
For all natural num
bers a, b, n

(a     b   m
od n )  =>  (a

2     b
2  m

od n)

R
estate the definition:

  (a      b m
od n)    <=>    n  divides (a - b)

<=>  exists an integer  k  such that  (a - b) =kn

R
estate the claim

:
ifexists an integer k such that    (a - b) =kn  then exists an integer k' s.t    (a

2- b
2) = k'n

Scratch W
ork:

a - b = kn  ==>   (a - b) (a + b) = kn(a + b)  ===>  (a
2- b

2) = kn(a + b)  === > k' = k(a + b)

===>
then exists an integer k'   such that    (a

2- b
2)= k'n



For any integer n
, n

2 −
2 is not divisible by 4.

R
estate the claim

:

for all integers
n, there is no integer k

such that
n

2-2 = 4k

Scratch W
ork (Proof by C

ontradiction):

exists an integer n
such that

n
2-2

is divisible by
4

=== >
exists an integer n,exists an integer k

such that
n

2-2
= 4k

===>

n
2= 4k + 2 = 2 (2k+1)

2
is not a factor of 2k+1

because
2k+1

is an odd num
ber

|n| = sqrt(2) * sqrt(2k+1)

sqrt(2) is not an integer, but by the assum
ption |n| is an integer ===>

C
ontradiction!



If a
, b
, and

c
are integers and

a
2
+
b

2
=
c

2, then at least one of a
and
b

is even.

Scratch W
ork (Proof by C

ontradiction):

exists
a, b, c such that odd(a) and

odd(b) and
a

2+ b
2 = c

2
===>

a = 2k+1 and
b = 2k'+1 ==>  a

2+ b
2= (2k+1) 2 + (2k'+1) 2 = 4k

2 + 4k + 1 + 4k' 2 + 4k' + 1

a
2+ b

2= 4 (k
2+k' 2+k+k')+2  == >  4 (k

2+k' 2+k+k')+2  is not a perfect square by the previous exam
ple ==

a
2+ b

2 is not a perfect square.   ===> C
ontradiction because a

2+ b
2= c

2



Prove that f(n)=n
3 + 2n

2+ 1 is in Big-O
 of g(n)=n

4-3n
2-5

Lim
 f(n)/g(n) = 0    ===>

c=1

Scratch W
ork:

Assum
e n

3 + 2n
2+ 1 =< c(n

4-3n
2-5), c = 1

6 =< n
4- n

3 - 5n
2

6 =< n
2(n

2- n - 5)    ===>   (n
2- n - 5) >= 1 and n

2
>= 6  ===>

n >= 3      ===>
B = 3

Let c=1, B=4
 (go backw

ard through the scratch w
ork to com

plete the proof)


