Computer Science B38

Scarborough Campus University of Toronto

Answers to Homework Assignment #3

ANSWER TO QUESTION 1.
(a) For n a power of 2, the recurrence becomes:

S(n) C, ifn=1
n) =
7T-5(2)+D(2)?, ifn>1

By repeated substitution to the definition of S we get:
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This informal derivation suggests that we should prove the following:

Claim. If n is a power of 2 then, for any ¢ such that 0 < ¢ < log, n,

s =75 () +0(55)

Proor. Let P(i) be the following predicate:

Py Sy =T8(5)+D (73 fﬁ) n?

We will prove that P(7) is true for each integer 7 such that 0 <7 < log,n, using induction.

Basis: ¢ = 0. We have,
0c /T 70— 4%\
75(2_0)+D(3-40 "
_I_



INDUCTION STEP: Let j be an arbitrary integer such that 0 < j < logy n. Assume that P(j) holds. We
will prove that P(j 4 1) holds as well. Since j < log, n, it follows that 2/ < n and so n/2’ > 1. We have:

Ti_4d
— 7] 2 .
S(n 75( ) (34])71 [by i.h.]
2 I 47 4
( (2]+1) (QJRT) ) tr (73.41 )n2 [by def. of 5, since n/2" > 1]
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This concludes the proof of the claim.

Letting ¢ = log, n in the claim we obtain our exact formula for S(n), when n is a power of 2:

log 7log2n _ 410g2 n
_ ~logymn
s() = 7o+ 0 ()

log, 7 2

n-e2t —n

—Ccnploe" L D ———— | p?
3-n?

D
= Cn10g2 7 -I— —3 (n10g2 T nz)
D D
= (C + g) n10g27 — §n2

(b) Since log, 7 > 2, the above exact expression for S(n) when n is a power of 2 implies that S(Qk) €
O((2¥)loe27). We will prove below that S(n) is nondecreasing. Finally, (2n)l°&7 = 7ploe27 € ©(nlos27).
From these three facts and Theorem 3.8 we conclude that S(n) € ©(n!°827).

To prove that S(n) is nondecreasing, it suffices to prove that the following predicate P(n) holds for all
positive integers n.

P(n): for every integer m such that 1 < m < n, S(m) < S(n)

We use complete induction. Let k be an arbitrary positive integer. Assume that P(j) holds for all integers
J such that 1 < j < k. We will prove that P(k) also holds.

Case 1. 1 <k <2 P(1) is trivially true. From the definition of S we have: S(1) = C and 5(2) =
75(1) + D = 7C'+ D. Assuming that C, D > 0 (an assumption that was incorrectly omitted from the
statement of the problem!) we have that S(1) < 5(2), and so P(2) holds.

Case 2. k> 2. Note that in this case k —1 > 1, [(k —1)/2] > 0, and [k/2] < k (the last inequality is
true because an easy proof by cases shows that, for any n > 1, [n/2] < n). By induction hypothesis and
transitivity of <, it suffices to prove that S(k — 1) < S(k). We have:

S(k—1)=75([(k - 1)/2]) + D[ (k — 1)/2]? [by def. of S, since k — 1 > 1]

< 78([k/2]) + D[k/2]? by i.h., since 0 < [(k — 1)/2] < [k/2] < k]
= S(k)




ANSWER TO QUESTION 2. Let F;, where 0 < < 3, be the bit in position ¢ of the sum z 4 y, and
let ¢;, where 0 < ¢ < 2, be the carry out of position i. According to the algorithm for binary addition (see
page 102 of the notes) we have:

Fo=120% 5o
co=ToNYo
F =20® yo @ co
=20 P yo D (20 A yo)
=@ ANy)V (Co/\(acl\/yl))
=(x1 A1)V (900/\y0/\(961\/yl))
h=n19nda

=21 S D ((acl Ayr) V(2o Ayo A (21 V yl)))

ey =F3= ($2 A yg) V (Cl A ($2 V yz))

= (22 Ay2) V (((961 Ayr)V (960 Ayo A (z1V yl))) A (22 V yg))

ANSWER TO QUESTION 3.

(a)

LEQV
LEQV
LEQV
LEQV
LEQV
LEQV
LEQV
LEQV
LEQV
LEQV
LEQV

(b) This logical equivalence is valid as the following derivation shows.

