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About Chapter 45

Feedforward neural networks such as multilayer perceptronsare popular tools
for nonlinear regressionand classi cation problems. From a Bayesian per-
spective, a choice of a neural network model can be viewed asde ning a prior
probability distribution over nonlinear functions, and the neural network's
learning processcan be interpreted in terms of the posterior probability dis-
tribution over the unknown function. (Somelearning algorithms seart for the
function with maximum posterior probability and other Monte Carlo methods
draw samplesfrom this posterior probability.)

In the limit of large but otherwise standard networks, Neal (1996) has
shown that the prior distribution over nonlinear functions implied by the
Bayesian neural network falls in a class of probability distributions known
as Gaussian processes. The hyperparameters of the neural network model
determine the characteristic lengthscalesof the Gaussianprocess. Neal's ob-
senation motivatesthe ideaof discarding parameterizednetworks and working
directly with Gaussian processes.Computations in which the parameters of
the network are optimized are then replacedby simple matrix operationsusing
the covariance matrix of the Gaussianprocess.

In this chapter | will review work on this idea by Williams and Rasnussen
(1996), Neal (1997b), Barber and Williams (1997) and Gibbs and MacKay
(2000), and will assesswhether, for supervised regressionand classi cation
tasks, the feedforward network has beensuperceded.

. Exercises5.1[31 | regret that this chapter is rather dry. There's no simple
explanatory examplesin it, and few pictures. This exerciseasksyou to
create interesting pictures to explain to yourself this chapter's ideas.

Source code for computer demonstrations written in the free language
octave is available at:
http://www.inference.phy. cam.ac. uk/mackay/i tprn n/s oftw are. html .
Radford Neal's software for Gaussianprocessess available at:
http://www.cs.toronto.edu /~ra dford/ .
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45

GaussianProcesses

After the publication of Rumelhart, Hinton and Williams's (1986) paper on
supervised learning in neural networks there was a surge of interest in the
empirical modelling of relationships in high-dimensional data using nonlinear
parametric models such as multilayer perceptronsand radial basisfunctions.
In the Bayesianinterpretation of these modelling methods, a nonlinear func-
tion y(x) parameterized by parameters w is assumedto underlie the data
fxM;thgh.; , and the adaptation of the model to the data correspondsto an
inference of the function giventhe data. We will denotethe setof input vectors
by Xn  fx(Mg\_; and the set of corresponding target valuesby the vector
tn  ftag).; . The inferenceof y(x) is described by the posterior probability
distribution

P(tn jy(x); Xn)P(y(x)) .
P(tnjXnN) '

Of the two terms on the right-hand side, the rst, P(tnjy(x);Xn), is the
probability of the target values given the function y(x), which in the caseof
regressionproblemsis often assumedto be a separableGaussiandistribution;
and the secondterm, P (y(x)), is the prior distribution on functions assumed
by the model. This prior is implicit in the choice of parametric model and
the choice of regularizers used during the model tting. The prior typically
speci es that the function y(x) is expected to be cortinuous and smooth,
and has lesshigh frequency power than low frequency power, but the precise
meaningof the prior is somewhatobscuredby the useof the parametric model.

Now, for the prediction of future valuesof t, all that matters is the as-
sumed prior P(y(x)) and the assumednoise model P(tn jy(x);Xn) { the
parameterization of the function y(x;w) is irrelevant.

The idea of Gaussianprocessmodelling is to placea prior P (y(x)) directly
on the spaceof functions, without parameterizing y(x). The simplest type of
prior over functions is called a Gaussianprocess.It can be thought of asthe
generalizationof a Gaussiandistribution over a nite vector spaceto afunction
spaceof in nite dimension. Just as a Gaussiandistribution is fully specied
by its mean and covariance matrix, a Gaussianprocessis speci ed by a mean
and a covariance function. Here, the meanis a function of x (which we will
often take to be the zero function), and the covariance is a function C(x;x9
that expresseghe expected covariance betweenthe values of the function y
at the points x and x% The function y(x) in any one data modelling problem
is assumedto be a single sample from this Gaussiandistribution. Gaussian
processesre already well establishedmodels for various spatial and temporal
problems { for example, Brownian motion, Langevin processesand Wiener
processesre all examplesof GaussianprocessesKalman lters, widely used

PY(X)jtn;Xn) = (45.1)
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538 45| GaussianProcesses

to model speed waveforms, also correspond to Gaussianprocessmodels; the
method of “kriging' in geostatisticsis a Gaussianprocessregressionmethod.

