
ReasoningonRegularPathQueries

D. Calvanese,G. DeGiacomo,M. Lenzerini
Dip. di InformaticaeSistemistica
Universit�adi Roma“La Sapienza”

Via Salaria113,I-00198Roma,Italy
lastname@dis.uniroma1.it

M. Y. Vardi
Dept.of ComputerScience

RiceUniversity, P.O.Box 1892
Houston,TX 77251-1892,U.S.A.

vardi@cs.rice.edu

Abstract

Currentinformationsystemsarerequiredto dealwith more
complex datawith respectto traditionalrelationaldata. The
databasecommunityhasalreadyproposedabstractionsfor
thesekinds of data,in particularin termsof semistructured
datamodels. A semistructuredmodelconceivesa database
essentiallyasa�nite directedlabeledgraphwhosenodesrep-
resentobjects,and whoseedgesrepresentrelationshipsbe-
tweenobjects.In thesameway asconjunctive queriesform
thecoreof any querylanguagefor therelationalmodel,regu-
lar pathqueries(RPQs)andtheir variantsareconsideredthe
basicqueryingmechanismsfor semistructureddata.

Besidesthebasictaskof queryanswering,i.e.,evaluatinga
queryoveradatabase,databasesshouldsupportotherreason-
ing servicesrelatedto querying. Oneof the mostimportant
is querycontainment,i.e.,verifying whetherfor all databases
the answerto a query is a subsetof the answerto a second
query. Anotherimportantreasoningservicethathasreceived
considerableattentionin therecentyearsis view-basedquery
processing,which amountsto processingqueriesbasedon a
setof materializedviews, ratherthanon the raw datain the
database.

Thegoalof thispaperis to describebasicresultsandtech-
niquesconcerningquerycontainmentandview basedquery
processingfor the class of two-way regular-path queries
(which extend RPQswith the inverseoperator). We will
demonstratethat thebasicservicesfor reasoningabouttwo-
way regularpathqueriesaredecidable,thusshowing thatthe
limited form of recursionexpressibleby thesequeriesdoes
not endangerthedecidabilityof reasoning.Besidesthespe-
ci�c results,our methodsshow the power of two-way au-
tomatain reasoningoncomplex queries.
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1 Introduction

Nowadays, information systemsare required to deal with
morecomplex datawith respectto traditionalrelationaldata.
For example,dataontheweb,or biologicaldataarebetterde-
scribedby resortingto more�e xible structuringmechanisms
thanthoseprovidedby relationalsystems.Thedatabasecom-
munity hasalreadyproposedabstractionsfor thesekinds of
data,in particularin termsof semistructureddatamodels.A
semistructuredmodel conceives a databaseessentiallyas a
�nite directedlabeledgraphwhosenodesrepresentobjects,
andwhoseedgesrepresentrelationshipsbetweenobjects[1].

In thesamewayasconjunctivequeries[18] (CQs)form the
coreof any querylanguagefor the relationalmodel,regular
pathqueries(RPQs)areconsideredthebasicqueryingmech-
anismsfor semistructureddata[7, 3, 1]. Querylanguagesfor
this datamodelmustindeedbeequippedwith �e xible mech-
anismsfor navigating the graphrepresentingthe database.
This includestheability to follow a sequenceof edgesof the
graphwhoselengthis notspeci�edapriori, somethingwhich
is directly providedby RPQsvia a limited form of recursion
in theform of re�exive-transitive closure.PlainRPQsallow
for navigating the edgesof a semistructureddatabasesonly
in the forward direction. However, it is obviously of inter-
est to be able to navigate edgesin both forward and back-
ward directions,as,e.g., supportedby the predecessoraxis
of XPath[20, 6]. RPQsextendedwith theability of navigat-
ing databaseedgesbackwardarecalledtwo-wayregular-path
queries(2RPQs)[11].

