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Abstract 

In recent years, more and more people studied the 
Bayesian nerwarks learning algorithm that integrates inde- 
pendence test with scoring metric. Based on the proposed 
hybrid algorithm I-B&B-MDL, a modified method is devel- 
oped. There are two major contributions. Firstly, order-0 
andpartial order-I independence iests are used to obtain an 
original graph of the network, which reduces the number of 
independence tests anddatabase passes while effectively re- 
stricting the search space. Secondly, by means of the buris-  
tic knowledge of mutual information, sort order for candi- 
date parent nodes increases the cut-affs of the B & 3  search 
tree a d  accelerates search process. The experimental w- 
sulis show that the mod@ed algorithm has high accuracy, 
and is more efficient in time complexig than other algo- 
rithms. 

1 Introduction 

A Bayesian network (BN) is an annotated directed 
acyclic graph that encodes a joint probability distribution 
over a finite set of random variables, In uncertainty knowl- 
edge field, BN is a powerful knowledge representation and 
reasoning tool, Compared with other information models, 
BN has several advantages, as follows. 

e BN represents clearly the probability distribution re- 
lationships for the domain variables in a graph way, 
and asserts the conditional independence between vari- 
ables or variable sets. Thus, it is easy to unite the hy- 
potheses and the observed data during the reasoning. 

e As BN is a kind of probabilistic semantic knowledge 
representation, it is easy to understand the field knowl- 
edge on the whole. It is also convenient for explaining 
the meaning of local area, such as, node variables, di- 
rected arcs, graph branches and so on. 

e A BN’s structure uniforms qualitative and.quantitative 
knowledge representation. If considering a directed 
arc as a qualitative depiction of dependence, a con- 
ditional probability then reflects intensity of this rela- 
tionship. 

As mentioned above, BN can depict and discover much 
convincing the probability dependence. Thus, it has been 
widely used in many fields, such as, data mining, pattern 
recognition, intelligent tutoring system, medical diagnoses 
and so on. This paper focuses on BN’s structure learning, 
and gives an improved learning algorithm. 

The rest of the paper is organized as follows. Section 2 
reviews dated work about BN’s structure learning. In Sec- 
tion 3, we introduce BN and its learning methods. In Sec- 
tion 4, we describe the improved learning algorithm of BN 
in detail. Section 5 reports our experimental results. Finaliy, 
we conclude the paper in Section 6. 

2 Related work 

The development of data mining has stimulated the inter- 
est in learning the structure of Bayesian network from data. 
In general, there are two basic approaches for building its 
structure. The first one poses the BN’s learning as an opti- 
mization problem [ 1, 2, 3,4]. The second approach poses 
BN’s learning as a constraint satisfaction problem [5, 61. 
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As each has its own weaknesses, a lot of hybrid algo- 
rithms [7, 8, 101 uniting these two approaches have been 
developed in the last decade. The general idea is quite 
straightforward. First, the conditional independence(C1) 
tests are performed to get an initial network that people are 
willing to consider, which reduce the search space. Then, a 
search algorithm is called to find a good network structure 
which has the best motivated score. 

Friedman proposed a faster iterative algorithm [ 101, 
which restricts the parents of each variable to belong to a 
small subset of candidates by means of dependence learned 
from data, then searches for a network that satisfies these 
constraints. In 171, the researchers introduced a novel 
hybrid algorithm, which also combines the CI test with 
the score-and-search process. Based on a similar idea, 
Qiang Lei [8] proposed a hybrid algorithm, the I-B&B- 
MDL algorithm, which restricts the search space by using 
heuristic knowledge and enhances the search efficiency by 
Branch&Bound technology. Given an order of nodes, the 
I-B&B-MDL algorithm is an efficient one in comparison 
with other algorithms. Unfortunately, when the number of 
nodes is large, there are two major problems for I-B&B- 
MDL. Since the number of tuples of each conditional set is 
too large, it is expensive to collect various statistics about 
the data and to compute the mutual information among the 
variables even if only performing lower order independence 
tests. Moreover, without optimizing for search process by 
he&stic knowledge, there are still many worthless recur- 
sive calls. 

