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About Chapter 5

In the last chapter, we saw a proof of the fundamental status of the entropy
as a measureof averageinformation content. We de�ned a data compression
scheme using �xed length block codes, and proved that as N increases,it is
possibleto encodeN i.i.d. variablesx = (x1; : : : ; xN ) into a block of N (H (X )+
� ) bits with vanishing probabilit y of error, whereasif we attempt to encode
X N into N (H (X ) � � ) bits, the probabilit y of error is virtually 1.

We thus veri�ed the possibility of data compression,but the block coding
de�ned in the proof did not give a practical algorithm. In this chapter and
the next, we study practical data compressionalgorithms. Whereas the last
chapter's compressionscheme used large blocks of �xed size and was lossy,
in the next chapter we discussvariable-length compressionschemesthat are
practical for small block sizesand that are not lossy.

Imagine a rubber glove �lled with water. If we compresstwo �ngers of the
glove, someother part of the glove has to expand, becausethe total volume
of water is constant. (Water is essentially incompressible.) Similarly, when
we shorten the codewords for someoutcomes,there must be other codewords
that get longer, if the schemeis not lossy. In this chapter we will discover the
information-theoretic equivalent of water volume.

Before reading Chapter 5, you should have worked on exercise2.26(p.37).

We will usethe following notation for intervals:
x 2 [1; 2) meansthat x � 1 and x < 2;
x 2 (1; 2] meansthat x > 1 and x � 2.
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5

Symbol Codes

In this chapter, we discussvariable-length symbol codes, which encode one
sourcesymbol at a time, instead of encoding huge strings of N sourcesym-
bols. Thesecodesare lossless:unlike the last chapter's block codes, they are
guaranteed to compressand decompresswithout any errors; but there is a
chance that the codes may sometimesproduce encoded strings longer than
the original sourcestring.

The idea is that we can achieve compression,on average, by assigning
shorter encodings to the more probable outcomesand longer encodings to the
lessprobable.

The key issuesare:

What are the implications if a sym bol code is lossless ? If somecode-
words areshortened,by how much do other codewords have to be length-
ened?

Making compression practical . How can we ensurethat a symbol code is
easyto decode?

Optimal sym bol codes. How should we assigncodelengths to achieve the
best compression,and what is the best achievable compression?

Weagainverify the fundamental status of the Shannoninformation content
and the entropy, proving:

Source coding theorem (sym bol codes) . There exists a variable-length
encoding C of an ensemble X such that the average length of an en-
coded symbol, L (C; X ), satis�es L(C; X ) 2 [H (X ); H (X ) + 1).

The averagelength is equal to the entropy H (X ) only if the codelength
for each outcome is equal to its Shannoninformation content.

We will also de�ne a constructive procedure, the Hu�man coding algorithm,
that producesoptimal symbol codes.

Notation for alphab ets. A N denotes the set of ordered N -tuples of ele-
ments from the set A , i.e., all strings of length N . The symbol A + will
denote the set of all strings of �nite length composedof elements from
the set A .

Example5.1. f 0; 1g3 = f 000; 001; 010; 011; 100; 101; 110; 111g.

Example5.2. f 0; 1g+ = f 0; 1; 00; 01; 10; 11; 000; 001; : : :g.
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92 5 | Symbol Codes

�

5.1 Symbol codes

A (binary) sym bol code C for an ensemble X is a mapping from the range
of x, A X = f a1; : : : ; aI g, to f 0; 1g+ . c(x) will denote the codeword cor-
responding to x, and l(x) will denote its length, with l i = l(ai ).

The extended code C+ is a mapping from A +
X to f 0; 1g+ obtained by

concatenation, without punctuation, of the corresponding codewords:

c+ (x1x2 : : : xN ) = c(x1)c(x2) : : : c(xN ): (5.1)

[The term `mapping' here is a synonym for `function'.]

Example5.3. A symbol code for the ensemble X de�ned by

A X = f a; b; c; d g;
PX = f 1/2; 1/4; 1/8; 1/8 g;

(5.2)

is C0, shown in the margin. C0:

ai c(ai ) l i

a 1000 4
b 0100 4
c 0010 4
d 0001 4

Using the extendedcode, we may encode acdbac as

c+ (acdbac) = 100000100001010010000010 (5.3)

There are basic requirements for a useful symbol code. First, any encoded
string must have a unique decoding. Second,the symbol code must be easyto
decode. And third, the code should achieve as much compressionas possible.

