Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

48

Convolutional Codesand Turbo Codes

This chapter follows tightly on from Chapter 25. It makesuse of the ideas of
codesand trellises and the forward{backward algorithm.

48.1 Intro duction to convolutional codes
When we studied linear block codes,we described them in three ways:

1. The generator matrix describes how to turn a string of K arbitrary
sourcebits into a transmission of N bits.

2. The parity-chedk matrix species the M = N K parity-chedk con-
straints that a valid codeword satis es.

3. The trellis of the code describesits valid codewords in terms of paths
through a trellis with labelled edges.

A fourth way of describing someblock codes, the algebraic approad, is not
covered in this book (a) becauseit has beenwell covered by numerous other
books in coding theory; (b) because,as this part of the book discussesthe
state of the art in error-correcting codes makeslittle use of algebraic coding
theory; and (c) becausel am not competent to teadh this subject.

We will now describe convolutional codesin two ways: rst, in terms of
mecanisms for generating transmissionst from sourcebits s; and second,in
terms of trellises that describe the constraints satis ed by valid transmissions.

48.2 Linear feedback shift registers

We generate a transmission with a cornvolutional code by putting a source
stream through a linear Iter. This Iter makesuse of a shift register, linear
output functions, and, possibly, linear feedbad.

I will draw the shift register in a right-to-left orientation: bits roll from
right to left astime goeson.

Figure 48.1 shows three linear feedba& shift registers which could be
usedto de ne convolutional codes. The rectangular box surrounding the bits
z1:::z7 indicate the memory of the Iter, also known asits state. All three
Iters have oneinput and two outputs. On ead clock cycle, the sourcesup-
plies one bit, and the lter outputs two bits t® and t(®. By concatenating
together thesebits we can obtain from our sourcestream s;S,S3::: atransmis-
sionstream t Pt @ 1Pt tP ;. Becausethere are two transmitted bits for
every sourcebit, the codesshowvn in gure 48.1 have rate Y2. Becausethese
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48.2: Linear feedbak shift registers
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Iters require k = 7 bits of memory, the codesthey de ne are known as a
constraint-length 7 codes

Convolutional codes come in three avours, corresponding to the three
typesof Iter in gure 48.1.

Systematicnonrecursive

The Iter shown in gure 48.1ahasno feedbadk. It alsohasthe property that
one of the output bits, t(®, is identical to the sourcebit s. This encaer is
thus called systematic, becausethe sourcebits are reproduced transparertly
in the transmitted stream, and nonrecursive, becauseit has no feedba&. The
other transmitted bit t(®) is a linear function of the state of the Iter. One
way of describing that function is as a dot product (modulo 2) between two
binary vectors of length k + 1: a binary vector g® = (1;1;1;0;1;0;1;1) and

bit zg that will be put into the rst bit of the memory on the next cycle. The
vector g®® hasg® = 1for every wherethere is a tap (a downward pointing
arrow) from state bit z into the transmitted bit t(®.

A corveniert way to describe thesebinary tap vectorsis in octal. Thus,
this Iter makesuseof the tap vector 353%. | have drawn the delay lines from
right to left to make it easyto relate the diagramsto theseoctal numbers.

Nonsystematicnonrecursive

The Iter shown in gure 48.1balsohasno feedbad, but it is not systematic.
It makesuseof two tap vectorsg(® and g(® to createits two transmitted bits.
This encader is thus nonsystematicand nonrecursive. Becauseof their added
complexity, nonsystematiccodescan have error-correcting abilities superior to
those of systematic nonrecursive codeswith the sameconstraint length.
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Figure 48.1 Linear feedbak shift
registersfor generating
corvolutional codeswith rate 1=2.
The symbol hd] indicates a
copying with a delay of one clock
cycle. The symbol  denotes
linear addition modulo 2 with no

delay.

11101011
# # #
3 5 3

Table 48.2 How taps in the delay
line are converted to octal.