Aiming at these problem of I-B&B-MDL, in this paper, 
we give some improved strategies, and propose an improved 
algorithm called enhanced I-B&B-MDL (EI-B&B-MDL). 

3 Learning the structure of Bayesian Net- 
work ... ' 

3.1 Bayesian Network 

A 'BN is represented by BN = ( X , A , 8 , ) ,  where 
(X, A} depicts a directed acyclic graph, each node X, E X 
represents a domain variable. Each arc a E A represents 
a probabilistic dependency between the associated nodes. 
0 = (0,) is a set of network parameters, where 0, depicts 
a conditional probability distribution table associated with 
each node X,, which quantifies how much a node depends 
on its parents. In graph way, a 3N specifies a unique joint 
probability distribution over X: 

n 

pw1, x2,. ' ' I Xn) = fl P(x,ln(x,>) (1) 

Where n is the number of variables in set X, rI(X,) = 
{X, : k f d ( j ) }  denotes the set of parents of X ,  in the 

,=1 

graph, 4( j )  = {1,2, . . . , j - 1) is the sequence number set 
of parent nodes. 

3.2 Conditional Independence Test 

In B N s  learning, a CI test is a typical metric that checks 
the independence relationship between two variables under 
conditional set of variables. The basic of CI is the metric 
of information flow in information theory, thus the mutual 
information of two variables XI, X2 is defined as 

and conditional mutual information is defined as 

where C is a conditional set of nodes, P denotes the in- 
stance frequency observed from sample database. The mu- 
tuaI information can show if the two variabtes are depen- 
dent and if so, how close their relationship is. Hence, when 
I ( X , ,  X ,  IC) is smaller than a certain threshold value E, we 
can say that X ,  is independent of X, given the set C, or 
else X ,  is dependent of X,. So we can deduce if there is 
a connection between two variables in light of the mutual 
information [6]. A x2 test is another method to estimate a 
connection between two variables [5] .  Given a degree of 
confidence U, we can deduce if there IS  a connection be- 
tween two variables using the pvalue generated by x2 test. 
In effect, if the p-value is greater than or equal to U ,  X, is 
independent of X,, this implies that there is no direct con- 
nection between these two nodes. Otherwise, if the p-value 
is lesser than U ,  X, is dependent of X,, this implies that 
a connection between X, and X, can exist in the resultant 
network. 

' 

3.3 The MDL-based Learning Algorithm 

In a feasible solution space, the MDL-based learning al- 
gorithm searches for an optimal structure that satisfies the 
condition of minimum description length (MDL). The ba- 
sic flow of the algorithm can be described as follows. 

If the finite set of random variables for a BN is de- 
noted by X = {XI,... ,Xn}, where each variable X j ,  
j E J = (1,2,...,n), may take on values from a fi- 
nite set V j  = {O,I,...,W~ - I } ( d  2 2: some inte- 
ger). The learning of the network structure virtually is 
the identifying of parent sets {II', 112, . . . , P}, where llj 

f is the set of nodes that a node X j  depends on. Given a 
sample set di)={xl, . . . ; 2") of X, i E( 1,2,. . .,N}, where 
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N is the sampte capacity, then Ji) E v = n j f J  Vjq 
x N  = dl)#) ..dN) € V N .  While G is the set of pos- 
sible network structures, g E G, then the description length 
L (g, zN) of BN is expressed as [91: 

where the empirical entropy H ( g , z N )  describes the fit- 
ness of each possible structure to the observed data, and 
H ( g , r N )  = CjEJ H ( j ,  g, zN), k(g) is the description for 
the complexity of nodes. It stands for the number of inde- 

The top-down search tree with a set of 
four candidate parents nodes 

. .  

pendentconditional probabilities embedded in the structure 
g, and k (9 )  = CjEJ k(j, 9). Figure 1. A instance of B&B-MDL search tree 

value of empirical entroy is nonnegative and descending 
monotonously, and the decrement of empirical entropy is 
at most the current empirical entropy . H ( j ,  g, xN) .  Thus, 
for a new increasing parent node q, if . 

k ( j , g )  = (d - I) r]: vk 
k W j )  

N 

(7) 
i=l 

hen M D L z  2 MDLl always hoIds in this step, namely, 
because the value of k ( j ,  g) is more increased, any recursive N 

n[q, s,j,gl = I(< = 9,  4 = s) (8) calls is meaningless. 
i= 1 

where S ( j ,  g) is the instance set of the corresponding parent 
nodes. 

