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Announcements

o Term Test 1:
e Section L0101: Tuesday Feb 03, 2:10-3:30 Location: MP203

o Section L0201: Thursday Feb 05, 2:10-3:30 Location: MP103

o You must write the quiz in the section that you are enrolled in, unless
you have talked to the instructors and they allowed you to switch.

o Content: Chapter 2. Review lecture and course notes!

o TA office Hours:
o Monday, Feb 02, 1-3pm, 4:30-6:30pm in BA3201

o Wednesday, Feb 04, 12-2pm, 3:30-5:30pm in BA3201




Today’s Topics

o Direct Proof of the Existential

o Proof of Multiple Quantifiers, Implications, and
Conjunctions

o Example of Proving a Statement about a Sequence

o« Example of Disproving a Statement about a Sequence
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Direct Proof of the Existential

General Form

e Prove: 3z € D, P(x).

o How to prove:
Find one element in D that satisfies P.

Structure for the Direct Proof of Existential

Let x = ... # choose a particular element of the domain
Then x € D.  # this may be obvious, otherwise prove it
# prove P(z)

Then P(x). # you've shown that x satisfies P
Jr € D, P(z). # introduce existential
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Direct Proof of the Existential

Exercise

o Prove 3z € R,z% + 22+ 1 =0.

Let x = —1.  # choose a particular element that will work
Then z € R.  # since —1 € R

Then 22 + 22+ 1= (1> +2(-1)*+1=1-2+1=0. #
substitute —1 for x

Then 3z € R,2> +22+1=0. # we gave an example, so we
introduce existential
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Direct Proof of the Existential

@ Prove dx € Z,x = —x.

Let x = 0.  # choose a particular element that will work
Then x € Z. # since 0 € Z

Then x =0= —0= —x. # substitute 0 for x

Then dx € Z,x = —x.  # we gave an example, so we introduce
existential
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Proving a Statement about a Sequence

(0] 1 ]2 |3 4] 5
a; |01 ]4]9]|16 | 25

Ci:JeNVjeNa <i=j<i

Verify if C; is True for A;.

i=0: ap=0%<0,but 0 £ 0.
i=1:a1=1><1,but 1 £ 1.
1= 28

0 ap=02<2 and 0 < 2.

o a; =12<2 and 1< 2.

o For all j > 2, a; =32 £ 2.
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Proving a Statement about a Sequence

e Aj:a;=i%ieN
0 C:FeNVjeNag <i=j<i.

@ Prove that C; is True for A;.




Reminder: Direct Proof of Universally Quantified Implication

Structure of an Direct Proof

e Prove Vz € D, P(z) = Q(x)

Assume x € D.  # x is a typical element of D
Assume P(z). # x has property P, the antecedent

Then Q(x). # the consequence!
Then P(z) = Q(z). # assuming antecedent leads to consequent
Then Vz € D, P(z) = Q(z). # x was a typical element of D
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Reminder: Indirect Proof of Universally Quantified Implication

Structure of an Indirect Proof

e Prove Vz € D, P(z) = Q(x)

Assume x € D.  # zx is a typical element of D
Assume —Q(z). 7 negation of the consequent!

Then —P(z). # negation of the antecedent!
Then —Q(z) = = P(xz). # assuming —Q(z) leads to ~P(z)
Then P(z) = Q(z). # implication is equivalent to
contrapositive
Then Vz € D, P(z) = Q(x). # = was a typical element of D
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Proving a Statement about a Sequence

oAlzaiIiQ,iEN.
0 C;:FeNVjeNag <i=j<i.

@ Prove that C; is True for A;.
Leti=2. Theni e N. # 2N

Then 32 € N,Vj € Nya; <7 = j <1i. # introduce existential
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Proving a Statement about a Sequence

@ Ay :a;=i%i€eN.
0 Ci:FHeENYVjeEN g <i=j<i.

@ Prove that C; is True for A;.

Let i =2. Theni e N. #2¢eN
Assume j € N.  # typical element of N

Then Vj € Nya; <7 = j <1i. # introduce universal
Then 3 € N,Vj € Nja; <i = j <i. # introduce existential




Proving a Statement about a Sequence

@ Ay :a;=i%ieN.
0 C;:FeNVieNag <i=j<i.

o Prove that C; is True for A;.

