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Figure5.8. The codeword
supermarket and the symbol
coding budget. The `cost' 2� l of
each codeword (with length l ) is
indicated by the sizeof the box it
is written in. The total budget
available when making a uniquely
decodeablecode is 1.

symbol probabilit y Hu�man Rival code's Modi�ed rival
codewords codewords code

a pa cH(a) cR(a) cR(c)

b pb cH(b) cR(b) cR(b)

c pc cH(c) cR(c) cR(a)

Figure5.9. Proof that Hu�man
coding makesan optimal symbol
code. We assumethat the rival
code, which is said to be optimal,
assignsunequal length codewords
to the two symbols with smallest
probabilit y, a and b. By
interchanging codewords a and c
of the rival code, where c is a
symbol with rival codelength as
long as b's, we can make a code
better than the rival code. This
shows that the rival code was not
optimal.

top, and purchase the �rst codeword of the required length. We advance
down the supermarket a distance 2� l , and purchasethe next codeword of the
next required length, and so forth. Becausethe codeword lengths are getting
longer, and the corresponding intervals are getting shorter, we can always
buy an adjacent codeword to the latest purchase, so there is no wasting of
the budget. Thus at the I th codeword we have advanceda distance

P I
i =1 2� l i

down the supermarket; if
P

2� l i � 1, wewill have purchasedall the codewords
without running out of budget.

Solution to exercise5.16 (p.99). The proof that Hu�man coding is optimal
dependson proving that the key step in the algorithm { the decision to give
the two symbols with smallest probabilit y equal encoded lengths { cannot
lead to a larger expected length than any other code. We can prove this by
contradiction.

Assume that the two symbols with smallest probabilit y, called a and b,
to which the Hu�man algorithm would assignequal length codewords, do not
have equal lengths in any optimal symbol code. The optimal symbol code
is someother rival code in which these two codewords have unequal lengths
la and lb with la < lb. Without loss of generality we can assumethat this
other code is a complete pre�x code, becauseany codelengths of a uniquely
decodeablecode can be realized by a pre�x code.

In this rival code, there must be someother symbol c whoseprobabilit y
pc is greater than pa and whose length in the rival code is greater than or
equal to lb, becausethe code for b must have an adjacent codeword of equal
or greater length { a complete pre�x code never has a solo codeword of the
maximum length.

Consider exchanging the codewords of a and c (�gure 5.9), so that a is
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106 5 | Symbol Codes

encoded with the longer codeword that was c's, and c, which is more probable
than a, gets the shorter codeword. Clearly this reducesthe expected length
of the code. The changein expected length is (pa � pc)( lc � la). Thus we have
contradicted the assumption that the rival code is optimal. Therefore it is
valid to give the two symbols with smallestprobabilit y equal encoded lengths.
Hu�man coding producesoptimal symbol codes. 2

Solution to exercise5.21 (p.102). A Hu�man code for X 2 where A X = f 0; 1g
and PX = f 0:9; 0:1g is f 00; 01; 10; 11g ! f 1; 01; 000; 001g. This code has
L(C; X 2) = 1:29, whereasthe entropy H (X 2) is 0.938.

A Hu�man code for X 3 is

f 000; 100; 010; 001; 101; 011; 110; 111g !
f 1; 011; 010; 001; 00000; 00001; 00010; 00011g:

This has expected length L(C; X 3) = 1:598 whereas the entropy H (X 3) is
1.4069.

A Hu�man code for X 4 maps the sixteen sourcestrings to the following
codelengths:

f 0000; 1000; 0100; 0010; 0001; 1100; 0110; 0011; 0101; 1010; 1001; 1110; 1101;
1011; 0111; 1111g ! f 1; 3; 3; 3; 4; 6; 7; 7; 7; 7; 7; 9; 9; 9; 10; 10g:

This has expected length L(C; X 4) = 1:9702 whereasthe entropy H (X 4) is
1.876.

When PX = f 0:6; 0:4g, the Hu�man code for X 2 has lengths f 2; 2; 2; 2g;
the expected length is 2 bits, and the entropy is 1.94bits. A Hu�man code for
X 4 is shown in table 5.10. The expected length is 3.92 bits, and the entropy
is 3.88 bits.

ai pi l i c(ai )

0000 0.1296 3 000
0001 0.0864 4 0100
0010 0.0864 4 0110
0100 0.0864 4 0111
1000 0.0864 3 100
1100 0.0576 4 1010
1010 0.0576 4 1100
1001 0.0576 4 1101
0110 0.0576 4 1110
0101 0.0576 4 1111
0011 0.0576 4 0010
1110 0.0384 5 00110
1101 0.0384 5 01010
1011 0.0384 5 01011
0111 0.0384 4 1011
1111 0.0256 5 00111

Table5.10. Hu�man code for X 4

when p0 = 0:6. Column 3 shows
the assignedcodelengthsand
column 4 the codewords. Some
strings whoseprobabilities are
identical, e.g., the fourth and
�fth, receive di�eren t codelengths.

Solution to exercise5.22 (p.102). The set of probabilities f p1; p2; p3; p4g =
f 1/6; 1/6; 1/3; 1/3g givesrise to two di�eren t optimal setsof codelengths,because
at the secondstep of the Hu�man coding algorithm we can chooseany of the
three possiblepairings. We may either put them in a constant length code
f 00; 01; 10; 11g or the code f 000; 001; 01; 1g. Both codeshave expectedlength
2.

Another solution is f p1; p2; p3; p4g = f 1/5; 1/5; 1/5; 2/5g.
And a third is f p1; p2; p3; p4g = f 1/3; 1/3; 1/3; 0g.

Solution to exercise5.26 (p.103). Let pmax be the largest probabilit y in
p1; p2; : : : ; pI . The di�erence between the expected length L and the entropy
H can be no bigger than max(pmax ; 0:086) (Gallager, 1978).

Seeexercises5.27{5.28to understand where the curious 0.086comesfrom.

Solution to exercise5.27 (p.103). Length � entropy = 0.086.