Based on the above preparation [9], the problem of learn- 
ing BN becomes a search problem for a structure with MDL 
metric. Generally, an exhaustive recursive search was ap- 
pIied to the MDL-based search procedure. This search ex- 
amines all possible local changes in the set of parent nodes, 
so the cost of those evaluations is acute for massive datasets. 

3.4 The B&B-MDL-based Learning Algorithm 

In order to reduce the computational complexity for em- 
pirical entropy, Suzuki proposed a BranchBrBound-MDL- 
based learning algorithm (B&B-MDL) [9], which can avoid 
worthless recursive calls for some branches of a search tree 
by estimating the MDL score. In other words, if the value of 
M D L 1  in the last step is smaller than some branch's lower 
bound of MDL2 in current step, and if the lower bound 
can be computed with a lower cost, then the further recur- 
sive calls in  this branch can be avoided, namely, the branch 
including remanent search nodes can be pruned. Figure 1 
shows a instance of B&B-MDL search tree for the set of 
parents with four nodes. In this tree, there are two pruned 
branches, and six scoring evaluations can be avoided. 

Although the structure complexity of the node increases 
along with the number of its parent nodes increasing, the 

3.5 The I-B&B-MDL-based Learning Algorithm 

The B&B-MDL-based learning algorithm improved the 
MDL-based learning algorithm only from the viewpoint of 
search. However, most of the candidates are considered to 
be eliminated in advance based on statistical understanding 
of the domain. Aiming at this problem, Qiang presented 
an improved algorithm called as I-B&B-MDL [SI. By us- 
ing a set of lower order independence tests (x2 test), the 
algorithm restricts the search space and enhances the search 
efficiency. More precisely, the algorithm uses the mutual 
information to construct initial network, which restricts the 
possible parents of each node. Thus, instead of having j - 1 
potential parents for a node, the algorithm only considers 
k (IC <<j - 1) possible parents in each search. Since the 
search space is significantly restricted, the search performs 
faster than B&B-MDL. 

Unfortunately, when the number of nodes is large, there 
are two major problems for I-B&B-MDL. Since the num- 
ber of tuples of each conditional set is too large, it is expen- 
sive that the cost of collecting various statistics about data 
and computing mutual information even if only performing 
lower order independence tests. Moreover, because there is 
extra cost of CI tests, the algorithm cannot ensure that there 
are enough pruned subtrees to make I-B&B-MDL be more 
efficient than B&B-MDL. 
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4 EI-B&B-MDL 

In order to overcome above drawbacks, we propose an 
Enhanced I-B&B-MDL algorithm (EI-B&B-MDL). There 
ax two major contributions in this algorithm. Firstly, order- 
0 and partial order-1 independence tests(on1y for order-1 
unilateral double-connection) are used to obtain an original 
graph of the network, which reduces the number of inde- 
pendence tests and database passes while effectively limit- 
ing the search space. Secondly, by means of the heuristic 
knowledge of mutual information, sort order for candidate 
parent nodes increases the cut-offs of B&B search tree and 
accelerates search process. In order to account distinctly for 
our algorithm, we give the definition of order-1 unilateral 
double-connection. 

Definition 1. Given an arc between two nodes Xi and 
Xi in a Bayesian network, if there is another path which 
is the same direction as the arc, and the path only include 
an extra node xk, we call this acyclic subgraph as order- 
1 unilateral double-connection. The sketch map of 1-order 
unilateral double-connection is shown as Figure 2. 