Leti=2. Thenie N. #2eN
Assume j € N.  # typical element of N

Then a; <2 = j<i. #
Then Vj € Nja; <i¢ = j <i. # introduce universal
Then 3i € N,Vj € Nja; <i = j <i. # introduce existential




Proving a Statement about a Sequence

e Ay :a; =i%ieN.
0 Ci:HeNVjeN g <i=j<i.

o Prove that C; is True for A;.

Leti=2. Thenie N. #2eN
Assume j € N.  # typical element of N

Then —(j < 1) = —(a; <2). #

Then a; <2 = j <i. # impl. equivalent to contrapos.
Then Vj € Na; <i = j <. # introduce universal
Then 32 € N,Vj € Nya; <7 = j <1i. # introduce existential




Proving a Statement about a Sequence

o Ay :a; =i%ieN.
0 Cy:JENVjENa; <i=j<i.

@ Prove that C; is True for A;.

Letit=2. Thenie N. #2eN
Assume j € N.  # typical element of N
Assume —(j < i). # antecedent for contrapositive

Then a; > 2. #
Then —(j < i) = —(a; <2). # anteced. leads to conseq.
Then a; <2 = j <i. # impl. equivalent to contrapos.
Then Vj € Nja; <i¢ = j <i. # introduce universal
Then 3i € N,Vj € Nja; <i = j <i. # introduce existential




Proving a Statement about a Sequence

o Ay :a;=i%ieN.
e Ci:FeNVjeNa <i=j<i.

@ Prove that C; is True for A;.

Let ¢ =2. Theni e N. #2e€N
Assume j € N.  # typical element of N
Assume —(j < 4).  # antecedent for contrapositive
Then j > 2.  # negation of j < i when i = 2

Then a; > 2. #
Then —(j < i) = —(a; <2). # anteced. leads to conseq.
Then a; <2 = j <i. # impl. equivalent to contrapos.
Then Vj € Nja; <i¢ = j <i. # introduce universal
Then 3i € N,Vj € Nja; <i = j <i. # introduce existential
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Proving a Statement about a Sequence

oAl:ai:iQ,iEN.
0 C;:FeNVjeNag <i=j<i.

@ Prove that C; is True for A;.

Let i =2. Thenie N. #2eN
Assume j € N.  # typical element of N
Assume —(j < 1i). # antecedent for contrapositive
Then j > 2.  # negation of j < ¢ when 7 = 2
Then a; = j% > 2% =4.  # since a; = 52, and j > 2
Then a; > 2.  # since 4 > 2
Then —(j < i) = —(a; <2). # anteced. leads to conseq.
Then a; <2 = j <i. # impl. equivalent to contrapos.
Then Vj € Na; <i = j <4  # introduce universal
Then 3i e N,Vj € Nja; <i = j <i. # introduce existential
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Proof of Multiple Quantifiers

Structure

e Prove Vo € D,3y € E, P(z,y)

Assume x € D.  # x is a typical element of D
Let y = . # choose a particular element of the domain
Then y € E. # this may be obvious, otherwise prove it

T
Then P(z,y).

Then Jy € E, P(x,y). # introduce existential
Then Vz € D,3y € E, P(z,y). # introduce universal
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Proof of Multiple Quantifiers

Structure

e Prove 3z € D,Vy € E, P(z,y)

Let x = . # choose a particular element of the domain
Then x € D. +# this may be obvious, otherwise prove it
Assume y € E.  # y is a typical element of F

T
Then P(z,y).

Then Vz € D, P(x,y). # introduce universal
Then 3y € E,Vx € D, P(z,y). # introduce existential
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Disproving a Statement about a Sequence

0 As:ap=0,a1 =0,a;=a;,—2+1,1>2ieN

(0|12 |3[4[5]|6|7]|8 10
a; |00 |1 |1 (2[2|3|3[4[4]| 5

e}

0 Co:HeNVjeN,j>i=a; =a;.

o How to disprove C2?
Prove —C»

o -Co:VieN,3jeN,j>iAa; #a;
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Disproving a Statement about a Sequence

0 As:ap=0,a1 =0,a;=a;—2+1,1>2ieN

i (0|12 |3[4[5]|6|7]|8 10
a; |00 |1 |1 (2[2|3|3[4[4]| 5

e}

o -Co:VieN,3jeN,j>iAa; #a;

e Prove that Cs is False for A.