(x ¢ y) = ~(z = y)

—(z & ~y) V o(m2 V)

(@ A=y) vV (mz Ay)) V(2 A-y)
(=(z A=) A=(=a Ay)) V(2 A-y)

(k2 Vy) A (2 V=)V (zA-y)
(rxA2)V(mz A=) V(Y Az) V(Y A=) V(2 A-y)
(mz Ay V(@AY V(2 Ay)
(
(
(

— -

)
-z A —y) Vv (96/\ (y\/—|y))
)

- Ay)Va

-z Va)A(-yVe)
yVur

y—x

(2 = y) A (z— 2)

[—-law, twice]

[¢>-law, double neg., DeMorgan]
[DeMorgan]

[DeMorgan and double neg., twice]
[distributivity]

[identity (twice), commut., assoc.]
[distributivity]

[identity]

[distributivity]

[identity]

[—-law]

LEQV (mzVy)A (a2 Vz) [—-law, twice]
LEQV -V (yAz) [distributivity]
LEQV r— (yAz) [—-law]

(¢) This logical equivalence does not hold. Consider the truth assignment 7 that makes y true and makes
x and z false. (That is, 7(y) = 1 and 7(2) = 7(2) = 0.) This truth assignment falsifies y — 2 and so it



falsifies the conjunction (y — ) A (# — z). On the other hand this truth assignment falsifies (y A z) and
so it satisfies the conditional (y A z) — z. Since there is a truth assignment that falsifies (y — z) A (z — z)
and satisfies (y A z) — 2, these two formulas are not logically equivalent.

ANSWER TO QUESTION 4. Let S(n) be the following predicate:

S(n): for any n propositional formulas Py, ..., P,,
P (Po—> (= (Pro1—P)-)) LEQv (PAPAPA---AP,_1) = P,

We prove that S(n) holds for all integers n > 2 by induction.

Basis: n = 2. 5(2) asserts that for any two propositional formulas P, and P, P, — P> LEQV P — Ps,
which is trivially true, so S(2) holds.

INDUCTION STEP: Let k > 2 be an arbitrary integer. Suppose that S(k) holds. We will prove that so does
S(k+1). Let Py, P, ..., Pgyq be any k+ 1 propositional formulas. By induction hypothesis, the following
is true about the k propositional formulas Pz, ..., Pryq:

Py— (o= (P — Piy1)) LEQV (Po A+ APy) = Prga
Therefore, we have:

P—=(Po—= (= (Pe = Peg1) )
LEQV Pr—= ((PoAN---ANPy) = Prga)
LEQV PV (a(Pe A AP)V Pega)
LEQV (=P A(Pe AN ANPe))V Prpa
LEQV (PN (Pa AN ANPe))V Pea
LEQV “(PLANPa AN NPy)V Piyq
LEQV (PLAPyA A Py) = Piyr

[by i.h.]

[—-law, applied twice]
[associativity of V]
[DeMorgan’s law]
[associativity of A]

[

—-law]

as wanted.

ANSWER TO QUESTION 5.

(a) These formulas can be written directly from inspection. For DNF we write one minterm for each line
in the truth table for which Parity(z,y, z) has value 1. The result is

(e Ay Az)V(ma AyA-z)V(eA-yA-z) V(e Ay Az).

For CNF we write one maxterm for each line in the truth table for which Parity(z,y, z) has value 0. The
result is

(xVyVz)A(aVayV-z)A(-azVyV-z)A(-aV-oyVz).

(b) The following logical equivalences can be proved in a variety of ways (including truth tables):

-P LEQv (Pl P) [E1]
(PvQ) tEQv ((PLQ)1(PLQ)) (2]
~(PVQVR) LEQqv (PIQ)}(PLQ)) IR [E3]



Using E1 and E3, we can convert each minterm of the DNF formula into an equivalent formula that uses
only |:

(mz A=y A 2)
LEQV —(zVyV —z) [DeMorgan and associativity]
LEQV ((w ly)d(z] y)) -z [E3]

LEQV ((xiy) i} (xiy)) Lzl =2) [E1]

T

Similarly,

(2 AyA-z) LEQV ((zlz2)l(z)2))(yly)
T
(zA-yA-z) LEQV ((yl2))(yl2)!(zla)

T
wrynz) v (el L@l L@la lwly)lEls)

T

Thus, the DNF formula for Parity(z,y, z) is logically equivalent to Ty V T3 V T3V T4, where Ty, T3, 15, T4
are formulas that use only |. We have:

TiVTovTyVTy

LEQV (ThVTy) Vv (T5VTy) [associativity of V]
LEQv  (Th 4 T2) 4 (T L 1))V (T3 L Ty) L (T5 L Ty)) [E2]

Wy W,
LEQV (Wi L Wa) L (W1 | W) [£2]

Wy and Wy use only | (because 11,75, T5 and Ty do), and so the last expression is a formula that uses
only | and is logically equivalent to the DNF formula that represents Parity(z, y, z). For what it’s worth,

here is the formula written out in full: ((((zdy)d(xdy))d(zl2)d (el 2)d(zlz2)dwly))l

(e dy)d(xly)d (Z P d2)d (@)L gy (g =)L) @) (2

) | (yiy))i ((@de) iyl ELDN LUyl @la) L (((ele)d@ly) (@]
) Lyl EL) L ((((ELy) @ ly) L)) (@l 2) (@) 2) Ly iy)) ) (@)
(@dy) L) (@2 L@l L)L (i)l d@la)d (((@l2)dyiy)d
(()ﬂ)ﬁ)iiw() j ()@g)i) N ELDD L2 bl d@da) (@l Lydy) L@l Lyl
y Z 4z .