Reservationsalout Gaussianprocesses

It might be thought that it is not possibleto reproduce the interesting prop-
erties of neural network interpolation methods with something so simple as a
Gaussiandistribution, but aswe shall now see,many popular nonlinear inter-
polation methods are equivalent to particular Gaussianprocesses.(l usethe
term “interpolation' to cover both the problem of “regression{ tting a curve
through noisy data { and the task of tting an interpolant that passesxactly
through the given data points.)

It might also be thought that the computational complexity of inference
when we work with priors over in nite-dimensional function spacesmight be
in nitely large. But by concertrating on the joint probability distribution of
the obsened data and the quartities we wish to predict, it is possibleto make
predictions with resourceghat scaleaspolynomial functions of N, the number
of data points.

45.1 Standard methods for nonlinear regression

The problem

We are given N data points X Nty = fx(”);tngrﬁ‘zl. The inputs x are vec-
tors of some xed input dimensionl. The targets t are either real numbers,
in which casethe task will be a regressionor interpolation task, or they are
categorical variables, for examplet 2 f0; 1g, in which casethe task is a clas-
sication task. We will concerrate on the caseof regressionfor the time
being.

Assuming that a function y(x) underliesthe obsened data, the task is to
infer the function from the given data, and predict the function's value { or
the value of the obsenation ty+1 { at a new point x(N*1) |

Parametric approachesto the problem

In a parametric approad to regressionwe expressthe unknown function y(x)
in terms of a nonlinear function y(x;w) parameterizedby parametersw.

Example45.2. Fixedbasisfunctions. Using a set of basisfunctions f n(x)gf, ,
we can write

X
yo;w) = Wi p(X): (45.2)
h=1
If the basis functions are nonlinear functions of x such as radial basis
functions certred at xed points fchgh.; ,

(x cn)?

o2 ; (45.3)

h(x) = exp
then y(x;w) is a nonlinear function of x; howewer, sincethe dependence
of y on the parametersw is linear, we might sometimesrefer to this as
a ‘linear' model. In neural network terms, this model is like a multila yer
network whoseconnectionsfrom the input layer to the nonlinear hidden
layer are xed; only the output weights w are adaptive.

Other possiblesetsof xed basisfunctions include polynomials such as
h(x) = xipqu where p and g are integer powers that depend on h.
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45.1: Standard methods for nonlinear regression 539

Example45.3. Adaptive basisfunctions. Alternativ ely, we might make a func-
tion y(x) from basis functions that depend on additional parameters
included in the vector w. In a two-layer feedforward neural network
with nonlinear hidden units and a linear output, the function can be
written

X X
y(x;w) = Wﬁz) tanh Wﬁ)xi + wf}g + Wéz) (45.4)
h=1 i=1

where | is the dimensionality of the input spaceand the weight vector
w consistsof the input weights fwﬁ) g, the hidden unit biasesfwf]lo) g

the output weights fwflz)g and the output bias W(()Z). In this model, the
dependenceof y on w is nonlinear.

Having chosenthe parameterization, we then infer the function y(x;w) by
inferring the parametersw. The posterior probability of the parametersis

P(tn j Wi X n)P(W).

PO Itn;Xn) = P(tnjXnN)

(45.5)

The factor P(tn jw; X ) states the probability of the obsened data points
when the parametersw (and hence,the function y) are known. This proba-
bility distribution is often taken to be a separableGaussian,ead data point
t, diering from the underlying value y(x(™;w) by additive noise. The factor
P (w) speci es the prior probability distribution of the parameters. This too
is often taken to be a separableGaussiandistribution. If the dependenceof y
on w is nonlinear the posterior distribution P(w jty;Xy) isin generalnot a
Gaussiandistribution.

The inferencecanbeimplemented in various ways. In the Laplace method,
we minimize an objective function

M(w)= In[P(tnjw;Xn)P(w)] (45.6)

with respectto w, locating the locally most probable parameters,then usethe
curvature of M, @M (w)=@; @y; , to de ne error barsonw. Alternativ ely we
can usemore generalMarkov chain Monte Carlo techniquesto create samples
from the posterior distribution P(wjty;Xn).

