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37

Bayesianlnferenceand Sampling Theory

There are two sdhools of statistics. Sampling theorists concertrate on having
methods guararteed to work most of the time, given minimal assumptions.
Bayesianstry to make inferencesthat take into accoun all available informa-
tion and answer the question of interest given the particular data set. As you
have probably gathered, | strongly recommendthe use of Bayesian methods.

Sampling theory is the widely used approad to statistics, and most pa-
persin most journals report their experiments using quartities like con dence
intervals, signi cance levels,and p-values. A p-value (e.g.p = 0:05) is the prob-
ability, givena null hypothesisfor the probability distribution of the data, that
the outcomewould be as extreme as, or more extreme than, the obsened out-
come. Untrained readers{ and perhaps,more worryingly, the authors of many
papers{ usually interpret such a p-value asif it is a Bayesian probability (for
example, the posterior probability of the null hypothesis), an interpretation
that both sampling theorists and Bayesianswould agreeis incorrect.

In this chapter we study a couple of simple inferenceproblemsin order to
comparethesetwo approadcesto statistics.

While in somecasesthe answersfrom a Bayesianapproad and from sam-
pling theory are very similar, we canalso nd caseswherethere are signi cant
di erences. We have already seensuc an example in exercise3.15 (p.59),
where a sampling theorist got a p-value smaller than 7%, and viewed this as
strong evidenceagainst the null hypothesis,whereasthe data actually favoured
the null hypothesisover the simplest alternative. On p.64, another example
was given wherethe p-value wassmaller than the mystical value of 5%, yet the
data again favoured the null hypothesis. Thusin somecases sampling theory
can be trigger-happy, declaring results to be “su cien tly improbable that the
null hypothesis should be rejected’, when those results actually weakly sup-
port the null hypothesis. As we will now see,there are alsoinferenceproblems
where sampling theory fails to detect “signi cant’ evidencewhere a Bayesian
approac and everyday intuition agreethat the evidenceis strong. Most telling
of all are the inferenceproblemswherethe “signi cance' assignedby sampling
theory changesdepending on irrelevant factors concernedwith the design of
the experimert.

This chapter is only provided for those readerswho are curious about the
sampling theory/ Bayesian methods debate. If you nd any of this chapter
tough to understand, pleaseskip it. There is no point trying to understand
the debate. Just use Bayesian methods { they are much easierto understand
than the debate itself!

459
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37.1 A medical example

We are trying to reduce the incidence of an unpleasan disease
called microsoftus Two vaccinations, A and B, are tested on

a group of volunteers. Vaccination B is a cortrol treatment, a
placebo treatment with no active ingredients. Of the 40 subjects,

30 are randomly assignedto have treatment A and the other 10
are given the cortrol treatment B. We obsene the subjects for one
year after their vaccinations. Of the 30 in group A, one cortracts

microsoftus Of the 10 in group B, three contract microsoftus

Is treatment A better than treatment B ?

Samplingtheory hasa go

The standard sampling theory approad to the question ‘is A better than B?'
is to construct a statistical test. The test usually comparesa hypothesissuch
as

H1: "A and B have di erent e ectivenesses'
with a null hypothesissud as
Ho: "A and B have exactly the samee ectiv enessess ead other'.

A novice might object "no, no, | want to comparethe hypothesis\A is better
than B" with the alternative \B is better than A"!' but sud objections are
not welcomein sampling theory.

Oncethe two hypotheseshave beende ned, the rst hypothesisis scarcely
mertioned again{ attention focusessolelyon the null hypothesis. It makesme
laugh to write this, but it's true! The null hypothesisis acceptedor rejected
purely on the basisof how unexpectedthe data wereto H o, not on how much
better H1 predicted the data. One choosesa statistic which measureshow
much a data set deviates from the null hypothesis. In the example here, the
standard statistic to use would be one called 2 (chi-squared). To compute

2 we take the di erence between eah data measuremeh and its expected
value assumingthe null hypothesisto be true, and divide the square of that
di erence by the variance of the measuremet, assumingthe null hypothesisto
be true. In the presen problem, the four data measuremets are the integers
Fa+, Fa , Fe+, and Fg , that is, the number of subjects given treatment A
who cortracted microsoftus(Fa+ ), the number of subjects given treatment A
who didn't (Fa ), and soforth. The de nition of 2 is:

o X (R fRi)?