Solution to exercise5.31 (p.104). There are two ways to answer this problem
correctly, and onepopular way to answer it incorrectly. Let's give the incorrect
answer �rst:

Erroneous answer. \W e can pick a random bit by �rst picking a random
source symbol x i with probabilit y pi , then picking a random bit from
c(x i ). If we de�ne f i to be the fraction of the bits of c(x i ) that are 1s,
we �nd C3:

ai c(ai ) pi l i

a 0 1/2 1
b 10 1/4 2
c 110 1/8 3
d 111 1/8 3

P(bit is 1) =
X

i

pi f i (5.34)

= 1/2 � 0 + 1/4 � 1/2 + 1/8 � 2/3 + 1/8 � 1 = 1/3." (5.35)
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This answer is wrong becauseit falls for the bus-stop fallacy, which was intro-
duced in exercise2.35 (p.38): if busesarrive at random, and we are interested
in `the average time from one bus until the next', we must distinguish two
possibleaverages:(a) the averagetime from a randomly chosenbus until the
next; (b) the averagetime betweenthe bus you just missedand the next bus.
The second`average' is twice as big as the �rst because,by waiting for a bus
at a random time, you bias your selection of a bus in favour of busesthat
follow a large gap. You're unlikely to catch a bus that comes10 secondsafter
a precedingbus! Similarly, the symbols c and d get encoded into longer-length
binary strings than a, so when we pick a bit from the compressedstring at
random, we are more likely to land in a bit belongingto a c or a d than would
be given by the probabilities pi in the expectation (5.34). All the probabilities
needto be scaledup by l i , and renormalized.

Correct answer in the same style . Every time symbol x i is encoded, l i
bits are added to the binary string, of which f i l i are 1s. The expected
number of 1s added per symbol is

X

i

pi f i l i ; (5.36)

and the expected total number of bits added per symbol is
X

i

pi l i : (5.37)

So the fraction of 1s in the transmitted string is

P(bit is 1) =
P

i pi f i l iP
i pi l i

(5.38)

=
1/2 � 0 + 1/4 � 1 + 1/8 � 2 + 1/8 � 3

7/4
=

7/8
7/4

= 1=2:

For a general symbol code and a general ensemble, the expectation (5.38) is
the correct answer. But in this case,we can usea more powerful argument.

Information-theoretic answer. The encoded string c is the output of an
optimal compressorthat compressessamples from X down to an ex-
pected length of H (X ) bits. We can't expect to compressthis data any
further. But if the probabilit y P(bit is 1) were not equal to 1/2 then it
would be possibleto compressthe binary string further (using a block
compressioncode, say). Therefore P(bit is 1) must be equal to 1/2; in-
deedthe probabilit y of any sequenceof l bits in the compressedstream
taking on any particular value must be 2� l . The output of a perfect
compressoris always perfectly random bits.

To put it another way, if the probabilit y P(bit is 1) were not equal to
1/2, then the information content per bit of the compressedstring would
be at most H 2(P(1)), which would be lessthan 1; but this contradicts
the fact that we can recover the original data from c, so the information
content per bit of the compressedstring must be H (X )=L(C; X ) = 1.

Solution to exercise5.32 (p.104). The generalHu�man coding algorithm for
an encoding alphabet with q symbols has one di�erence from the binary case.
The processof combining q symbols into 1 symbol reduces the number of
symbols by q� 1. So if we start with A symbols, we'll only end up with a
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complete q-ary tree if A mod (q� 1) is equal to 1. Otherwise, we know that
whatever pre�x code we make, it must be an incomplete tree with a number
of missing leaves equal, modulo (q� 1), to A mod (q� 1) � 1. For example, if
a ternary tree is built for eight symbols, then there will unavoidably be one
missing leaf in the tree.

The optimal q-ary code is madeby putting theseextra leavesin the longest
branch of the tree. This can be achieved by adding the appropriate number
of symbols to the original sourcesymbol set, all of theseextra symbols having
probabilit y zero. The total number of leaves is then equal to r (q� 1) + 1, for
someinteger r . The symbols are then repeatedly combined by taking the q
symbols with smallest probabilit y and replacing them by a single symbol, as
in the binary Hu�man coding algorithm.

Solution to exercise5.33 (p.104). We wish to show that a greedy metacode,
which picks the code which givesthe shortest encoding, is actually suboptimal,
becauseit violates the Kraft inequality.

We'll assumethat each symbol x is assignedlengths l k (x) by each of the
candidate codesCk . Let us assumethere are K alternative codesand that we
can encode which code is being usedwith a headerof length logK bits. Then
the metacode assignslengths l 0(x) that are given by

l0(x) = log2 K + min
k

lk(x): (5.39)

We compute the Kraft sum:

S =
X

x

2� l0(x) =
1
K

X

x

2� min k lk (x) : (5.40)

Let's divide the set A X into non-overlapping subsetsfA kgK
k=1 such that subset

A k contains all the symbols x that the metacode sendsvia code k. Then

S =
1
K

X

k

X

x2A k

2� lk (x) : (5.41)

Now if one sub-code k satis�es the Kraft equality
P

x2A X
2� lk (x) = 1, then it

must be the casethat X

x2A k

2� lk (x) � 1; (5.42)

with equality only if all the symbols x are in A k , which would mean that we
are only using one of the K codes. So

S �
1
K

KX

k=1

1 = 1; (5.43)

with equality only if equation (5.42) is an equality for all codes k. But it's
impossiblefor all the symbolsto bein all the non-overlapping subsetsfA kgK

k=1 ,
so we can't have equality (5.42) holding for all k. So S < 1.

Another way of seeingthat a mixture code is suboptimal is to consider
the binary tree that it de�nes. Think of the special caseof two codes. The
�rst bit we sendidenti�es which code we are using. Now, in a completecode,
any subsequent binary string is a valid string. But once we know that we
are using, say, code A, we know that what follows can only be a codeword
corresponding to a symbol x whose encoding is shorter under code A than
code B. So some strings are invalid continuations, and the mixture code is
incomplete and suboptimal.

For further discussion of this issue and its relationship to probabilistic
modelling read about `bits back coding' in section 28.3 and in Frey (1998).
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About Chapter 6

Before reading Chapter 6, you should have read the previous chapter and
worked on most of the exercisesin it.

We'll also make useof someBayesian modelling ideas that arrived in the
vicinit y of exercise2.8 (p.30).

