
Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981

You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

30

E�cien t Monte Carlo Methods

This chapter discussesseveral methods for reducing random walk behaviour
in Metropolis methods. The aim is to reduce the time required to obtain
e�ectiv ely independent samples.For brevity, wewill say `independent samples'
when we mean `e�ectively independent samples'.

�

30.1 Hamiltonian Monte Carlo

The Hamiltonian Monte Carlo method is a Metropolis method, applicable
to continuous state spaces,that makes useof gradient information to reduce
random walk behaviour. [The Hamiltonian Monte Carlo method wasoriginally
called hybrid Monte Carlo, for historical reasons.]

For many systemswhoseprobabilit y P(x) can be written in the form

P(x) =
e� E (x )

Z
; (30.1)

not only E(x) but also its gradient with respect to x can be readily evaluated.
It seemswasteful to usea simple random-walk Metropolis method when this
gradient is available { the gradient indicates which direction one should go in
to �nd states with higher probabilit y!

Overviewof Hamiltonian Monte Carlo

In the Hamiltonian Monte Carlo method, the state spacex is augmented by
momentum variables p, and there is an alternation of two typesof proposal.
The �rst proposal randomizesthe momentum variable, leaving the state x un-
changed. The secondproposal changesboth x and p using simulated Hamil-
tonian dynamics as de�ned by the Hamiltonian

H (x; p) = E(x) + K (p); (30.2)

where K (p) is a `kinetic energy' such as K (p) = pTp=2. Thesetwo proposals
are usedto create (asymptotically) samplesfrom the joint density

PH (x; p) =
1

ZH
exp[� H (x; p)] =

1
ZH

exp[� E(x)] exp[� K (p)]: (30.3)

This density is separable, so the marginal distribution of x is the desired
distribution exp[� E(x)]=Z . So, simply discarding the momentum variables,
we obtain a sequenceof samplesf x (t ) g that asymptotically comefrom P(x).
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Algorithm 30.1. Octave source
code for the Hamiltonian Monte
Carlo method.

g = gradE ( x ) ; # set gradient using initial x
E = findE ( x ) ; # set objective function too

for l = 1:L # loop L times
p = randn ( size(x) ) ; # initial momentumis Normal(0,1)
H = p' * p / 2 + E ; # evaluate H(x,p)

xnew = x ; gnew = g ;
for tau = 1:Tau # make Tau `leapfrog' steps

p = p - epsilon * gnew / 2 ; # make half-step in p
xnew = xnew + epsilon * p ; # make step in x
gnew = gradE ( xnew ) ; # find new gradient
p = p - epsilon * gnew / 2 ; # make half-step in p

endfor

Enew= findE ( xnew ) ; # find new value of H
Hnew= p' * p / 2 + Enew;
dH = Hnew- H ; # Decide whether to accept

if ( dH < 0 ) accept = 1 ;
elseif ( rand() < exp(-dH) ) accept = 1 ;
else accept = 0 ;
endif

if ( accept )
g = gnew ; x = xnew ; E = Enew;

endif
endfor

Hamiltonian Monte Carlo Simple Metropolis
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Figure30.2. (a,b) Hamiltonian
Monte Carlo usedto generate
samplesfrom a bivariate Gaussian
with correlation � = 0:998. (c,d)
For comparison,a simple
random-walk Metropolis method,
given equal computer time.
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30.1: Hamiltonian Monte Carlo 391

Details of Hamiltonian Monte Carlo

The �rst proposal,which can be viewed as a Gibbs sampling update, draws a
new momentum from the Gaussiandensity exp[� K (p)]=ZK . This proposal is
always accepted.During the second,dynamical proposal, the momentum vari-
able determineswhere the state x goes,and the gradient of E(x) determines
how the momentum p changes,in accordancewith the equations

_x = p (30.4)

_p = �
@E(x)

@x
: (30.5)

Becauseof the persistent motion of x in the direction of the momentum p
during each dynamical proposal, the state of the system tends to move a
distance that goeslinearly with the computer time, rather than as the square
root.

The secondproposal is acceptedin accordancewith the Metropolis rule.
If the simulation of the Hamiltonian dynamics is numerically perfect then
the proposalsare acceptedevery time, becausethe total energy H (x; p) is a
constant of the motion and so a in equation (29.31) is equal to one. If the
simulation is imperfect, becauseof �nite step sizesfor example, then someof
the dynamical proposalswill be rejected. The rejection rule makesuseof the
change in H (x; p), which is zero if the simulation is perfect. The occasional
rejections ensurethat, asymptotically, we obtain samples(x (t ) ; p (t ) ) from the
required joint density PH (x; p).

The sourcecode in �gure 30.1describesa Hamiltonian Monte Carlo method
that usesthe `leapfrog' algorithm to simulate the dynamics on the function
findE(x) , whose gradient is found by the function gradE(x) . Figure 30.2
shows this algorithm generatingsamplesfrom a bivariate Gaussianwhoseen-
ergy function is E(x) = 1

2xTAx with

A =
�

250:25 � 249:75
� 249:75 250:25

�
; (30.6)

corresponding to a variance{covariance matrix of
�

1 0:998
0:998 1

�
: (30.7)

In �gure 30.2a, starting from the state marked by the arrow, the solid line
represents two successive tra jectories generatedby the Hamiltonian dynamics.
The squaresshow the endpoints of these two tra jectories. Each tra jectory
consistsof Tau = 19 `leapfrog' steps with epsilon = 0:055. These steps are
indicated by the crosseson the tra jectory in the magni�ed inset. After each
tra jectory, the momentum is randomized. Here,both tra jectoriesareaccepted;
the errors in the Hamiltonian were only +0 :016 and � 0:06 respectively.

Figure 30.2b shows how a sequenceof four tra jectories convergesfrom an
initial condition, indicated by the arrow, that is not close to the typical set
of the target distribution. The tra jectory parameters Tau and epsilon were
randomizedfor each tra jectory using uniform distributions with means19 and
0.055 respectively. The �rst tra jectory takes us to a new state, (� 1:5; � 0:5),
similar in energy to the �rst state. The secondtra jectory happens to end in
a state nearer the bottom of the energy landscape. Here, since the potential
energyE is smaller, the kinetic energyK = p2=2 is necessarilylarger than it
was at the start of the tra jectory. When the momentum is randomizedbefore
the third tra jectory, its kinetic energybecomesmuch smaller. After the fourth
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Gibbs sampling Overrelaxation
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Figure30.3. Overrelaxation
contrasted with Gibbs sampling
for a bivariate Gaussianwith
correlation � = 0:998. (a) The
state sequencefor 40 iterations,
each iteration involving one
update of both variables. The
overrelaxation method had
� = � 0:98. (This excessively large
value is chosento make it easyto
seehow the overrelaxation method
reducesrandom walk behaviour.)
The dotted line shows the contour
xT � � 1x = 1. (b) Detail of (a),
showing the two stepsmaking up
each iteration. (c) Time-courseof
the variable x1 during 2000
iterations of the two methods.
The overrelaxation method had
� = � 0:89. (After Neal (1995).)

tra jectory hasbeensimulated, the state appearsto have becometypical of the
target density.