Besidesthe basic task of query answering,i.e., evaluat-
ing a queryover a database,databasesshouldsupportother
reasoningservicesrelated to querying. One of the most
important is query containment(which generalizesquery
equivalence), i.e., verifying whether for all databasesthe
answerto a query is a subsetof (resp., equal to) the an-
swer to a secondquery. Checkingcontainmentof queries
is crucial in several contexts, such as query optimization,
query reformulation,knowledge-baseveri�cation, informa-
tion integration,integrity checking,andcooperative answer-
ing [27, 35, 19, 4, 38, 34, 8, 23]. In [18] it is shown thatCQ
containmentis equivalent to CQ evaluation(NP-complete).



(For someextensions,see[5, 39, 31, 43].) Ontheotherhand,
it is shown in [41] thatcontainmentof Datalogqueriesis un-
decidable.NotethatDatalogmaybeseenasthelanguageob-
tainedby addingrecursion(andunion)to conjunctivequeries.

View-basedquery processingis anotherform of reason-
ing that hasrecentlydrawn a greatdeal of attentionin the
databasecommunity[28, 29]. In several contexts, suchas
data integration, query optimization,query answeringwith
incompleteinformation,anddatawarehousing,the problem
arisesof processingqueriesposedover the schemaof a vir-
tual database,basedon a set of materializedviews, rather
thanon the raw datain the database[42, 2, 32]. For exam-
ple,aninformationintegrationsystemexportsaglobalvirtual
schemaover which userqueriesareposed,andsuchqueries
areansweredbasedon thedatastoredin a collectionof data
sources,whosecontentin turn is describedin termsof views
over the global schema.In sucha setting,eachdatasource
correspondsto a materializedview, and the global schema
exportedto theusercorrespondsto theschemaof thevirtual
database.Notice that typically, in dataintegration, the data
in the sourcesare correct(i.e., sound)but incompletewith
respectto their speci�cation in termsof the global schema.
This is due the fact that typically the global schemais not
designedtaking the sourcesinto account,but ratherthe in-
formationneedsof users. Henceit may not be possibleto
preciselydescribethe informationcontentof thesources.In
thispaperwewill concentrateon thiscase(soundviews)1.

Therearetwo approachesto view-basedqueryprocessing,
calledview-basedqueryrewriting andview-basedqueryan-
swering, respectively. In theformerapproach,wearegivena
queryanda setof view de�nitions, andthe goal is to refor-
mulatethequeryinto anexpressionof a �x ed languagethat
refersonly to theviewsandprovidestheanswerto thequery.
The crucial point is that the languagein which we want the
rewriting is �x ed,andin generalcoincideswith thelanguage
usedfor expressingthe original query. In view-basedquery
answering,besidesthequeryandtheview de�nitions, weare
alsogiven the extensionsof the views. The goal is to com-
putethesetof tuplesthatareanswersto thequeryin all the
databasesthatareconsistentwith theviews.

While querycontainmentandview-basedqueryprocess-
ing have beenextensively studiedin the relationalmodel in
the last decades,resultson theseproblemsin the context of
semistructureddataaremorerecentandlessknown. Thegoal
of this paperis to describebasicresultsandtechniquescon-
cerningquerycontainmentandview basedqueryprocessing
for theclassof two-wayregular-pathqueries.Wewill demon-
stratethatthebasicservicesfor reasoningabouttwo-wayreg-
ular pathqueriesaredecidable,thusshowing thatthelimited
form of recursionexpressibleby thesequeriesdoesnot en-
dangerthedecidabilityof reasoning.

Thepaperis organizedasfollows. Section2 providesthe

1Thiscorrespondsto adoptingtheso-called“openworld assumption”for
theviews.

formal de�nitions of all the notionsusedin the paper. Sec-
tion 3 illustratestheresultsonquerycontainment.Sections4
and 5 presentthe resultsfor view-basedquery answering,
andview-basedqueryrewriting, respectively. Section6 con-
cludesthepaper.

2 Framework

Following theusualapproachin semistructureddata[1], we
de�ne a semistructured databaseas a �nite directedgraph
whoseedgesarelabeledby elementsfrom a given �nite al-
phabet� . Eachnoderepresentsanobjectsandanedgefrom
objectx to objecty labeledby r , denotedr (x; y), represents
the fact that relationr holdsbetweenx andy. Observe that
a semistructureddatabasecanbeseenasa (�nite) relational
structureover the set � of binary relationalsymbols. A re-
lational structure (or simply structure) B over � is a pair
(� B ; �B ), where� B is a �nite domainand �B is a function
that assignsto eachrelationsymbolin r 2 � a binary rela-
tion r B over � B , alsodenotedby r (B).

