\)) is the solution to the CSMA xed point equation for p(N); and
r=2N+1)( s ")+2r,

with N
_ pSna>)< )

Mp = Ny -

Using Proposition 5, we can prove Theorem 2 as follows.

Proof of Theorem 2: Consider a sequence of CSMA policiepN) that satis es Assumption 1.

To keep the notation light, we use in the following only p instead of p(N), pj instead of DEE))' i

instead of ;(p")), ; instead of {(p(N)), and instead of (N). Furthermore, we use (;; instead of

@i )(PM)) to denote the link service rate for link (i;j ) under the CSMA policy p(N), and (;; ) instead
of (i )(p(N)) to denote the approximation of link service rate for link (i;j ) under the CSMA xed
point approximation for the CSMA policy pM).

We rst show that

lim ™) =0:
NI1

This result follows immediately from Proposition 5 which states that the steady-state probabilities
asymptotically converge to the solution of the CSMA xed point equation if

Nlign (2N +1)( s )*+2rp, =0;

or
im N =0
N1
and
_ phex
lim =0:
N1

And indeed, these conditions hold by Assumption 1.
The proof that

lim (N =0
NI1

requires results that we obtain in Section B.7 and B.8; we wil provide references to these results in the
derivations below.
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We are going to use the following convention. We say that a nod i is idle if node i is currently
neither sending, nor receiving, a data packet. We say that aihk | = (i;] ) is idle if both node i and j
are idle. Otherwise, we say that nodei (link (i;j)) is busy.

Let y; be the indicator whether nodei is idle (y; = 0) or busy (y; = 1), and let P(y; = 0;y; =0) be
the steady-state probabilities that node i and j are jointly idle. In Section B.6, we show this steady-
state probability exists. Using the same argument as we givén Section B.7 to prove Lemma 20, one
can show that

1
Pyi =05y, =0)pi)(X 4 ) () P(yi =0:y; =0)p; T2

where (1 4 ) is a lower-bounded (see Section B.7) on the probability thé a packet transmission on
link (i;] ) is successful, i.e. does not experience a collision.
By Proposition 8 in Section B.8, we have that

2N
1 1 P(yi=0:y; =0) 2N :
Tror T - @+ s )™ @+2rp);
and it follows that
2N
1 1 )
Tror, 17 . i P14 )
(i)
2N 1 .
@+ s )7 @+2r0) i PGy T4
Combining this result with Proposition 5, we obtain that
2N
1 1 2_ 2_
1+2rp 1+ e 2 (e 20 LI pgH( 4 )

(i)
2N 22 22 1
1+ o) @+2rp)e? T LTI pgy

where ; and ; are the solutions to the CSMA xed point equation for the CSMA policy p.
As we have that (see Section 7.2)

P e ° iPje ey i i )
1+ e (Gi(p) 1+ e Gi(p) a7y e Gi(p)
or )
i jPiiHe By i PG .
- (i) -
it follows that
2N
1 1 2_ 2
1+2r, 1+ e 2 (e 2 ( *C 1=A(@ 4 e ?
p S
(i) 2N 2 (r+r2=2) 2 ( +( )%=2) 1 .
1+ 1+2rp)e e —_—
i) ( R °) 1 4 )2
Note that under Assumption 1, we have that
2N
. 1 1 - _
N“&n 1+2r, 1+ e 2 (e 2 ( )= 4 je? =1
! p s
and 1
im 1+ ¢ )N @Q+2r,)e? (+7g2 ( + V=2D_— -,
N1 ( s )7 ( p) 1 4
and it follows that
lim ™) =0:
N 11
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B.3 Alternative Formulation of the CSMA Fixed Point

In this section, we derive an alternative formulation for the CSMA xed point for a CSMA policy p,
which we will use to related the CSMA xed point to the Erlang xed point for loss networks. To keep
the notation light, we use in the following p;; ) instead of p(N), instead of (N), G; instead ofGi(N),

(]
and N; instead ofNi(N).
Recall that for a CSMA policy p with sensing period , the CSMA xed point equation is given by

where X
G = (Peijy *+ Pgiy) -
i2N

First we observe that for large N the o ered load G; becomes small at all nodes.

Lemma 3. We have that

lim G;j =0; i=1;:5N:
N1
Proof. By Assumption 1, we have that
- - x - x .
am- G = lime ey * pgi) 5o ime (G * pgin) (ime =0:
i2N j 2N
O
Let
Bi =1 i
The corresponding xed point equation is given by
Bi=l ——a S i=1::5N; (20)
where X
Gi = (PGij ) + Py Bj): (21)
J2N
Note that we can rewrite the expression forB; as
1 1 1
Bi= ————=-(1 e®)= =1 e®)=(1 B)=(1 e %)

+1 e
We then have the following result.
Lemma 4. Given a CSMA policy p for a network with N nodes, let

oy +
i = Py T PG . = 10N

and let be given as in Assumption 1. LetB;, i = 1;:::; N, be the CSMA xed point for p as given by
Eg. (20) and (21). Then for (e 1) ' we have

X
Bi = N (1 Bi)@  Bj); i2N;
j2N

where”; 0 is such that

; (i;j)2L;
and~; =0 if (i;j) 2L.