109
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6

Stream Codes

In this chapter we discusstwo data compressionschemes.
Arithmetic coding is a beautiful method that goeshand in hand with the

philosophy that compressionof data from a sourceentails probabilistic mod-
elling of that source. As of 1999, the best compressionmethods for text �les
usearithmetic coding, and several state-of-the-art imagecompressionsystems
useit too.

Lempel{Ziv coding is a `universal' method, designedunder the philosophy
that we would like a singlecompressionalgorithm that will do a reasonablejob
for any source. In fact, for many real life sources,this algorithm's universal
properties hold only in the limit of unfeasibly large amounts of data, but, all
the same,Lempel{Ziv compressionis widely usedand often e�ectiv e.

�

6.1 The guessing game

As a motivation for thesetwo compressionmethods, considerthe redundancy
in a typical English text �le. Such �les have redundancy at several levels: for
example,they contain the ASCII characterswith non-equalfrequency;certain
consecutive pairs of letters are more probable than others; and entire words
can be predicted given the context and a semantic understanding of the text.

To illustrate the redundancy of English, and a curious way in which it
could be compressed,we can imagine a guessinggame in which an English
speaker repeatedly attempts to predict the next character in a text �le.

For simplicit y, let us assumethat the allowed alphabet consistsof the 26
upper caseletters A,B,C,..., Z and a space -̀ '. The game involves asking
the subject to guessthe next character repeatedly, the only feedback being
whether the guessis correct or not, until the character is correctly guessed.
After a correct guess,we note the number of guessesthat were made when
the character was identi�ed, and ask the subject to guessthe next character
in the sameway.

One sentence gave the following result when a human was asked to guess
a sentence. The numbers of guessesare listed below each character.

T H E R E - I S - N O - R E V E R S E - O N - A - M O T O R C Y C L E -
1 1 1 5 1 1 2 1 1 2 1 1 15 1 17 1 1 1 2 1 3 2 1 2 2 7 1 1 1 1 4 1 1 1 1 1

Notice that in many cases,the next letter is guessedimmediately, in one
guess. In other cases,particularly at the start of syllables, more guessesare
needed.

What do this gameand theseresults o�er us? First, they demonstrate the
redundancy of English from the point of view of an English speaker. Second,
this gamemight be usedin a data compressionscheme,as follows.

110
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The string of numbers `1, 1, 1, 5, 1, . . . ', listed above, was obtained by
presenting the text to the subject. The maximum number of guessesthat the
subject will make for a given letter is twenty-seven, so what the subject is
doing for us is performing a time-varying mapping of the twenty-seven letters
f A; B; C; : : : ; Z; �g onto the twenty-seven numbers f 1; 2; 3; : : : ; 27g, which we
can view as symbols in a new alphabet. The total number of symbols has not
beenreduced,but sincehe usessomeof thesesymbols much more frequently
than others { for example, 1 and 2 { it should be easyto compressthis new
string of symbols.

How would the uncompressionof the sequenceof numbers`1, 1, 1, 5, 1, . . . '
work? At uncompressiontime, we do not have the original string `THERE. . . ',
wehaveonly the encodedsequence.Imagine that our subject hasan absolutely
identical twin who also plays the guessinggame with us, as if we knew the
sourcetext. If westop him whenever he hasmadea number of guessesequal to
the given number, then he will have just guessedthe correct letter, and we can
then say `yes, that's right', and move to the next character. Alternativ ely, if
the identical twin is not available, we could designa compressionsystemwith
the help of just one human as follows. We choosea window length L , that is,
a number of characters of context to show the human. For every one of the
27L possiblestrings of length L , we ask them, `What would you predict is the
next character?', and `If that prediction were wrong, what would your next
guessesbe?'. After tabulating their answers to these 26 � 27L questions,we
could usetwo copiesof theseenormoustables at the encoder and the decoder
in placeof the two human twins. Such a languagemodel is called an L th order
Markov model.

These systemsare clearly unrealistic for practical compression,but they
illustrate several principles that we will make useof now.

�

6.2 Arithmetic codes

When we discussedvariable-length symbol codes, and the optimal Hu�man
algorithm for constructing them, we concludedby pointing out two practical
and theoretical problems with Hu�man codes(section 5.6).

These defects are recti�ed by arithmetic codes, which were invented by
Elias, by Rissanenand by Pasco,and subsequently made practical by Witten
et al. (1987). In an arithmetic code, the probabilistic modelling is clearly
separated from the encoding operation. The system is rather similar to the
guessinggame. The human predictor is replaced by a probabilistic model of
the source. As each symbol is producedby the source,the probabilistic model
supplies a predictive distribution over all possiblevalues of the next symbol,
that is, a list of positive numbers f pi g that sum to one. If we chooseto model
the sourceasproducing i.i.d. symbols with someknown distribution, then the
predictive distribution is the sameevery time; but arithmetic coding can with
equal easehandle complex adaptive models that produce context-dependent
predictive distributions. The predictive model is usually implemented in a
computer program.

The encoder makesuseof the model's predictions to createa binary string.
The decoder makesuseof an identical twin of the model (just asin the guessing
game) to interpret the binary string.

Let the sourcealphabet be A X = f a1; : : : ; aI g, and let the I th symbol aI

have the specialmeaning`endof transmission'. The sourcespits out a sequence
x1; x2; : : : ; xn ; : : : : The sourcedoesnot necessarilyproduce i.i.d. symbols. We
will assumethat a computer program is provided to the encoder that assignsa
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predictiveprobabilit y distribution over ai given the sequencethat hasoccurred
thus far, P(xn = ai j x1; : : : ; xn� 1). The receiver has an identical program that
producesthe samepredictiveprobabilit y distribution P(x n = ai j x1; : : : ; xn� 1).

0.00

0.25

0.50

0.75

1.00

6

?

0

6

?

1

6
?
01 01101�

Figure6.1. Binary strings de�ne
real intervals within the real line
[0,1). We �rst encountered a
picture like this when we
discussedthe symbol-code
supermarket in Chapter 5.

Concepts for understandingarithmetic coding

Notation for intervals. The interval [0:01; 0:10) is all numbers between0:01 and
0:10, including 0:01_0 � 0:01000: : : but not 0:10_0 � 0:10000: : : :

A binary transmission de�nes an interval within the real line from 0 to 1.
For example,the string 01 is interpreted asa binary real number 0.01.. . , which
corresponds to the interval [0:01; 0:10) in binary, i.e., the interval [0:25; 0:50)
in baseten.