A regular-pathquery(RPQ)over � is expressedasaregu-
lar expressionor a �nite-stateautomatonover � . Theanswer
Q(B) to anRPQQ overa databaseB is thesetof pairsof ob-
jectsconnectedin B by a directedpathtraversinga sequence
of edgesformingawordin theregularlanguageL(Q) de�ned
by Q.

RPQsallow for navigating the edgesof a semistructured
databasesonly in theforwarddirection.RPQsextendedwith
theability of navigatingdatabaseedgesbackwardarecalled
two-wayregular-pathqueries(2RPQs)[11].

Formally, weconsideranalphabet� � = � [ f r � j r 2 � g
which includesa new symbolr � for eachrelationsymbolr
in � . Thesymbolr � denotesthe inverseof thebinary rela-
tion r . If p 2 � � , thenwe usep� to meanthe inverseof p,
i.e., if p is r , thenp� is r � , andif p is r � , thenp� is r . A
2RPQover � is expressedasa regularexpressionor a �nite-
stateautomatonover � � . The answerQ(B) to a 2RPQQ
over a databaseB is the set of pairs of objectsconnected
in B by a semipaththat conformsto the regular language
L(Q). A semipathin B from x to y (labeledwith p1 � � � pn) is
a sequenceof the form (y0; p1; y1; : : : ; yn� 1; pn; yn), where
n � 0, y0 = x, yn = y, andfor eachyi� 1; pi; yi, we have
that pi 2 � � , and, if pi = r then (yi� 1; yi) 2 r (B), and
if pi = r � then (yi; yi� 1) 2 r (B). Intuitively, a semi-
path (y0; p1; y1; : : : ; yn� 1; pn; yn) correspondsto a naviga-
tion of thedatabasefrom y0 to yn, following edgesforwardor
backward,accordingto thesequenceof edgelabelsp1 � � � pn.
Note that the objectsin a semipatharenot necessarilydis-
tinct. A semipathis saidto besimpleif noobjectin it appears
morethanonce.We saythata semipath(y0; p1; : : : ; pn; yn)
conformsto a 2RPQQ if p1 � � � pn 2 L(Q). Summingup, a
pair (x; y) of objectsis in theanswerQ(B) if andonly if, by
startingfrom x, it is possibleto reachy by navigating on B



accordingto oneof thewordsin L(Q).
Besidesthe basic task of query answering,i.e., evaluat-

ing a queryover a database,databasesshouldsupportother
reasoningservicesrelatedto querying. Oneof themostim-
portantis querycontainment,i.e., verifying whetherfor all
databasesthe answerto a query is a subsetof (resp.,equal
to) theanswerto asecondquery. Formally, giventwo queries
Q1 andQ2 over � , we saythat Q1 is containedin Q2, de-
notedQ1 v Q2, if for every databaseB over � , wehave that
Q1(B) � Q2(B).

Considernow a semistructureddatabasethat is acces-
sible only through a collection of views expressedas
RPQs/2RPQs,andsupposewe needto answera RPQ/2RPQ
over thedatabaseonly on thebasisof our knowledgeon the
views. Speci�cally, thecollectionof views is representedby
a �nite setV of view symbols, eachdenotinga binary rela-
tion. Eachview symbolV 2 V hasan associatedview def-
inition V � , which is an RPQ/2RPQover � . A V-extension
E is a relationalstructureover V. We considerviews to be
sound[2, 25], i.e., we modela situationwheretheextension
of the views providesa subsetof the resultsof applyingthe
view de�nitions to thedatabase.GivenasetV of viewsanda
databaseB, we useV� (B) to denotetheV-extensionE such
that V (E) = V � (B), for eachV 2 V. We say that a V-
extensionE is soundwrt a databaseB if E � V� (B). In
otherwords,for a view V 2 V, all the tuplesin V (E) must
appearin V � (B), but V � (B) maycontaintuplesnot in V (E).