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

578 48| Convolutional Codesand Turbo Codes

Systematicrecursive

The Iter shown in gure 48.1cis similar to the nonsystematic nonrecursive
lter shown in gure 48.1b, but it usesthe taps that formerly made up g(®
to make a linear signal that is fed bad into the shift register along with the
sourcebit. The output t(® is a linear function of the state vector as before.
The other output is t®® = s, sothis lter is systematic.

A recursive code is convertionally identied by an octal ratio, e.g., g-
ure 48.1c'scode is denoted by (247=371)s.

- = (D)

Equivalene of systematicrecursiveand nonsystematicnonrecursive codes | \6

. . . Z; W] z1 W] 2o s
The two Iters in gure 48.1b,care code-equinalent in that the sets of code- L
words that they de ne areidentical. For every codeword of the nonsystematic . P ‘? -~ @)
nonrecursive code we can choosea sourcestream for the other encader such — p Tt
that its output is identical (and vice versa). @ (5:7)s

To prove this, we denote by p the quantity k:1 g(a)z , asshown in g-

ure 48.3aand b, which shows a pair of smaller but otherwise equivalert lters. ) — 10
If the two transmissionsare to be equivalert { that is, the t(®s are equal in \ ‘6
both gures and so are the t(®'s { then on every cycle the sourcebit in the z2 d] 21 hd] 2o
systematic code must be s = t®. So now we must simply conrm that for b \G_I: t@
this choice of s, the systematic code's shift register will follow the samestate — Tp S
sequenceas that of the nonsystematic code, assumingthat the states match (b) (5=7)s

initially . In gure 48.3awe have
Figure48.3 Two rate 1/2

t@ = p zgonecursive (48.1)  convolutional codeswith
constraint length k = 2:
whereasis gure 48.3bwe have (a) non-recursive; (b) recursive.

The two codesare equivalent.
Z(r)ecursive — t(a) p: (48.2)

Substituting for t®@, and usingp p= 0 we immediately nd

Z(r)ecurswe - Z(r)1onrecur5|ve: (48.3)

Thus, any codeword of a nonsystematic nonrecursive code is a codeword of
a systematic recursive code with the sametaps { the sametaps in the sense
that there are vertical arrows in all the sameplacesin gure 48.3(a) and (b),
though one of the arrows points up instead of down in (b).

Now, while thesetwo codes are equivalent, the two encaers behave dif-
ferertly. The nonrecursive encader has a nite impulse respnse that is, if
one puts in a string that is all zeroes except for a single one, the resulting
output stream corntains a nite number of ones. Once the one bit has passed
through all the states of the memory, the delay line returns to the all-zero
state. Figure 48.4ashows the state sequenceresulting from the sourcestring
s=(0, 0,1,0,0,0,0,0).

Figure 48.4b shows the trellis of the recursive code of gure 48.3band the
responseof this lter to the samesourcestring s=(0, 0, 1,0, 0,0, 0, 0). The
Iter has an in nite impulse respnse The responsesettles into a periodic
state with period equal to three clock cycles.

. Exercise48.111] What is the input to the recursive Iter such that its state
sequenceand the transmission are the sameas those of the nonrecursive
Iter? (Hint: see gure 48.5.)
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48.2: Linear feedbak shift registers 579
1 L Figure 48.4. Trellisesof the rate
S N R v R 1/2 corvolutional codes of
: : gure 48.3. It is assumedthat the
0 R KL Rk, initial state of the lter is
‘ e (z2;21) = (0;0). Time is on the
‘ ‘ ‘ horizontal axis and the state of
I the Iter at ead time stepis the
o1 N vertical coordinate. On the line
L % L * segmetts are shown the emitted
B B '* symbols t® and t®, with stars
L for "1' and boxesfor "0'. The
00 paths taken through the trellises
@ tansmto 0 0 O0 1 1 1 0 1 1 0 0 0O 0 0 O when the sourcesequences
source 0 0 1 0 0 0 0 0 00100000are highlighted with a

solid line. The light dotted lines
show the state tra jectories that
are possiblefor other source