The longer string 01101 corresponds to a smaller interval [0:01101;
0:01110). Because01101 has the �rst string, 01, as a pre�x, the new in-
terval is a sub-interval of the interval [0:01; 0:10). A one-megabyte binary �le
(223 bits) is thus viewed asspecifying a number between0 and 1 to a precision
of about two million decimal places{ two million decimal digits, becauseeach
byte translates into a little more than two decimal digits.

Now, we can also divide the real line [0,1) into I intervals of lengths equal
to the probabilities P(x1 = ai ), as shown in �gure 6.2.

0.00

P(x1 = a1)

P(x1 = a1) + P(x1 = a2)

P(x1 = a1) + : : : + P(x1 = aI � 1)

1.0

...

6?a1

6

?

a2

6?aI

...

a2a5�

a2a1�
Figure6.2. A probabilistic model
de�nes real intervals within the
real line [0,1).

We may then take each interval ai and subdivide it into intervals de-
noted ai a1; ai a2; : : : ; ai aI , such that the length of ai aj is proportional to
P(x2 = aj j x1 = ai ). Indeed the length of the interval ai aj will be precisely
the joint probabilit y

P(x1 = ai ; x2 = aj ) = P(x1 = ai )P(x2 = aj j x1 = ai ): (6.1)

Iterating this procedure, the interval [0; 1) can be divided into a sequence
of intervals corresponding to all possible�nite length strings x 1x2 : : : xN , such
that the length of an interval is equal to the probabilit y of the string given
our model.
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Algorithm 6.3. Arithmetic coding.
Iterativ e procedureto �nd the
interval [u; v) for the string
x1x2 : : : xN .

u := 0.0
v := 1.0
p := v � u
for n = 1 to N {

Compute the cumulativ e probabilities Qn and Rn (6.2, 6.3)
v := u + pRn (xn j x1; : : : ; xn� 1)
u := u + pQn(xn j x1; : : : ; xn� 1)
p := v � u

}

Formulae describingarithmetic coding

The processdepicted in �gure 6.2 can be written explicitly as follows. The
intervals are de�ned in terms of the lower and upper cumulativ e probabilities

Qn (ai j x1; : : : ; xn � 1) �
i � 1X

i 0 = 1

P(xn = ai 0 j x1; : : : ; xn � 1); (6.2)

Rn (ai j x1; : : : ; xn � 1) �
iX

i 0 = 1

P(xn = ai 0 j x1; : : : ; xn � 1): (6.3)

As the nth symbol arrives,wesubdivide the n� 1th interval at the points de�ned
by Qn and Rn . For example, starting with the �rst symbol, the intervals `a1',
`a2 ', and `aI ' are

a1 $ [Q1(a1); R1(a1)) = [0; P(x1 = a1)) ; (6.4)

a2 $ [Q1(a2); R1(a2)) = [P(x = a1); P(x = a1) + P(x = a2)) ; (6.5)

and

aI $ [Q1(aI ); R1(aI )) = [P(x1 = a1) + : : : + P(x1 = aI � 1); 1:0) : (6.6)

Algorithm 6.3 describesthe generalprocedure.

To encode a string x1x2 : : : xN , we locate the interval corresponding to
x1x2 : : : xN , and senda binary string whoseinterval lies within that interval.
This encoding can be performed on the 
y , as we now illustrate.

Example: compressingthe tossesof a bent coin

Imagine that we watch as a bent coin is tossed some number of times (c.f.
example 2.7 (p.30) and section 3.2 (p.51)). The two outcomeswhen the coin
is tossedare denoted a and b. A third possibility is that the experiment is
halted, an event denoted by the `end of �le' symbol, `2 '. Becausethe coin is
bent, we expect that the probabilities of the outcomesa and b are not equal,
though beforehandwe don't know which is the more probable outcome.

Encoding

Let the sourcestring be `bbba2 '. We passalong the string one symbol at a
time and use our model to compute the probabilit y distribution of the next
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symbol given the string thus far. Let theseprobabilities be:

Context
(sequencethus far) Probabilit y of next symbol

P(a) = 0:425 P(b) = 0:425 P(2 ) = 0:15

b P(a j b) = 0:28 P(b j b) = 0:57 P(2 j b) = 0:15

bb P(a j bb) = 0:21 P(b j bb) = 0:64 P(2 j bb) = 0:15

bbb P(a j bbb) = 0:17 P(b j bbb) = 0:68 P(2 j bbb) = 0:15

bbba P(a j bbba) = 0:28 P(b j bbba) = 0:57 P(2 j bbba) = 0:15

Figure 6.4 shows the corresponding intervals. The interval b is the middle
0.425of [0; 1). The interval bb is the middle 0.567of b, and so forth.
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Figure6.4. Illustration of the
arithmetic coding processas the
sequencebbba2 is transmitted.

When the �rst symbol `b' is observed, the encoder knows that the encoded
string will start `01', `10', or `11', but does not know which. The encoder
writes nothing for the time being, and examinesthe next symbol, which is `b'.
The interval `bb' lies wholly within interval `1', so the encoder can write the
�rst bit: `1'. The third symbol `b' narrows down the interval a little, but not
quite enoughfor it to lie wholly within interval `10'. Only when the next `a'
is read from the sourcecan we transmit somemore bits. Interval `bbba' lies
wholly within the interval `1001', so the encoder adds `001' to the `1' it has
written. Finally when the `2 ' arrives,we needa procedurefor terminating the
encoding. Magnifying the interval `bbba2 ' (�gure 6.4, right) we note that the
marked interval `100111101' is wholly contained by bbba2 , so the encoding
can be completed by appending `11101'.
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Exercise6.1.[2, p.127] Show that the overheadrequired to terminate a message
is never more than 2 bits, relative to the ideal messagelength given the
probabilistic model H , h(x j H ) = log[1=P(x j H )].

This is an important result. Arithmetic coding is very nearly optimal. The
messagelength is always within two bits of the Shannoninformation content
of the entire sourcestring, so the expected messagelength is within two bits
of the entropy of the entire message.