Having obtained one of these represenations of the inference of w given
the data, predictions are then made by marginalizing over the parameters:

Z
P(tnsr jtn Xnsr) = dPwP(tner jw;xNV )P (wijtn;Xn):  (45.7)

If we have a Gaussianrepresenation of the posterior distribution P(w jtn;Xn),
then this integral cantypically be evaluated directly. In the alternative Monte

Carlo approach, which generatesR samplesw (") that are intended to be sam-

ples from the posterior distribution P(wjtyn;Xy), we approximate the pre-

dictiv e distribution by

Pltn+z JIn; X N+1) Pty jw;x(N*Dy: (45.8)
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Nonparametric approaches.

In nonparametric methods, predictions are obtained without explicitly pa-
rameterizing the unknown function y(x); y(x) livesin the in nite-dimensional
spaceof all cortinuous functions of x. One well known nonparametric ap-
proach to the regressionproblem is the spline smoothing method (Kimeldorf
and Wahba, 1970). A spline solution to a one-dimensionalregressionproblem
can be described asfollows: we de ne the estimator of y(x) to be the function
$¥(x) that minimizes the functional

1 X , 17 )
M) =5 &™) )2+ dx P (45.9)
n=1

where y(P) is the pth derivative of y and p is a positive number. If p is set to
2 then the resulting function Y(x) is a cubic spline, that is, a piecewisecubic
function that hasknots' { discortinuities in its secondderivative { at the data
points fx(Mg.
This estimation method can be interpreted as a Bayesianmethod by iden-
tifying the prior for the function y(x) as:
. 1 © )
NPy )= 5  dx [y® (x)]? + const, (45.10)

and the probability of the data measuremets ty = ftogh.,; assuminginde-
pendent Gaussiannoiseas:

. 1 X )
InP(tnjy(); )= 3 (y(x(M)  t,)%+ const (45.11)

n=1

[The constarts in equations (45.10) and (45.11) are functions of and re-
spectively. Strictly the prior (45.10)is improper sinceaddition of an arbitrary
polynomial of degree(p 1) to y(x) is not constrained. This impropriety is
easilyrecti ed by the addition of (p 1) appropriate terms to (45.10).] Given
this interpretation of the functions in equation (45.9), M (y(x)) is equalto mi-
nus the log of the posterior probability P(y(X)jtn; ; ), within an additive
constart, and the splinesestimation procedure can be interpreted as yielding
a Bayesian MAP estimate. The Bayesian perspective allows us additionally
to put error bars on the splines estimate and to draw typical samplesfrom
the posterior distribution, and it givesan automatic method for inferring the
hyperparameters and

Comments
Splinespriors are Gaussian processes

The prior distribution de ned in equation (45.10) is our rst example of a
Gaussianprocess. Throwing mathematical precisionto the winds, a Gaussian
processcan be de ned as a probability distribution on a spaceof functions
y(x) that can be written in the form

PY(] A= 20 S)  GANK) () (45.12)

where (x) isthe meanfunction and A is alinear operator, and V\{J\aerethe inner
product of two functions y(x)"z(x) is de ned by, for example, dx y(x)z(x).



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

45.1: Standard methods for nonlinear regression 541

Here, if we denote by D the linear operator that maps y(x) to the derivative
of y(x), we can write equation (45.10) as

InP(y(x)j )= % dx [DPy(x)]? + const= %y(x)TAy(x) + const,

(45.13)

which hasthe sameform asequation (45.12)with (x) = 0,andA [DP]'DP.

In order for the prior in equation (45.12)to be a proper prior, A must be a

positive de nite operator, i.e., one satisfying y(x)"Ay(x) > 0 for all functions
y(x) other than y(x) = 0.

Splinescan be written as parametric models

Splinesmay be written in terms of anin nite setof xed basisfunctions, asin
equation (45.2), asfollows. First rescalethe x axis sothat the interval (0;2 )
is much wider than the range of x valuesof interest. Let the basisfunctions
be a Fourier set f coshx; sinhx, h=0;1;2;:::9, sothe function is

b3 b3
y(x) = Wh (cos) COLhX) + Whsiny Sin(hx): (45.14)
h=0 h=1

Usethe regularizer

b3 X

1o 1
Ew(w) = Ehzwﬁ(cos) + Ehzwﬁ(sin) (45.15)
h=0 h=1
to de ne a Gaussianprior on w,
. 1
Pwj )= exp( E w): (45.16)
Zw( )

If p= 2 then we have the cubic splinesregularizer Ey (w) = Ryg) (x)?2dx, as
in equation (45.9); if p= 1 we have the regularizer Ew (W)= y® (x)2dx,
etc. (To make the prior proper we must add an extra regularizer on the
term Woos).) Thus in terms of the prior P(y(x)) there is no fundamertal
di erence betweenthe “nonparametric' splinesapproad and other parametric
approades.