| i (37.1)
Actually, in my elemenary statistics book (Spiegel,1988) | nd Yates's cor-
rection is recommended: If you want to know about Yates's
. . 5 correction, read a sampling theory
o _ X (jFi Ml 05)* (37.2) textb ook. The point of this
- hFi ' ' chapter is not to teach sampling

i theory; | merely mertion Yates's

In this case,given the null hypothesisthat treatments A and B are equally ~ correction becauseit is what a

e ective, and haveratesf, andf for the two outcomes,the expected counts Fnr%fﬁtsiisgalsampling theorist
are: .

H:A+i=f+NA H:A i=f NA

H:B.q.i:f.'.NB H:B i=f Ng: (373)
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The test acceptsor rejects the null hypothesison the basis of how big 2 is.
To make this test precise,and give it a “signi cance level', we have to work
out what the sampling distribution of 2 is, taking into accourt the fact that ~ The sampling distribution of a
the four data points are not independert (they satisfy the two constraints  statistic is the probability
Far + FA = Na and Fg: + Fg = Ng) and the fact that the parameters distribution of its value under
f are not known. These three constraints reduce the number of degrees 'ePetitions of the experimert,
of freedom in the data from four to one. [If you want to learn more about ?:ts;ﬂrgmgthat the nullhypothesis
computing the “number of degreesof freedom’, read a sampling theory book; in '
Bayesianmethods we don't needto know all that, and quartities equivalernt to
the number of degreesof freedompop straight out of a Bayesiananalysiswhen
they are appropriate.] Thesesampling distributions are tabulated by sampling
theory gnomesand comeaccompaniedby warnings about the conditions under
which they are accurate. For example, standard tabulated distributions for 2
are only accurate if the expected numbersF; are about 5 or more.
Oncethe data arrive, sampling theorists estimate the unknown parameters
f of the null hypothesisfrom the data:

f/\:FA++FB+. fA:FA +FB

_ 374
Na + N ' Na + N ' ( )

and evaluate 2. At this point, the sampling theory school divides itself into
two camps. One camp usesthe following protocol: rst, beforelooking at the
data, pick the signi cance level of the test (e.g. 5%), and determine the critical
value of 2 above which the null hypothesiswill be rejected. (The signi cance
level is the fraction of times that the statistic 2 would exceedthe critical
value, if the null hypothesisweretrue.) Then ewvaluate 2, comparewith the
critical value, and declare the outcome of the test, and its signi cance level
(which was xed beforehand).
The secondcamp looks at the data, nds 2, then looks in the table of
2_distributions for the signi cance level, p, for which the obsened value of 2
would be the critical value. The result of the test is then reported by giving
this value of p, which is the fraction of times that a result asextremeasthe one
obsened, or more extreme, would be expectedto arise if the null hypothesis
were true.
Let's apply thesetwo methods. First camp: let's pick 5% as our signi -
cancelevel. The critical valuefor 2 with onedegreeof freedomis 3.5 = 3:84.
The estimated valuesof f are

f, =1=10, f = 9=10: (37.5)

The expected values of the four measuremets are

Fari = 3 (37.6)
Fa i = 27 (37.7)
Fgei = 1 (37.8)
Fg i = 9 (37.9)

and 2 (asde ned in equation (37.1)) is
2= 593 (37.10)

Sincethis value exceeds3.84, we reject the null hypothesisthat the two treat-
merts are equivalert at the 0.05 signi cance level. Howeer, if we use Yates's
correction, we nd 2 = 3:33, and therefore acceptthe null hypothesis.
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Camp two runs a nger acrossthe 2 table found at the badk of any good

sampling theory book and nds 2, = 2:71. Interpolating between %, and
25, camp two reports “the p-value is p = 0:07".

Notice that this answer doesnot say how much more e ective A is than B,
it simply says that A is “signi cantly' di erent from B. And here, “signi cant'
meansonly “statistically signi cant’, not practically signi cant.