Figures 30.2(c) and (d) show a random-walk Metropolis method using a
Gaussian proposal density to sample from the same Gaussian distribution,
starting from the initial conditions of (a) and (b) respectively. In (c) the step
size was adjusted such that the acceptancerate was 58%. The number of
proposalswas 38 so the total amount of computer time used was similar to
that in (a). The distance moved is small becauseof random walk behaviour.
In (d) the random-walk Metropolis method was used and started from the
sameinitial condition as (b) and given a similar amount of computer time.

�

30.2 Overrelaxation

The method of overrelaxation is a method for reducing random walk behaviour
in Gibbs sampling. Overrelaxation was originally introduced for systemsin
which all the conditional distributions are Gaussian.

An exampleof a joint distribution that is not Gaussianbut whoseconditional
distributions are all Gaussianis P(x; y) = exp(� x2y2 � x2 � y2)=Z .
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Overrelaxation for Gaussianconditional distributions

In ordinary Gibbs sampling, one draws the new value x (t+1)
i of the current

variable x i from its conditional distribution, ignoring the old value x (t )
i . The

state makes lengthy random walks in caseswhere the variables are strongly
correlated, as illustrated in the left-hand panel of �gure 30.3. This �gure uses
a correlated Gaussiandistribution as the target density.

In Adler's (1981) overrelaxation method, one instead samplesx (t+1)
i from

a Gaussianthat is biasedto the opposite side of the conditional distribution.
If the conditional distribution of x i is Normal(�; � 2) and the current value of
x i is x (t )

i , then Adler's method setsx i to

x(t+1)
i = � + � (x (t )

i � � ) + (1 � � 2)1=2� � ; (30.8)

where� � Normal(0; 1) and � is a parameter between� 1 and 1, usually set to
a negative value. (If � is positive, then the method is called under-relaxation.)

Exercise30.1.[2 ] Show that this individual transition leavesinvariant the con-
ditional distribution x i � Normal(�; � 2).

A singleiteration of Adler's overrelaxation, likeoneof Gibbs sampling,updates
each variable in turn as indicated in equation (30.8). The transition matrix
T(x0; x) de�ned by a completeupdate of all variables in some�xed order does
not satisfy detailed balance. Each individual transition for one coordinate
just described does satisfy detailed balance{ so the overall chain givesa valid
sampling strategy which convergesto the target density P(x) { but when we
form a chain by applying the individual transitions in a �xed sequence,the
overall chain is not reversible. This temporal asymmetry is the key to why
overrelaxation canbebene�cial. If, say, two variablesarepositively correlated,
then they will (on a short timescale)evolve in a directed manner instead of by
random walk, as shown in �gure 30.3. This may signi�cantly reducethe time
required to obtain independent samples.

Exercise30.2.[3 ] The transition matrix T(x 0; x) de�ned by a complete update
of all variables in some�xed order doesnot satisfy detailed balance. If
the updateswere in a random order, then T would be symmetric. Inves-
tigate, for the toy two-dimensionalGaussiandistribution, the assertion
that the advantagesof overrelaxation are lost if the overrelaxedupdates
are made in a random order.

Ordered Overrelaxation

The overrelaxation method hasbeengeneralizedby Neal (1995)whoseordered
overrelaxation method is applicable to any system where Gibbs sampling is
used. In ordered overrelaxation, instead of taking one samplefrom the condi-
tional distribution P(x i jf x j gj 6= i ), wecreateK such samplesx (1)

i ; x (2)
i ; : : : ; x (K )

i ,
where K might be set to twenty or so. Often generating K � 1 extra samples
adds a negligible computational cost to the initial computations required for
making the �rst sample. The points f x (k)

i g are then sorted numerically, and
the current value of x i is inserted into the sorted list, giving a list of K + 1
points. We give them ranks 0; 1; 2; : : : ; K . Let � be the rank of the current
value of x i in the list. We set x0

i to the value that is an equal distance from
the other end of the list, that is, the value with rank K � � . The role played
by Adler's � parameter is here played by the parameter K . When K = 1, we
obtain ordinary Gibbs sampling. For practical purposesNeal estimates that
orderedoverrelaxation may speedup a simulation by a factor of ten or twenty.
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�

30.3 Simulated annealing

A third technique for speedingconvergenceis simulated annealing. In simu-
lated annealing, a `temperature' parameter is introduced which, when large,
allows the system to make transitions that would be improbable at temper-
ature 1. The temperature is set to a large value and gradually reduced to
1. This procedure is supposedto reduce the chance that the simulation gets
stuck in an unrepresentativ e probabilit y island.

We asssumethat we wish to sample from a distribution of the form

P(x) =
e� E (x )

Z
(30.9)

where E(x) can be evaluated. In the simplest simulated annealing method,
we instead samplefrom the distribution

PT (x) = 1
Z (T )

e�
E (x )

T (30.10)

and decreaseT gradually to 1.
Often the energy function can be separatedinto two terms,

E(x) = E0(x) + E1(x); (30.11)

of which the �rst term is `nice' (for example,a separablefunction of x) and the
secondis `nasty'. In thesecases,a better simulated annealing method might
make useof the distribution

P0
T (x) = 1

Z 0(T )
e� E0(x )� E1(x )/T (30.12)

with T gradually decreasingto 1. In this way, the distribution at high tem-
peratures reverts to a well-behaved distribution de�ned by E 0.

Simulated annealing is often used as an optimization method, where the
aim is to �nd an x that minimizes E(x), in which casethe temperature is
decreasedto zero rather than to 1.

As a Monte Carlo method, simulated annealingasdescribed above doesn't
sampleexactly from the right distribution, becausethere is no guarantee that
the probabilit y of falling into onebasin of the energyis equal to the total prob-
abilit y of all the statesin that basin. The closelyrelated `simulated tempering'
method (Marinari and Parisi, 1992) corrects the biasesintroduced by the an-
nealing processby making the temperature itself a random variable that is
updated in Metropolis fashion during the simulation. Neal's (1998) `annealed
importance sampling' method removes the biasesintroduced by annealing by
computing importance weights for each generatedpoint.

�

30.4 Skilling's multi-state leapfrog metho d

A fourth method for speeding up Monte Carlo simulations, due to John
Skilling, has a similar spirit to overrelaxation, but works in more dimensions.
This method is applicable to sampling from a distribution over a continuous
state space,and the sole requirement is that the energy E(x) should be easy
to evaluate. The gradient is not used. This leapfrogmethod is not intended to
be usedon its own but rather in sequencewith other Monte Carlo operators.

Instead of moving just one state vector x around the state space,as was
the casefor all the Monte Carlo methods discussedthus far, Skilling's leapfrog
method simultaneously maintains a set of S state vectors f x (s) g, where S
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might be six or twelve. The aim is that all S of these vectors will represent
independent samplesfrom the samedistribution P(x).

Skilling's leapfrog makes a proposal for the new state x (s) 0
, which is ac-

ceptedor rejected in accordancewith the Metropolis method, by leapfrogging

x (s)

x (t )

x (s) 0
the current state x (s) over another state vector x (t ) :

x (s)0
= x (t ) + (x (t ) � x (s) ) = 2x (t ) � x (s) : (30.13)

All the other state vectorsare left wherethey are,sothe acceptanceprobabilit y
dependsonly on the change in energyof x (s) .

