Topic 7:

Discrete Wavelet Transform

e Wavelet transform vs. Laplacian pyramid

e Basic intuition: a simple wavelet-like 2D transform
e The 1D Haar wavelet transform

e 1D Haar wavelet transform as a matrix product

e Reconstructing a 1D image from its wavelet coefs
e Wavelet-based image compression

e The 2D Haar wavelet transform



Reminders

The tar command in the handout for A3 is incorrect, the
correct command is available on the course’s main website.

CSC320W: Introduction to Visual Computing

Instructor: Fernando Flores-Mangas

Email: mangas320 'at' cs 'dot’ toronto 'dot’ edu

Lectures: Wednesdays 6-8 pm, BA1190

Tutorials: Wednesdays 8 pm, BA1190

TAs: Micha Livne, Shenlong Wang, Kaustav Kundu and Wenjie Luo.
Office Hours: Wednesdays 11 am, PT265C or by appointment.

Calendar Info Sheet Discussion Forum Other resources

Announcements (Newest on top)

Mar 13, 2014 The tar command for A3 is incorrect The correct command should
b.

tar cvfz assignd.tar.gz Blend/CHECKLIST. txt
Blend/partB/{README. txt, *.jpg} Blend/partA/bin/viscomp
Blend/partA/src/{Makefile,ADDITIONS} Blend/partA/src/pyramid

the command from the handout we did not get a ofyour files! Please tar your files again

and re-submit.

Mar 13, 2014 This announcement is regarding A3 The file part2/README. txt is
missing from the handout of A3. Please find it here. The submision deadline for A3 was
extended by 2 days: you now have until the last second of Friday March 21 to submit
without using grace days. The number of marks given to each section is indicated in the
checklist. There is a total of 55 marks for the programming section and 5 marks for the
experiments section.




Last leg

*As the course comes to an end, we will start closing some

loops.
*This class is the first one

*This means we will combine some of the tools we have learned
into bigger, better or more powerful methods.



Last leg

*The wavelet-based representation of images collapses a few of
the concepts covered so far.

*Think of the Laplacian Pyramid representation of an image.
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Last leg

*The wavelet-based representation of images collapses a few of
the concepts covered so far.

*Think of the Laplacian Pyramid representation of an image.
*What is needed to recover an image from a Pyramid?

*The pyramid of “detail images” and...
*The filter! (it defines the whole pyramid)

*|s this a data efficient representation?



The Laplacian Pyramid Representation

How many pixels does a Laplacian Pyramid have?
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The representation is over-complete! (i.e. there are more pixels in the

pyramid than in the image itself)




Wavelet-Based Image Representations

We know we can represent images as:

Image

s

Laplacian
Pyramid

&

Vector in high-dimensional space

s




Wavelet-Based Image Representations

We know we can represent images as:

Image <:> Vector in high-dimensional space

g s

Laplacian PCA: dimensionality reduction.
Pyramid An efficiently computable
compact representation of
images (from an image class)




Remember?
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Representing Images by their PCA Basis

Start by stacking all your images as in:
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Representing Images by their PCA Basis

Start by stacking all your images as in:

[0(“ Paeds
_ - s °t o | -
z\ l2\ | |W\a% Z
| 2 __ N
)-th \ﬁ{'— - = - -
1 91 | Y
pme\ae iz 'Zl« : 2‘.N :
- . - - 0 T
a\\ | | "
woqes | 2" 12" 2




Representing Images by their PCA Basis
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You can then represent these pixel values using a new basis B

along the directions of maximum variation.

(How do we interpret a point in this new basis?)



Representing Images by their PCA Basis
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Representing Images by their PCA Basis

all Pixe)s
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Representing Images by their PCA Basis
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Representing Images by their PCA Basis

Image reconstruction (from basis coordinates to images):
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Image transform (from images to basis coordinates):
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| thought we were talking about wavelets today...



We are, but the similarities with PCA are huge...



Representing Images by their PCA Basis

Replace the mean-subtracted images:
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Representing Images by their PCA Basis

With the actual images:
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Representing Images by their PCA Basis

And apply the same base-representation machinery:
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And you’ll go from PCA



Representing Images by their PCA Basis
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The Discrete Wavelet Transform
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The (discrete) wavelet
transform maps an image
onto yet another basis,
defined by a “special”
matrix B.



The Discrete Wavelet Transform

The (discrete) wavelet transform maps an image onto yet
another basis, defined by a “special” matrix B.

This transform:
eCaptures scale,
*|s invertible, orthogonal and square
°|s image independent (not all my images have to be
faces, or eyes).



Topic 7:
Discrete Wavelet Transform

e Basic intuition: a simple wavelet-like 2D transform



A Simple, Minimal 2-D Image Transform

More properties of the wavelet transform:
*No need for more pixels
*Explicit multi-scale representation
*Invertible
eLinear

Input image (2Nx2V) Transformed image (2Nx2N)

wavel et




A Simple, Minimal 2-D Image Transform

Step 1: Create 4 new images of size 2V1x2¥1as shown in
figure
Input image (2Vx2N) Transformed image (2Nx2V)




A Simple, Minimal 2-D Image Transform

and repeat for the rest of the image!

Input image (2Nx2V) Transformed image (2Nx2N)

A= L(,' (Pv ‘\Pz+f3 +Pq)
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A Simple, Minimal 2-D Image Transform

You end up with a half-size-per-side image of 2x2 pixel averages.

_ covsists o) _
Input image (2Vx2N) al 252 Transformed image (2Nx2N)

A= L(,' (Pv ‘\Pz+f3 +Pq)
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A Simple, Minimal 2-D Image Transform

Guesses for step 2?