The man in the street, reading the statemert that "the treatment was sig-
ni cantly dierent from the cortrol (p= 0:07)', might cometo the conclusion
that “there is a 93% chance that the treatments dier in e ectiveness'. But
what “p = 0:07' actually meansis "if you did this experiment many times, and
the two treatments had equal e ectiv eness,then 7% of the time you would
nd avalue of 2 more extreme than the onethat happenedhere'. This has
almost nothing to do with what we want to know, which is how likely it is
that treatment A is better than B.

Let me through, I'm a Bayesian

OK, now let's infer what we really want to know. We scrap the hypothesis
that the two treatments have exactly equal e ectiv enessessince we do not
beliewe it. There are two unknown parameters, pa+ and pg+, which are the
probabilities that peoplegiven treatments A and B, respectively, cortract the
disease.

Given the data, we can infer these two probabilities, and we can answer
questionsof interest by examining the posterior distribution.

The posterior distribution is

P(fFigjpa+;ps+)P(pa+;Ps+).

P(pa+;ps+ jfFig) = P(FF Q) (37.11)
I
The likelihood function is
H N + N +

P(fFigipa+ipe+) = .~ PP oo Py P (37.12)
Fa+ Fg+
30 10
| PA<PR 5 PE.PE (37.13)

What prior distribution should we use? The prior distribution gives us the
opportunity to include knowledge from other experimerts, or a prior belief
that the two parameters pa+ and pg+, while dierent from ead other, are
expectedto have similar values.

Here we will usethe simplest vanilla prior distribution, a uniform distri-
bution over eath parameter.

P(pa+;ps+) = 1L (37.14)

We can now plot the posterior distribution. Given the assumption of a sepa-
rable prior on pa+ and pg+ , the posterior distribution is also separable:

P(pa+;pe+ JfFig) = P(pa+ jFa+;Fa )P(ps+ jFe+iF8 ): (37.15)

The two posterior distributions are shawvn in gure 37.1 (except the graphs

are not normalized) and the joint posterior probability is showvn in gure 37.2.

If wewant to know the answer to the question “how probableis it that pa+

is smaller than pg+ ?', we can answer exactly that question by computing the
posterior probability

P(pa+ < pg+ jData); (37.16)
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Ps+

which is the integral of the joint posterior probability P(pa+;ps+ jData)
shown in gure 37.2 over the region in which pa+ < pg+, i.e., the shaded
triangle in gure 37.3. The value of this integral (obtained by a straightfor-
ward numerical integration of the likelihood function (37.13) over the relevant
region) is P(pa+ < pg+ j Data) = 0:990.

Thus there is a 99% chance, given the data and our prior assumptions,
that treatment A is superior to treatment B. In conclusion,accordingto our
Bayesianmodel, the data (1 out of 30 cortracted the diseaseafter vaccination
A, and 3 out of 10 contracted the diseaseafter vaccination B) give very strong
evidence{ about 99to one{ that treatment A is superior to treatment B.

In the Bayesianapproad, it is alsoeasyto answer other relevant questions.
For example,if we want to know “how likely is it that treatment A is ten times
more e ectiv e than treatment B?', we can integrate the joint posterior proba-
bility P(pa+;ps+ j Data) over the regionin which pa+ < 10pg+ (gure 37.4).

Model comparison

If there were a situation in which we really did want to compare the two
hypothesesHo: pa+ = ps+ and Hi: pa+ 6 ps+, we can of coursedo this
directly with Bayesian methods also.

As an example, considerthe data set:

D: One subject, given treatment A, subsequetly cortracted microsoftus
One subject, given treatment B, did not.

Treatment A

Did not 0
Total treated 1

B
Got disease 1 0
1
1
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Figure 37.1 Posterior
probabilities of the two

e ectiv enessesTreatment A {
solid line; B { dotted line.

Figure 37.2 Joint posterior
probability of the two

e ectiv enesseg contour plot and
surfaceplot.

Ps +

00 1 Pa+

Figure37.3 The proposition

pa+ < pg+ Istrue for all points in
the shadedtriangle. To nd the
probability of this proposition we
integrate the joint posterior
probability P(pa+ ; ps+ j Data)
(gure 37.2) over this region.

1
PB +

% 1 P

Figure37.4. The proposition
pa+ < 10pg+ is true for all points
in the shadedtriangle.
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How strongly doesthis data set favour H1 over Hg?