Any encoded string must havea unique decoding

A code C(X ) is uniquely decodeable if, under the extendedcode C + , no
two distinct strings have the sameencoding, i.e.,

8 x; y 2 A +
X ; x 6= y ) c+ (x) 6= c+ (y ): (5.4)

The code C0 de�ned above is an exampleof a uniquely decodeablecode.

The symbol code must be easy to decode

A symbol code is easiestto decode if it is possible to identify the end of a
codeword as soon as it arrives,which meansthat no codeword can be a pre�x
of another codeword. [A word c is a pre�x of another word d if there exists a
tail string t such that the concatenationct is identical to d. For example,1 is
a pre�x of 101, and so is 10.]

We will show later that we don't loseany performanceif we constrain our
symbol code to be a pre�x code.

A sym bol code is called a pre�x code if no codeword is a pre�x of any
other codeword.

A pre�x code is alsoknown asan instantaneousor self-punctuating code,
becausean encoded string can be decoded from left to right without
looking ahead to subsequent codewords. The end of a codeword is im-
mediately recognizable.A pre�x code is uniquely decodeable.

Pre�x codesare also known as `pre�x-free codes' or `pre�x condition codes'.

Pre�x codescorrespond to trees.
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5.1: Symbol codes 93

C1

0

1

0

0
1 101

Example5.4. The code C1 = f 0; 101g is a pre�x code because0 is not a pre�x
of 101, nor is 101 a pre�x of 0.

Example5.5. Let C2 = f 1; 101g. This code is not a pre�x code because1 is a
pre�x of 101.

Example5.6. The code C3 = f 0; 10; 110; 111g is a pre�x code.

C3

0

1

0

100

1
1 111

0 110

C4

0

1

0

1

00

0

1

01
10

11

Pre�x codescan be represented
on binary trees. Complete pre�x
codescorrespond to binary trees
with no unusedbranches. C1 is an
incomplete code.

Example5.7. The code C4 = f 00; 01; 10; 11g is a pre�x code.

Exercise5.8.[1, p.104] Is C2 uniquely decodeable?

Example5.9. Considerexercise4.1 (p.66) and �gure 4.2 (p.69). Any weighing
strategy that identi�es the odd ball and whether it is heavy or light can
be viewed as assigninga ternary code to each of the 24 possiblestates.
This code is a pre�x code.

The code shouldachieveas much compressionas possible

The exp ected length L(C; X ) of a symbol code C for ensemble X is

L(C; X ) =
X

x2A X

P(x) l(x): (5.5)

We may also write this quantit y as

L(C; X ) =
IX

i =1

pi l i (5.6)

where I = jA X j.
C3:

ai c(ai ) pi h(pi ) l i

a 0 1/2 1.0 1
b 10 1/4 2.0 2
c 110 1/8 3.0 3
d 111 1/8 3.0 3

Example5.10. Let
A X = f a; b; c; d g;

and PX = f 1/2; 1/4; 1/8; 1/8g;
(5.7)

and considerthe codeC3. The entropy of X is 1.75bits, and the expected
length L(C3; X ) of this code is also 1.75 bits. The sequenceof symbols
x = (acdbac) is encoded as c+ (x) = 0110111100110. C3 is a pre�x code
and is therefore uniquely decodeable. Notice that the codeword lengths
satisfy l i = log2(1=pi ), or equivalently, pi = 2� l i .

Example5.11. Consider the �xed length code for the sameensemble X , C4.
The expected length L(C4; X ) is 2 bits.

C4 C5

a 00 0
b 01 1
c 10 00
d 11 11Example5.12. Consider C5. The expected length L(C5; X ) is 1.25 bits, which

is less than H (X ). But the code is not uniquely decodeable. The se-
quencex = (acdbac) encodesas 000111000, which can also be decoded
as (cabdca).

Example5.13. Consider the code C6. The expected length L(C6; X ) of this

C6:

ai c(ai ) pi h(pi ) l i

a 0 1/2 1.0 1
b 01 1/4 2.0 2
c 011 1/8 3.0 3
d 111 1/8 3.0 3

code is 1.75 bits. The sequenceof symbols x = (acdbac) is encoded as
c+ (x) = 0011111010011.

Is C6 a pre�x code? It is not, becausec(a) = 0 is a pre�x of c(b) and
c(c).
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94 5 | Symbol Codes

Is C6 uniquely decodeable? This is not so obvious. If you think that it
might not be uniquely decodeable,try to prove it so by �nding a pair of
strings x and y that have the sameencoding. [The de�nition of unique
decodeability is given in equation (5.4).]