30



The above lemma states that the CSMA xed point Bj, i =1;::;;N, as given by Eq. (20) and (21)
can be expressed as a solution to the xed point equation

X
Bi = N1 B Bj); i2N;
j2N

where the true transmission rates j are replaced by \approximate transmission rates" % . Further-
more, we note that the above xed point equation is the same aghe Erlang xed point equation given
by Eqg. (19), except that we allow that ~; 6 *j; . We use this fact in the following to related the CSMA
xed point to the Erlang xed point considered by Hajek and Kr ishna.

Proof. For G; 2 [0;1],i 2 N, we have
Gl e 1Gi) 1 e © Gi(l+e 1Gi)i

Furthermore, for © (e 1) ! we obtain that

1+67[.Gi 1 e%® G@a+ %G, Gi 2 [0; 1]:
As by Assumption 1 we have that G; , it follows that for
(e 1) *;
we obtain G
1+' 1 e% G@+ )); Gi 2 [0:1]:

Combining the above results, for (e 1) ' we have that

L X
Jany j2N ;
where
;= P T Pa).,
The result then follows. .

B.4 Existence and Uniqueness of a Fixed Point

Consider the xed point equation of Lemma 4 that is given by

X
Bi = N (L B)@ By i 2N;
j2N

with
Y (i;j)2L;

where we allow that

AW 6 AT

1) J
In this section, we will show that there exists a unique xed point by using an argument that is similar
to the one in Section 8 that we used to prove the existence andniqueness of the CSMA xed point.

We rst rewrite the above xed point equation as
Bi X

— = N By); i 2N ; 22
rg -, e B (22)

where 4 0, (;j)2L.

Given vector * = (" )¢ij )2 With A5 0, (i;)) 2L, let B(*) be the set of xed points for Eq. (22).
Then we have the following result.
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Lemma 5. For all xed points B 2 B(”), there exist neighbourhoodd) RY of B andV [0;1]- of
N such that for each 2 V the equationF(B; )= (F;(B; ))ia2x =0 where

Bi
1 Bi

Fi(B; )= i (1 Bj);

J2N

has a unique solutionB 2 U. Moreover, this solution can be given by a functiorB = () where is
continuously di erentiable on V.

Proof. Fori 2 N, we have )
1 L =
Q@F < T B2’ ?_ J;
@B = i ] 2N
0 otherwise.
Note that the function F is continuously di erentiable. Next we show that the Jacobain matrix
@F .
@—$JG=G( )

has linearly independent rows. Having established this radt, the lemma then follows from the implicit
function theorem. Before we proceed, we note that this matrk has non-negative entries.

Suppose that the rows are not linearly independent, then thee exists a coe cient vector x =
(X1; XN ) 8 0 such that

X
X; @Hp) =0; foralli2f1;:::;Ng:
i=1 @p
Using the special structure of the Jacobian matrix, we obtan
. X
X| .
— 7t Xj j =0; I 2N;
@ ByZ "
or X .
1+ i =(1 Bi)*=0; i2N:
jong X
Consider a nodei such that
Xi Xi
: 2N:
1 B 1B
Then,
X xj 1 B;
_ o ) 2L !
1= @ BOE BT
i2N
X xi 1 B
o ) N —
o BOA B Fi
P2N
ij(l B;j )(1 Bj): Bi <1
J2N;
Hence, we obtain a contradiction and the result follows. O

The following result we then obtain by the same argument as gien for the uniqueness of the CSMA
xed point.

Lemma 6. There exists a unique xed point to Eq.(22).
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B.5 Sensitivity Analysis

In this section we show that asymptotically (as N becomes large) the solution to the CSMA xed point
equation converges to the solution of the Erlang xed point equation given by Eq. (19). To show this, we
use the sensitivity analysis as given by Hajek and Krishna inSection 4 of [9] with only minor notational
changes. For convenience, we provide below the analysis ofajgk and Krishna applied to our setting.
Given vector = ( j )(ij)ee With 0,(@;j)2L,let B =(B1;::;Byn) be the the xed point to
the equation
B

X .
1 B, i Bj)  i2N; (23)

J2N

where we allow that ; 6 i . Furthermore, let the links | = (i;j ) 2 L be indexed with numbers 1 :::; L.
Consider thenF (B;v) = ( F1(B;V);:::; Fn (B; v)) where the function F;(B; V) is given by

B;i .
Fi(B: )= 15 i@l B, i2N:
bojaN;
with 3  0,(;j)2L.
We then have @F 1
and @F
@—__': 1 Bj); i2L;j 2N;:
ij
Let bbe theN N diagonal matrix with
h;i :(1 Bi)Z
Furthermore, let R be the N N matrix given by
is ] 2Ni;

Rij = 0. otherwise,

and let T be theN jLj matrix given by

(1 B)@ Bj); I=(§j)j 2Ni;

Ty = 0; otherwise.