Which vector, t, is the partner for the leapfrog event can be chosen in
various ways. The simplest method is to select the partner at random from
the other vectors. It might be better to choose t by selecting one of the
nearest neighbours x (s) { nearest by any chosendistance function { as long
as one then usesan acceptancerule that ensuresdetailed balanceby checking
whether point t is still among the nearestneighbours of the new point, x (s) 0

.

Why the leapfrog is a good idea

Imagine that the target density P(x) has strong correlations { for example,
the density might be a needle-like Gaussianwith width � and length L� , where
L � 1. As we have emphasized,motion around such a density by standard
methods proceedsby a slow random walk.

Imagine now that our set of S points is lurking initially in a location that
is probable under the density, but in an inappropriately small ball of size � .
Now, under Skilling's leapfrog method, a typical �rst move will take the point
a little outside the current ball, perhapsdoubling its distance from the centre
of the ball. After all the points have had a chanceto move, the ball will have
increasedin size; if all the moves are accepted, the ball will be bigger by a
factor of two or so in all dimensions. The rejection of somemoves will mean
that the ball containing the points will probably have elongatedin the needle's
long direction by a factor of, say, two. After another cycle through the points,
the ball will have grown in the long direction by another factor of two. So the
typical distance travelled in the long dimension grows exponentially with the
number of iterations.

Now, maybe a factor of two growth per iteration is on the optimistic side;
but even if the ball only grows by a factor of, let's say, 1.1 per iteration, the
growth is neverthelessexponential. It will only take a number of iterations
proportional to logL= log(1:1) for the long dimension to be explored.

. Exercise30.3.[2, p.400] Discusshow the e�ectiv enessof Skilling's method scales
with dimensionality, using a correlated N -dimensional Gaussiandistri-
bution as an example. Find an expressionfor the rejection probabilit y,
assumingthe Markov chain is at equilibrium. Also discusshow it scales
with the strength of correlation among the Gaussian variables. [Hint:
Skilling's method is invariant under a�ne transformations, so the rejec-
tion probabilit y at equilibrium can be found by looking at the caseof a
separable Gaussian.]

This method hassomesimilarit y to the `adaptivedirection sampling' method
of Gilks et al. (1994) but the leapfrog method is simpler and can be applied
to a greater variety of distributions.
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�

30.5 Monte Carlo algorithms as communication channels

It may bea helpful perspective, whenthinking about speedingup Monte Carlo
methods, to think about the information that is being communicated. Two
communications take place when a samplefrom P(x) is being generated.

First, the selection of a particular x from P(x) necessarilyrequires that
at least log1=P(x) random bits be consumed.[Recall the useof inversearith-
metic coding as a method for generating samples from given distributions
(section 6.3).]

Second,the generation of a sampleconveys information about P(x) from
the subroutine that is able to evaluate P � (x) (and from any other subroutines
that have accessto properties of P � (x)).

Consider a dumb Metropolis method, for example. In a dumb Metropolis
method, the proposals Q(x 0; x) have nothing to do with P(x). Properties
of P(x) are only involved in the algorithm at the acceptancestep, when the
ratio P � (x0)=P� (x) is computed. The channel from the true distribution P(x)
to the user who is interested in computing properties of P(x) thus passes
through a bottleneck: all the information about P is conveyed by the string of
acceptancesand rejections. If P(x) were replacedby a di�eren t distribution
P2(x), the only way in which this changewould have an in
uence is that the
string of acceptancesand rejectionswould bechanged. I am not aware of much
usebeing made of this information-theoretic view of Monte Carlo algorithms,
but I think it is an instructiv e viewpoint: if the aim is to obtain information
about properties of P(x) then presumably it is helpful to identify the channel
through which this information 
o ws, and maximize the rate of information
transfer.

Example30.4. The information-theoretic viewpoint o�ers a simple justi�cation
for the widely-adopted rule of thumb, which statesthat the parametersof
a dumb Metropolis method should be adjusted such that the acceptance
rate is about one half. Let's call the acceptancehistory, that is, the
binary string of accept or reject decisions,a. The information learned
about P(x) after the algorithm hasrun for T stepsis lessthan or equalto
the information content of a, sinceall information about P is mediated
by a. And the information content of a is upper-bounded by TH 2(f ),
where f is the acceptancerate. This bound on information acquired
about P is maximized by setting f = 1=2.

Another helpful analogy for a dumb Metropolis method is an evolutionary
one. Each proposalgeneratesa progeny x 0 from the current state x. Thesetwo
individuals then compete with each other, and the Metropolis method usesa
noisy survival-of-the-�ttest rule. If the progeny x 0 is �tter than the parent (i.e.,
P � (x0) > P � (x), assumingthe Q=Q factor is unit y) then the progeny replaces
the parent. The survival rule alsoallows less-�t progeny to replacethe parent,
sometimes. Insights about the rate of evolution can thus be applied to Monte
Carlo methods.

Exercise30.5.[3 ] Let x 2 f 0; 1gG and let P(x) be a separabledistribution,

P(x) =
Y

g

p(xg); (30.14)

with p(0) = p0 and p(1) = p1, for example p1 = 0:1. Let the proposal
density of a dumb Metropolis algorithm Q involve 
ipping a fraction m
of the G bits in the state x. Analyze how long it takes for the chain to
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converge to the target density as a function of m. Find the optimal m
and deducehow long the Metropolis method must run for.

Compare the result with the results for an evolving population under
natural selectionfound in Chapter 19.

The insight that the fastest progressthat a standard Metropolis method
can make, in information terms, is about one bit per iteration, givesa strong
motivation for speedingup the algorithm. This chapter has already reviewed
several methods for reducing random-walk behaviour. Do thesemethods also
speedup the rate at which information is acquired?

Exercise30.6.[4 ] Does Gibbs sampling, which is a smart Metropolis method
whoseproposaldistributions do dependon P(x), allow information about
P(x) to leak out at a rate faster than one bit per iteration? Find toy
examplesin which this question can be precisely investigated.

Exercise30.7.[4 ] Hamiltonian Monte Carlo is another smart Metropolis method
in which the proposal distributions depend on P(x). Can Hamiltonian
Monte Carlo extract information about P(x) at a rate faster than one
bit per iteration?

Exercise30.8.[5 ] In importance sampling, the weight wr = P � (x (r ) )=Q� (x (r ) ),
a 
oating-p oint number, is computed and retained until the end of the
computation. In contrast, in the dumb Metropolis method, the ratio
a = P � (x0)=P� (x) is reducedto a single bit (`is a bigger than or smaller
than the random number u?'). Thus in principle importance sampling
preservesmore information about P � than doesdumb Metropolis. Can
you �nd a toy example in which this extra information doesindeed lead
to faster convergenceof importance sampling than Metropolis? Can
you design a Markov chain Monte Carlo algorithm that moves around
adaptively, like a Metropolis method, and that retains more useful in-
formation about the value of P � , like importance sampling?

