Addition to solutions to chapter 1.

Symmetry of the Hamming (7,4) code

To prove that the (7,4) code protects all bits equally, we start from the parity
check matrix
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The symmetry among the seven transmitted bits will be easiest to see if we
reorder the seven bits using the permutation (¢1tatstatstets) — (tstatstatitety).
Then we can rewrite H thus:

1110100
H=|0 111010 (2)
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Now, if we take any two parity constraints that t satisfies and add them
together, we get another parity constraint. For example, row 1 asserts t5 +
to + t3 + t1 = even, and row 2 asserts to + t3 + t4 + tg = even, and the sum of
these two constraints is

ts + 2to + 2t3 + t1 + t4 + tg = even; (3)
we can drop the terms 2¢9 and 2t3, since they are even whatever t5 and t3; thus

we have derived the parity constraint t5 + t1 4+ t4 + tg = even, which we can if
we wish add into the parity-check matrix as a fourth row. We thus define
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The fourth row is the sum (modulo two) of the top two rows. Now, the second,
third, and fourth rows are all cyclic shifts of the top row. If having added the
fourth redundant constraint, we drop the first constraint, we obtain a new
parity check matrix H”,

0111010
H'={001 110 1], (5)
1001110

which still satisfies H”t = 0 for all codewords, and which looks just like
the starting H in (2), except that all the columns have shifted along one
to the right, and the rightmost column has reappeared at the left (a cyclic
permutation of the columns).

This establishes the symmetry among the seven bits. Iterating the above
procedure five more times, we can make a total of seven different H matrices
for the same original code, each of which assigns each bit to a different role.
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We may also construct the super-redundant seven-row parity-check matrix
for the code,
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This matrix is ‘redundant’ in the sense that the space spanned by its rows is
only seven-dimensional, not three.

This matrix is also a cyclic matrix. Every row is a cyclic permutation of
the top row.

This property of the (7,4) Hamming code has a name.

Cyclic codes: if there is an ordering of the bits ¢;...¢x such that a linear
code has a cyclic parity check matrix, then the code is called a cyclic
code.

The codewords of such a code also have cyclic properties: any cyclic
permutation of a codeword is also a codeword.

For example, the Hamming (7,4) code, with its bits ordered as above,
consists of all cyclic shifts of the codewords 1110100 and 1011000, and
the codewords 0000000 and 1111111.

Cyclic codes are a cornerstone of the algebraic approach to error-correcting
codes. We won’t use them again in this book, however, as they have been
superceded by sparse graph codes (part VI).
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