A Simple, Minimal 2-D Image Transform

Step 2: Recursively perform Step 1 for top-left quadrant of
result




A Simple, Minimal 2-D Image Transform

Step 3: Recursion stops when average image is 1 pixel

Transformed image (2Nx2N)




A Simple, Minimal 2-D Image Transform

Is this invertible?

(i.e. Can we go from the wavelet transform W,, to the
original image?)



Invertibility of the Transformation

Yes, because W, can be reconstructed from W,,,

R=4f ~R-P-P-

e

which means that W, can be reconstructed from W

K+



Topic 7:

Discrete Wavelet Transform

e The 1D Haar wavelet transform



1D Haar Wavelet Transform: Recursive Definition

The Haar Wavelet Basis:
e Simplest possible

e Discrete (non-continuous)
e 105 years old!

The discussion will start with an example.



1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition

pixe) # °© ' B 2 -
|MP\AMQ%IBM\%|3 s|6}no|z}6|
—

v l
1 | Detanl
Avcrage,l \% 4\@.4\ \l ‘—|\~z —z\ Coef
S
T !
Aaverpge 0£ dif{erennce
‘Grsl' )OWO Of ‘ﬁv‘y‘-
pixels piael frow
‘“/‘Q QWJG%Q

No need to store the difference
of the 2"9 pixel from the
average!

DO has % the size of the
corresponding Laplacian L,



1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition

Can these two operations be written as convolutions?




1D Haar Wavelet Transform: Recursive Definition

Can these two operations be written as convolutions?
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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Were we not using a basis representation?



Topic 7:

Discrete Wavelet Transform

e 1D Haar wavelet transform as a matrix product



1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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‘V\P\A HMO%Q

1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product

r,

'+ approximation

’_'_ ’ R
‘ — o

Definitely, and unlike i RS
PCA it doesn’t know
anything about the L o S oo
un d er | yI N g structure. 72 approximation W2 detail coefficients
. ’ o)
V! approximation W detail coefficients




The 1D Haar Wavelet Transform Matrix W

And the matrix W has interesting properties.
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The 1D Haar Wavelet Transform Matrix W
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The 1D Haar Wavelet Transform Matrix W
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The 1D Haar Wavelet Transform Matrix W
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Topic 7:

Discrete Wavelet Transform

e Reconstructing a 1D image from its wavelet coefs



Reconstructing an Image from its Wavelet Coefs

What is the dot product
i)
\‘\’l‘ | q}c'

of two distinct rows of W?

iz 2, -
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Reconstructing an Image from its Wavelet Coefs

The dot product
Y ogl- 0

for any two distinct rows of W.

)22
AZEANE

V\/ _ zero g a3
YAY |

2% |

| % |




Reconstructing an Image from its Wavelet Coefs

The dot product
i) —
\‘\’l‘ | q}c' ©
for any two distinct rows of W.

This implies that WW?T is diagonal.

T
wWW = diagenal

() -]




Reconstructing an Image from its Wavelet Coefs

DeQine A= WWT okh

—r‘/\\‘ O
O n

A =

2%

L

This estimates the square magnitude ()\j =-2‘—N,J. ) at each scale.



Reconstructing an Image from its Wavelet Coefs

And because W is orthogonal, the inverse of W is its
transpose:

W= WT



Reconstructing an Image from its Wavelet Coefs

So we can assemble the matrix:

AT WT AL

and use it to compute the image as
1= ATWTALC,

where C are the Haar wavelet coefficients.



% Ere

o 9) 8

O S £

[ .

K stNNnh O2ND

> ( .

(¢0) |

= . |

| QNN — Q mL.

= —

O <<

+ |

oD | N

el — | N

= o 'S NN |

© m SN |

MD - O S _7/////// ﬂ////,/ﬁf

s '€ ¥, |= 7/// SN |

O ] % IR

@ P SEUMLSISNNNNY
' <




Interpreting the Wavelet Coefficients
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Interpreting the Wavelet Coefficients
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The Normalized Haar Wavelet Matrix
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The Normalized Haar Wavelet Coefficients
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Topic 7:

Discrete Wavelet Transform

e Wavelet-based image compression



Wavelet Compression Algorithm #1

Input: 1D Image |, desired compression k
Output: k2N coefficients.

What will the algorithm be?



Wavelet Compression Algorithm #1

Input: 1D Image |, desired compression k
Output: k2N coefficients.

~
1. Compute W

2. Sort the coefficients ¢, @s,9., - in order of decreasing
absolute value

3. Keep the top k2N coefficients (we know the basis)



Wavelet Compression Algorithm #1

Input: 1D Image |, desired error €
Output: k2N coefficients.

~
1. Compute W )

2. Sort the coefficients ¢, @s,8., -- in order of decreasing
absolute value

3. Keep the enough coefficients to satisfy lI‘ 1 |<£



Topic 7:

Discrete Wavelet Transform

e The 2D Haar wavelet transform



The 2D Haar Wavelet Transform

To compute a 2D Haar Wavelet do:

1. Compute the 1D transform for each column, place the
resulting vectors w I in a new image I’

2. Compute the 1D transform of each row of I’



The 2D Haar Wavelet Transform

Show that every 2D wavelet coefficient can be expressed as
the dot product of the Image | and an image defined by

(! )+

where \-‘Jf are the 1D Haar basis images.



The 2-D Haar Wavelet Basis

Definition of the first few (coarsest scale) wavelet coefficients of an

image of dimensions of 2N x 2N
dot product

CoefO0=| Image | ° ¥ Coef3= | Image

Coefl1=| Image | ° Coef4= | Image

Coef2=| Image | ° Coef 5= | Image