In Chapter 19 we noticed that an evolving population of N individuals can
make faster evolutionary progressif the individuals engagein sexualreproduc-
tion. This observation motivates looking at Monte Carlo algorithms in which
multiple parameter vectors x are evolved and interact.

�

30.6 Multi-state metho ds

In a multi-state method, multiple parameter vectors x are maintained; they
evolve individually under movessuch as Metropolis and Gibbs; there are also
interactions among the vectors. The intention is either that eventually all the
vectors x should be samplesfrom P(x) (as illustrated by Skilling's leapfrog
method), or that information associated with the �nal vectors x should allow
us to approximate expectations under P(x), as in importance sampling.

Genetic methods

Geneticalgorithms arenot often describedby their proponents asMonte Carlo
algorithms, but I think this is the correct categorization, and an ideal genetic
algorithm would beonethat canbeproved to bea valid Monte Carlo algorithm
that convergesto a speci�ed density.
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I'll use R to denote the number of vectors in the population. We aim to
have P � (f x (r ) gR

1 ) =
Q

P � (x (r ) ). A geneticalgorithm involvesmovesof two or
three types.

First, individual movesin which onestate vector is perturb ed,x (r ) ! x (r ) 0
,

which could be performed using any of the Monte Carlo methods we have
mentioned so far.

Second,we allow crossover moves of the form x; y ! x 0; y0; in a typical
crossover move, the progeny x 0 receives half his state vector from one parent,
x, and half from the other, y ; the secret of successin a genetic algorithm is
that the parameter x must be encoded in such a way that the crossover of
two independent states x and y, both of which have good �tness P � , should
have a reasonablygood chanceof producing progeny who are equally �t. This
constraint is a hard one to satisfy in many problems, which is why genetic
algorithms are mainly talked about and hyped up, and rarely usedby serious
experts. Having introduced a crossover move x; y ! x 0; y0, we needto choose
an acceptancerule. One easyway to obtain a valid algorithm is to accept or
reject the crossover proposal using the Metropolis rule with P � (f x (r ) gR

1 ) as
the target density { this involvescomparing the �tnesses beforeand after the
crossover using the ratio

P � (x0)P � (y0)
P � (x)P � (y )

: (30.15)

If the crossover operator is reversible then we have an easy proof that this
procedure satis�es detailed balance and so is a valid component in a chain
converging to P � (f x (r ) gR

1 ).

. Exercise30.9.[3 ] Discuss whether the above two operators, individual varia-
tion and crossover with the Metropolis acceptancerule, will give a more
e�cien t Monte Carlo method than a standard method with only one
state vector and no crossover.

The reasonwhy the sexual communit y could acquire information faster than
the asexual communit y in Chapter 19 was becausethe crossover operation
produced diversity with standard deviation

p
G, then the Blind Watchmaker

was able to convey lots of information about the �tness function by kil ling
o� the less�t o�spring. The above two operators do not o�er a speed-upofp

G comparedwith standard Monte Carlo methods becausethere is no killing.
What's required, in order to obtain a speed-up, is two things: multiplication
and death; and at least one of thesemust operate selectively. Either we must
kill o� the less-�t state vectors, or we must allow the more-�t state vectors to
give rise to more o�spring. While it's easyto sketch theseideas, it is hard to
de�ne a valid method for doing it.

Exercise30.10.[5 ] Design a birth rule and a death rule such that the chain
convergesto P � (f x (r ) gR

1 ).

I believe this is still an open research problem.

Particle �lters

Particle �lters, which are particularly popular in inferenceproblems involving
temporal tracking, are multistate methods that mix the ideas of importance
sampling and Markov chain Monte Carlo. SeeIsard and Blake (1996), Isard
and Blake (1998), Berzuini et al. (1997), Berzuini and Gilks (2001), Doucet
et al. (2001).
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�

30.7 Metho ds that do not necessarily help

It is common practice to usemany initial conditions for a particular Markov
chain (�gure 29.19). If you areworried about samplingwell from a complicated
density P(x), can you ensurethe states produced by the simulations are well
distributed about the typical set of P(x) by ensuring that the initial points
are `well distributed about the whole state space'?

The answer is, unfortunately, no. In hierarchical Bayesian models, for
example,a large number of parametersf xng may be coupled together via an-
other parameter � (known as a hyperparameter). For example, the quantities
f xn g might be independent noisesignals,and � might be the inverse-variance
of the noisesource. The joint distribution of � and f xn g might be

P(� ; f xn g) = P(� )
NY

n=1

P(xn j� )

= P(� )
NY

n=1

1
Z (� )

e� � x2
n =2;

where Z (� ) =
p

2� =� and P(� ) is a broad distribution describing our igno-
ranceabout the noiselevel. For simplicit y, let's leave out all the other variables
{ data and such { that might be involved in a realistic problem. Let's imagine
that we want to samplee�ectiv ely from P(� ; f xn g) by Gibbs sampling { alter-
nately sampling � from the conditional distribution P(� jx n ) then sampling all
the xn from their conditional distributions P(xn j� ). [The resulting marginal
distribution of � should asymptotically be the broad distribution P(� ).]

If N is large then the conditional distribution of � given any particular
setting of f xng will betightly concentrated on a particular most-probablevalue
of � , with width proportional to 1=

p
N . Progressup and down the � -axis will

therefore take place by a slow random walk with stepsof size/ 1=
p

N .
So, to the initialization strategy. Can we �nesse our slow convergence

problem by using initial conditions located `all over the state space'? Sadly,
no. If we distribute the points f xn g widely, what we are actually doing is
favouring an initial value of the noise level 1=� that is large. The random
walk of the parameter � will thus tend, after the �rst drawing of � from
P(� jxn ), always to start o� from one end of the � -axis.

Further reading

The Hamiltonian Monte Carlo method is reviewed in Neal (1993b). This excel-
lent tome also reviewsa huge range of other Monte Carlo methods, including
the related topics of simulated annealing and free energyestimation.

�

30.8 Further exercises

Exercise30.11.[4 ] An important detail of the Hamiltonian Monte Carlo method
is that the simulation of the Hamiltonian dynamics, while it may be
inaccurate, must be perfectly reversible, in the sensethat if the ini-
tial condition (x; p) ! (x 0; p0), then the same simulator must take
(x0; � p0) ! (x ; � p), and the inaccurate dynamics must conserve state-
spacevolume. [The leapfrog method in algorithm 30.1 satis�es these
rules.]

Explain why these rules must be satis�ed and create an example illus-
trating the problems that arise if they are not.
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Exercise30.12.[4 ] A multi-state idea for slicesampling. Investigate the follow-
ing multi-state method for slice sampling. As in Skilling's multi-state
leapfrog method (section 30.4), maintain a set of S state vectors f x (s)g.
Update one state vector x (s) by one-dimensionalslice sampling in a di-
rection y determined by picking two other state vectors x (v) and x (w)

at random and setting y = x (v) � x (w) . Investigate this method on toy
x (s)

x (v)

x (w)problemssuch asa highly-correlated multiv ariate Gaussiandistribution.
Bear in mind that if S � 1 is smaller than the number of dimensions
N then this method will not be ergodic by itself, so it may need to be
mixed with other methods. Are there classesof problemsthat are better
solved by this slice sampling method than by the standard methods for
picking y such as cycling through the coordinate axes or picking u at
random from a Gaussiandistribution?