C6 certainly isn't easy to decode. When we receive `00', it is possible
that x could start `aa', `ab' or `ac'. Once we have received `001111',
the secondsymbol is still ambiguous,as x could be `abd. . . ' or `acd. . . '.
But eventually a unique decoding crystallizes, once the next 0 appears
in the encoded stream.

C6 is in fact uniquely decodeable. Comparing with the pre�x code C3,
we seethat the codewords of C6 are the reverse of C3's. That C3 is
uniquely decodeable proves that C6 is too, since any string from C6 is
identical to a string from C3 read backwards.

�

5.2 What limit is imposed by unique decodeability?

We now ask, given a list of positive integers f l i g, does there exist a uniquely
decodeablecode with thoseintegersasits codeword lengths? At this stage,we
ignore the probabilities of the di�eren t symbols; once we understand unique
decodeability better, we'll reintroduce the probabilities and discusshow to
make an optimal uniquely decodeablesymbol code.

In the examplesabove, we have observed that if we take a code such as
f 00; 01; 10; 11g, and shorten one of its codewords, for example 00 ! 0, then
we can retain unique decodeability only if we lengthen other codewords. Thus
there seemsto be a constrainedbudget that we can spend on codewords, with
shorter codewords being more expensive.

Let us explore the nature of this budget. If we build a code purely from
codewords of length l equal to three, how many codewords can we have and
retain unique decodeability? The answer is 2l = 8. Once we have chosenall
eight of thesecodewords, is there any way we could add to the code another
codeword of some other length and retain unique decodeability? It would
seemnot.

What if we make a code that includesa length-onecodeword, `0', with the
other codewords being of length three? How many length-three codewords can
we have? If we restrict attention to pre�x codes, then we can have only four
codewords of length three, namely f 100; 101; 110; 111g. What about other
codes? Is there any other way of choosingcodewords of length 3 that can give
more codewords? Intuitiv ely, we think this unlikely. A codeword of length 3
appearsto have a cost that is 22 times smaller than a codeword of length 1.

Let's de�ne a total budget of size1, which we can spend on codewords. If
we set the cost of a codeword whoselength is l to 2� l , then we have a pricing
system that �ts the examplesdiscussedabove. Codewords of length 3 cost
1/8 each; codewords of length 1 cost 1=2 each. We can spend our budget on
any codewords. If we go over our budget then the code will certainly not be
uniquely decodeable. If, on the other hand,

X

i

2� l i � 1; (5.8)

then the code may be uniquely decodeable. This inequality is the Kraft in-
equality.

Kraft inequalit y . For any uniquely decodeable code C over the binary al-
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phabet f 0; 1g, the codeword lengths must satisfy:

IX

i =1

2� l i � 1; (5.9)

where I = jA X j.

Completeness . If a uniquely decodeable code satis�es the Kraft inequality
with equality then it is called a complete code.

We want codes that are uniquely decodeable; pre�x codes are uniquely de-
codeable,and are easyto decode. So life would be simpler for us if we could
restrict attention to pre�x codes. Fortunately, for any sourcethere is an op-
timal symbol code that is also a pre�x code.

Kraft inequalit y and pre�x codes. Given a set of codeword lengths that
satisfy the Kraft inequality, there exists a uniquely decodeable pre�x
code with thesecodeword lengths.

The Kraft inequality might be more accurately referred to as the Kraft{
McMillan inequality: Kraft proved that if the inequality is satis�ed, then a
pre�x code exists with the given lengths. McMillan (1956) proved the con-
verse,that unique decodeability implies that the inequality holds.

Proof of the Kraft inequality. De�ne S =
P

i 2� l i . Consider the quantit y

SN =

"
X

i

2� l i

#N

=
IX

i 1=1

IX

i 2=1

� � �
IX

i N =1

2� (l i 1 + l i 2 + � � � l i N ) (5.10)

The quantit y in the exponent, (l i 1 + l i 2 + � � � + l i N ), is the length of the
encoding of the string x = ai 1 ai 2 : : : ai N . For every string x of length N ,
there is one term in the above sum. Introduce an array A l that counts
how many strings x have encoded length l . Then, de�ning l min = min i l i
and lmax = maxi l i :

SN =
N lmaxX

l= N lmin

2� l A l : (5.11)

Now assumeC is uniquely decodeable, so that for all x 6= y, c+ (x) 6=
c+ (y ). Concentrate on the x that have encoded length l . There are a
total of 2l distinct bit strings of length l , so it must be the casethat
A l � 2l . So

SN =
N lmaxX

l= N lmin

2� l A l �
N lmaxX

l= N lmin

1 � N lmax : (5.12)