Decoding

The decoder receives the string `100111101' and passesalong it one symbol
at a time. First, the probabilities P(a); P(b); P(2 ) are computed using the
identical program that the encoder usedand the intervals `a', `b' and `2 ' are
deduced. Once the �rst two bits `10' have been examined, it is certain that
the original string must have beenstarted with a `b', sincethe interval `10' lies
wholly within interval `b'. The decoder can then use the model to compute
P(a j b); P(b j b); P(2 j b) and deducethe boundariesof the intervals `ba', `bb'
and `b2 '. Continuing, we decode the secondb oncewe reach `1001', the third
b once we reach `100111', and so forth, with the unambiguous identi�cation
of `bbba2 ' once the whole binary string has beenread. With the convention
that `2 ' denotesthe end of the message,the decoder knows to stop decoding.

Transmission of multiple �les

How might oneusearithmetic coding to communicate several distinct �les over
the binary channel? Once the 2 character has beentransmitted, we imagine
that the decoder is reset into its initial state. There is no transfer of the learnt
statistics of the �rst �le to the second�le. If, however, we did believe that
there is a relationship amongthe �les that we are going to compress,we could
de�ne our alphabet di�eren tly, introducing a secondend-of-�le character that
marks the end of the �le but instructs the encoder and decoder to continue
using the sameprobabilistic model.

The big picture

Notice that to communicate a string of N letters both the encoder and the
decoder neededto compute only N jAj conditional probabilities { the proba-
bilities of each possibleletter in each context actually encountered { just as in
the guessinggame. This cost can be contrasted with the alternative of using
a Hu�man code with a large block size (in order to reduce the possibleone-
bit-p er-symbol overhead discussedin section 5.6), where all block sequences
that could occur must be consideredand their probabilities evaluated.

Notice how 
exible arithmetic coding is: it can be used with any source
alphabet and any encoded alphabet. The sizeof the sourcealphabet and the
encoded alphabet can changewith time. Arithmetic coding can be usedwith
any probabilit y distribution, which canchangeutterly from context to context.

Furthermore, if we would like the symbols of the encoding alphabet (say,
0 and 1) to be used with unequal frequency, that can easily be arranged by
subdividing the right-hand interval in proportion to the required frequencies.

How the probabilistic model might makeits predictions

The technique of arithmetic coding doesnot force one to produce the predic-
tiv e probabilit y in any particular way, but the predictive distributions might
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Figure6.5. Illustration of the
intervals de�ned by a simple
Bayesianprobabilistic model. The
sizeof an intervals is proportional
to the probabilit y of the string.
This model anticipates that the
sourceis likely to be biased
towards one of a and b, so
sequenceshaving lots of as or lots
of bs have larger intervals than
sequencesof the samelength that
are 50:50as and bs.

naturally be produced by a Bayesianmodel.
Figure 6.4 wasgeneratedusing a simple model that always assignsa prob-

abilit y of 0.15 to 2 , and assignsthe remaining 0.85 to a and b, divided in
proportion to probabilities given by Laplace's rule,

PL (a j x1; : : : ; xn� 1) =
Fa + 1

Fa + Fb + 2
; (6.7)

where Fa(x1; : : : ; xn� 1) is the number of times that a hasoccurred so far, and
Fb is the count of bs. These predictions corresponds to a simple Bayesian
model that expects and adapts to a non-equal frequency of useof the source
symbols a and b within a �le.

Figure 6.5 displays the intervals corresponding to a number of strings of
length up to �v e. Note that if the string sofar hascontained a large number of
bs then the probabilit y of b relative to a is increased,and conversely if many
as occur then as are mademore probable. Larger intervals, remember, require
fewer bits to encode.

Details of the Bayesianmodel

Having emphasizedthat any model could be used { arithmetic coding is not
weddedto any particular setof probabilities { let meexplain the simpleadaptive
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probabilistic model used in the preceding example; we �rst encountered this
model in exercise2.8 (p.30).

Assumptions

The model will be described using parameters p2 , pa and pb, de�ned below,
which should not be confusedwith the predictive probabilities in a particular
context, for example,P(a j s= baa). A bent coin labelled a and b is tossedsome
number of times l , which we don't know beforehand. The coin's probabilit y of
coming up a when tossedis pa, and pb = 1 � pa; the parameterspa; pb are not
known beforehand. The sourcestring s = baaba2 indicates that l was 5 and
the sequenceof outcomeswas baaba.

1. It is assumedthat the length of the string l hasan exponential probabilit y
distribution

P(l ) = (1 � p2 ) l p2 : (6.8)

This distribution corresponds to assuminga constant probabilit y p2 for
the termination symbol `2 ' at each character.

2. It is assumedthat the non-terminal charactersin the string areselectedin-
dependently at random from an ensemble with probabilities P = f pa; pbg;
the probabilit y pa is �xed throughout the string to someunknown value
that could be anywhere between0 and 1. The probabilit y of an a occur-
ring as the next symbol, given pa (if only we knew it), is (1 � p2 )pa. The
probabilit y, given pa, that an unterminated string of length F is a given
string s that contains f Fa; Fbg counts of the two outcomesis the Bernoulli
distribution

P(s j pa; F ) = pFa
a (1 � pa)Fb : (6.9)

3. We assumea uniform prior distribution for pa,

P(pa) = 1; pa 2 [0; 1] (6.10)

and pb � 1 � pa. It would be easyto assumeother priors on pa, with beta
distributions being the most convenient to handle.

This model wasstudied in section3.2. The key result werequire is the predictive
distribution for the next symbol, given the string so far, s. This probabilit y of
an a or b being the next character (assumingthat it is not `2 ') was derived in
equation (3.16) and is precisely Laplace's rule (6.7).

. Exercise6.2.[3 ] Compare the expected messagelength when an ASCII �le is
compressedby the following three methods.

Hu�man-with-header . Read the whole �le, �nd the empirical fre-
quencyof each symbol, construct a Hu�man code for thosefrequen-
cies, transmit the code by transmitting the lengths of the Hu�man
codewords, then transmit the �le using the Hu�man code. (The
actual codewords don't needto be transmitted, sincewe can usea
deterministic method for building the tree given the codelengths.)