11

sequences.
10
01
00
(b) transmit 0 0 0 0 1 1 0 1 0 1 0 0 0 1 0 1
source 0 0 1 0 0 0 0 0
1 e Figure48.5 The sourcesequence
R e e I for the systematic recursive code
‘ ' ' ‘ ' ' (00111000 producesthe same
10 x x * x * * path through the trellis as

g e (00100000 doesin the

IIJ' o . .
R o o nonsystematlc nonrecursive case.
om 5] o
01 ‘
* X *
¥ ¥ ¥
* X ¥

00

transmit 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0
source 0 0 1 1 1 0 0 0
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580 48| Convolutional Codesand Turbo Codes

Figure 48.6 The trellis forak = 4

- — t® code painted with the likelihood

| ‘6 function when the received vector
z4Hd] zz ) z2 ) z1Hd) 2o is equalto a codeword with just
| | [ ‘6 = (@ onebit ipp ed. There are three

. PRk _ P s line styles, depending on the value

(21=37)s of the likelihood: thick solid lines
show the edgesin the trellis that
match the corresponding two bits
of the receiwved string exactly;
thick dotted lines show edgesthat
match one bit but mismatch the
other; and thin dotted lines show
the edgesthat mismatch both
bits.

1111
1110
1101
1100
1011
1010
1001
1000
0111
0110
0101
0100
0011
0010
0001

received 0 1 1 0 1 0 1 0 0 0 0 1 1 1 1 0

In generala linear feedbadk shift register with k bits of memory hasan impulse
responsethat is periodic with a period that is at most 2¢ 1, corresponding
to the lIter visiting every non-zerostate in its state space.

Incidentally, cheap pseudorandomnumber generatorsand cheap crypto-
graphic products make use of exactly these periodic sequencesthough with
larger values of k than 7; the random number seedor cryptographic key se-
lects the initial state of the memory. There is thus a closeconnection between
certain cryptanalysis problems and the decaling of corvolutional codes.

48.3 Decoding convolutional codes

The receiver receives a bit stream, and wishes to infer the state sequence
and thence the source stream. The posterior probability of eat bit can be
found by the sum{product algorithm (also known asthe forward{backward or
BCJR algorithm), which was introduced in section 25.3. The most probable
state sequencecan be found using the min{sum algorithm of section 25.3
(also known as the Viterbi algorithm). The nature of this task is illustrated
in gure 48.6, which shaws the cost assaiated with ead edgein the trellis
for the caseof a sixteen-state code; the channel is assumedto be a binary
symmetric channel and the receiwed vector is equal to a codeword except that
one bit has been ipp ed. There are three line styles, depending on the value
of the likelihood: thick solid lines shav the edgesin the trellis that match the
corresponding two bits of the received string exactly; thick dotted lines show
edgesthat match one bit but mismatch the other; and thin dotted lines shaw
the edgesthat mismatch both bits. The min{sum algorithm seeksthe path
through the trellis that usesas many solid lines as possible;more precisely it
minimizes the cost of the path, where the costis zero for a solid line, one for
a thick dotted line, and two for a thin dotted line.

. Exercise48.2[1 P-583 cap you spot the most probable path and the ipp ed
bit?
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48.4: Turbo codes

1111
1110
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1100
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1001
1000
0111
0110
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0100
0011
0010
0001
0000 .

transmit 1 1 1 0 1 0 1 0 0 0 © 1 1 1 1 0

source 1 1 1 1 0 () 1 1

1111
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1101
1100
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1001
1000
0111
0110
0101
0100
0011
0010
0001
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transmit 1 1 1 0 1 0 1 0 0 0 [¢] 1 1 1 0 1
source 1 1 1 1 0 0 1 0

1111
1110
1101
1100
1011
1010
1001
1000
0111
0110
0101
0100
0011
0010 ,gﬁj =
0001 o

0000 +:8---Fe-B---me-H-

Unequal protection

A defect of the convolutional codes preserted thus far is that they o er un-
equal protection to the sourcebits. Figure 48.7 shaws two paths through the
trellis that di er in only two transmitted bits. The last sourcebit is lesswell
protected than the other sourcebits. This unequalprotection of bits motivates
the termination of the trellis.