Given a setV of views, a V-extensionE, anda queryQ
over � , thesetof certainanswers (undersoundviews) to Q
with respectto V andE is the setof pairs (x; y) of objects
suchthat(x; y) 2 Q(B) for every databaseB wrt which E is
sound,i.e.,E � V� (B). View-basedqueryanswering(under
soundviews)consistsin decidingwhetheragivenpairof ob-
jectsis a certainanswerto Q with respectto V andE. Given
a setV of views anda queryQ, we denoteby certQ,V the
querythat,for every V-extensionE, returnsthesetof certain
answersundersoundviews to Q with respectto V andE.

View-basedqueryansweringhasalsobeentackledusing
an indirect approach,basedon view-basedquery rewriting.
Accordingto suchanapproach,a queryQ over thedatabase
alphabetis processedby �rst reformulatingQ into an ex-
pressionof a �x ed query languageover the view alphabet
V (calledrewriting), andthenevaluatingsuchanexpression
over the view extensions. The relationshipbetweenview-
basedqueryansweringandview-basedqueryrewriting is in-
vestigatedin [29, 12, 13, 32].

Notethat,in oursetting,viewsaresound,andthisproperty
mustbe taken into accountin the reformulationstepof the
rewriting process.However, mostpapersonrewriting queries
usingviews arebased,either implicitly or explicitly, on the
exact view assumption,which statesthat the extensionof a
view providesexactly theresultof applyingtheview de�ni-
tion to the database.It follows that we needto provide an
adequatede�nition of rewriting in a settingwhereviews are

sound: let Q be a queryover the databasealphabet,andlet
Qr be a queryover the view alphabetV. We saythat Qr is
a rewriting of Q undersoundviews V, if for every database
B andfor every V-extensionE with E � V(B), we have that
Qr(E) � Q(B).

Obviously, in view-basedqueryrewriting, wearenot inter-
estedin arbitraryrewritings,but weaimatcomputingrewrit-
ings that capturethe original queryat best. The problemof
view-basedqueryrewriting canin generalbede�ned asfol-
lows: given a queryQ anda setof views V, �nd the setof
rewritings of Q undersoundviews V that aremaximalin a
givenclassCof queries.A queryQr in C is a rewriting of Q
undersoundviewsV thatis maximalin Cif:

1. Qr is a rewriting of Q undersoundviewsV, and

2. thereis no queryQ0
r in C that is a rewriting of Q under

soundviews V andsuchthat, for every databaseB and
for every V-extensionE with E � V(B), we have that
Qr(E) � Q0

r(E).

Sincein this paperwe arefocusingon 2RPQs,we restrict
ourattentionto thecasewherealsorewritingsare2RPQsover
theview alphabetV, i.e.,rewritingsareexpressedin thesame
languageasqueriesover thedatabase.For 2RPQs,we have
that if Q0

r andQ00
r arerewritings of Q undersoundviews V

that are maximal in the classof 2RPQs,then Q0
r + Q00

r is
still a maximal rewriting in the classof 2RPQs. It follows
thatQ0

r andQ00
r areequivalent,i.e., for everydatabaseB, and

for every V-extensionE suchthatE � V(B), bothQ0
r(E) �

Q00
r (E), and Q00

r (E) � Q0
r(E). Hence,all 2RPQmaximal

rewritings for a 2RPQQ coincidemoduloequivalence,and
we canre�ne thede�nition of maximalrewriting asfollows.
A 2RPQQr over thealphabetV is a maximalrewriting of Q
undersoundviewsV if:

1. Qr is a rewriting of Q undersoundviewsV, and

2. for every 2RPQQ0
r thatis a rewriting of Q undersound

views V, we have that, for every databaseB, and for
every V-extensionE with E � V(B), we have that
Q0

r(E) � Qr(E).

3 Query Containment

To illustrateourapproachto querycontainment,we �rst con-
siderRPQs,wherewedonotallow inversesymbols.Wechar-
acterizequerycontainmentvia a fundamentallemma.

Lemma 1 (Language-TheoreticLemma1): Let Q1; Q2 be
RPQs.ThenQ1 v Q2 iff L (Q1) � L (Q2).