Figure 2. The sketch map of 1-order unilateral 
doubleconnection 

In that event, we get a set of condition tests Z:J = 

{ X k J X ,  and X, satisfy to order-1 unilateral double- 
connection, X ,  + xk + X, ,  IC E N ,  and k # i , j } .  
Apparently, Zij C Zts = (X,lp E N ,  and p # z,j} ,  
IZ:3 I << lZtJ 1 (Z,3 is the condition set of order-1 according 
to 181). 

The major steps of the learning algorithm are as follows. 

Srep I. Given a node ordering, conduct order-0 CI tests for 
each pair variables in light of Eq. (2), then build the ini- 
tial graph Go, in which each arc meets to the constraint 
condition I ( X % ,  X,) 2 E ( E  is the test threshold), and 
record the mutual information of each arc in Go. 

Step 2. For every order- 1 uniIateral double-connection in 
Go, conduct order-] CI tests in light of Eq. (3), and 
remove the invalid arc that does not pass a CI test. As 
a result, simplify Go to GI. 

Step 3. For each node X,, ascertain candidate parents 
l-I(X,) of the node according to the structure of GI, 
and produce an ordering of parent nodes by sort- 
ing each arc’s mutual information in ascending or- 
der. Then adopt the enhanced B&B-MDL technique 

to search from top to down, find a r I ( X j )  with the 
minimum MDL score and confirm the local optimized 
structure of x,. Let ,r1 = 4, p l  = 9 log N ,  
the main procedure of the EB&B-MDL algorithm is 
shown as Algorithm 1. 

Algorithm 1: EB&B-MDL(lrl,pl, MDL1, II,) 
/* r1 : the initial set of parents 

pl : the initial complexity description 
MDLl : the optimization score 
IIl : the set of parents after this search */ 

Begin: 
1. Compute the empirical entropy HI and 

2. if lrl = @J then j +- 0 else j + the last element in 7rl; 

3.  Forj  4- 15 q 5 k 

MDLi  Hi +pi; ni + T I ;  

I* k: the cardinality of candidate parents’ set */ 

7 ~ 2  + ,r1 U Node(q); 
I* attach a new node q at the end according to the 
sort ascending of candidate parents * I  
pz  +p1 x v*; 
I* update complexity description of node *I 
if H I  > pl  x (vQ - 1) then 

I* predict the MDL of the node, if it diminishs, then 
call recursive search*/ 

if MDLl  > MDLz then 

{ 

EB&B-MDL(rz, p z ,  MDL;! , IIz); 

MDLl + MDL2;IIl + l l 2 ;  

1 
End. 

5 Empirical Study 

To evaluate the performance of the proposed atgorithm, 
the benchmark dataset of ALARM network is used. It is 
a medial diagnostic system containing 37 nodes(variab1es) 
and 46 arcs. The Alarm database contains 10000 samples, 
and each variable has two to four possible values. The 
platform used for conducting following experiments is a 
PC with PIV 2.0GHz CPU, 256M memory, and running 
under Windows XP. The data sets were stored in an ac- 
cess database. When the degree of confidence of x2 test 
is 99.5%, the EI-B&B-MDL algorithm has the same results 
as [6] ,  which arrives at the best accuracy on same database. 

5.1 Experiments on different strategies for inde- 
pendence tests 

For different sample capacities, both algorithms are ap- 
plied, I-B&B-MDL and EI-B&B-MDL, in order to com- 
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pare their phase results. The results are shown in Table 
1. The compression effect of EI-B&B-MDL, which com- 
presses the search space by order-0 and partial order-1 CI 
tests. is not as good as that of I-B&B-MDL, but as the time 
saved in CI’s testing is by far longer than the time increased 
in searching (especially when the sample capacity is big), 
hence the strategy of CI tests can improve the time perfor- 
mance of I-B&B-MDL algorithm. 

5.2 Experiments on different methods of sort or- 
der 

For a search tree with a given topological structure, there 
are various select order for candidate parent nodes. Differ- 
ent select orders can lead the place of status point in the 
tree to change, make the predicted evaluation value in every 
subtree different. As a result, they induce the difference of 
B&B-MDL atgorithms’ search efficiency by changing the 
pruning place and number. 