We answer this question by computing the evidencefor ead hypothesis.
Let's assumeuniform priors over the unknown parametersof the models. The
rst hypothesisHg: pa+ = ps+ hasjust one unknown parameter, let's call it

p.
P(pjHo)=1 p2(0;1): (37.17)
We'll usethe uniform prior over the two parametersof model H ; that we used
before:
P(Pa+;pe+ jH1) =1 pa+ 2 (0;1); ps+ 2 (0;1): (37.18)

Now, the probability of the data D under model H ¢ is the normalizing constart
from the inferenceof p given D:

Z

P(DjHo) =  dpP(Djp)P(pjHo) (37.19)
z

= dpp(1 p) 1 (37.20)

= 1=6: (37.21)

The probability of the data D under model H1 is given by a simple two-
dimensionalintegral:

zZZ

P(DjHy) = dpa+ dpg+ P(Djpa+;pe+)P(Pa+;pe+ jH1) (37.22)
z z

= dpa+ pa+  dpe+ (1 ps+) (37.23)

= 12 12 (37.24)

= 1= (37.25)

Thus the evidenceratio in favour of model H, which assertsthat the two
e ectivenessesre unequal, is
P(DjH;) 1=4 06
— = —— = — 37.26
P(DjHo) 1=6 04 ( )

So if the prior probability over the two hypotheseswas 50:50, the posterior

probability is 60:40in favour of H . 2
Is it not easyto get sensibleanswersto well-posedquestionsusing Bayesian
methods?

[The sampling theory answer to this question would involve the identical
signi cance test that was usedin the precedingproblem; that test would yield
a ‘not signi cant' result. | think it is greatly preferableto adknowledge what
is obvious to the intuition, namely that the data D do give weak evidencein
favour of H1. Bayesian methods quartify how weak the evidenceis.]

37.2 Dependence of p-values on irrelevant information

In an expensiwe laboratory, Dr. Bloggs tossesa coin labelled a and b twelve
times and the outcome is the string

aaabaaaabaab;

which contains three bs and nine as.
What evidencedo thesedata give that the coin is biasedin favour of a?
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Dr. Bloggs consults his sampling theory friend who says “let r be the num-
ber of bs and n = 12 be the total number of tosses;l view r asthe random
variable and nd the probability of r taking on the value r = 3 or a more
extreme value, assumingthe null hypothesisp, = 0.5 to be true'. He thus
computes

1
=

N,
]

|
i
N

+
i
N

+

12, 12 1,12

P(r 3jn=12Hy) r - 0 1 2 3

r=0
0:.07; (37.27)

and reports “at the signi cance level of 5%, there is not signi cant evidence
of bias in favour of a'. Or, if the friend prefersto report p-valuesrather than
simply compare p with 5%, he would report “the p-value is 7%, which is not
convertionally viewed assigni cantly small'. If a two-tailed test seemedmore
appropriate, he might compute the two-tailed area, which is twice the above
probability, and report “the p-value is 15%, which is not signi cantly small'.
Wewon't focuson the issueof the choicebetweenthe one-tailed and two-tailed
tests, aswe have bigger sh to catch.

Dr. Bloggs pays careful attention to the calculation (37.27), and responds
‘no, no, the random variable in the experiment was not r: | decided before
running the experiment that | would keeptossing the coin until | sawv three
bs; the random variable is thus n'.

Sudh experimental designs are not unusual. In my experiments on error-
correcting codes| often simulate the decading of a code until a chosennumber
r of block errorsrgbs) hasoccurred, sincethe error on the inferred value of log py,
goesroughly as " r, independert of n.

ﬁ%ExerciseS?.l.[Z] Find the Bayesian inference about the bias p, of the coin
given the data, and determine whether a Bayesian's inferencesdepend
on what stopping rule was in force.

According to sampling theory, a di erent calculation is required in order
to assesghe “signi cance' of the result n = 12. The probability distribution
of n given Hy is the probability that the rst n 1 tossescortain exactly r 1
bs and then the nth tossis a b

P(njHor) = ': i T (37.28)
The sampling theorist thus computes
P(n 12jr=3;Hg) = 0:03 (37.29)

He reports badk to Dr. Bloggs, the p-valueis 3% /{ there is signi cant evidence
of bias after alll'

What do you think Dr. Bloggs should do? Should he publish the result,
with this marvellous p-value, in one of the journals that insists that all exper-
imental results have their “signi cance' assessedising sampling theory? Or
should he boot the sampling theorist out of the door and seeka coheren
method of assessingsigni cance, one that does not depend on the stopping
rule?