Using the above de nitions, we then have that

@F 2

= = + R

@B b
and aF

= = IT:

@v o
Finally, let let

=( 1 +bRp %
Then we have the following result.
Lemma 7. The matrix is well-de ned and

x . - -
] i) 1 B 12N ;

j2N

whereB =maxisy Bi.
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Proof. Recall that

@F 2
—=b “+R
@B
which we can rewrite as
OF_ b (1 + bROb
@B '
By Lemma 5, the matrix g—g is invertible. It follows that ( | + bRD is invertible and is well de ned.
To show that X
il i B i2N;

j2N
we can use the same argument as given to prove Lemma 1 in [9]. @his, let M = bRh so the diagonal
elements ofM;; are all equal to zero and the o -diagonal elements are given ¥

Mij; =(1 Bij) Bj) j:
Note that the elements of M are all non-negative and that
X
Mij =@ Bi) i (1 Bj)= Bi:
j2N j2N
Let e denote the vector with all elements being equal to 1. Then we &ve that

Me B ;

where the inequality is understood to be coordinate-by-coainate. By induction, we obtain for n 0
that
M"e B";

and is given by the absolute convergent series

R
= ( "M
n=0
Moreover, forj | given by
g =1 4
we have
ps X 1
i je M"e B"e= T B °
n=0 n=0
and the lemma follows. O

Using the above result, we have that

%B:(b +R) b 'T=b T:

Recall that the solution (Bj)i2n to the CSMA xed point equation is also the solution of the xe d

point equation given by X
Bi .
1—|B': ’\ij(l Bj); i 2N ;
YN

where for the constant as given in Assumption 1 and for =(e 1) ' we have

1o
1+ i

1+

with
o= Paiy *RGi .

i (j)2L:
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We use this fact as follows. LetB(s) be the solution to the xed point equation

B
1 B;

X
= Aij (S)(l Bj); i 2N ) (24)

J2N
with

Ni(s)= i (1+ i s); =1+ ) 5 L

Note that as we vary j intheinterval [ 1=(1+ );1]andsinthe interval [0; ], % will vary in the
interval [1=(1 )1+ ]

Using the chain rule and the fact that

@B
—=Db T;
@
we obtain for Bk(s), k =1;::; N, that
dBy _ X X dBy
ds an; 1
i2N joN; "
X X dBy
aa. i
i2N j2N | d
X . . X . .
(1 Bx) o« T iyl i i ]
i2N i2N
x . . X . .
= (1 Bx) ]« X Bi)X Bj) il
i2N j2N
As we have that j =0 for j 2 N;, we obtain that
dBy X X o
a5 1 Bk) 1 «l 1 Bi)X Bj)ijil
i2N j2N

X X ij
=@ B Jwi@ By g (@B
i2N j 2N

We then have the following result.

Proposition 6. Let =(e 1) ! and let B(s) be the solution to the xed point equation

B X .
= N (s)(X Bj); i 2N ;
1 Bi )
j2N
with
Ni(s)= i (L+ ys); =1+ ) 5 L
Then for 0 s , we have that
(1 BiO)e ©*2 1 Bi(s) (1 B;i(O)e &*D;  j2N:

Proof. For the proof, we use the same analysis as given to prove Thesm 2 and Corollary 2 in [9].
Thatis, for s2 [0; Jand j 2[ 1=(1+ );1] we have
i
1+s

Combining this bound with the fact that B;j (s) is the solution to Eq. (24), we have that

X B;

N (1 B :
I 1+Sij ( J) 1 B;

j2N
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Combining the above result with Lemma 7, it then follows that

dBy X . . B

— (@ By jwiBi (1 B) 1 (25)

ds N 1 B

Recall that B;(s) is the solution to
Bi(s X
Toergc e B szl )
! j2N
with
Ni(s)= i (X+ ys), =1+ ) 5 L

As

N(s)  j(L+s), =1+ ) 5 1
and by Assumption 1 we have that X

ij ;
j2N
it follows that 5
1 B < (1+59):
Combining this result with Eq. (25), we obtain that
B
T By sy s2[0 b

and the proposition follows. O

We have the following corollary.

Corollary 2. The solution Bi, i 2 N, to the CSMA xed point equation given by Eq(20) and (21)
satis es
2_ 2_
(1 Bj)e €+ )= 1 B (1 Bje C + )'=2.

where B; is the solution to the Erlang xed point equation

B
1 B;

X
= i (1 Bj); i 2N ;
j2N
with
L GBI UDY
Proof. Recall that if we vary j inthe interval [ 1=(1+ );1] ands in the interval [0; ], % , then
I\ij (S) = i (1+ i S)’ 1:(1+ ) i 1:

will vary in the interval [1 =(1 1+ ]
The corollary then follows immediately from Proposition 6 and from the fact that CSMA xed point
is a solution to the xed point equation

X
Bi = % (1 B Bj);  P2N;
J2N
where 4 0 is such that
1 A|J P
1+ ; )2L;
1+ u (1)

and N =0if (i;j) 2L.
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The above corollary states that the solution to the CSMA xed point equation given by Eq.(20) and (21)
and the solution to the e Erlang xed point equation
Bi X .
1 lB»: i (1 Bj);,  T2Nj
'ojeN

with

;= Paii) + PGi) .
become (asymptotically) identical for large N, as by Assumption 1 we have hat approaches 0 asN
increases. We are going to use this result in Section B.9 to prve Proposition 5.