Thus SN � lmaxN for all N . Now if S were greater than 1, then as N
increases,SN would be an exponentially growing function, and for large
enoughN , an exponential always exceedsa polynomial such as l maxN .
But our result (SN � lmaxN ) is true for any N . Therefore S � 1. 2

. Exercise5.14.[3, p.104] Prove the result stated above, that for any set of code-
word lengths f l i g satisfying the Kraft inequality, there is a pre�x code
having those lengths.
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1111
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Figure5.1. The symbol coding
budget. The `cost' 2� l of each
codeword (with length l ) is
indicated by the sizeof the box it
is written in. The total budget
available when making a uniquely
decodeablecode is 1.
You can think of this diagram as
showing a codeword supermarket,
with the codewords arranged in
aislesby their length, and the cost
of each codeword indicated by the
sizeof its box on the shelf. If the
cost of the codewords that you
take exceedsthe budget then your
code will not be uniquely
decodeable.
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Figure5.2. Selectionsof
codewords made by codes
C0; C3; C4 and C6 from section
5.1.
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5.3: What's the most compressionthat we can hope for? 97

A pictorial view of the Kraft inequality may help you solve this exercise.
Imagine that we are choosing the codewords to make a symbol code. We can
draw the set of all candidate codewords in a supermarket that displays the
`cost' of the codeword by the area of a box (�gure 5.1). The total budget
available { the `1' on the right-hand side of the Kraft inequality { is shown at
one side. Someof the codes discussedin section 5.1 are illustrated in �gure
5.2. Notice that the codes that are pre�x codes, C0, C3, and C4, have the
property that to the right of any selectedcodeword, there are no other selected
codewords { becausepre�x codescorrespond to trees. Notice that a complete
pre�x code corresponds to a complete tree having no unusedbranches.

We are now ready to put back the symbols's probabilities f pi g. Given a
set of symbol probabilities (the English languageprobabilities of �gure 2.1,
for example), how do we make the best symbol code { one with the smallest
possibleexpectedlength L(C; X )? And what is that smallestpossibleexpected
length? It's not obvious how to assignthe codeword lengths. If we give short
codewords to the more probable symbols then the expected length might be
reduced; on the other hand, shortening some codewords necessarilycauses
others to lengthen, by the Kraft inequality.

�

5.3 What's the most compression that we can hope for?

We wish to minimize the expected length of a code,

L (C; X ) =
X

i

pi l i : (5.13)

As you might have guessed,the entropy appearsas the lower bound on the
expected length of a code.

Lower bound on exp ected length . The expected length L(C; X ) of a
uniquely decodeablecode is bounded below by H (X ).

Proof. We de�ne the implicit probabilities qi � 2� l i =z, wherez =
P

i 0 2� l i 0, so
that l i = log1=qi � logz. We then useGibbs' inequality,

P
i pi log1=qi �P

i pi log1=pi , with equality if qi = pi , and the Kraft inequality z � 1:

L (C; X ) =
X

i

pi l i =
X

i

pi log1=qi � logz (5.14)

�
X

i

pi log1=pi � logz (5.15)

� H (X ): (5.16)

The equality L (C; X ) = H (X ) is achieved only if the Kraft equality z = 1
is satis�ed, and if the codelengthssatisfy l i = log(1=pi ). 2

This is an important result so let's say it again:

Optimal source codelengths . The expected length is minimized and is
equal to H (X ) only if the codelengths are equal to the Shannon in-
formation contents:

l i = log2(1=pi ): (5.17)

Implicit probabilities de�ned by codelengths . Conversely, any choice
of codelengthsf l i g implicitly de�nes a probabilit y distribution f qi g,

qi � 2� l i =z; (5.18)

for which those codelengths would be the optimal codelengths. If the
code is complete then z = 1 and the implicit probabilities are given by
qi = 2� l i .
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98 5 | Symbol Codes

�

5.4 How much can we compress?

So, we can't compressbelow the entropy. How closecan we expect to get to
the entropy?

Theorem 5.1 Sourcecoding theorem for symbol codes. For an ensembleX
there exists a pre�x code C with expected length satisfying

H (X ) � L (C; X ) < H (X ) + 1: (5.19)

Proof. We set the codelengths to integers slightly larger than the optimum
lengths:

l i = dlog2(1=pi )e (5.20)

where dl � e denotesthe smallest integer greater than or equal to l � . [We
are not asserting that the optimal code necessarilyusesthese lengths,
we are simply choosing theselengths becausewe can usethem to prove
the theorem.]

We check that there is a pre�x code with these lengths by con�rming
that the Kraft inequality is satis�ed.