At this point the audiencedivides in two. Half the audienceintuitiv ely
feel that the stopping rule is irrelevant, and don't needany corvincing that
the answer to exercise37.1 (p.465) is “the inferencesabout p, do not depend
on the stopping rule'. The other half, perhaps on accourt of a thorough
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training in sampling theory, intuitiv ely feel that Dr. Bloggs's stopping rule,
which stopped tossingthe momert the third b appeared,may have biasedthe
experiment somehav. If you arein the secondgroup, | encourageyou to re ect
on the situation, and hope you'll evertually comeround to the view that is
consistent with the likelihood principle, which is that the stopping rule is not
relevant to what we have learned about p,.

As a thought experiment, consider someonlookers who (in order to save
money) are spying on Dr. Bloggs'sexperiments: ead time he tossesthe coin,
the spiesupdate the valuesof r and n. The spiesare eagerto make inferences
from the data as soon as eat new result occurs. Should the spies' beliefs
about the bias of the coin depend on Dr. Bloggs's intentions regarding the
cortinuation of the experimen?

The fact that the p-values of sampling theory do depend on the stopping
rule (indeed, whole volumes of the sampling theory literature are concerned
with the task of assessingsigni cance' when a complicated stopping rule is
required { “sequetial probability ratio tests', for example) seemso me a com-
pelling argumert for having nothing to do with p-valuesat all. A Bayesian
solution to this inferenceproblem was given in sections3.2 and 3.3 and exer-
cise3.15(p.59).

Would it help clarify this issueif | added one more sceneto the story?
The janitor, who's beeneavesdroppingon Dr. Bloggs'sconversation, comesin
and says ‘| happenedto notice that just after you stopped doing the experi-
merts on the coin, the O cer for Whimsical Departmental Rules orderedthe
immediate destruction of all such coins. Your coin was therefore destroyed by
the departmental safety o cer. There is no way you could have cortinued the
experiment much beyond n = 12 tosses.Seemsto me, you needto recompute
your p-value?'

37.3 Condence intervals

In an experimert in which data D are obtained from a systemwith an unknown
parameter , a standard conceptin sampling theory is the idea of a con dence
interval for . Sud an interval ( min(D); max(D)) has assaiated with it a
con dence level such as95%which is informally interpreted as ‘the probability
that liesin the con dence interval'.

Let's make precisewhat the con dence level really means, then give an
example. A con dence interval is a function ( min(D); max(D)) of the data
setD. The con dence level of the con dence interval is a property that we can
compute beforethe data arrive. We imagine generating many data setsfrom a
particular true value of , and calculating the interval ( min(D); max(D)), and
then chedking whether the true value of lies in that interval. If, averaging
over all theseimagined repetitions of the experimert, the true value of lies
in the con dence interval a fraction f of the time, and this property holds for
all true valuesof , then the con dence level of the con dence interval is f .

For example,if is the mean of a Gaussiandistribution which is known
to have standard deviation 1, and D is a sample from that Gaussian, then
( min(D); max(D)) = (D 2;D+ 2) is a 95% con dence interval for

Let us now look at a simple example where the meaning of the con dence
level becomesclearer. Let the parameter be an integer, and let the data be
a pair of points x1; X2, drawn independertly from the following distribution:

8
< Y2 x=
P(xj )=, Y2 x= +1 (37.30)
0 for other valuesof x.
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For example,if were 39, then we could expect the following data sets:

D = (x1;X2) = (39;39) with probability ¥z;
(x1;X2) = (39;40) with probability ¥s;

(X1;X2) = (40;39) with probability ¥z; (37.31)
(X1;X2) = (40;40) with probability ¥4,
We now considerthe following con dence interval:
[ min(D); max(D)] = [min(x1;X2); min(xy; X2)]: (37.32)

For example,if (x1;x2) = (40; 39), then the con dence interval for would be
[ min(D); max(D)] = [3939].

Let's think about this con dence interval. What is its con dence level?
By considering the four possibilities shavn in (37.31), we can seethat there
is a 75% chancethat the con dence interval will contain the true value. The
con dence interval therefore has a con dence level of 75%, by de nition.