Arithmetic code using the Laplace mo del .

PL (a j x1; : : : ; xn� 1) =
Fa + 1

P
a0(Fa0 + 1)

: (6.11)

Arithmetic code using a Diric hlet mo del . This model's predic-
tions are:

PD (a j x1; : : : ; xn� 1) =
Fa + �

P
a0(Fa0 + � )

; (6.12)



Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981

You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

118 6 | Stream Codes

where � is �xed to a number such as 0.01. This corresponds to a
more responsive version of the Laplace model; the probabilit y over
characters is expected to be more nonuniform; � = 1 reproduces
the Laplace model.

Take care that the header of your Hu�man messageis self-delimiting.
Specialcasesworth consideringare (a) short �les with just a few hundred
characters; (b) large �les in which somecharacters are never used.

�

6.3 Further applications of arithmetic coding

E�cient generation of random samples

Arithmetic coding not only o�ers a way to compressstrings believed to come
from a given model; it also o�ers a way to generate random strings from a
model. Imagine sticking a pin into the unit interval at random, that line
having been divided into subintervals in proportion to probabilities pi ; the
probabilit y that your pin will lie in interval i is pi .

So to generatea sample from a model, all we need to do is feed ordinary
random bits into an arithmetic decoder for that model. An in�nite random
bit sequencecorresponds to the selection of a point at random from the line
[0; 1), so the decoder will then select a string at random from the assumed
distribution. This arithmetic method is guaranteed to use very nearly the
smallestnumber of random bits possibleto make the selection{ an important
point in communities whererandom numbersareexpensive! [This is not a joke.
Large amounts of money are spent on generating random bits in software and
hardware. Random numbers are valuable.]

A simpleexampleof the useof this technique is in the generationof random
bits with a nonuniform distribution f p0; p1g.

Exercise6.3.[2, p.128] Compare the following two techniques for generating
random symbols from a nonuniform distribution f p0; p1g = f 0:99; 0:01g:

(a) The standard method: use a standard random number generator
to generatean integer between 1 and 232. Rescalethe integer to
(0; 1). Test whether this uniformly distributed random variable is
lessthan 0:99, and emit a 0 or 1 accordingly.

(b) Arithmetic coding using the correct model, fed with standard ran-
dom bits.

Roughly how many random bits will each method use to generate a
thousand samplesfrom this sparsedistribution?

E�cient data-entry devices

When we enter text into a computer, we make gesturesof somesort { maybe
we tap a keyboard, or scribble with a pointer, or click with a mouse; an
e�cient text entry system is one where the number of gesturesrequired to
enter a given text string is small .

Writing can be viewed as an inverseprocessto data compression.In data

Compression:
text ! bits

Writing:
text  gestures

compression,the aim is to map a given text string into a small number of bits.
In text entry , we want a small sequenceof gesturesto produce our intended
text.

By inverting an arithmetic coder, we can obtain an information-e�cien t
text entry device that is driven by continuous pointing gestures(Ward et al.,
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2000). In this system,called Dasher, the user zooms in on the unit interval to
locate the interval corresponding to their intended string, in the samestyle as
�gure 6.4. A languagemodel (exactly as used in text compression)controls
the sizes of the intervals such that probable strings are quick and easy to
identify . After an hour's practice, a novice user can write with one �nger
driving Dasherat about 25 words per minute { that's about half their normal
ten-�nger typing speedon a regular keyboard. It's even possibleto write at 25
words per minute, hands-free, using gazedirection to drive Dasher(Ward and
MacKay, 2002). Dasher is available as free software for various platforms.1

�

6.4 Lempel{Ziv coding

The Lempel{Ziv algorithms, which are widely usedfor data compression(e.g.,
the compress and gzip commands),are di�eren t in philosophy to arithmetic
coding. There is no separation betweenmodelling and coding, and no oppor-
tunit y for explicit modelling.

Basic Lempel{Ziv algorithm

The method of compression is to replace a substring with a pointer to
an earlier occurrence of the same substring. For example if the string is
1011010100010. . . , we parse it into an ordered dictionary of substrings that
have not appearedbeforeas follows: � , 1, 0, 11, 01, 010, 00, 10, . . . . We in-
clude the empty substring � as the �rst substring in the dictionary and order
the substrings in the dictionary by the order in which they emergedfrom the
source. After every comma,we look along the next part of the input sequence
until we have read a substring that has not been marked o� before. A mo-
ment's re
ection will con�rm that this substring is longer by one bit than a
substring that has occurred earlier in the dictionary. This meansthat we can
encode each substring by giving a pointer to the earlier occurrenceof that pre-
�x and then sendingthe extra bit by which the new substring in the dictionary
di�ers from the earlier substring. If, at the nth bit, we have enumerated s(n)
substrings, then we can give the value of the pointer in dlog2 s(n)e bits. The
code for the above sequenceis then asshown in the fourth line of the following
table (with punctuation included for clarity), the upper lines indicating the
sourcestring and the value of s(n):

sourcesubstrings � 1 0 11 01 010 00 10
s(n) 0 1 2 3 4 5 6 7
s(n)binary 000 001 010 011 100 101 110 111
(pointer; bit) (; 1) (0; 0) (01; 1) (10; 1) (100; 0) (010; 0) (001; 0)

Notice that the �rst pointer we send is empty, because,given that there is
only one substring in the dictionary { the string � { no bits are neededto
convey the `choice' of that substring as the pre�x. The encoded string is
100011101100001000010. The encoding, in this simple case, is actually a
longer string than the sourcestring, becausethere wasno obvious redundancy
in the sourcestring.

. Exercise6.4.[2 ] Prove that any uniquely decodeable code from f 0; 1g+ to
f 0; 1g+ necessarilymakes somestrings longer if it makes somestrings
shorter.

1www.inference.phy.cam.ac.uk /dash er/
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One reason why the algorithm described above lengthens a lot of strings is
becauseit is ine�cien t { it transmits unnecessarybits; to put it another way,
its code is not complete. Once a substring in the dictionary has been joined
there by both of its children, then we can be sure that it will not be needed
(except possibly as part of our protocol for terminating a message);soat that
point we could drop it from our dictionary of substrings and shu�e them
all along one, thereby reducing the length of subsequent pointer messages.
Equivalently, we could write the secondpre�x into the dictionary at the point
previously occupied by the parent. A second unnecessaryoverhead is the
transmission of the new bit in thesecases{ the secondtime a pre�x is used,
we can be sure of the identit y of the next bit.