Representation is irr elevant for prediction

From the point of view of prediction at least, there are two objects of inter-
est. The rst is the conditional distribution P(tny+1 jtn;Xn+1) dened in
equation (45.7). The other object of interest, should we wish to compare one
model with others, is the joint probability of all the obsened data given the
model, the evidenceP (ty j X n), which appearedasthe normalizing constart
in equation (45.5). Neither of thesequartities makesany referenceto the rep-
reseration of the unknown function y(x). Soat the end of the day, our choice
of represenation is irrelevant.

The questionwe now addressis, in the caseof popular parametric models,
what form do thesetwo quartities take? We will seethat for standard models
with xed basisfunctions and Gaussiandistributions on the unknown parame-
ters, the joint probability of all the obsened data giventhe model, P(t N j X n ),
is a multiv ariate Gaussiandistribution with mean zero and with a covariance
matrix determined by the basis functions; this implies that the conditional
distribution P(tn+1 jtn;Xn+1) IS also a Gaussiandistribution, whose mean
dependslinearly on the valuesof the targets t . Standard parametric models
are simple examplesof Gaussianprocesses.
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45.2 From parametric models to Gaussianprocesses

Linear models

Let us consideraregressionproblemusingH xed basisfunctions, for example
one-dimensionalradial basisfunctions as de ned in equation (45.3).

Let us assumethat a list of N input points fx(" g has beenspeci ed and
dene the N H matrix R to be the matrix of valuesof the basisfunctions
f n(x)gh., at the points fx,g,

Roh  n(x(M): (45.17)
We de ne the vector yy to be the vector of valuesof y(x) at the N points,
X
Yn RnhWh: (45.18)

h
If the prior distribution of w is Gaussianwith zero mean,
P(w) = Normal(w;0; 21); (45.19)

then y, being a linear function of w, is also Gaussiandistributed, with mean
zero. The covariance matrix of y is

Q hyyTi = lRww "R = R hww i R” (45.20)

= 2RRT: (45.21)

Sothe prior distribution of y is:
P(y) = Normal(y;0; Q) = Normal(y;0; 2RRT): (45.22)

This result, that the vector of N function valuesy has a Gaussiandistribu-
tion, is true for any selectedpoints X . This is the de ning property of a
Gaussianprocess. The prokability distribution of a function y(x) is a Gaus-

Now, if the number of basis functions H is smaller than the number of
data points N, then the matrix Q will not have full rank. In this casethe
probability distribution of y might be thought of asa at elliptical pancake
con ned to an H -dimensional subspacein the N -dimensional spacein which
y lives.

What about the target values? If ead target t, is assumedto dier by
additive Gaussiannoise of variance 2 from the corresponding function value
yn then t also hasa Gaussianprior distribution,

P(t) = Normal(t;0;Q + 2I): (45.23)
We will denotethe covariance matrix of t by C:
C=Q+ 2= {RR™+ 2 (45.24)

Whether or not Q has full rank, the covariance matrix C has full rank since
2] is full rank.

What doesthe covariance matrix Q look like? In general,the (n; n9 ertry

of Q is X

Qmo=[ 2RRTmo= & n(x™) n(x™) (45.25)
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and the (n;n9 ertry of C is

X
Cmo= 2 w(x™) n(x™)+ 40 2 (45.26)
h

where 0= 1if n = n%®and 0 otherwise.

Example45.4. Let's take as an example a one-dimensionalcase,with radial
basis functions. The expressionfor Q0 becomessimplest if we assumewe
have uniformly spacedbasisfunctions with the basisfunction labelled h being
certred on the point x = h and take the limit H ! 1 , sothat the sum over
h becomesan integral; to avoid having a covariance that divergeswith H,
we had better make 2 scaleas SY H), where H is the number of basis
functions per unit length of the x-axis, and S is a constart; then

h max

Quo = S dh p(x™) p(x™) (45.27)
h:i" ) (m) 2# ' (n9 2#
max (X n h) (X n h)
= h — ————— :(45.2

S . dh exp o2 exp o2 (45.28)

If we let the limits of integration be 1 , we can solve this integral:

) (n9 (m 2#
p— n n

Qmo = © T2sexp K XU (45.29)

4r2

We are arriving at a new perspective on the interpolation problem. Instead of
specifying the prior distribution on functions in terms of basis functions and
priors on parameters, the prior can be summarized simply by a covariance
function,

#
(X(no) X(n))2

c(x™;x)  exp P ;

(45.30)

where we have given a new name, i, to the constart out front.