Proof. Suppose�rst that Q1 v Q2. Let w = w1 � � � wk 2
L(Q1). ConsideradatabaseB of theform:

x� w1 � � � wk �y:



That is, B consistsof a path from x to y labeledwith w.
Clearly (x; y) 2 Q1(B), so (x; y) 2 Q2(B). It follows that
w 2 L(Q2)) .

Conversely, supposethat L (Q1) � L (Q2). Let (x; y) 2
L(Q1). Thenthereis a path(y0; p1; y1; : : : ; yn� 1; pn; yn) in
B, wherey0 = x, yn = y, andp1 � � � pn 2 L(Q1). But then
alsop1 � � � pn 2 L(Q2), and(x; y) 2 Q2(B).

Sincecontainmentof regular expressionsis known to be
PSPACE-complete[36], it follows from Language-Theoretic
Lemma1 that containmentof RPQsis PSPACE-complete.
Beforewe try to extendthis resultto 2RPQs,it is instructive
to recall theproof of theupperbound.Thekey is theobser-
vation that L (E1) � L (E2) if f L (E1) � L (E2) = ; . The
algorithm for checkingwhetherL (E1) � L (E2) proceeds
as follows, using classicalautomata-theoreticconstructions
[30]:

1. Construct nondeterministic �nite-state automata
(1NFAs) A1; A2 suchthat L (A i) = L(Ei). This step
involvesa linearblow-up.

2. Constructa 1NFA A2 suchthatL (A2) = � � � L (A2).
This stepinvolvesan exponentialblow-up, ascomple-
mentationrequiresanapplicationof thesubsetconstruc-
tion.

3. Constructa 1NFA A = A1 � A2 suchthat L (A) =
L(E1) � L (E2). This requirestakingtheproductof A1

andA2, involving aquadraticblow-up.

4. Checkif thereis a pathfrom startstateto �nal statein
A. This requiresnondeterministiclogarithmic spacein
thesizeof A.

A naive application of steps (3–4) would requires
exponential-space. Instead, we construct A on the �y ,
constructingstatesonly as we searchfor a path from a
start stateto a �nal statein A. This can be donein poly-
nomial space,establishingthe upper bound (formally, we
needto appealto Savitch's Theorem[40] to eliminate the
nondeterminismin step(4).)

Extendingthis result to 2RPQsencounterstwo dif�cul-
ties.The�rst dif�culty is thatanautomata-theoreticapproach
wouldmostlikely involvetwo-wayautomata,dueto thepres-
enceof inverseletters,but extendingtheresultof [36] to two-
way automatais not straightforward. While it is known that
two-way automatacanbereducedto one-way automata,that
reductionhasan exponentialcost [30], makinga naive ap-
proachto containmentexponentiallyharder. An even more
fundamentaldif�culty is that Language-TheoreticLemma1
fails for 2RPQs.

Considerthe2RPQsQ1 = p, andQ2 = pp� p. It is easy
to seethatQ1 v Q2, asevery semipath(x; p;y), which es-
tablishesthat (x; y) 2 Q1(B), correspondsto the semipath
(x; p;y; p� ; x; p;y), establishingthat(x; y) 2 Q2(B). At the

sametime, we clearly do not have L(Q1) � L (Q2), since
p 62L(Q2). Our �rst stepin studyingquery containment
for 2RPQsis revisingthelanguage-theoreticcharacterization,
which requiresthenotionof folding. Let u; v 2 � � . We say
that v folds onto u, v ; u, if v canbe “folded” on u, e.g.,
abb� bc ; abc. Formally, we saythat v = v1 � � � vm folds
ontou = u1 � � � un if thereis a sequencei 0; : : : ; im of posi-
tive integersbetween0 andjuj suchthat

� i 0 = 0 andim = n, and

� for 0 � j < m, eitheri j+1 = i j + 1 andvj+1 = uij +1 ,
or i j+1 = i j � 1 andvj+1 = u�

ij +1
.

(In particular, v0 = u0 and vm = un.) For example,the
sequencedemonstratingthatabb� bc ; abcis 0; 1; 2; 1; 2; 3.

Pictorially, a! � b! � b � b! � c! ; a! � b! � c! . Let L be
a language� � . We de�ne fold (L ) = f u : v ; u; v 2 Lg.
We can now offer a language-theoreticcharacterizationfor
containmentof 2RPQs.