�

30.9 Solutions

Solution to exercise30.3 (p.395). Considerthe sphericalGaussiandistribution
where all components have mean zero and variance 1. In one dimension, the
nth, if x (1)

n leapfrogsover x (2)
n , we obtain the proposedcoordinate

(x (1)
n )0 = 2x (2)

n � x (1)
n : (30.16)

Assuming that x (1)
n and x (2)

n are Gaussianrandom variablesfrom Normal(0; 1),
(x (1)

n )0 is Gaussianfrom Normal(0; � 2), where� 2 = 22+ (� 1)2 = 5. The change
in energycontributed by this one dimension will be

1
2

h
(2x (2)

n � x (1)
n )2 � (x (1)

n )2
i

= 2(x (2)
n )2 � 2x (2)

n x(1)
n (30.17)

so the typical change in energy is 2h(x (2)
n )2i = 2. This positive change is bad

news. In N dimensions,the typical changein energywhen a leapfrog move is
made,at equilibrium, is thus +2N . The probabilit y of acceptanceof the move
scalesas

e� 2N : (30.18)

This implies that Skilling's method, as described, is not e�ectiv e in very high-
dimensional problems { at least, not once convergencehas occurred. Nev-
erthelessit has the impressive advantage that its convergenceproperties are
independent of the strength of correlations betweenthe variables { a property
that not even the Hamiltonian Monte Carlo and overrelaxation methods o�er.
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About Chapter 31

Someof the neural network models that we will encounter are related to Ising
models,which are idealizedmagneticsystems. It is not essential to understand
the statistical physicsof Ising modelsto understand theseneural networks, but
I hope you'll �nd them helpful.

Ising models are also related to several other topics in this book. We will
use exact tree-basedcomputation methods like those introduced in Chapter
25 to evaluate properties of interest in Ising models. Ising models o�er crude
models for binary images. And Ising models relate to two-dimensional con-
strained channels (c.f. Chapter 17): a two-dimensional bar-code in which a
black dot may not be completely surrounded by black dots and a white dot
may not be completely surrounded by white dots is similar to an antiferro-
magnetic Ising model at low temperature. Evaluating the entropy of this Ising
model is equivalent to evaluating the capacity of the constrained channel for
conveying bits.

If you would like to jog your memory on statistical physicsand thermody-
namics, you might �nd Appendix B helpful. I also recommendthe book by
Reif (1965).

401
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31

Ising Models

An Ising model is an array of spins (e.g., atoms that can take states � 1) that
are magnetically coupled to each other. If one spin is, say, in the +1 state
then it is energetically favourable for its immediate neighbours to be in the
samestate, in the caseof a ferromagnetic model, and in the opposite state, in
the caseof an antiferromagnet. In this chapter we discusstwo computational
techniques for studying Ising models.

Let the state x of an Ising model with N spins be a vector in which each
component xn takesvalues� 1 or +1. If two spinsm and n are neighbours we
write (m; n) 2 N . The coupling between neighbouring spins is J . We de�ne
Jmn = J if m and n are neighbours and Jmn = 0 otherwise. The energy of a
state x is

E(x; J; H ) = �

"
1
2

X

m;n

Jmn xm xn +
X

n

H xn

#

; (31.1)

where H is the applied �eld. If J > 0 then the model is ferromagnetic, and
if J < 0 it is antiferromagnetic. We've included the factor of 1/2 becauseeach
pair is counted twice in the �rst sum, onceas (m; n) and onceas (n; m). At
equilibrium at temperature T, the probabilit y that the state is x is

P(x j� ; J; H ) =
1

Z (� ; J; H )
exp[� � E (x; J; H )] ; (31.2)

where � = 1=kB T, kB is Boltzmann's constant, and

Z (� ; J; H ) �
X

x

exp[� � E (x; J; H )] : (31.3)

Relevance of Ising models

Ising models are relevant for three reasons.
Ising models are important �rst as models of magnetic systemsthat have

a phasetransition. The theory of universality in statistical physicsshows that
all systemswith the samedimension (here, two), and the samesymmetries,
have equivalent critical properties, i.e., the scaling laws shown by their phase
transitions are identical. Soby studying Ising modelswe can �nd out not only
about magnetic phase transitions but also about phase transitions in many
other systems.

Second,if we generalizethe energy function to

E(x; J; h) = �

"
1
2

X

m;n

Jmn xm xn +
X

n

hn xn

#

; (31.4)

where the couplings Jmn and applied �elds hn are not constant, we obtain
a family of models known as `spin glasses'to physicists, and as `Hop�eld

402
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networks' or `Boltzmann machines' to the neural network communit y. In some
of thesemodels,all spinsare declaredto be neighbours of each other, in which
casephysicists call the system an `in�nite range' spin glass, and networkers
call it a `fully connected'network.

Third, the Ising model is alsouseful asa statistical model in its own right.
In this chapter wewill study Ising modelsusingtwo di�eren t computational

techniques.

Someremarkablerelationshipsin statistical physics

We would like to get asmuch information aspossibleout of our computations.
Consider for example the heat capacity of a system, which is de�ned to be

C �
@

@T
�E; (31.5)

where
�E =

1
Z

X

x

exp(� � E (x)) E(x): (31.6)

To work out the heat capacity of a system,wemight naively guessthat wehave
to increasethe temperature and measurethe energy change. Heat capacity,
however, is intimately related to energy
uctuations at constant temperature.
Let's start from the partition function,

Z =
X

x

exp(� � E (x)) : (31.7)

The mean energy is obtained by di�eren tiation with respect to � :

@ln Z
@�

=
1
Z

X

x

� E (x) exp(� � E (x)) = � �E : (31.8)

A further di�eren tiation spits out the variance of the energy:

@2 ln Z
@� 2 =

1
Z

X

x

E(x)2 exp(� � E (x)) � �E 2 = hE 2i � �E 2 = var(E): (31.9)

But the heat capacity is also the derivative of �E with respect to temperature:

@�E
@T

= �
@

@T
@ln Z

@�
= �

@2 ln Z
@� 2

@�
@T

= � var(E)( � 1=kB T2): (31.10)

So for any system at temperature T,

C =
var(E)
kBT2 = kB � 2 var(E): (31.11)

Thus if we can observe the variance of the energyof a systemat equilibrium,
we can estimate its heat capacity.

I �nd this an almost paradoxical relationship. Consider a system with
a �nite set of states, and imagine heating it up. At high temperature, all
states will be equiprobable, so the mean energy will be essentially constant
and the heat capacity will be essentially zero. But on the other hand, with
all states being equiprobable, there will certainly be 
uctuations in energy.
So how can the heat capacity be related to the 
uctuations? The answer is
in the words `essentially zero' above. The heat capacity is not quite zero at
high temperature, it just tends to zero. And it tends to zero as var(E )

kB T 2 , with
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the quantit y var(E) tending to a constant at high temperatures. This 1=T2

behaviour of the heat capacity of �nite systemsat high temperatures is thus
very general.