X

i

2� l i =
X

i

2�d log2(1=pi )e �
X

i

2� log2 (1=pi ) =
X

i

pi = 1: (5.21)

Then we con�rm

L(C; X ) =
X

i

pi dlog(1=pi )e <
X

i

pi (log(1=pi ) + 1) = H (X ) + 1: (5.22)

2

The cost of using the wrong codelengths

If we usea code whoselengths are not equal to the optimal codelengths, the
averagemessagelength will be larger than the entropy.

If the true probabilities are f pi g and we usea complete code with lengths
l i , we can view those lengths as de�ning implicit probabilities qi = 2� l i . Con-
tinuing from equation (5.14), the averagelength is

L (C; X ) = H (X ) +
X

i

pi logpi =qi ; (5.23)

i.e., it exceedsthe entropy by the relative entropy D KL (pjjq) (as de�ned on
p.34).

�

5.5 Optimal source coding with symbol codes: Hu�man coding

Given a set of probabilities P, how can we design an optimal pre�x code?
For example,what is the best symbol code for the English languageensemble
shown in �gure 5.3? When we say `optimal', let's assumeour aim is to

x P(x)

a 0.0575
b 0.0128
c 0.0263
d 0.0285
e 0.0913
f 0.0173
g 0.0133
h 0.0313
i 0.0599
j 0.0006
k 0.0084
l 0.0335
m 0.0235
n 0.0596
o 0.0689
p 0.0192
q 0.0008
r 0.0508
s 0.0567
t 0.0706
u 0.0334
v 0.0069
w 0.0119
x 0.0073
y 0.0164
z 0.0007
� 0.1928

Figure5.3. An ensemble in needof
a symbol code.

minimize the expected length L(C; X ).

How not to do it

One might try to roughly split the set A X in two, and continue bisecting the
subsetsso as to de�ne a binary tree from the root. This construction has the
right spirit, as in the weighing problem, but it is not necessarilyoptimal; it
achieves L(C; X ) � H (X ) + 2.
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5.5: Optimal sourcecoding with symbol codes: Hu�man coding 99

The Hu�man coding algorithm

We now present a beautifully simple algorithm for �nding an optimal pre�x
code. The trick is to construct the code backwards starting from the tails of
the codewords; we build the binary tree from its leaves.

Algorithm 5.4. Hu�man coding
algorithm.1. Take the two least probable symbols in the alphabet. These two

symbols will be given the longest codewords, which will have equal
length, and di�er only in the last digit.

2. Combine thesetwo symbols into a single symbol, and repeat.

Sinceeach step reducesthe sizeof the alphabet by one, this algorithm will
have assignedstrings to all the symbols after jA X j � 1 steps.

Example5.15. Let A X = f a, b, c, d, e g
and PX = f 0.25,0.25,0.2,0.15,0.15g.

0.25

0.25

0.2

0.15

0.15

0.25

0.25

0.2

0.3

0.25

0.45

0.3

0.55

0.45

1.0a

b

c

d

e

0

1

0

1

0

1

0

1

�
�

�
�

�
�

�
�

�

�
�

x step 1 step 2 step 3 step 4

The codewords are then obtained by concatenating the binary digits in
reverse order: C = f 00; 10; 11; 010; 011g. The codelengths selected

ai pi h(pi ) l i c(ai )

a 0.25 2.0 2 00
b 0.25 2.0 2 10
c 0.2 2.3 2 11
d 0.15 2.7 3 010
e 0.15 2.7 3 011

Table5.5. Code created by the
Hu�man algorithm.

by the Hu�man algorithm (column 4 of table 5.5) are in some cases
longer and in somecasesshorter than the ideal codelengths,the Shannon
information contents log2

1/pi (column 3). The expected length of the
code is L = 2:30 bits, whereasthe entropy is H = 2:2855bits. 2

If at any point there is more than one way of selectingthe two least probable
symbols then the choicemay be made in any manner { the expected length of
the code will not depend on the choice.

Exercise5.16.[3, p.105] Prove that there is no better symbol code for a source
than the Hu�man code.

Example5.17. We can make a Hu�man code for the probabilit y distribution
over the alphabet introduced in �gure 2.1. The result is shown in �g-
ure 5.6. This code has an expected length of 4.15 bits; the entropy of
the ensemble is 4.11 bits. Observe the disparities between the assigned
codelengthsand the ideal codelengths log2

1/pi .