Generalizing from this particular case,a vista of interpolation methods
opens up. Given any valid covariance function C(x;x9% { we'll discussin
a momert what ‘valid' means{ we can de ne the covariance matrix for N
function valuesat locations X y to be the matrix Q given by

Qmro= C(x™M;x(Y) (45.31)

and the covariance matrix for N corresponding target values,assumingGaus-
sian noise,to be the matrix C given by

Chno= Cx™W;xMy+ 2 o (45.32)
In conclusion,the prior probability of the N target valuest in the data setis:
P(t) = Normal(t;0;C) = Ze :''C ': (45.33)

Samplesfrom this Gaussianprocessand a few other simple Gaussianprocesses
are displayed in gure 45.1.
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Figure45.1 Samplesdrawn from
Gaussianprocesspriors. Each
panel shaws two functions drawn
from a Gaussianprocessprior.
The four corresponding covariance
functions are given below eadch
plot. The decreasein length scale
from (a) to (b) producesmore
rapidly uctuating functions. The
periodic properties of the
covariance function in (c) can be

2.0 4.0

-3.0 -1.0 1.0 3.0 5.0 -3.0 -1.0 1.0 3.0 5.0 seen. The covariance function in
X 02 X 02 (d) contains the non-stationary

(a) 2exp (;(l—xs)z (b) 2exp ;ﬁo:%)z term xx° corresponding to the
covariance of a straight line, so

0 60 that typical functions include

linear trends. From Gibbs (1997).

40 : : : : -40 : : : ‘
-3.0 -1.0 1.0 3.0 5.0 -3.0 -1.0 1.0 3.0 5.0
X X
2 0y —q. 2
() 2exp LLEIZ0 (d) 2exp %, + xx©

Multilayer neural networksand Gaussianprocesses

Figures 44.2 and 44.3 shov somerandom samplesfrom the prior distribution
over functions de ned by a selection of standard multilayer perceptronswith
large numbers of hidden units. Those samplesdon't seema million miles away
from the Gaussian processsamplesof gure 45.1. And indeed Neal (1996)
showed that the properties of a neural network with one hidden layer (as
in equation (45.4)) corvergeto those of a Gaussianprocessas the number of
hidden neuronstendsto in nit v, if standard "weight deca/' priors are assumed.
The covariance function of this Gaussianprocessdependson the details of the
priors assumedfor the weights in the network and the activation functions of
the hidden units.

45.3 Using a given Gaussian process model in regression

We have spent sometime talking about priors. We now return to our data
and the problem of prediction. How do we make predictions with a Gaussian
process?

Having formed the covariancematrix C de ned in equation (45.32) our task
is to infer ty+1 given the obsened vector ty . The joint density P(tn+1;tn)
is a Gaussian;so the conditional distribution

P(tn+1:tN)

P(tn+jtn) = P(tn)

(45.34)

is also a Gaussian. We now distinguish betweendi erent sizesof covariance
matrix C with a subscript, such that Cy+; isthe (N + 1) (N + 1) covariance
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matrix for the vectorty+1  (t1;:::;tn+1)". We de ne submatricesof Cy+1
as follows: 22 32 133

4 cy 54«k5
Cn+1 . (4535)

kT
The posterior distribution (45.34) is given by

. 1 t
P(tn+1jtn)/ exp > tn tn+ CN]‘;']. tN':l-l : (45.36)

We can evaluate the meanand standard deviation of the posterior distribution

of ty+1 by brute force inversion of Cy+1. There is a more elegan expression
for the predictive distribution, however, which is useful wheneer predictions
are to be made at a number of new points on the basis of the data set of size

N. We can write CNil in terms of Cy and CNl using the partitioned inverse
equations (Barnett, 1979)

M m
Chvit® 7 m (45.37)
where
m = KT 'kt (45.38)
m =  mCy.k (45.39)
M = CN1+%mmT: (45.40)
When we substitute this matrix into equation (45.36) we nd
. 1 t fi+1)?
P(tn+1 jtn) = S exp M (45.41)
Z 22
N +1
where
fhar = k'Cyltn (45.42)
8., = kTCy'k: (45.43)

The predictive mean at the new point is given by f\+1 and fy., denesthe
error bars on this prediction. Notice that we do not needto invert Cy+1 in
order to make predictions at x(N*D) | Only Cy needsto be inverted. Thus
Gaussian processesllow oneto implement a model with a number of basis
functions H much larger than the number of data points N, with the com-
putational requiremert being of order N 3, independert of H. [We'll discuss
ways of reducing this cost later.]