Assume ¢ € N.  # typical element of N

Then Vi € N,3j € N,j > i Aaj; # a;. # introduction of universal
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Disproving a Statement about a Sequence

0 Ay :ap=0,a1 =0,a;, =ai—2+ 1,1 >2i€N

|0 1|23 [4|5|6]|7]|8
a; |00 [ 112|233 |4|4]| 5

©
—_
o

o Co:VieN,FjeNj>iNa; #a;

@ Prove that Cs is False for A,.

Assume ¢ € N.  # typical element of N
Let j = . Then j € N.

Then 35 € N,j > i Aa; # a;. # introduction of existential
Then Vi e N,3j € N;j > iAaj # a;. # introduction of universal
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Disproving a Statement about a Sequence

o As:ap=0,a1 =0,a; =a;—2+1,9>2,7€N

: [0]1]2|3[4[5|6|7]|8 10
a; |00 |11 |2]|2[3[3|4|4]| 5

Ne)

o -Csy:VieN,IjeN,j>iAa; #a;

@ Prove that Cs is False for As.

Assume ¢ € N.  # typical element of N
Let j = . Then j € N.

Thenj >i/\aj #ai.
Then 35 € N,j > i Aaj # a;.  # introduction of existential
Then Vi e N,3j € N,j > iAaj # a;.  # introduction of universal
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Disproving a Statement about a Sequence

0A2:a020,a1=0,ai=ai_2+1iZQ,iEN
i 0|12 |3[4|5|6|7|8[9]10
a; |00 |11 2|23 [3|4]4 5

) ﬂCzZViGN,EjGNaj>i/\aj7éai

o Prove that Cs is False for A,.

Assume ¢ € N.  # typical element of N
Let j = . Then j € N.

Then 7 > i.

Then a; # a;.

Then j > iAaj # a;.  # introduction of conjunction

Then 35 € N,j > i Aaj # a;.  # introduction of existential
Then Vi € N,35 € N,j >iAa; # a;. # introduction of universal
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Disproving a Statement about a Sequence

0o Az :ap=0,a01 =0,a;, =a;—2+1,1>2,i€N
t 01|23 |4]|5|6|7|8]9]10
a; |00 |11 2233|445

e Cy:VieN,FjeN,j>iNa; #ai

@ Prove that Cs is False for As.

Assume ¢ € N.  # typical element of N
Let j =i+ 2. Then 5 e N. # 4,2 € N, and N is closed under +
Then j >i. #2>0,s0i+2>1

Then a; # a;.
Then j > i Aa; # a;.  # introduction of conjunction Then
JjeN,j>iAaj #a;. # introduction of existential

Then Vi e N,3j € N,;j > iAaj # a;.  # introduction of universal
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Disproving a Statement about a Sequence

0A2

7

0 2|13 |4[5|6|7|8]9]10

a;

:ao=0,a1:0,a¢=ai_2+1i227i€N
1
0

0 11|22 [3|3|4|4] 5

] —‘szleN,HJEN,]>ZAU/J#az

@ Prove that Cs is False for A.

Assume ¢ € N.  # typical element of N

Let j =i+ 2. Then j € N. # 4,2 € N, and N is closed under +
Then j >i. #2>0,s01+2>1

Then a; = ai42 = a; +1 # since j > 2 and by Def. of A,
Then a; #a;. #1>0,50a; +1> a;

Then j > iAa; # a;.  # introduction of conjunction Then
JjeN,j>iANaj #a;. # introduction of existential

Then Vi e N,3j € N;j > iAaj # a;. # introduction of universal
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Proof of Conjunction

Structure

@ Prove Vz € D, P(z) A Q(z)
Assume x € D. # x is a typical element of D

# prove P(z)
Then P(x).

5 s @)

Then Q(x).

Then P(z) A Q(z). # introduce conjunction
Then Vz € D, P(z) A Q(x). # introduce universal
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