Constructing a binary tree top-downis suboptimal

In previous chapters we studied weighing problems in which we built ternary
or binary trees. We noticed that balancedtrees{ onesin which, at every step,
the two possibleoutcomeswereascloseaspossibleto equiprobable{ appeared
to describe the most e�cien t experiments. This gave an intuitiv e motivation
for entropy as a measureof information content.
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ai pi log2
1
pi

l i c(ai )

a 0.0575 4.1 4 0000
b 0.0128 6.3 6 001000
c 0.0263 5.2 5 00101
d 0.0285 5.1 5 10000
e 0.0913 3.5 4 1100
f 0.0173 5.9 6 111000
g 0.0133 6.2 6 001001
h 0.0313 5.0 5 10001
i 0.0599 4.1 4 1001
j 0.0006 10.7 10 1101000000
k 0.0084 6.9 7 1010000
l 0.0335 4.9 5 11101
m 0.0235 5.4 6 110101
n 0.0596 4.1 4 0001
o 0.0689 3.9 4 1011
p 0.0192 5.7 6 111001
q 0.0008 10.3 9 110100001
r 0.0508 4.3 5 11011
s 0.0567 4.1 4 0011
t 0.0706 3.8 4 1111
u 0.0334 4.9 5 10101
v 0.0069 7.2 8 11010001
w 0.0119 6.4 7 1101001
x 0.0073 7.1 7 1010001
y 0.0164 5.9 6 101001
z 0.0007 10.4 10 1101000001
{ 0.1928 2.4 2 01

p
f

i

o
e

t

u
y

r

l

s
-

w
v

q

m

a
n

c

d
h

g
b

k
x

j
z

Figure5.6. Hu�man code for the
English languageensemble
(monogram statistics).

It is not the case,however, that optimal codescan always be constructed
by a greedy top-down method in which the alphabet is successively divided
into subsetsthat are as near as possibleto equiprobable.

Example5.18. Find the optimal binary symbol code for the ensemble:

A X = f a; b; c; d; e; f ; g g
PX = f 0:01; 0:24; 0:05; 0:20; 0:47; 0:01; 0:02g

: (5.24)

Notice that a greedy top-down method can split this set into two sub-
sets f a; b; c; dg and f e; f ; gg which both have probabilit y 1=2, and that
f a; b; c; dg canbedivided into subsetsf a; bg and f c; dg, which haveprob-
abilit y 1=4; so a greedy top-down method gives the code shown in the
third column of table 5.7, which hasexpected length 2.53. The Hu�man

ai pi Greedy Hu�man

a .01 000 000000
b .24 001 01
c .05 010 0001
d .20 011 001
e .47 10 1
f .01 110 000001
g .02 111 00001

Table5.7. A greedily-constructed
code comparedwith the Hu�man
code.

coding algorithm yields the code shown in the fourth column, which has
expected length 1.97. 2

�

5.6 Disadvantages of the Hu�man code

The Hu�man algorithm produces an optimal symbol code for an ensemble,
but this is not the end of the story. Both the word `ensemble' and the phrase
`symbol code' needcareful attention.

Changingensemble

If we wish to communicate a sequenceof outcomesfrom one unchanging en-
semble, then a Hu�man code may be convenient. But often the appropriate
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ensemble changes. If for example we are compressingtext, then the symbol
frequencieswill vary with context: in English the letter u is much more prob-
able after a q than after an e (�gure 2.3). And furthermore, our knowledgeof
these context-dependent symbol frequencieswill also change as we learn the
statistical properties of the text source.

Hu�man codes do not handle changing ensemble probabilities with any
elegance.One brute-force approach would be to recompute the Hu�man code
every time the probabilit y over symbols changes.Another attitude is to deny
the option of adaptation, and instead run through the entire �le in advance
and compute a good probabilit y distribution, which will then remain �xed
throughout transmission. The code itself must also be communicated in this
scenario. Such a technique is not only cumbersomeand restrictiv e, it is also
suboptimal, since the initial messagespecifying the code and the document
itself are partially redundant. This technique therefore wastesbits.

The extra bit

An equally seriousproblem with Hu�man codesis the innocuous-looking `ex-
tra bit' relative to the ideal averagelength of H (X ) { a Hu�man code achieves
a length that satis�es H (X ) � L (C; X ) < H (X ) + 1; asproved in theorem 5.1.
A Hu�man code thus incurs an overheadof between0 and 1 bits per symbol.
If H (X ) were large, then this overhead would be an unimportant fractional
increase. But for many applications, the entropy may be as low as one bit
per symbol, or even smaller, so the overhead L(C; X ) � H (X ) may domi-
nate the encoded �le length. Consider English text: in somecontexts, long
strings of characters may be highly predictable. For example, in the context
`strings_of_ch ', one might predict the next nine symbols to be `aracters_ '
with a probabilit y of 0.99 each. A traditional Hu�man code would be obliged
to use at least one bit per character, making a total cost of nine bits where
virtually no information is being conveyed (0.13 bits in total, to be precise).
The entropy of English, given a good model, is about one bit per character
(Shannon, 1948), so a Hu�man code is likely to be highly ine�cien t.