Lemma 2 (Language-TheoreticLemma2) Let Q1 and Q2

be2RPQs.ThenQ1 v Q2 iff L (Q1) � fold (L (Q2)) .

Proof. Suppose�rst that Q1 v Q2 . Let u = u1 � � � un 2
L(Q1). ConsideradatabaseB of theform:

x� u1 � � � un �y:

That is, B consistsof a path from x to y labeled with
u. Clearly (x; y) 2 Q1(B), so (x; y) 2 Q2(B). It
follows that that there is a semipath in B of the form
(y0; v1; y1; : : : ; ym� 1; vm; ym), wherey0 = x, ym = y, and
v = v1 � � � vm 2 L(Q2). It canbeshown thatv folds ontou.
Thus,u 2 fold (L (Q2)) .

Conversely, supposethat L (Q1) � fold (L (Q2)) . If
(x; y) 2 Q1(B), then thereis a semipathin B of the form
(y0; u1; y1; : : : ; ym� 1; um; ym), wherey0 = x, ym = y, and
u = u1 � � � um 2 L(Q1). It follows that there is a word
v 2 L(Q2)) suchthatv ; u. But it canbethenshown that
(x; y) 2 Q2(B).

Observe that, in theproof of theabove lemmawe exploit
the fact that, if we considera databaseBw constitutedby a
singlesemipath

x� w �y

then(x; y) 2 Q(Bw) if andonly if w 2 fold (Q). We are
goingto exploit thispropertyalsolater.

We now show that if A is a 1NFA, then fold (L (A)) can
berepresentedby a “small” two-waynondeterministic�nite-
stateautomaton(2NFA). Recallthata 1NFA is a tupleA =
(� ; S; S0; �; F ), where� is a�nite alphabet,S is a�nite state
set,S0 � S is an initial-stateset,F � S is a �nal-state set,
and� : S � � ! 2S is a transitionfunction,providing for
eachstateandlettera setof possiblesuccessorstates.A is a
2NFA if it hasatransitionfunction� : S � � ! 2S�f� 1,0,1g,



providing for eachstateandlettera setof possiblesuccessor
statesanddirections.An acceptingrun of A on a word w =
w1 � � � wn is a sequence(s1; i 1); : : : ; (sm; in), wheresj 2 S
and1 � i j � n for 1 � j < m, s1 2 S0, i 1 = 1, sm 2 F ,
andim = n + 1, andthe following holdsfor 1 � j < m:
thereis apair (sj+1 ; c) 2 � (sj ; aij ) suchthati j+1 = i j + c.

Lemma 3 Let A bean n-state1NFA over � � . Thenthere is
a 2NFA for fold (L (A)) with n � (j� � j + 1) states.

Proof. Let A = (� � ; S; S0; �; F ) bea 1NFA. We describe
a 2NFA A0 = (� � ; S [ (S � �) ; S0; � 0; F ) for fold (L (A)) .
Note that A0's stateset containsfor eachstates 2 S ad-
ditional copiesof s, taggedwith all the letters in � . The
initial-statesetand �nal-state setareunchanged.The tran-
sition function� 0 is de�ned asfollows:

� � 0((s;a); b) =
�

f (s;0)g if a = b
; otherwise

Intuitively, whenastateis taggedwith a lettera, we just
checkthatthenext letterit readsis indeeda.

� � 0(s;a) = � (s;a) � f 1g [
f ((s0; b); � 1) : s0 2 � (s;b� ); b 2 � � g:

Intuitively, A0 can emulateA forward or backwards.
When it emulatesit backwards,it guessesa letter and
usesit to tagthestatein orderto checkit later. It canbe
shown thatL (A0) = fold (L (A)) .

Accordingto Language-TheoreticLemma2, to checkthat
Q1 v Q2, we needto checkL(Q1) � fold (L (Q2)) . This
requiresthe ability to complement2NFAs. If we use the
standardapproach,we'd �rst convert the 2NFA to a 1NFA
with anexponentialblow-up andthencomplementthe latter
with anotherexponentialblow-up [30], resultingin adoubly-
exponentialblow-up. Instead,we accomplishbothtaskson a
singly-exponentialblow-up.