In the worst case (when no subtree is pruned), the B&B 
search is equal to the exhaustive search. Furthermore, as 
extra cost of predicted estimate, the time performance of 
B&B algorithm may increase. Thus it is a key problem 
for improving search to find a good select order of parents’ 
nodes by means of heuristic knowledge. Table 2 demon- 
strates that different sort methods resutt in time performance 
of the B&B-MDL algorithm under the same conditions of 
CI tests. 

From experimental results, we find that the algorithm’s 
time performance can be primely improved when we sort 
the parent nodes’ order in terms of the ascending order of 
mutual information and then search with a MDL‘s scoring. 
In light of ascending order, there are many subtrees to be 
pruned, so the algorithm reduces the blindness scoring and 
searching, enhances the search efficiency. This is the reason 
that the strategy of sort order is adopted in the EI-B&B- 
MDL algorithm. 

5.3 The Performance of the EI-B&3-MDL Algo- 
rithm 

Under the same condition, we perform the I-MDL algo- 
rithm based on order-Okorder- 1 CI tests, the I-B&B-MDL 
algorithm based on order-O&order-1 CI tests, and the EI- 
B&B-MDL algorithm, respectively. Figure 3 shows the 
time performance of different algorithms in experiments on 
currency databases of Alarm. The results show that the run- 
ning time of our algorithm is lower than that of other algo- 
rithms over the whole scope of sample capacity. The advan- 
tage is very obvious when the data set is large, namely, the 
bigger the sample size is, the more obvious the difference 
is. This is because our algorithm can enhance the search ef- 
ficiency using heuristic knowledge of mutual information, 

I+I-MDL -U-I-B&B-MDL -A-EI-B&B-MDL I 

tn I I 

Figure 3. The Comparison of Time Perfor- 
mance of Different Algorithms 

and reduce the number of independence tests and database 
passes by means of a few lower order’s CI tests. In a word, 
the fact that the running time of our algorithm increases 
so slowly, suggests that our algorithm will be able to han- 
dle very large datasets, so the EI-B&B-MDL algorithm is 
promising. 

6 Conclusions 

In this paper, we proposed a new improved algorithm, 
EI-B&B-MDL, for learning Bayesian networks structure 
efficiently and effectively. The algorithm first makes full 
use of order-0 and few order-1 CI tests to obtain an origi- 
nal possible graph of the network structure, which reduces 
the number of independence tests and database passes while 
effectively restricting the search space. By means of the 
heuristic knowledge of mutual information, the algorithm 
fulfills sort order of candidate parent nodes, which increases 
the cut-offs of B&B search tree and accelerates search pro- 
cess. In experiments on currency datasets of Alarm, the 
modified algorithm is faster than some hybrid algorithms 
while keeping with high accuracy, and it is suggested that 
large data sets can be handled. Hence the modified algo- 
rithm is a powerful and efficient algorithm for learning BN. 

Our future work includes studying more rigorous bound 
conditions, finding new heuristic methods for restricting the 
search space, and developing the application of BN [ I  11. 
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Table 1. The phase results of both algorithms 

sample capacity 

5000 
6ooo 
7000 
8000 

.9000 
loo00 

Table 2. The Comparison of Time Performance of Different sort methods 

given node order reverse node order 

26.046 29.156 
21.329 I 40.282 
25.407 ' 46.89 1 
28.453 69.719 

' 44.939 105.907 
5 1.063 123.546 

sort descending by MI 

3 1.438 
35.860 
48.798 
65.969 
162.75 1 
198.375 

sort ascending by MI 

18.672 
22.03 1 
18.032 
22.140 
26.156 
29.109 

Open Foundation of Beijing Municipal Key Laboratory of tion theory based approach [J], Artificial Inteliigence, 

173 M.L. Wong, S.Y. Lee, and K . 4 .  Leung. A Hybrid Ap- 
proach to Discover Bayesian Networks from Databases 

Multimedia and Intelligent Software Technology. 2002,137 : 43-90. 
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