The predictions produced by a Gaussian processdepend ertirely on the
covariance matrix C. We now discussthe sorts of covariance functions one
might chooseto dene C, and how we can automate the selection of the
covariance function in responseto data.

45.4 Examples of covariance functions

The only constraint on our choice of covariance function is that it must gen-
erate a non-negative-de nite covariance matrix for any set of points fx,g\-; .
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We will denotethe parametersof a covariance function by . The covariance
matrix of t has entries given by

Cmn = C(X(m);x(n); )+ mnN (X(n); ) (45.44)

where C is the covariance function and N is a noise model which might be
stationary or spatially varying, for example,

( 3 b for input-indep endert noise
NG )= exp J-le i j(x) forinput-dependert noise. (45.45)

The cortinuity properties of C determine the cortinuity properties of typical
samplesfrom the Gaussianprocessprior. An encyclopaedicpaper on Gaus-
sian processesgiving many valid covariance functions has been written by
Abrahamsen (1997).

Stationary covariance functions

A stationary covariance function is onethat is translation invariant in that it
satis es
cx;x® Yy=D(x x%) (45.46)

for somefunction D, i.e., the covariance is a function of separation only, also
known asthe autocovariance function. If additionally C dependsonly on the

magnitude of the distance betweenx and x° then the covariance function is
said to be homogenous Stationary covariance functions may alsobe described
in terms of the Fourier transform of the function D, which is known as the

power spectrum of the Gaussianprocess.This Fourier transform is necessarily
a positive function of frequency One way of constructing a valid stationary

covariance function is to invert a positive function of frequencyand de ne D

to beits inverseFourier transform.

Example45.5. Let the power spectrum be a Gaussianfunction of frequency
Since the Fourier transform of a Gaussianis a Gaussian, the autoco-
variance function corresponding to this power spectrum is a Gaussian
function of separation. This argumert rederivesthe covariance function
we derived at equation (45.30).

Generalizing slightly, a popular form for C with hyperparameters =
(15 2frig)is

" y 2#
cx;x® )= 1exp 1 M + (45.47)
2 a1 fi

x is an | -dimensional vector and r; is a length scaleassaiated with input Xx;,
the lengthscalein that direction on which y is expectedto vary signi cantly.
A very large length scalemeansthat y is expectedto be essetially a constart
function of that input. Such an input could be said to be irrelevant, asin
the automatic relevance determination method for neural networks (MacKay,
1994a;Neal, 1996). The 1 hyperparameterde nes the vertical scaleof varia-
tions of a typical function. The , hyperparameterallows the whole function
to be o set away from zero by someunknown constart { to understand this
term, examine equation (45.25) and considerthe basisfunction (x) = 1.

Another stationary covariance function is

cix;x9=exp(j x x§) o< 2: (45.48)
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70 ‘ ‘ Figure45.2 Multimo dal

likelihood functions for Gaussian
processesA data setof ve
points is modelled with the simple
covariance function (45.47), with
one hyperparameter 3 cortrolling
the noisevariance. Panelsa and b
show the most probable
interpolant and its 1 error bars
when the hyperparameters are

7.0

-1.0 / -1.0 p-7
setto two di erent valuesthat
(@ a0 (b) 0 (locally) maximize the likelihood
00 20 40 6.0 00 20 40 6.0 P(tn jXn: ): (3) 1= 0:95,
3=00;(b) ry = 35, 3= 30.
— 4 Panel c shows a cortour plot of
P 1 35 the likelihood as a function of ry
and 3, with the two maxima
P 1° shown by crosses.From Gibbs
P 4 25 (1997).
| g 2 3

: 415

P ,‘::“ / / - 4 05

©) H

For = 2, this is a special caseof the previous covariance function. For
2 (1,2), the typical functions from this prior are smooth but not analytic
functions. For 1 typical functions are cortinuous but not smooth.

A covariance function that models a function that is periodic with known
period ; in the i input direction is
2 0 _ 0) 123

1 X sin —(Xj X;
9 = e AL, (45.49)

|

C(x;x% )= 1exp
[
Figure 45.1 shonvs somerandom samplesdrawn from Gaussianprocesses
with a variety of di erent covariance functions.

