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|. BASIC CONCEPTS
Proposition 1. Let X be a random variable, it is finite with probability 1, but it eé® NOT
necessarily have finite meane.,
P(X <o00)=1 is true

E[X] < o0 is not always true

Below is an example of a random variable with infinite meamgider X with the following

distribution function:

1-1 ifz>1
P(X <z)=
0 otherwise

Proposition 2. (Union bound) For a countable set of everts, A5, As, ..., we have
P (U AZ) <> Py

II. CONVERGENCE OFRANDOM VARIABLES

Definition 1. (Convergence of real numbers) Given a sequeficg of real numbers, we say

lim a, = a
n—oo

if Ve > 0, Ing > 0 such that|a,, — a| < €,Vn > ny.

Definition 2. (Convergence in probability) Given a sequence{ &f,} of random variables, we

say the random sequence converges to a real numleprobability (X 2 b), if Ve > 0

lim P(|X, — b >¢) =0

n—oo



Definition 3. (Convergence with probability 1) Given a sequencé &f,} of random variables,
we say the random sequence converges to a real numiith probability 1 (or almost surely,
X Z50p), if Ve >0

lim P (sup | X — b| > e) =0

n—o0 m>n
or equivalently,
lim X, =0 w.p.1

n—oo

For an example of a sequence that converge in probabiliynbutlmost surely, informally,

think about the following sequence
101001000100001000001 . . .
Formally, consider the sequen¢&(,,} with the following distribution
1 wp. i

X, = "
0 wp 1-—1

n

Claim 1. X,, & 0 but not X,, < 0

Proof: First, for convergence in probability, we want to show thiofeing

lim P(|X,| >¢€) =0,Ve>0

n—o0
If e > 1, itis trivially true sinceX,, can only be 0 or 1.

If 0 <e< 1, we have

1
lim P(|X,| >¢€¢) = lim —=0

n—00 n—oo N,
Second, to disprove almost surely convergence, we wantde $hat,vV0 < e < 1

lim P (sup | Xom| > 6) =1
n—o0

m>n

and is equivalent to
lim P (sup | Xm| < 6) =0
n—oo

m>n

(s« =r (N x=0) =11 (1-1)

m>n m>n

We have



To show that above product is 0, it suffices to show that

e (-3)

which is true because

logl_[(l——) Zlogl—— Z__:_

m>n m>n m>n

where the inequality comes from the following inequalitytaibed using Tylor expansion

1
log(l—x):—x—ixz—---g—x, Vo<z <1