Decoding

The decoder again involves an identical twin at the decoding end who con-
structs the dictionary of substrings as the data are decoded.

. Exercise6.5.[2, p.128] Encode the string 000000000000100000000000 using
the basic Lempel{Ziv algorithm described above.

. Exercise6.6.[2, p.128] Decode the string

00101011101100100100011010101000011

that was encoded using the basic Lempel{Ziv algorithm.

Practicalities

In this description I have not discussedthe method for terminating a string.
There are many variations on the Lempel{Ziv algorithm, all exploiting the

sameidea but using di�eren t proceduresfor dictionary management, etc. The
resulting programs are fast, but their performanceon compressionof English
text, although useful, does not match the standards set in the arithmetic
coding literature.

Theoretical properties

In contrast to the block code, Hu�man code, and arithmetic coding methods
we discussedin the last three chapters, the Lempel{Ziv algorithm is de�ned
without making any mention of a probabilistic model for the source. Yet, given
any ergodic source(i.e., onethat is memorylesson su�cien tly long timescales),
the Lempel{Ziv algorithm can be proven asymptotically to compressdown to
the entropy of the source. This is why it is called a `universal' compression
algorithm. For a proof of this property, seeCover and Thomas (1991).

It achieves its compression,however, only by memorizing substrings that
have happenedso that it hasa short name for them the next time they occur.
The asymptotic timescaleon which this universalperformanceis achieved may,
for many sources,be unfeasibly long, becausethe number of typical substrings
that need memorizing may be enormous. The useful performanceof the al-
gorithm in practice is a re
ection of the fact that many �les contain multiple
repetitions of particular short sequencesof characters, a form of redundancy
to which the algorithm is well suited.
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Common ground

I have emphasizedthe di�erence in philosophy behind arithmetic coding and
Lempel{Ziv coding. There is commonground betweenthem, though: in prin-
ciple, one can design adaptive probabilistic models, and thence arithmetic
codes, that are `universal', that is, models that will asymptotically compress
any source in some class to within somefactor (preferably 1) of its entropy.
However, for practical purposes,I think such universal models can only be
constructed if the class of sourcesis severely restricted. A general purpose
compressorthat can discover the probabilit y distribution of any sourcewould
be a generalpurposearti�cial intelligence! A generalpurposearti�cial intelli-
gencedoesnot yet exist.

�

6.5 Demonstration

An interactive aid for exploring arithmetic coding, dasher.tcl , is available.2

A demonstration arithmetic-coding software package written by Radford
Neal3 consists of encoding and decoding modules to which the user adds a
module de�ning the probabilistic model. It should be emphasizedthat there
is no singlegeneral-purposearithmetic-coding compressor;a new model hasto
be written for each type of source. Radford Neal's package includes a simple
adaptive model similar to the Bayesian model demonstrated in section 6.2.
The results using this Laplace model should be viewed as a basic benchmark
since it is the simplest possibleprobabilistic model { it simply assumesthe
characters in the �le come independently from a �xed ensemble. The counts
f Fi g of the symbols f ai g are rescaledand rounded as the �le is read such that
all the counts lie between1 and 256.

A state-of-the-art compressorfor documents containing text and images,
DjVu, usesarithmetic coding.4 It usesa carefully designedapproximate arith-
metic coder for binary alphabetscalled the Z-coder (Bottou et al., 1998),which
is much faster than the arithmetic coding software described above. One of
the neat tricks the Z-coder usesis this: the adaptive model adapts only occa-
sionally (to save on computer time), with the decision about when to adapt
being pseudo-randomlycontrolled by whether the arithmetic encoder emitted
a bit.

The JBIG image compressionstandard for binary imagesusesarithmetic
coding with a context-dependent model, which adapts using a rule similar to
Laplace'srule. PPM (Teahan,1995) is a leading method for text compression,
and it usesarithmetic coding.

There are many Lempel{Ziv-based programs. gzip is basedon a version
of Lempel{Ziv called `LZ77'. compress is based on `LZW'. In my experience
the best is gzip , with compress being inferior on most �les.

bzip is a block-sorting �le compressor, which makes use of a neat hack
called the Burrows{Wheeler transform (Burrows and Wheeler, 1994). This
method is not basedon an explicit probabilistic model, and it only works well
for �les larger than several thousand characters; but in practice it is a very
e�ectiv e compressorfor �les in which the context of a character is a good
predictor for that character.5

2http://www.inference.phy.ca m.ac. uk/mackay/itp rnn/ softw areI .html
3 ftp://ftp.cs.toronto.edu/pu b/rad ford /www/ac.s oftw are.h tml
4http://www.djvuzone.org/
5There is a lot of information about the Burrows{Wheeler transform on the net.

http://dogma.net/DataCompres sion/ BWT.shtml
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Compression of a text �le

Table 6.6 gives the computer time in secondstaken and the compression
achieved when these programs are applied to the LATEX �le containing the
text of this chapter, of size20,942bytes.

Method Compression Compressedsize Uncompression
time =sec (%ageof 20,942) time =sec

Laplace model 0.28 12974 (61%) 0.32
gzip 0.10 8177 (39%) 0.01
compress 0.05 10816 (51%) 0.05

bzip 7495 (36%)
bzip2 7640 (36%)
ppmz 6 800 (32%)

Table6.6. Comparison of
compressionalgorithms applied to
a text �le.

Compression of a sparse �le

Interestingly, gzip does not always do so well. Table 6.7 gives the compres-
sion achieved when these programs are applied to a text �le containing 106

characters, each of which is either 0 and 1 with probabilities 0.99 and 0.01.
The Laplace model is quite well matched to this source,and the benchmark
arithmetic coder givesgood performance,followed closelyby compress; gzip ,
interestingly, is worst. An ideal model for this source would compressthe
�le into about 106H2(0:01)=8 ' 10100 bytes. The Laplace model compressor
falls short of this performancebecauseit is implemented using only eight-bit
precision. The ppmzcompressorcompressesthe best of all, but takes much
more computer time.