A traditional patch-up of Hu�man codesusesthem to compressblocks of
symbols, for example the `extendedsources'X N we discussedin Chapter 4.
The overheadper block is at most 1 bit so the overheadper symbol is at most
1=N bits. For su�cien tly large blocks, the problem of the extra bit may be
removed { but only at the expensesof (a) losing the elegant instantaneous
decodeability of simple Hu�man coding; and (b) having to compute the prob-
abilities of all relevant strings and build the associated Hu�man tree. One will
end up explicitly computing the probabilities and codesfor a huge number of
strings, most of which will never actually occur. (Seeexercise5.29 (p.103).)

Beyondsymbol codes

Hu�man codes,therefore, although widely trump eted as`optimal', have many
defectsfor practical purposes.They are optimal symbol codes,but for practi-
cal purposeswe don't want a symbol code.

The defects of Hu�man codes are recti�ed by arithmetic coding, which
dispenseswith the restriction that each symbol must translate into an integer
number of bits. Arithmetic coding is the main topic of the next chapter.
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�

5.7 Summary

Kraft inequalit y . If a code is uniquely decodeable its lengths must satisfy
X

i

2� l i � 1: (5.25)

For any lengths satisfying the Kraft inequality, there exists a pre�x code
with those lengths.

Optimal source codelengths for an ensemble are equal to the Shannon
information contents

l i = log2
1
pi

; (5.26)

and conversely, any choice of codelengthsde�nes implicit probabilities

qi =
2� l i

z
: (5.27)

The relativ e entrop y D KL (pjjq) measureshow many bits per symbol are
wasted by using a code whose implicit probabilities are q, when the
ensemble's true probabilit y distribution is p.

Source coding theorem for sym bol codes. For an ensemble X , there ex-
ists a pre�x code whoseexpected length satis�es

H (X ) � L (C; X ) < H (X ) + 1: (5.28)

The Hu�man coding algorithm generatesan optimal symbol code itera-
tiv ely. At each iteration, the two least probable symbols are combined.

�

5.8 Exercises

. Exercise5.19.[2 ] Is the code f 00; 11; 0101; 111; 1010; 100100; 0110g uniquely
decodeable?

. Exercise5.20.[2 ] Is the ternary code f 00; 012; 0110; 0112; 100; 201; 212; 22g
uniquely decodeable?

Exercise5.21.[3, p.106] Make Hu�man codes for X 2, X 3 and X 4 where A X =
f 0; 1g and PX = f 0:9; 0:1g. Compute their expected lengths and com-
pare them with the entropies H (X 2), H (X 3) and H (X 4).

Repeat this exercisefor X 2 and X 4 where PX = f 0:6; 0:4g.

Exercise5.22.[2, p.106] Find a probabilit y distribution f p1; p2; p3; p4g such that
there are two optimal codesthat assigndi�eren t lengths f l i g to the four
symbols.

Exercise5.23.[3 ] (Continuation of exercise5.22.) Assumethat the four proba-
bilities f p1; p2; p3; p4g are ordered such that p1 � p2 � p3 � p4 � 0. Let
Q be the set of all probabilit y vectors p such that there are two optimal
codes with di�eren t lengths. Give a complete description of Q. Find
three probabilit y vectors q(1) , q(2) , q(3) , which are the convex hull of Q,
i.e., such that any p 2 Q can be written as

p = � 1q(1) + � 2q(2) + � 3q(3) ; (5.29)

where f � i g are positive.
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. Exercise5.24.[1 ] Write a short essay discussinghow to play the gameof twenty
questionsoptimally. [In twenty questions,oneplayer thinks of an object,
and the other player hasto guessthe object usingasfew binary questions
as possible,preferably fewer than twenty.]

. Exercise5.25.[2 ] Show that, if each probabilit y pi is equal to an integer power
of 2 then there exists a sourcecode whoseexpected length equals the
entropy.

. Exercise5.26.[2, p.106] Make ensembles for which the di�erence between the
entropy and the expectedlength of the Hu�man code is asbig aspossible.