B.6 Existence of Steady-State Probabilities

In this section, we show that the family of CSMA policiesp is contained in the setP of all policies that
have well-de ne link service rates.

Consider a CSMA policy p with sensing period . Furthermore, recall that (19 is the amount of
time link | requires to detect that link 1° has nished transmitting a packet, i.e. (19 is the sensing
delay of link | for link 1° (see also Appendix A).

We then use the following convention. We say that a nodei is idle if node i is currently neither
sending, nor receiving, a data packet. We say that a linkl = (i;] ) is idle if both node i and | are idle.
Otherwise, we say that nodei (link (i;j)) is busy.

For a given directed link | = (i;j ), we refer to nodei as the source node of lind. We then say that
link 1 = (i;j) is sensed to be idle by its source node, if nodeis (a) currently idle and (b) senses node
j to be idle. Otherwise, we say that nodei senses linkl to be busy.

Suppose that at time to node i has sensed linkl = (i;j ) to be idle for exactly the duration of a
sensing period , i.e. nodei rst detect that link | isidle at time to . Furthermore, suppose that at
time tp nodei starts a packet transmission on linkl. Then we say that link | has been been idle in the
interval [to  ;t o).

If at time tg, link | = (i;] ) just became busy (either because node started a packet transmission
on link |, or because a linkl® 2 | | that interferes with link | started a packet transmission) and that
time ty is the rst time after time t that link | is idle again, then we refer to the interval fto;t1) as a
busy period of link I.

Let y,(t) indicate whether link | is busy (y;(t) = 1) or idle (y,;(t) = 0). In this section we show that
then the steady-state probabilities

P(yi =0) = lkim P(yi(k )=0); i2L;

and
P(yi =0;y; =0) = Ikip; P(yi(k )=0;y;(k )=0); hj 2L,

exist.
Note that the state of the system at time t can be characterized by the vector Y(t); z(t)) where

y(t) = (yi(t)ia ;
indicates for each link| 2 L whether | is busy (y;(t) = 1) or not ( y,(t) = 0), and
z(t) =(z(t)i ;

indicates the remaining time until node i has the chance to start a packet transmission on linK (if link
| is currently idle), or the time until link | becomes idle again (if linkl is currently busy).

The existence of the steady-state probabilitiesp(y; = 0) and p(y; =0;y; =0), i;j 2 N, can easily
be established for the special case where (a) all sensing dgé are equal to , i.e. we have

(19 =; ;1 %2L;
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and (b) the sensing times of all nodes are aligned, i.e. all mdes are initial idle and start sensing links
at time to = 0. In this case, the system dynamics are given by a nite-stde Markov chain (y(k); z(k),
k 0, such that

(yi(k);z(k)) = (yi(k );zi(k ));
wherey; (k) 2 f 0;1g and

zi(k)2f ; 2;:0 L1+ g I2L;k O:
Furthermore, the Markov chain has a single-recurrent classontaining the state (y ;z ) given by
y, =0 andz = ; I 2L;

and is aperiodic as the recurrent state ¥ ;z ) has a self-transition. It then follows that the above
steady-state probabilities exist.

For the general case where not all sensing times are equal to, or perfectly aligned, we de ne a
renewal process [7] to establish the existence of the aboveeady-state probabilities.

Without loss of generality we assume for the rest of this sedbn that

(a) for all links (i;j) 2L we have that p;; > 0, and

(b) the interference graph consists of one connected compent, where the vertex set of the interference
graph is equal toL and there exists an edge between two verticek 1% in the interference graph if
link | and 1° interfere with each other.

B.6.1 Recurrent State (y ;z )

In the following, we construct a recurrent state (y ;z ) that we use to de ne a renewal process for
the general case where not all sensing times are equal tq or perfectly aligned, . To do this, we rst
iteratively number the links in the following way. At step 1, let I; be an arbitrary link in L and let S;
be the set of links that have an interference constraint withlink 14, i.e. we have

S, = ||11

In addition set B; = fl;g, setA; = S, and setC; = Ln(S; [f |1Q), i.e. setC; contains all links except
for link 1; and the links that interfere with 1;. We then apply this procedure recursively as follows.
Suppose that we are given the set#\,, Bk, and Cy, of stepk. Then we proceed as follows at stejx + 1.
If the set Ay is empty, then we stop. Otherwise, we pick an arbitrary link from the set Ay and label it
asly+1 . Let Sg+1 be the set of links in setCy that interfere with link Ix+q , i.e. we have

Sker = G\,

SetBk+1 = Bi [f lk+1 0, Set Ax+1 = (Ax [ Sk+1 )nflk+1 g, and setCy+p = CyNSk+q .

Without loss of generality, we assumed that the interferene graph is connected, and the above
procedure will terminate after L steps with AL = C_ = ;.

Having labeled the links as given above, we then construct ta following sample path of the system
to which we will refer to as sample pathSP .

Sample Path SP : Suppose that during in the interval[ty;to + ) are idle. Then let time
t9=1to+ ;

and let link |, starts a packet transmission at timet3+ z, (t3) and all other links to remain idle during in
the interval [t3;t3+2 )). In this case, the packet transmission of linkl; will not experience a collision.
Let t; = t3+ z,(t8) + 1 be the time whenl; nishes its transmission and let all other links remain idle
during the interval [t§ +2 ;t ).