Lemma 4 [45] LetA bea 2NFA over � . There is a 1NFA Ac

such that

� L (Ac) = � � � L (A)

� jjAcjj 2 2O( jj Ajj )

Proof. Let A = (� ; S; S0; �; F ). Theconstructionis based
on thefollowing observation: u1 � � � un 62L(A) iff thereis a
sequenceT0; T1; : : : ; Tn of subsetsof S suchthat

1. S0 � T0 andTn \ F = ; .

2. If s 2 Ti and(t; 1) 2 � (s;ui+1 ), then t 2 Ti+1 , for
0 � i < n.

3. If s 2 Ti and(t; 0) 2 � (s;ui+1 ), thent 2 Ti, for 0 �
i < n.

4. If s 2 Ti and(t; � 1) 2 � (s;ui+1 ), thent 2 Ti� 1, for
0 < i < n.

Wecall thissequenceacounterexamplesequence. The1NFA
Ac simplyguessesacounterexamplewitness.

Ac is the automaton(� ; Q; Q0; � ; G). The statesetQ is
2S [ (2S)

2
, i.e., setsof statesandpairsof setsof states.The

start-statesetQ0 is f T : S0 � T � Sg, i.e., the collection
of statesetsthat containS0. The �nal-state set G is f T :
T \ F = ;g [ f (T; U) : U \ F = ;g , i.e., thecollectionof
setsthatdo not intersectF andpair of setswherethesecond
componentdoesnot intersectF .

It remainsto de�ne the transition function � . We have
(T; U) 2 � (T; a) if thefollowing holds:

1. If s 2 T and(t; 0) 2 � (s;a), thent 2 T, and

2. if s 2 T and(t; 1) 2 � (s;a), thent 2 U.

Wehave (U; V ) 2 � ((T; U); a) if thefollowing holds:

1. If s 2 U and(t; � 1) 2 � (s;a), thent 2 T,

2. If s 2 U and(t; 0) 2 � (s;a), thent 2 U, and

3. if s 2 U and(t; 1) 2 � (s;a), thent 2 V .

It is easyto verify thatAc acceptsawordu = u1 � � � un if and
only if thereexistsacounterexamplesequence,whichmeans
thatu is notacceptedby A.

We now have the “technology” to establishcomplexity
boundsfor 2RPQcontainment.

Theorem 5 Containmentof 2RPQsis PSPACE-complete.

Proof. Containmentof RPQsis aspecialcase,which implies
PSPACE-hardness.To establishthe PSPACE upperbound,
weusethefollowing stepsin orderto testQ1 v Q2:

1. Construct1NFAs A1, A2 suchthat L (A i) = L(Qi).
Thisstepinvolvesa linearblow-up [30].

2. Constructa 2NFA A0
2 suchthatL (A0

2) = fold (L (A2)) .
Thestepinvolvesapolynomialblow-up (Lemma3).

3. Constructa 1NFA Ac
2 such that L (Ac

2) = (� � ) � �
L (A0

2). This step involves an exponential blow-up
(Lemma4).

4. Constructa 1NFA A = A1 � Ac
2 suchthat L (A) =

L(Q1) � fold (L (Q2)) . This requirestakingtheproduct
of A1 andAc

2, involving aquadraticblow-up [30].

5. Checkif thereis a pathfrom startstateto �nal statein
A. This requiresnondeterministiclogarithmic spacein
thesizeof A.

Again, we constructA on the �y , constructingstatesonly as
we searchfor a path from a startstateto a �nal statein A.
Thiscanbedonein polynomialspace,establishingtheupper
bound.



4 View-based Query Answering

In this sectionwe addressthe problemof view-basedquery
answeringby making use of a strong connectionbetween
view-basedquery answeringand the constraint-satisfaction
problem.

A constraint-satisfactionproblem (CSP) is traditionally
de�ned in termsof a setof variables,a setof values,anda
setof constraints,andaskswhetherthereis anassignmentof
thevariableswith thevaluesthatsatis�estheconstraints.A
characterizationof CSPcanbe given in termsof homomor-
phismsbetweenrelationalstructures[22]. Herewe consider
relationalstructureswhoserelationsareof arbitraryarity.