A terminated trellis is showvn in gure 48.8. Termination slightly reduces
the number of sourcebits usedper codeword. Here, four sourcebits are turned
into parity bits becausethe k = 4 memory bits must be returned to zero.

48.4 Turbo codes

An (N;K) turbo code is de ned by a number of constituent corvolutional
encalers (often, two) and an equal number of interleavers which are K K
permutation matrices. Without lossof generality, we take the rst interleaver
to bethe identit y matrix. A string of K sourcebits is encaled by feedingthem
into ead constituent encader in the order de ned by the assaiated interleaver,
and transmitting the bits that come out of ead constituent encader. Often
the rst constituent encaler is chosento be a systematic encaler, just like the
recursive Iter shown in gure 48.6,and the secondis a non-systematic one of
rate 1 that emits parity bits only. The transmitted codeword then consistsof
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Figure 48.7. Two paths that dier
in two transmitted bits only.

Figure 48.8 A terminated trellis.

==
HCo
Figure48.1Q The encdder of a
turb o code. Each box Cq, C»,
cortains a cornvolutional code.
The sourcebits are reordered
using a permutation  beforethey
are fed to C,. The transmitted
codeword is obtained by
concatenating or interleaving the

outputs of the two convolutional
codes.
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582 48| Convolutional Codesand Turbo Codes

v 4

i

|

(b)

Figure48.9 Rate-1/3 (a) and rate-1/2 (b) turbo codes represened as factor graphs. The circles
represen the codeword bits. The two rectanglesrepresert trellises of rate 1/2 cornvolutional
codes,with the systematic bits occupying the left half of the rectangle and the parity bits
occupying the right half. The puncturing of these constituent codesin the rate 1/2 turb o
code is represened by the lack of connectionsto half of the parity bits in ead trellis.

K sourcebits followed by M1 parity bits generatedby the rst convolutional
code and M, parity bits from the second. The resulting turb o code has rate
V3.

The turb o code can be represerted by a factor graph in which the two
trellises are represened by two large rectangular nodes ( gure 48.9a); the K
sourcebits and the rst M1 parity bits participate in the rst trellis and the K
sourcebits and the last M, parity bits participate in the secondtrellis. Each
codeword bit participates in either one or two trellises, depending on whether
it is a parity bit or a sourcebit. Eacd trellis node cortains a trellis exactly like
the terminated trellis shavn in gure 48.8,exceptonethousand times aslong.
[There are other factor graph represenations for turb o codesthat make use
of more elemertary nodes,but the factor graph given hereyields the standard
version of the sum{product algorithm usedfor turb o codes.]

If aturb o code of smaller rate such as ¥2 is required, a standard modi ca-
tion to the rate-¥3 code is to puncture someof the parity bits (gure 48.9b).

Turbo codes are decaded using the sum{product algorithm described in
Chapter 26. On the rst iteration, ead trellis receivesthe channellikelihoods,
and runs the forward{backward algorithm to compute, for ead bit, the relative
likelihood of its being 1 or O, given the information about the other bits.
These likelihoods are then passedacrossfrom ead trellis to the other, and
multiplied by the channel likelihoods on the way. We are then ready for the
seconditeration: the forward{backward algorithm is run againin ead trellis
using the updated probabilities. After about ten or twenty sud iterations, it's
hoped that the correct decading will be found. It is common practice to stop
after some xed number of iterations, but we can do better.