Then proceed iteratively as follows. Letty, k = 1;:::; N, be the time when linklx nishes its packet
transmission, and let all links to be idle in the interval[tyx;tx + ). Then set

=t
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and let link I+ start a packet transmission at time tE + z|k(t8) and all other links to remain idle
during in the interval [t2;t2 +2 ). Let tys; = t2 + 7, (t)) + 1 be the time when linkly.; nishes its
transmission and let all other links remain idle during the nterval [tE +2 5t k1)

Let time t_. be the time when linkl_ nished its packet transmission and let all links to remain idle
in the interval [t_;t. + ). Finally, let

tr=tL+ +2z,(t)

be the time when linkl; has a chance to start a packet transmission in the intervaft, + ;t . +2 ),
given that the source node of link; continues to sense linkl; to be idle during the interval [t,  ;t ;).

Having de ned the sample path SP , we show next that the state variablez(t;) = ( z(t;)), L at the
end of the sample pathSP does not depend on the statez(t8) at time tJ, but is uniquely determined
by the sequence of how all links make their transmission attepts and the fact that all links were idle
at time tJ. To do this, let h i

A()= mod z,(t) z(t) :
be the di erence (0 set) between the time when the current active period ends for link I; and . We
have the following result.

Lemma 8. Let the time tQ, k =1;:::;L be as given in the de nition of the sample patfSP . Then at

time t2, k = 1;:::;L, for all links | in the set Ax [ Bi the oset 2(t0) is given by a function that does
not depend onz(t8), but depends only on the constants (19, 1;1°2 L, and the sequence of the rstk

links that are activated in the sample pathSP .

Proof. As we do not require the transmission time 1 to be divisible by , let t be given by
t= mod (1):

We prove the lemma by induction. For the sample pathSP , note that at time t? we have for all links
[ in the set A; [ B; that
At = ()

where (I1) is the time link | requires to sense that linkl; has nished a packet transmission. Hence
the conditions given in the lemma are true fork = 1.

Suppose that the lemma is correct fork 1 1, and let Ix be the link kth link that is activated in
the sample path SP . We consider the following two cases. First suppose that; 21, . Then for all
links I 2 Ax [ Bk such that! 21, , we have that

A(t%) = (R ,):
For link Iy we have that h i
2,(t)= mod A (] )+ t:
Finally, for all links 12 Ax [ By such thatl 21, , we have that
h i
A(t)= mod A (g )+ t+ () :
Next suppose thatly 21, . Then for link I, we have that
2, (1)) = 1 (lk):
For all links 1 2 Ax [ Bk suchthatl 21, we have that
h i
A(t§) = mod L)+ 2 (6 ) A )+t

Finally, for all links |2 Ax [ Bk such thatl 21, , we have that
h i
A= mod (k) (k) :

As by the induction hypothesis 2 (t2) does not depend onz(t8) but only on the constants (19,
;192 L, and the sequence of the rstk links that activated in the sample path SP , the statement of
the lemma is true for stepk. The results then follows. O

39



We then have the following lemma.

Lemma 9. Let t3 and t, be as given in the de nition of the sample pathSP . The state (y ;z ) =
(y(t;); z(ty)) in the sample pathSP is given by a function that does not depend offy(t3); z(t8)), but
only on the constants (19, I;1°2 L, and the sequence of links activated in the sample pa®P

Proof. This result follows immediately from Lemma 8 and the fact that
Z|1(tr) = 0
and
a(t)=2(t); 161
O

Next we show that there exists a positive constantpg such that the probability that the above
sample path reaches statey ;z ) within at most (1 + L)(1+2 ) time units is lower-bounded by po.

Lemma 10. Let
Pmax = (W?ﬁ Pei;i )
and
Pmin = (PJWI)QL P ) -
Then the probability that we reach the statgy ;z ) within (1 + L)(1+2 ) time units from any given
initial state (y(to);z(to) is lower-bounded by

h i
Po = (1 pmax)L(d1: &+2) Pmin (1 pmax)L(z+ da=e
Proof. Note that from any initial state ( y(to); z(to), with probability at least
(1 pmax)t (=

we have for
t9=to+1+2

that all links are idle during the interval [t  ;t 9).
Consider the sample pathSP . The probability that link 1, starts a packet transmission in the
interval [t3;t3+ ) and all other links remain idle in the interval [t3;t3+2 ), is lower-bounded by
Pmin (1 pmax)ZL .

The probability that no other link starts a packet transmiss ion in the interval [t +2 ;t+1+2 )is
lower-bounded by
(1 pmax)Ld1: ¢

Let t; be the time when link 11 nishes its packet transmission; note that
tp<td+ +1:

If all other links remain idle during the interval [ t3;t3+1+2 ), then all links are idle during the interval

[ti;ta+ ).
The result follows by applying the above argument iteratively to the case where linkly, k =2;:::; L,
start a packet transmission under the sample pathSP . O
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B.6.2 Renewal Process

Using Lemma 10, we can de ne a renewal process where renewglachs are marked by visits to the
recurrent state (y ;z ).