Now, what if the data we acquire are (X1;X2) = (29;29)? Well, we can
compute the con dence interval, and it is [29;29]. So shall we report this
interval, and its assaiated con dence level, 75%7? This would be correct
by the rules of sampling theory. But does this make sense? What do we
actually know in this case?Intuitiv ely, or by Bayes'theorem, it is clear that
could either be 29 or 28, and both possibilities are equally likely (if the prior
probabilities of 28 and 29 were equal). The posterior probability of is 50%
on 29 and 50% on 28.

What if the data are (x1;x2) = (29;30)? In this case,the con dence
interval is still [29;29], and its assaiated con dence level is 75%. But in this
case,by Bayes' theorem, or common sensewe are 100%sure that is 29.

In neither caseis the probability that liesin the “75%con dence interval'
equalto 75%!

Thus

1. the way in which many peopleinterpret the con dence levels of sampling
theory is incorrect;

2. given somedata, what peopleusually want to know (whether they know
it or not) is a Bayesianposterior probability distribution.

Are all these examplescortrived? Am | making a fuss about nothing?
If you are sceptical about the dogmatic views | have expressed,l encourage
you to look at a casestudy: look in depth at exercise35.4 (p.448) and the
reference(Kepler and Oprea, 2001), in which sampling theory estimates and
con dence intervals for a mutation rate are constructed. Try both methods
on simulated data { the Bayesian approac basedon simply computing the
likelihood function, and the con dence interval from sampling theory; and let
me know if you don't nd that the Bayesiananswer is always better than the
sampling theory answer; and often much, much better. This suboptimality
of sampling theory, achieved with great e ort, is why | am passionateabout
Bayesianmethods. Bayesianmethods are straightforward, and they optimally
useall the information in the data.

37.4 Some compromise positions

Let's end on a conciliatory note. Many sampling theorists are pragmatic {
they are happy to choosefrom a selection of statistical methods, choosing
whichever has the “best' long-run properties. In cortrast, | have no problem
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with the ideathat there is only one answer to a well-posedproblem; but it's
not essekial to corvert sampling theorists to this viewpoint: instead, we can
o er them Bayesianestimators and Bayesiancon dence intervals, and request
that the sampling theoretical properties of these methods be evaluated. We
don't needto mention that the methods are derived from a Bayesian per-
spective. If the sampling properties are good then the pragmatic sampling
theorist will chooseto usethe Bayesian methods. It is indeed the casethat
many Bayesian methods have good sampling-theoretical properties. Perhaps
it's not surprising that a method that givesthe optimal answer for ead indi-
vidual caseshould also be good in the long run!

Another piece of common ground can be conceded: while | beliewe that
most well-posedinference problems have a unique correct answer, which can
be found by Bayesian methods, not all problems are well-posed. A common
questionarising in data modelling is "am| using an appropriate model?' Model
criticism, that is, hunting for defectsin a current model, is a task that may
be aided by sampling theory tests, in which the null hypothesis (‘the current
model is correct’) is well de ned, but the alternative model is not speci ed.
One could usesampling theory measuressuch as p-valuesto guide one'sseard
for the aspects of the model most in needof scrutiny.

Further reading

My favourite reading on this topic includes (Jaynes, 1983;Gull, 1988;Loredo,
1990; Berger, 1985; Jaynes, 2003). Treatiseson Bayesian statistics from the
statistics community include (Box and Tiao, 1973;0'Hagan, 1994).

37.5 Further exercises

. Exercise37.2[3¢] A trac survey recordstrac on two successie days. On
Friday morning, there are 12 vehiclesin one hour. On Saturday morn-
ing, there are 9 vehiclesin half an hour. Assumingthat the vehiclesare
Poissondistributed with rates g and g (in vehiclesper hour) respec-
tively,

(@) is g greaterthan g?
(b) by what factor is s bigger or smallerthan ¢?

. Exercise37.3[3¢ ] write a program to compare treatments A and B given
data Fa+, Fa , Fg+, Fg as described in section 37.1. The outputs
of the program should be (a) the probability that treatment A is more
e ectiv e than treatment B; (b) the probability that pa+ < 10pg+; (C)
the probability that pg+ < 10pa+ .