Nonstationary covariance functions

The simplest nonstationary covariance fuBction is the one corresponding to a
linear trend. Considerthe plane y(x) = ;wix; + c. If the fw;g and ¢ have
Gaussiandistributions with zero mean and variances 2 and 2 respectively

then the plane has a covariance function

Cin(GX%F wi @)= Gxix{+ & (45.50)

i=1
An example of random samplefunctions incorporating the linear term can be
seenin gure 45.1d.

45.5 Adaptation of Gaussianprocess models

Let us assumethat a form of covariance function hasbeenchosen,but that it
dependson undetermined hyperparameters . We would like to “learn' these
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hyperparametersfrom the data. This learning processis equivalent to the
inference of the hyperparameters of a neural network, for example, weight
decay hyperparameters. It is a complexity cortrol problem, onethat is solved
nicely by the Bayesian Occam'srazor.

Ideally we would like to de ne a prior distribution on the hyperparameters
and integrate over them in order to make our predictions, i.e., we would like

to nd
Z

P(tn+1jXn+1:D) = P(tn+1jXn+1; sD)P( jD)d (45.51)
But this integral is usually intractable. There are two approadeswe cantake.

1. We can approximate the integral by using the most probable values of
hyperparameters.

P(tn+1 jXn+1;D) " Pt jXN+1:D5 we) (45.52)

2. Or we can perform the integration over numerically using Monte Carlo
methods (Williams and Rasnmussen,1996; Neal, 1997b).

Either of these approadesis implemented most e cien tly if the gradient
of the posterior probability of can be evaluated.

Gradient
The posterior probability of is
P( jD)/ P(tnjXn; )P(): (45.53)
The log of the rst term (the evidencefor the hyperparameters)is
INP(tn jXN; )= %IndetCN %t{,chtN N7|n2 : (45.54)

and its derivative with respect to a hyperparameter is

1@:N + }
@ 2

1@:N
@

t-ll\-]CN CNltN:

(45.55)

. 1
@@InP(thXN; ) = zTrace Cn

Comments

Assumingthat nding the derivatives of the priors is straightforward, we can
now seart for , . Howewer there are two problemsthat we needto be aware
of. Firstly, as illustrated in gure 45.2, the evidence may be multimo dal.
Suitable priors and sensibleoptimization strategies often eliminate poor op-
tima. Secondly and perhaps most importantly the evaluation of the gradi-
ert of the log likelihood requiresthe ewaluation of CNl. Any exact inversion
method (such as Choleskydecomposition, LU decomposition or Gauss{Jordan
elimination) has an assaiated computational cost that is of order N 2 and so
calculating gradients becomedime consumingfor large training data sets. Ap-
proximate methods for implemerting the predictions (equations (45.42) and
(45.43)) and gradient computation (equation (45.55)) are an active researt
area. One approact basedon the ideas of Skilling (1993) makes approxima-
tions to C 1t and TraceC ! usingiterative methods with cost O(N ?) (Gibbs
and MacKay, 1996; Gibbs, 1997). Further referenceson this topic are given
at the end of the chapter.
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45.6 Classi cation

Gaussian processescan be integrated into classi cation modelling once we
identify a variable that can sensibly be given a Gaussianprocessprior.

In a binary classi cation problem, we can de ne a quartity a,  a(x(™)
such that the probability that the classis 1 rather than 0 is

1

P(th=1jan) = 17 e

(45.56)
Large positive values of a correspond to probabilities closeto one; large neg-
ative values of a de ne probabilities that are closeto zero. In a classica-
tion problem, we typically intend that the probability P(t, = 1) should be a
smoothly varying function of x. We can embody this prior belief by de ning
a(x) to have a Gaussianprocessprior.

Implementation

It is not soeasyto perform inferencesand adapt the Gaussianprocessmodel
to data in a classi cation model as in regressionproblems becausethe like-
lihood function (45.56) is not a Gaussian function of a,. So the posterior
distribution of a given someobsenations t is not Gaussianand the normal-
ization constart P(tn j X n) cannot be written down analytically. Barber and
Williams (1997) have implemerted classi ers basedon Gaussianprocesspriors
using Laplace approximations (Chapter 27). Neal (1997b) hasimplemented a
Monte Carlo approad to implemening a Gaussianprocessclassi er. Gibbs
and MacKay (2000) have implemented another cheap and cheerful approac
basedon the methods of Jaakkola and Jordan (section 33.8). In this varia-
tional Gaussianprocessclassi er, we obtain tractable upper and lower bounds
for the unnormalized posterior density over a, P(tny ja)P(a). These bounds
are parameterized by variational parameters which are adjusted in order to
obtain the tightest possible t. Using normalized versions of the optimized
bounds we then compute approximations to the predictive distributions.