Lemma 11. The expected length of the interval between visits to stalg ;z ) is bounded, and the visits
to the state (y ;z ) de ne a renewal process.

We have the following result for the resulting renewal procss.

Lemma 12. The renewal process de ned by visits to the statdy ;z ) is either aperiodic, or has a
period =c wherec is a positive integer.

Proof. The lemma follows immediately from the fact that if (y(to);z(to)) = (y ;z ) then with proba-
bility at least (1  pmax )- We have that

(y(to+ )iz(to+ ))=(y.z):

Combining the above lemmas, we obtain the following result.

Proposition 7. For every sensing period > 0, the family of CSMA policies p is contained in the set
P of all policies that have well-de ne link service rates.

Proof. Let I (t) be the in indicator function for whether link (i;j ) is transmitting at time t a packet
that does not experience a collision during its entire trangnission time. Using Lemma 12, we then we
have that (see for example [7])

Z

.1 .
Jim = . Lijy()d = lim Pk )=1):

B.7 Properties of Balance Equations

In this section, we characterize the balance equations forhte steady-state probabilities
P(yi=0)=lm P(yi(k )=0); i2L;

and
P(yi=0;y; =0) = 'kin P(yi(k )=0,y;(t)=0); i 2L;

under a CSMA policy p with sensing period .

We are going to use the following notation. If nodei is busy at time t, i.e. if y(t) = 1, let x;(t),
i 2 N, denote the time until node i becomes idle again, i.e. untili stops sending, or receiving, the
current packet transmission. Furthermore, if nodei and j are jointly idle at time t, i.e. we have that
yi(t) = yj(t) =0, then let x; (t) = X;i)(t) be the amount of time that node i and ] haven been jointly
idle. Note that if node i andj have to be jointly idle for at least the duration of sensing peiod before
nodei can potentially start a packet transmission on link (i;j ).

B.7.1 Preliminary Lemmas

For a given link | = (i;] ), recall that 1| be the set of links that interfere with |. Suppose that at time
t nodei and j have been jointly idle for at least time units, i.e. we have that y;(t) = y;(t) = 0 and
Xjj (t) . Given a CSMA policy p, the probability that node i starts a packet transmission on link|
during the interval (t;t + ] is then lower-bounded by

Y
Pij ) 1 po);
12N,
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upper bounded by pi; ).

Note that from the de nition of a CSMA policy, it immediately follows that p;; y is an upper-bound
on the probal&ity that node i starts a packet transmission on linkl during the interval (t;t + ]. To
see thatp(ij ) ooy, (1 Pro) is lower-bound, we observe the following. Given that at timet nodei and
j have been jointly idle for at least time units, let to be the earliest time aftert when nodei has the
chance to start a packet transmission on linkl, if link | remains idle in the interval (t;to). Note that

to t+

In the worst case, all links1°2 | | have an opportunities to start a packet transmission in the interval
[to ;to). In this case, the probability that that no link 192 || starts a packet transmission during
the interval [to  ;t o), and link | has the opportunity to start a packet transmission at time tg is
lower-bounded by Y

(1 po)

1021

and the 60babi|ity that that link | starts a packet transmission in the interval (t;t + ]is lower-bounded

bY Py jop (1 Pro).
We have the following result.

Lemma 13. Suppose that at timet nodei and j have been jointly idle for at least time units, i.e.
we have thaty; (t) = y; (t) =0 and x; (1) . Then there exists a constant , such that the probability
that the link starts a packet transmission in the interval (t;t + ] is lower-bounded by

1
ﬁp(i;j ) 2004 ) 1
and upper-bounded by
X+ p)pPG):

Proof. For k 21, we have that

4y @ o)

—— P ) 1 po Paij ):

dpx 1021

From the mean value theorem, in then follows that
X Y
PG ) (1 Po) PG ) (1 po):
1921 1921
By Assumption 1 we have that X
po 2
1021
and it follows that Y
Pii Y@ 2 ) P (1 po):
1021
Note that for
p 4
we have that 1
. . 17.
1+, x 2 ) 20,4 ) '

The result then follows. O

Below, we derive additional lemmas that we are going to use irBection B.7.2.

Lemma 14. The probability that a packet transmission experiences a ¢lision is upper-bounded by4 .
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Proof. Suppose that nodei starts a packet transmission on link| = (i;j ) at time t. Then this packet

transmission will experience a collision only if another nale starts a packet transmission on a linkl®2 1 |

in the interval (t  ;t + ). This is because by Assumption 2, we have that for linksl®2 | | we have

that the sensing delay (19 and |o(l) is bounded by . Furthermore, by Assumption 1 we have that
X

Po  2;
1021
and the lemma follows. O
Lemma 15. We have
Pyi=1;xi2(0; D=Pi=1;xi2(Q )1
Proof. The above lemma follows immediately from the fact that a paclet transmission takes 1 time
unit. O

Lemma 16. We have
1 1+2
Plyi=1;xi2(@©; )= P(yi=1) Pi=1,%2(0; )——:

Proof. The results follows immediately from the fact that the length of a busy period is bounded
between 1 (the length of a successful transmission) and 1 + 2 (the maximal length of a collision). O