Method Compression Compressedsize Uncompression
time =sec =bytes time =sec

Laplace model 0.45 14143 (1.4%) 0.57
gzip 0.22 20646 (2.1%) 0.04
gzip --best+ 1.63 15553 (1.6%) 0.05
compress 0.13 14785 (1.5%) 0.03

bzip 0.30 10903 (1.09%) 0.17
bzip2 0.19 11260 (1.12%) 0.05
ppmz 533 10 447 (1.04%) 535

Table6.7. Comparison of
compressionalgorithms applied to
a random �le of 106 characters,
99% 0s and 1% 1s.

�

6.6 Summary

In the last three chapters we have studied three classesof data compression
codes.

Fixed-length blo ck codes (Chapter 4). These are mappings from a �xed
number of sourcesymbols to a �xed length binary message.Only a tiny
fraction of the sourcestrings are given an encoding. These codes were
fun for identifying the entropy asthe measureof compressibility but they
are of little practical use.
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Sym bol codes (Chapter 5). Symbol codesemploy a variable length code for
each symbol in the sourcealphabet, the codelengthsbeinginteger lengths
determined by the probabilities of the symbols. Hu�man's algorithm
constructsan optimal symbol code for a given setof symbol probabilities.

Every sourcestring hasa uniquely decodeableencoding, and if the source
symbols comefrom the assumeddistribution then the symbol code will
compressto an expected length L lying in the interval [H ; H + 1). Sta-
tistical 
uctuations in the sourcemay make the actual length longer or
shorter than this mean length.

If the sourceis not well matched to the assumeddistribution then the
meanlength is increasedby the relative entropy D KL betweenthe source
distribution and the code's implicit distribution. For sourceswith small
entropy, the symbol has to emit at least one bit per source symbol;
compressionbelow one bit per sourcesymbol can only be achieved by
the cumbersomeprocedureof putting the sourcedata into blocks.

Stream codes. The distinctiv e property of stream codes, compared with
symbol codes,is that they are not constrainedto emit at least onebit for
every symbol read from the sourcestream. So large numbers of source
symbols may be coded into a smaller number of bits. This property
could only be obtained using a symbol code if the sourcestream were
somehow chopped into blocks.

� Arithmetic codes combine a probabilistic model with an encoding
algorithm that identi�es each string with a sub-interval of [0; 1) of
size equal to the probabilit y of that string under the model. This
code is almost optimal in the sensethat the compressedlength of a
string x closelymatchesthe Shannoninformation content of x given
the probabilistic model. Arithmetic codes �t with the philosophy
that good compressionrequires data modelling, in the form of an
adaptive Bayesianmodel.

� Lempel{Ziv codes are adaptive in the sensethat they memorize
strings that have already occurred. They are built on the philoso-
phy that we don't know anything at all about what the probabilit y
distribution of the sourcewill be, and we want a compressionalgo-
rithm that will perform reasonablywell whatever that distribution
is.

Both arithmetic codesand Lempel{Ziv codeswill fail to decode correctly
if any of the bits of the compressed�le are altered. So if compressed�les are
to be stored or transmitted over noisy media, error-correcting codes will be
essential. Reliable communication over unreliable channelsis the topic of Part
I I.

�

6.7 Exercises on stream codes

Exercise6.7.[2 ] Describe an arithmetic coding algorithm to encode random bit
strings of length N and weight K (i.e., K onesand N � K zeroes)where
N and K are given.

For the caseN = 5, K = 2 show in detail the intervals corresponding to
all sourcesubstrings of lengths 1{5.

. Exercise6.8.[2, p.128] How many bits are neededto specify a selection of K
objects from N objects? (N and K are assumedto be known and the
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selection of K objects is unordered.) How might such a selection be
made at random without being wasteful of random bits?

. Exercise6.9.[2 ] A binary sourceX emits independent identically distributed
symbols with probabilit y distribution f f 0; f 1g, where f 1 = 0:01. Find
an optimal uniquely-decodeablesymbol code for a string x = x 1x2x3 of
three successive samplesfrom this source.

Estimate (to onedecimal place) the factor by which the expected length
of this optimal code is greater than the entropy of the three-bit string x.

[H2(0:01) ' 0:08, where H 2(x) = x log2(1=x) + (1 � x) log2(1=(1 � x)).]

An arithmetic code is used to compressa string of 1000 samplesfrom
the sourceX . Estimate the mean and standard deviation of the length
of the compressed�le.

. Exercise6.10.[2 ] Describe an arithmetic coding algorithm to generaterandom
bit strings of length N with density f (i.e., each bit has probabilit y f of
being a one) where N is given.

Exercise6.11.[2 ] Use a modi�ed Lempel{Ziv algorithm in which, as discussed
on p.120, the dictionary of pre�xes is pruned by writing new pre�xes
into the space occupied by pre�xes that will not be needed again.
Such pre�xes can be identi�ed when both their children have been
added to the dictionary of pre�xes. (You may neglect the issue of
termination of encoding.) Use this algorithm to encode the string
0100001000100010101000001. Highlight the bits that follow a pre�x
on the secondoccasion that that pre�x is used. (As discussedearlier,
thesebits could be omitted.)

Exercise6.12.[2, p.128] Show that this modi�ed Lempel{Ziv code is still not
`complete', that is, there are binary strings that are not encodings of
any string.

. Exercise6.13.[3, p.128] Give examplesof simple sourcesthat have low entropy
but would not be compressedwell by the Lempel{Ziv algorithm.

�

6.8 Further exerciseson data compression

The following exercisesmay be skipped by the reader who is eager to learn
about noisy channels.

Exercise6.14.[3, p.130] Consider a Gaussiandistribution in N dimensions,

P(x) =
1

(2� � 2)N=2
exp

�
�

P
n x2

n

2� 2

�
: (6.13)

De�ne the radius of a point x to be r =
� P

n x2
n

� 1=2. Estimate the mean
and variance of the squareof the radius, r 2 =

� P
n x2

n

�
.

You may �nd helpful the integral
Z

dx
1

(2� � 2)1=2
x4 exp

�
�

x2

2� 2

�
= 3� 4; (6.14)

though you should be able to estimate the required quantities without it.


