Finite State Markov Chain with Rewards Example: First Passage Time

e vy: “expected number of steps to reach state 1 from state 2”

e Approach: Introduce “trapping” state
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Single Recurrent Class: g = Z;.Izl T

Focus on v;(n) e Assume that we know v, v3; and set v; = 0. Then

vy = 1+ Poovg + Po3us
v3 = 1+ P3ov9 + P33v3
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e Does there exist a solution? Unique Solution?




Example: Markov Chain without Trapping State

Review: Linear Algebra

[P],r,m = 7[P]

Suppose that g = 7 mir; = 0
v; = limy, 00 v3(n)

v=r-+[Plv

Does there exist a solution?

Is the solution unique?

e Ax =b, Aisa J x J matrix
e rank(A): number of linearly independent rows/columns

e rank(A,b): number of linearly independent equations
- if rank(A,b) # rank(A): no solution
- if rank(A,b) = rank(A) = J: unique solution
- if rank(A,b) = rank(A) = p < J: (J — p)-dimensional set of
solutions

Example: Relative Gain

Conjecture for v(n)
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e Time-average is the same no matter where we start.

e What about transient behavior: vy (n) — va(n)?

e Observations
- o(n)=r+[Plv(n—1)=r+[Plr+ ..+ [P]" 'r + [P]"0v(0).

- v(n) —nge =
(r —ge) + [P)(r — ge) + ... + [P]" " (r — ge) + [P]"v(0)

e Conjecture: lim,,_. v(n) — nge = w + wv(0)e,
mw =10
e Observation

lim (v(n) —nge) = lim (r + [Plv(n — 1) — nge).

n—oo n—oo

w+ge = [Plw+r




Solution

e Does there exists a unique solution for
w+ge=[Plw+r

with
mw =10
e Obervation: ([P] — I) hasrank J — 1

e Question: Does ([P] — I, ge — r) have rank J — 1?

Finite State Markov Chain with Rewards

e Single Recurrent Class: v(n) = nge + w + [P]"{v(0) — w}

e Ergodic: lim,, .o {v(n) — nge} = w + fe;, 8 =7m((0) —w)