Lemma 17. We have
Plyi=1;xi2 L1+ ]) Pi=1;x2(1 ;1)4:

Proof. Note that the event fy; = 1;x; 2 (1;1+ ]g indicates that a packet transmission resulted in
a collision. By Lemma 14, the probability of this happening is upper-bounded by 4 , and the lemma
follows. O

Lemma 18. We have
P(yi =0;y; =0;xj )
P(yi =0;y; =0)
Proof. Suppose that that at time t nodei and j have just become jointly idle, and let T; the time it
takes starting from t until either node i or j become busy. Note that by Assumption 1, we have that

e 5

@a 4 ), i 2N:

It then follows that
P(yi =0,y =0;Xx; ) =2 2 1 4
P(yi =0;y; =0) =2 1 2

B.7.2 Bounds on the Steady-State Probabilities

In the following, we derive bounds on the steady-state probhility P(y; = 1), i 2 N . We start with the
following lemma.

Lemma 19. For

200,16 ) ]
there exists a constant g such that
1 X
1+ 0 P(yi =03y =0)(Pj) + PGi))
PjoN
j2N
P(yi = 1)&Xi 21 ;1)
1+ 3) P(yi =05y =0)(pij) + Pgi)):
j2N
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Proof. Suppose that the system is in steady-state at timety, and that we observe the evolution of the
system from time tg to to+ . Using lemma 12 which states that the renewal process is eidr aperiodic,
or has a period of =c where c is a positive integer, it follows that at time to + the system is again in
steady-state. Furthermore, suppose that at timety nodesi andj have been jointly idle for at least time
units, i.e. we have that y;(to) = y; (to) = 0 and x; (to) . Then by Lemma 13, for 2 [0;((4 ) 1Y)
there exists a constant , such that the probability that link ( i;j ) starts a packet transmission during
the interval (to;to+ ]is bounded betweenﬁp(i;j y and (1+ , )pg;). Furthermore, by Lemma 14
the probability that this transmission will result in a coll ision is upper-bounded by 4 . When the
transmission does not result in a collision, then atto + the remaining time until node i nishes the
packet transmission will be in the interval (1  ; 1], i.e. we havex;(to+ )2 (1 ; 1].
Combining the above results, we obtain the following inequéity

1 4 X
i+ P(yi =0;y; =0;xj Py + Pgiy) Plyi=L1;xi2( ;1))
Pjon
and
X
Plyi=1;xi2(@ ;1] 1+ ) P(yi =05y =0)(pgijy + Pgiy) + o
j2N

+P(yi=1:;xi 2 (L;1+ )
Using Lemma 18, we obtain for the rst inequality that

@ 4 »2X

1+ P(yi =05y =0)(pgij) *+ Pgiy) Pli=Ll;xi2@ ;1)
p

j2N
Furthermore, using Lemma 17 we obtain that
X
Plyi=L;xi2(1 ;1] 1+ ) P(yi =05y =0)(Pgj) *+ Pgiy) +

j2N
+Pyi=1;xi2@ ; 1)4;

or v, X
Plyi=L;xi2(@ ;1] 1 2 P(yi =05y; =0)(PG;y *+ PGi)):
j2N

Note that for 2 [0;(16 ) Jand 7 2( ,+8 ) we have that

1 1 8 1 4 )
1+ 9 1+ , 1+ ,

The lemma then follows. O
Using Lemma 19, we obtain the following bound for the steadystate probability P(y; =1), i 2N .

Lemma 20. For

2[0;(16 ) ']
there exists a constant s such that
1 X X
T+ P(yi=05y;=0) 5 P(i=1) @1+ ) P(yi=0;y; =0) j;
S 2N i2N
where
= Paiy * PGi .

ij
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Proof. Using Lemma 15-19, for 2 [0;(16 ) 1] we have

Pyi=1ix 21 1) PHi=D) Pi=lix2(a ;1)

and there exists a constant 3 such that
X

1+ 0O
Pjan;

P(yi = 1)éXi 21 ;1)

1+ 5)  Pi=0;y =0)(puj) * Pgi)):
2N |

P(yi =05y; =0)(pg;j) * Pi))

Combing the above results, we have that

1 X
5 P(yi=0;y; =0) j
Pjon;
P(yi=1)
1+ 8)(1+2 ) P(yi=0;y; =0) j;
j2N

1+

where
;= Paii) * PGi) .
Note that for 2 [0;(16 ) ] and .
R g +2+ 8_p
we have that
1+ p)@+2 ) 1+ o

The lemma then follows. O

B.8 Characterization of the steady-state probabilities
In this section, we characterize the steady-state probabities
Bi=1 P(y;=0); i 2N;

that a node i is busy under a CSMA policy p with sensing period , using the same analysis as given
by Hajek and Krishna in Section 3 and 4 of the reference [9] wit only minor changes.
Throughout this section, we set

oy
;= Peij ) p(u); i 2N
with 3 =0if (i;j) 2L and (j;i) ZL.
Note that by Lemma 20 there exists a constant s such that
X
i+ . P(yi=0;y; =0) jj
j2N
P(yi=1) X
1+ s) P(yi =0;y; =0) j:
J2N