As a stopping criterion, the following procedurecan be usedat every iter-
ation. For ead time-step in ead trellis, we identify the most probable edge,
accordingto the local messageslf thesemost probable edgesjoin up into two
valid paths, onein ead trellis, and if thesetwo paths are consistert with eat
other, it is reasonableto stop, as subsequehn iterations are unlikely to take
the decaler away from this codeword. If a maximum number of iterations is
reached without this stopping criterion being satis ed, a decading error can
be reported. This stopping procedureis recommendedfor se\eral reasons:it
allows a big saving in decaling time with no lossin error probability; it allows
decdling failures that are detectedby the decader to be soidenti ed { knowing
that a particular block is de nitely corrupted is surely useful information for
the receiver! And when we distinguish between detected and undetected er-
rors, the undetected errors give helpful insights into the low weight codewords
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of the code, which may improve the processof code design.

Turbo codesasdescribed here have excellert performancedown to decaled
error probabilities of about 10 °, but randomly constructed turb o codestend
to have an error o or starting at that level. This error o or is causedby low-
weight codewords. To reduce the height of the error o or, one can attempt
to modify the random construction to increasethe weight of theselow-weight
codewords. The tweaking of turb o codesis a black art, and it never succeeds
in totalling eliminating low-weight codewords; more precisely the low-weight
codewords can only be eliminated by sacricing the turb o code's excellert
performance. In contrast, low-density parity-ched codes rarely have error
o ors.

48.5 Parity-check matrices of convolutional codes and turb o codes

We closeby discussingthe parity-ched matrix of a rate-¥2 corvolutional code
viewed asa linear block code. We adopt the corvertion that the N bits of one
block are made up of the N=2 bits t(® followed by the N=2 bits t(?.

. Exercise48.3/2] Prove that a corvolutional code has a low-density parity-
chek matrix asshawvn schematically in gure 48.11a.

Hint: It's easiestto gure out the parity constraints satis ed by a convo-
lutional code by thinking about the nonsystematic nonrecursive encaler
(gure 48.1b). Consider putting through lter a a stream that's been
through convolutional Iter b, and vice versg comparethe two resulting
streams. Ignore termination of the trellises.

The parity-ched matrix of aturb o code can be written down by listing the
constraints satis ed by the two constituent trellises (gure 48.11b). Soturb o
codesare also special casesof low-density parity-ched codes. If a turb o code
is punctured, it no longer necessarilyhas a low-density parity-chedk matrix,
but it always hasa generalizedparity-chedk matrix that is sparse,asexplained
in the next chapter.

Further reading

For further reading about corvolutional codes, Johannessonand Zigangirov
(2999) is highly recommended. One topic | would have liked to include is
sequetial decading. Sequetial decading explores only the most promising
paths in the trellis, and badtracks when evidenceaccunulates that a wrong
turning has beentaken. Sequetial decaling is used when the trellis is too
big for us to be able to apply the maximum likelihood algorithm, the min{
sum algorithm. You can read about sequettial decading in Johannessonand
Zigangirov (1999).

For further information about the use of the sum{product algorithm in
turb o codes, and the rarely-usedbut highly recommendedstopping criteria for
halting their decaling algorithm Frey (1998) is highly recommended. (And
there's lots more good stu in the samebook!)

48.6 Solutions

Solutionto exercise48.2 (p.580). The rst bit was ipp ed. The most probable
path is the upper onein gure 48.7.
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(@)

(b)

Figure48.11 Schematic pictures
of the parity-chedk matrices of (a)
a convolutional code, rate 1/2,
and (b) aturb o code, rate 1/3.
Notation: A diagonal line
represents an identit y matrix. A
band of diagonal lines represen a
band of diagonal 1s. A circle
inside a squarerepresers the
random permutation of all the
columnsin that square. A number
inside a squarerepresers the
number of random permutation
matrices superposedin that
square. Horizontal and vertical
lines indicate the boundaries of
the blocks within the matrix.