The 1=T2 factor can be viewed as an accident of history. If only tem-
perature scaleshad been de�ned using � = 1

kB T
, then the de�nition of heat

capacity would be

C(� ) �
@�E
@�

= var(E); (31.12)

and heat capacity and 
uctuations would be identical quantities.

. Exercise31.1.[2 ] [We will call the entropy of a physical system S rather than
H , while we are in a statistical physicschapter; we set kB = 1.]

The entropy of a systemwhosestates are x, at temperature T = 1=� , is

S =
X

p(x)[ln 1=p(x)] (31.13)

where
p(x) =

1
Z (� )

exp[� � E (x)] : (31.14)

(a) Show that
S = ln Z (� ) + � �E (� ) (31.15)

where �E (� ) is the mean energyof the system.

(b) Show that

S = �
@F
@T

; (31.16)

where the free energyF = � kT ln Z and kT = 1=� .

�

31.1 Ising models { Monte Carlo simulation

In this section we study two-dimensional planar Ising models using a simple
Gibbs sampling method. Starting from someinitial state, a spin n is selected
at random, and the probabilit y that it should be +1 given the state of the
other spins and the temperature is computed,

P(+1 jbn ) =
1

1 + exp(� 2� bn )
; (31.17)

where � = 1=kB T and bn is the local �eld

bn =
X

m:(m;n )2N

J xm + H: (31.18)

[The factor of 2 appears in equation (31.17) becausethe two spin states are
f +1 ; � 1g rather than f +1 ; 0g.] Spin n is set to +1 with that probabilit y,
and otherwise to � 1; then the next spin to update is selectedat random.
After su�cien tly many iterations, this procedureconvergesto the equilibrium
distribution (31.2). An alternative to the Gibbs sampling formula (31.17) is
the Metropolis algorithm, in which we consider the change in energy that
results from 
ipping the chosenspin from its current state x n ,

� E = 2xn bn ; (31.19)

and adopt this changein con�guration with probabilit y

P(accept; � E ; � ) =
�

1 � E � 0
exp(� � � E ) � E > 0:

(31.20)
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This procedurehas roughly double the probabilit y of accepting energetically
unfavourable moves,somay be a more e�cien t sampler{ but at very low tem-
peratures the relative merits of Gibbs sampling and the Metropolis algorithm
may be subtle. b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

b

Figure31.1. Rectangular Ising
model.

Rectangular geometry

I �rst simulated an Ising model with the rectangular geometry shown in �g-
ure 31.1, and with periodic boundary conditions. A line between two spins
indicates that they are neighbours. I set the external �eld H = 0 and con-
sidered the two casesJ = � 1 which are a ferromagnet and antiferromagnet
respectively.

I started at a large temperature (T = 33; � = 0:03) and changedthe temper-
ature every I iterations, �rst decreasingit gradually to T = 0:1; � = 10, then
increasing it gradually back to a large temperature again. This procedure
gives a crude check on whether `equilibrium has been reached' at each tem-
perature; if not, we'd expect to seesomehysteresisin the graphs we plot. It
alsogivesan ideaof the reproducibilit y of the results, if weassumethat the two
runs, with decreasingand increasingtemperature, are e�ectiv ely independent
of each other.

At each temperature I recordedthe meanenergyper spin and the standard
deviation of the energy, and the mean squarevalue of the magnetization m,

m = 1
N

X

n

xn : (31.21)

One tricky decision that has to be made is how soon to start taking these

T

5

2.5

2.4

2.3

2

Figure31.2. Samplestates of
rectangular Ising models with
J = 1 at a sequenceof
temperatures T.

measurements after a new temperature has beenestablished;it is di�cult to
detect `equilibrium' { or even to give a clear de�nition of a system'sbeing `at
equilibrium' ! [But in Chapter 32 we will seea solution to this problem.] My
crude strategy was to let the number of iterations at each temperature, I , be
a few hundred times the number of spins N , and to discard the �rst 1/3 of
those iterations. With N = 100, I found I neededmore than 100000 iterations
to reach equilibrium at any given temperature.

Resultsfor small N with J = 1.

I simulated an l � l grid for l = 4; 5; : : : ; 10; 40; 64. Let's have a quick think
about what results we expect. At low temperatures the system is expected
to be in a ground state. The rectangular Ising model with J = 1 has two
ground states, the all +1 state and the all � 1 state. The energy per spin of
either ground state is � 2. At high temperatures, the spins are independent,
all statesare equally probable, and the energyis expectedto 
uctuate around
a mean of 0 with a standard deviation proportional to 1=

p
N .

Let's look at some results. In all �gures temperature T is shown with
kB = 1. The basic picture emergeswith as few as 16 spins (�gure 31.3,
top): the energy rises monotonically. As we increasethe number of spins to
100 (�gure 31.3, bottom) some new details emerge. First, as expected, the

uctuations at large temperature decreaseas 1=

p
N . Second,the 
uctuations

at intermediate temperature becomerelatively bigger. This is the signature
of a `collective phenomenon', in this case,a phasetransition. Only systems
with in�nite N show true phasetransitions, but with N = 100 we are getting
a hint of the critical 
uctuations. Figure 31.5 shows details of the graphs for
N = 100 and N = 4096. Figure 31.2 shows a sequenceof typical states from
the simulation of N = 4096spins at a sequenceof decreasingtemperatures.
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N Mean energy and 
uctuations Mean square magnetization
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Figure31.3. Monte Carlo
simulations of rectangular Ising
models with J = 1. Mean energy
and 
uctuations in energy as a
function of temperature (left).
Mean squaremagnetization as a
function of temperature (right).
In the top row, N = 16, and the
bottom, N = 100. For even larger
N , seelater �gures.

Contrast with Schottky anomaly

T

Figure31.4. Schematic diagram to
explain the meaning of a Schottky
anomaly. The curve shows the
heat capacity of two gasesas a
function of temperature. The
lower curve shows a normal gas
whoseheat capacity is an
increasingfunction of
temperature. The upper curve has
a small peak in the heat capacity,
which is known as a Schottky
anomaly (at least in Cambridge).
The peak is produced by the gas
having magnetic degreesof
freedomwith a �nite number of
accessiblestates.

A peakin the heat capacity, asa function of temperature, occursin any system
that has a �nite number of energy levels; a peak is not in itself evidenceof a
phasetransition. Such peakswere viewed as anomaliesin classicalthermody-
namics, since`normal' systemswith in�nite numbers of energy levels (such as
a particle in a box) have heat capacitiesthat are either constant or increasing
functions of temperature. In contrast, systemswith a �nite number of levels
produced small blips in the heat capacity graph (�gure 31.4).