We have the the following result.
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Lemma 21. Let s be the constant of Lemma 20. Then we have that

1 X
3 P(yk =05y; =0;51=0)
S .
6kl
P(yk=1;)§=0)
1+ s) P(lyk =0;y; =0;y1 =0)
iskl

Proof. Note that we have
P(yk =1;y1=0)= P(yk =1jyi =0)P(y; = 0)
and
P(yk =0;y; =051 =0)= P(yk =0;y; =0jy; =0)P(y1 =0):
Therefore, in order to obtain the result if su ces to show that
1 X

1+ S

P(yk =0;y; =0jy1 =0)
i6 kil

P(yx =1jy, =0
(Yk 1% )

1+ s) P(yk =0;y; =0jy1 =0) y:
i8 kil

The above inequalities are obtained by the same argument asivgn in the proof for Lemma 20. O
We then have the following result.

Proposition 8. Let ¢ be the constant of Lemma 20. We then have that

2N

! ! P(yi =05y =0) 2N :
1+2rp 1+ 4 P, =0)P(y =0) L s )7 (r2re)

where

_ Pmax
rp -

and pmax IS as given in Assumption 1.

Proof. Let Z; be the steady-stated probability P (y; = 0) that node i is idle, let Z; be the steady-stated
probability P(y; = 0;y; = 0) that nodes i and | are jointly idle, and let Zjx be the steady-stated
probability P(y; =0;y; =0;yx =0) that nodes i, j, and k, are jointly idle
We use a proof by induction on the number of nodes in the netwds, as given in [9]. For a network
with N =1 node the proposition is trivially true, and suppose that N 2.
Using Lemma 21, we have that
1 X X
Zy + Zik ik Zy, (1+ s ) Zu + Zik ik
jski 6kl

1+ ¢

Furthermore, starting with the equation
1=P(yk=0)+ P(yx =1)
and using the result from Lemma 20 which states that

1

X
P(yk =0;y; =0) Piyw=1) @1+ ) P(yk =03y} =0) & ;

j2N j2N
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we obtain that

X
P(yx =0)+ P(yk =0;y; =0)

1+ s j2N
1
X
1+ s ) Pk=0)+ P(yk =0;y; =0)

i 2N
Combining the above inequalities, we obtain by the same appach as in [9] that

1 (Zk + Zu w)Zy + 3 skl Zik Zki K
1+ s )2 ZvZy + ekl ZkZik K
P(yi =0;y; =0)
P(yi =0)P(y; =0)
(Zk+ Zu w)Zyg +  jeig ZkZu jk |
ZiZut ekt Lk K '

1+ 5 )?

Using the fact that Zy,  Zx and by Assumption 1 we have
0 i 2rp;

it follows that 2 47
k kI Kkl
1 ————  1+2ry:
Zx P
Furthermore, by the induction hypotheses applied to the netvork with N 1 nodes that we obtain by

deleting nodek, we have that

2N 1)

1 1 Zik Zy 2N 1)
-—-— 1+ 1+2rp):
1+2r, 1+ 5 ZZju ( s ) ( p)
Combining the above results, we obtain that
2N
1 1 P(yi=0;y; =0) 2N
1+ 1+2rp);
1+2r, 1+ P(yi =0)P(y; =0) ( s )7 ( o)
and the result follows. O

We then obtain the following corollary.

Corollary 3. Let ¢ be the constant of Lemma 20, and leB; be the actual steady-state probability that

nodei is busy. Then
Bi X
= S5 (1 Bj)
J2N

where ~; is such that

1 1 2N +1

] 2N +1 .
— 1+ 1+2ry);
1+2r, 1+ o ’ ( s ) ( p)

wherer, is as given in Proposition 8.

The above results follows immediately from Proposition 8 am Lemma 20. Combining the above
corollary with Proposition 6 from Section B.5, we obtain the following result.

Corollary 4. Let ¢ be the constant of Lemma 20. The actual steady-state probdiby B;, i 2 N that
nodei is busy satis es

(1 §i)e (r+r2=2) 1 B; 1 B\i)e (r+r2:2);
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where B; is the solution to the Erlang xed point equation given by
Bi X

— = i (1 Bj); i 2N ;
1 Bi i, 'J( J)

where
r=C2N+1)( s )+2rp

and r is as given in Proposition 8.

B.9 Proof of Proposition 5

In this section, we combine the results of Sections B.5 and B.to prove Proposition 5.
Consider a CSMA policy p for a wireless network consisting ofN nodes and set

oyt D
J = Pai) * Pii) . i 2N

Let Bj, i = 1;::;N, be the CSMA xed point given by Eq. (20) and (21), and let B; be the actual
steady-state probability that node i is busy. Then by Corollary 4, we have that steady-state probailities
Bi, 1 2N, satisfy
@1 Be "7 1 B (1 Bje (=2,
where B; is the solution to the Erlang xed point
Bi X .
1—|B' = ij (1 Bj ); i 2N i
YN

where
r=C2N+1)( s )+2rp

and rp is as given in is as given in Proposition 8.
Furthermore, by Proposition 6 we have that there exists a costant such that

@ Bye (€ 1 B @ Bjel D

Combining these two results, we immediately obtain Propodiion 5.
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