. Exercise5.27.[2, p.106] A binary sourceX hasan alphabet of eleven characters

f a; b; c; d; e; f ; g; h; i ; j ; kg;

all of which have equal probabilit y, 1=11.

Find an optimal uniquely decodeablesymbol code for this source. How
much greater is the expectedlength of this optimal code than the entropy
of X ?

. Exercise5.28.[2 ] Consider the optimal symbol code for an ensemble X with
alphabet size I from which all symbols have identical probabilit y p =
1=I . I is not a power of 2.

Show that the fraction f + of the I symbols that are assignedcodelengths
equal to

l+ � dlog2 I e (5.30)

satis�es

f + = 2 �
2l+

I
(5.31)

and that the expected length of the optimal symbol code is

L = l+ � 1 + f + : (5.32)

By di�eren tiating the excesslength � L � L � H (X ) with respect to I ,
show that the excesslength is bounded by

� L � 1 �
ln(ln 2)

ln 2
�

1
ln 2

= 0:086: (5.33)

Exercise5.29.[2 ] Considera sparsebinary sourcewith PX = f 0:99; 0:01g. Dis-
cusshow Hu�man codescould beusedto compressthis sourcee�ciently .
Estimate how many codewords your proposedsolutions require.

. Exercise5.30.[2 ] Scienti�c American carried the following puzzle in 1975.

The poisoned glass. `Mathematicians are curious birds', the police
commissionersaid to his wife. `You see,we had all those partly
�lled glasseslined up in rows on a table in the hotel kitchen. Only
one contained poison, and we wanted to know which one before
searching that glassfor �ngerprin ts. Our lab could test the liquid
in each glass,but the tests take time and money, so we wanted to
make asfew of them aspossibleby simultaneously testing mixtures
of small samplesfrom groups of glasses.The university sent over a
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mathematics professorto help us. He counted the glasses,smiled
and said:
` \Pic k any glassyou want, Commissioner. We'll test it �rst."
` \But won't that waste a test?" I asked.
` \No," he said, \it's part of the best procedure. We can test one
glass�rst. It doesn't matter which one." '
`How many glasseswere there to start with?' the commissioner's
wife asked.
`I don't remember. Somewherebetween100 and 200.'
What was the exact number of glasses?

Solve this puzzle and then explain why the professorwas in fact wrong
and the commissionerwas right. What is in fact the optimal procedure
for identifying the one poisoned glass? What is the expected waste
relative to this optimum if onefollowed the professor'sstrategy? Explain
the relationship to symbol coding.

Exercise5.31.[2, p.106] Assumethat a sequenceof symbols from the ensemble
X introduced at the beginning of this chapter is compressedusing the
code C3. Imagine picking one bit at random from the binary encoded

C3:

ai c(ai ) pi h(pi ) l i

a 0 1/2 1.0 1
b 10 1/4 2.0 2
c 110 1/8 3.0 3
d 111 1/8 3.0 3

sequencec = c(x1)c(x2)c(x3) : : : . What is the probabilit y that this bit
is a 1?

. Exercise5.32.[2, p.107] How should the binary Hu�man encoding scheme be
modi�ed to make optimal symbol codes in an encoding alphabet with q
symbols? (Also known as `radix q'.)

Mixture codes

It is a tempting idea to construct a `metacode' from several symbol codesthat
assigndi�eren t-length codewords to the alternative symbols, then switch from
one code to another, choosing whichever assignsthe shortest codeword to the
current symbol. Clearly we cannot do this for free. If one wishesto choose
betweentwo codes,then it is necessaryto lengthen the messagein a way that
indicates which of the two codes is being used. If we indicate this choice by
a single leading bit, it will be found that the resulting code is suboptimal
becauseit is incomplete (that is, it fails the Kraft equality).

Exercise5.33.[3, p.108] Prove that this metacode is incomplete, and explain
why this combined code is suboptimal.

�

5.9 Solutions

Solution to exercise5.8 (p.93). Yes, C2 = f 1; 101g is uniquely decodeable,
even though it is not a pre�x code, becauseno two di�eren t strings can map
onto the samestring; only the codeword c(a2) = 101 contains the symbol 0.

Solution to exercise5.14 (p.95). Wewish to prove that for any setof codeword
lengths f l i g satisfying the Kraft inequality, there is a pre�x code having those
lengths. This is readily proved by thinking of the codewords illustrated in
�gure 5.8 as being in a `codeword supermarket', with size indicating cost.
We imagine purchasing codewords one at a time, starting from the shortest
codewords (i.e., the biggest purchases),using the budget shown at the right
of �gure 5.8. We start at one side of the codeword supermarket, say the