Let us refreshour memory of the simplest such system,a two-level system
with states x = 0 (energy 0) and x = 1 (energy � ). The mean energy is

E(� ) = �
exp(� � � )

1 + exp(� � � )
= �

1
1 + exp(� � )

(31.22)

and the derivative with respect to � is

dE=d� = � � 2 exp(� � )
[1 + exp(� � )]2 : (31.23)

So the heat capacity is

C = dE=dT = �
dE
d�

1
kBT2 =

� 2

kBT2

exp(� � )
[1 + exp(� � )]2 (31.24)

and the 
uctuations in energy are given by var(E) = CkBT2 = � dE=d� ,
which wasevaluated in (31.23). The heat capacity and 
uctuations areplotted
in �gure 31.6. The take-homemessageat this point is that whilst Schottky
anomalies do have a peak in the heat capacity, there is no peak in their

uctuations ; the variance of the energy simply increasesmonotonically with
temperature to a value proportional to the number of independent spins. Thus
it is a peak in the 
uctuations that is interesting, rather than a peak in the
heat capacity. The Ising model has such a peak in its 
uctuations, as can be
seenin the secondrow of �gure 31.5.

Rectangular Ising model with J = � 1

What do we expect to happen in the caseJ = � 1? The ground states of an
in�nite systemare the two checkerboard patterns (�gure 31.7), and they have
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Figure31.5. Detail of Monte Carlo
simulations of rectangular Ising
models with J = 1. (a) Mean
energy and 
uctuations in energy
as a function of temperature. (b)
Fluctuations in energy (standard
deviation). (c) Mean square
magnetization. (d) Heat capacity.
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energyper spin � 2, like the ground statesof the J = 1 model. Can this analogy
be pressedfurther?A moment's re
ection will con�rm that the two systems

Figure31.7. The two ground
states of a rectangular Ising model
with J = � 1.

J = � 1 J = +1

Figure31.8. Two states of
rectangular Ising models with
J = � 1 that have identical energy.

are equivalent to each other under a checkerboard symmetry operation. If you
take an in�nite J = 1 system in somestate and 
ip all the spins that lie on
the black squaresof an in�nite checkerboard, and set J = � 1 (�gure 31.8),
then the energy is unchanged. (The magnetization changes,of course.) So all
thermodynamic properties of the two systemsare expected to be identical in
the caseof zero applied �eld.

But there is a subtlety lurking here. Have you spotted it? We are simu-
lating �nite grids with periodic boundary conditions. If the sizeof the grid in
any direction is odd, then the checkerboard operation is no longer a symme-
try operation relating J = +1 to J = � 1, becausethe checkerboard doesn't
match up at the boundaries. This means that for systemsof odd size, the
ground state of a system with J = � 1 will have degeneracygreater than 2,
and the energyof thoseground stateswill not be as low as � 2 per spin. Sowe
expect qualitativ e di�erences betweenthe casesJ = � 1 in odd sizedsystems.
These di�erences are expected to be most prominent for small systems. The
frustrations are introducedby the boundaries,and the length of the boundary
grows as the squareroot of the system size,so the fractional in
uence of this
boundary-related frustration on the energyand entropy of the systemwill de-
creaseas 1=

p
N . Figure 31.9 comparesthe energiesof the ferromagnetic and

antiferromagnetic models with N = 25. Here, the di�erence is striking.
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Figure31.9. Monte Carlo
simulations of rectangular Ising
models with J = � 1 and N = 25.
Mean energyand 
uctuations in
energy as a function of
temperature. (a) J = 1. (b)
J = � 1.

Triangular Ising model

We can repeat thesecomputations for a triangular Ising model. Do we expect
the triangular Ising model with J = � 1 to show di�eren t physical properties
from the rectangular Ising model? Presumably the J = 1 model will have
broadly similar properties to its rectangular counterpart. But the caseJ = � 1
is radically di�eren t from what's gone before. Think about it: there is no
unfrustrated ground state; in any state, there must be frustrations { pairs of
neighbours who have the same sign as each other. Unlike the caseof the
rectangular model with odd size, the frustrations are not introduced by the
periodic boundary conditions. Every set of three mutually neighbouring spins
must be in a state of frustration, as shown in �gure 31.10. (Solid lines show
`happy' couplings which contribute �j J j to the energy; dashed lines show
`unhappy' couplings which contribute jJ j.) Thus we certainly expect di�eren t
behaviour at low temperatures. In fact we might expect this system to have
a non-zeroentropy at absolute zero. (`Triangular model violates third law of
thermodynamics!')

Let's look at someresults. Sample states are shown in �gure 31.12, and
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Figure31.10. In an
antiferromagnetic triangular Ising
model, any three neighbouring
spins are frustrated. Of the eight
possiblecon�gurations of three
spins, six have energy �j J j (a),
and two have energy 3jJ j (b).

�gure 31.11 shows the energy, 
uctuations, and heat capacity for N = 4096.
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31.2: Direct computation of partition function of Ising models 409

Note how di�eren t the results for J = � 1 are. There is no peak at all in
the standard deviation of the energy in the caseJ = � 1. This indicates that
the antiferromagnetic systemdoesnot have a phasetransition to a state with
long-rangeorder.
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Figure31.11. Monte Carlo
simulations of triangular Ising
models with J = � 1 and
N = 4096. (a{c) J = 1. (d{f )
J = � 1. (a, d) Mean energy and

uctuations in energyas a
function of temperature. (b, e)
Fluctuations in energy (standard
deviation). (c, f) Heat capacity.

�

31.2 Direct computation of partition function of Ising models

We now examinea completely di�eren t approach to Ising models. The trans-
fer matrix method is an exact and abstract approach that obtains physical
properties of the model from the partition function

Z (� ; J; b) �
X

x

exp[� � E (x; J; b)] ; (31.25)

where the summation is over all states x, and the inverse temperature is
� = 1=T. [As usual, Let kB = 1.] The free energy is given by F = � 1

� ln Z .
The number of states is 2N , so direct computation of the partition function
is not possiblefor large N . To avoid enumerating all global states explicitly ,
we can usea trick similar to the sum{product algorithm discussedin Chapter
25. We concentrate on models that have the form of a long thin strip of width
W with periodic boundary conditions in both directions, and we iterate along
the length of our model, working out a set of partial partition functions at one
location l in terms of partial partition functions at the previous location l � 1.
Each iteration involvesa summation over all the states at the boundary. This
operation is exponential in the width of the strip, W . The �nal clever trick
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T J = +1
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Figure31.12. Samplestates of
triangular Ising models with
J = 1 and J = � 1.
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31.2: Direct computation of partition function of Ising models 411

is to note that if the system is translation-invariant along its length then we
only needto do one iteration in order to �nd the properties of a systemof any
length.

The computational task becomesthe evaluation of an S � S matrix, where
S is the number of microstates that need to be consideredat the boundary,
and the computation of its eigenvalues. The eigenvalue of largest magnitude
gives the partition function for an in�nite-length thin strip.

Here is a more detailed explanation. Label the states of the C columns of
the thin strip s1; s2; : : : ; sC , with each s an integer from 0 to 2W � 1. The r th
bit of sc indicates whether the spin in row r , column c is up or down. The
partition function is

Z =
X

x

exp(� � E (x)) (31.26)

=
X

s1

X

s2

� � �
X

sC

exp

 

� �
CX

c=1

E(sc; sc+1 )

!