Multi-class classi cation problems can also be solved with Monte Carlo
methods (Neal, 1997b) and variational methods (Gibbs, 1997).

45.7 Discussion

Gaussianprocessesre moderately simple to implemert and use. Becausevery
few parameters of the model needto be determined by hand (generally only
the priors on the hyperparameters), Gaussian processesare useful tools for
automated tasks where ne tuning for ead problem is not possible. We do
not appearto sacri ce any performancefor this simplicity.

It is easyto construct Gaussian processesthat have particular desired
properties; for example we can make a straightforward automatic relevance
determination model.

One obvious problem with Gaussian processeds the computational cost
assciated with inverting an N N matrix. The cost of direct methods of
inversion becomesprohibitiv e when the number of data points N is greater
than about 1000.

Have we thrown the baby out with the bath water?

According to the hype of 1987, neural networks were meart to be intelligent
models that discovered features and patterns in data. Gaussianprocessesn
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contrast are simply smoothing devices. How can Gaussian processe0ssi-
bly replace neural networks? Were neural networks over-hyped, or have we
underestimated the power of smoothing methods?

| think both thesepropositionsaretrue. The succes®f Gaussianprocesses
shows that many real-world data modelling problems are perfectly well solved
by sensiblesmoothing methods. The most interesting problems, the task of
feature discovery for example,are not onesthat Gaussianprocessewill solve.
But maybe multilayer perceptrons can't solve them either. Perhaps a fresh
start is needed,approacing the problem of machine learning from a paradigm
di erent from the supervised feedforward mapping.

Further reading

The study of Gaussianprocessedor regressionis far from new. Time series
analysis was being performed by the astronomer T.N. Thiele using Gaussian
processedsn 1880 (Lauritzen, 1981). In the 1940s, Wiener{Kolmogorov pre-
diction theory wasintro duced for prediction of trajectories of military targets
(Wiener, 1948). Within the geostatistics eld, Matheron (1963) proposeda
framework for regressionusing optimal linear estimators which he called “krig-
ing' after D.G. Krige, a South African mining engineer. This framework is
identical to the Gaussian processapproad to regression. Kriging has been
developed considerably in the last thirt y years (see Cressie (1993) for a re-
view) including seweral Bayesian treatments (Omre, 1987; Kitanidis, 1986).
Howewer the geostatistics approad to the Gaussian processmodel has con-
certrated mainly on low-dimensional problems and has largely ignored any
probabilistic interpretation of the model. Kalman lIters are widely usedto
implement inferencesfor stationary one-dimensionalGaussianprocessesand
are popular models for speedr and music modelling (Bar-Shalom and Fort-
mann, 1988). Generalizedradial basis functions (Poggio and Girosi, 1989),
ARMA models (Wahba, 1990) and variable metric kernel methods (Lowe,
1995) are all closelyrelated to GaussianprocessesSeealso O'Hagan (1978).

The idea of replacing supervised neural networks by Gaussianprocesses
was rst explored by Williams and Rasnussen(1996) and Neal (1997b). A
thorough comparisonof Gaussianprocessesvith other methods such asneural
networks and MARS was made by Rasnussen(1996). Methods for reducing
the complexity of data modelling with Gaussian processesemain an active
researt area (Poggio and Girosi, 1990; Luo and Wahba, 1997; Tresp, 2000;
Williams and Seeger2001;Smolaand Bartlett, 2001;Rasmussen,2002;Seeger
et al., 2003; Opper and Winther, 2000).

A longer review of Gaussianprocessesds in (MacKay, 1998b). A review
paper on regressiorwith complexity cortrol using hierarchical Bayesianmodels
is (MacKay, 1992a).

Gaussianprocessesind support vector learning machines (Scholkopf et al.,
1995; Vapnik, 1995) have a lot in common. Both are kernel-basedpredictors,
the kernel being another namefor the covariancefunction. A Bayesianversion
of support vectors, exploiting this connection, can be found in (Chu et al.,
2001;Chu et al., 2002;Chu et al., 2003b; Chu et al., 2003a).