(31.27)

where E(sc; sc+1 ) is an appropriately de�ned energy, and, if we want periodic
boundary conditions, sC+1 is de�ned to be s1. One de�nition for E is:

�

�

+

�

+

+

+

�

+

�

�

+

+

+

+

s2 s3

Figure31.13. Illustration to help
explain the de�nition (31.28).
E(s2; s3) counts all the
contributions to the energy in the
rectangle. The total energy is
given by stepping the rectangle
along. Each horizontal bond
inside the rectangle is counted
once;each vertical bond is
half-inside the rectangle (and will
be half-inside an adjacent
rectangle) so half its energy is
included in E(s2; s3); the factor of
1=4 appears in the secondterm
becausem and n both run over all
nodesin column c, so each bond is
visited twice.

For the state shown here,
s2 = (100)2, s3 = (110)2, the
horizontal bonds contribute + J to
E(s2; s3), and the vertical bonds
contribute � J=2 on the left and
� J=2 on the right, assuming
periodic boundary conditions
betweentop and bottom. So
E(s2; s3) = 0.

E(sc; sc+1 ) =
X

(m;n )2N :

m2 c;n2 c+1

J xmxn + 1
4

X

(m;n )2N :

m2 c;n2 c

J xmxn + 1
4

X

(m;n )2N :

m2 c+1 ;n2 c+1

J xmxn : (31.28)

This de�nition of the energy has the nice property that (for the rectangular
Ising model) it de�nes a matrix that is symmetric in its two indices sc; sc+1 .
The factors of 1=4 are neededbecausevertical links are counted four times.
Let us de�ne

M ss0 = exp
�
� � E(s; s0)

�
: (31.29)

Then continuing from equation (31.27),

Z =
X

s1

X

s2

� � �
X

sC

"
CY

c=1

M sc ;sc+1

#

(31.30)

= Trace
�
M C �

(31.31)

=
X

a

� C
a ; (31.32)

wheref � ag2W

a=1 are the eigenvaluesof M . As the length of the strip C increases,
Z becomesdominated by the largest eigenvalue � max :

Z ! � C
max : (31.33)

So the free energyper spin in the limit of an in�nite thin strip is given by:

f = � kT ln Z=(W C) = � kTC ln � max=(W C) = � kT ln � max=W: (31.34)

It's really neat that all the thermodynamic properties of a long thin strip can
be obtained from just the largest eigenvalue of this matrix M !

Computations

I computed the partition functions of long thin strip Ising models with the
geometriesshown in �gure 31.14.

As in the last section, I set the applied �eld H to zero and consideredthe
two casesJ = � 1 which are a ferromagnet and antiferromagnet respectively. I
computed the free energyper spin, f (� ; J; H ) = F=N for widths from W = 2
to 8 as a function of � for H = 0.
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Rectangular: Triangular:
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Figure31.14. Two long thin strip
Ising models. A line betweentwo
spins indicates that they are
neighbours. The strips have width
W and in�nite length.

Computational ideas:

Only the largest eigenvalue is needed. There are several ways of getting this
quantit y, for example, iterativ e multiplication of the matrix by an initial vec-
tor. Becausethe matrix is all positive we know that the principal eigenvector
is all positive too (Frobenius{Perron theorem), soa reasonableinitial vector is
(1; 1; : : : ; 1). This iterativ e proceduremay be faster than explicit computation
of all eigenvalues. I computed them all anyway, which has the advantage that
we can �nd the free energyof �nite length strips { using equation (31.32) { as
well as in�nite ones.
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Figure31.15. Free energy per spin
of long-thin-strip Ising models.
Note the non-zerogradient at
T = 0 in the caseof the triangular
antiferromagnet.

Commentson graphs:

For large temperatures all Ising models should show the samebehaviour: the
free energyis entropy-dominated, and the entropy per spin is ln(2). The mean
energyper spin goesto zero. The freeenergyper spin should tend to � ln(2)=� .
The free energiesare shown in �gure 31.15.

One of the interesting properties we can obtain from the free energy is
the degeneracyof the ground state. As the temperature goes to zero, the
Boltzmann distribution becomesconcentrated in the ground state. If the
ground state is degenerate(i.e., there are multiple ground stateswith identical
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Figure31.16. Entropies (in nats)
of width 8 Ising systemsas a
function of temperature, obtained
by di�eren tiating the free energy
curves in �gure 31.15. The
rectangular ferromagnet and
antiferromagnet have identical
thermal properties. For the
triangular systems,the upper
curve (� ) denotesthe
antiferromagnet and the lower
curve (+) the ferromagnet.
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Figure31.17. Mean energy versus
temperature of long thin strip
Ising models with width 8.
Compare with �gure 31.3.
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Figure31.18. Heat capacitiesof
(a) rectangular model; (b)
triangular models with di�eren t
widths, (+) and (� ) denoting
ferromagnet and antiferromagnet.
Compare with �gure 31.11.

energy) then the entropy as T ! 0 is non-zero. We can �nd the entropy from
the free energyusing S = � @F=@T.

The entropy of the triangular antiferromagnet at absolutezero appearsto
be about 0.3, that is, about half its high temperature value (�gure 31.16).
The mean energyas a function of temperature is plotted in �gure 31.17. It is
evaluated using the identit y hE i = � @ln Z=@� .

Figure 31.18shows the estimated heat capacity (taking raw derivativesof
the meanenergy) as a function of temperature for the triangular models with
widths 4 and 8. Figure 31.19shows the 
uctuations in energyas a function of
temperature. All of these�gures should show smooth graphs; the roughnessof
the curves is due to inaccurate numerics. The nature of any phasetransition
is not obvious, but the graphs seemcompatible with the assertion that the
ferromagnetshows, and the antiferromagnet doesnot show a phasetransition.

The pictures of the free energy in �gure 31.15give someinsight into how
we could predict the transition temperature. We can seehow the two phases
of the ferromagnetic systemseach have simple free energies:a straight sloping
line through F = 0, T = 0 for the high temperature phase,and a horizontal
line for the low temperature phase. (The slope of each line shows what the
entropy per spin of that phase is.) The phase transition occurs roughly at
the intersection of theselines. So we predict the transition temperature to be
linearly related to the ground state energy.
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Comparison with the Monte Carlo results

The agreement between the results of the two experiments seemsvery good.
The two systemssimulated (the long thin strip and the periodic square) are
not quite identical. One could a more accurate comparison by �nding all
eigenvaluesfor the strip of width W and computing

P
� W to get the partition

function of a W � W patch.

�

31.3 Exercises

. Exercise31.2.[4 ] What would be the best way to extract the entropy from the
Monte Carlo simulations? What would be the best way to obtain the
entropy and the heat capacity from the partition function computation?

Exercise31.3.[3] An Ising model may be generalizedto have a coupling Jmn

betweenany spins m and n, and the value of Jmn could be di�eren t for each
m and n. In the special casewhere all the couplings are positive we know
that the system has two ground states, the all-up and all-down states. For a
more generalsetting of Jmn it is conceivable that there could be many ground
states.

Imagine that it is required to make a spin systemwhoselocal minima are
a given list of states x (1) ; x (2) ; : : : ; x (S) . Can you think of a way of setting J
such that the chosenstates are low energy states? You are allowed to adjust
all the f Jmn g to whatever valuesyou wish.