A homomorphismh : A ! B betweentwo relational
structuresA and B over the samealphabetis a mapping
h : � A ! � B such that, if (c1; : : : ; cn) 2 r (A), then
(h(c1); : : : ; h(cn)) 2 r (B ), for every relation symbol r in
thealphabet.Let A andB betwo classesof structures.The
(uniform) constraint-satisfactionproblemCSP (A ; B) is the
following decisionproblem: given a structureA 2 A anda
structureB 2 B over thesamealphabet,is thereahomomor-
phismh : A ! B ? WhenB consistsof a singlestructure
B andA is the setof all structuresover the alphabetof B ,
wegettheso-callednon-uniformconstraint-satisfactionprob-
lem, denotedby CSP (B ), whereB is �x edandthe input is
just a structureA 2 A. As usual,we useCSP (B ) alsoto
denotethesetof structuresA suchthat thereis a homomor-
phismfrom A to B .

Fromtheveryde�nition of CSPit followsdirectly thatev-
eryCSP (A ; B) problemis in NP. In particular, anon-uniform
constraint-satisfactionproblemCSP (B ), whereB is a �x ed
structure,is still in NP, i.e., checkingwhetherA 2 CSP (B )
is in NP in thesizeof A. In general,theactualcomplexity of
CSP (B ) dependsonB , andtherearestructuresB for which
CSP (B ) is PTIME andstructuresB for which CSP (B ) is
NP-complete.For example,CSP (K 2), is theproblemof 2-
colorability, whichis in PTIME,whileCSP (K 3) is theprob-
lem of 3-colorability, which is NP-complete(K n is thecom-
pletegraphwith n nodes).

A tight relationshipbetweennon-uniformCSPandview-
basedqueryansweringfor RPQsand2RPQshasbeendevel-
opedin [12, 17]. Sucha relationshipis basedon thenotions
of constrainttemplate,associatedto thequeryandview def-
initions, andconstraintsinstance,associatedto the view ex-
tension.We illustratesucha relationshipfor 2RPQs.

Givena2RPQQ andasetV of 2RPQviews,theconstraint
templateCTQ,V of Q wrt V is therelationalstructureC de-
�ned asfollows.

� Thealphabetof C is V [ f Ui; Uf g.

� Let AQ = (� ; S; S0; �; F ) bea 1NFA for Q. Thestruc-
tureC = (� C ; �C ) is givenby:

– � C = 2S ;

– � 2 Ui(C) iff S0 � � ;

– � 2 Uf (C) iff � \ F = ; ;

– for a view V 2 V, we have that (� 1; � 2) 2 V C

if f thereexists a word q1 � � � qk 2 L(V � ) and a
sequenceT0; : : : ; Tk of subsetsof S suchthat the
following hold:

1. T0 = � 1 andTk = � 2,
2. if s 2 Ti andt 2 � (s;qi+1 ) thent 2 Ti+1 , for

0 � i < k, and
3. if s 2 Ti andt 2 � (s;q�

i ) thent 2 Ti� 1, for
0 < i � k.

Intuitively, theconstrainttemplaterepresentsfor eachview
V how the statesof AQ (i.e., of the 1NFA for Q) change
whenwe follow databaseedgesaccordingto what speci�ed
by words in L(V � ). Speci�cally, the last condition above
correspondsto sayingthata pair of setsof states(� 1; � 2) is
in V (C) if andonly if thereis someword w in L(V � ) such
that thefollowing holds: if we startfrom a statein � 1 on the
left edgeof w andmove backand forth on w accordingto
thetransitionsin AQ, then,if we endup at theleft edgeof w
we canbeonly in statesin � 1, andif we endup at the right
edgeof w we can be only in statesin � 2; similarly, if we
startfrom a statein � 2 on theright edgeof w. Moreover, the
setsof statesin Ui(C) containall initial statesof AQ, while
the setsof statesin Uf (C) do not containany �nal stateof
AQ. This takes into accountthat we aim at characterizing
counterexamplesto view-basedcontainment,andhencewe
areinterestedin not gettingto a �nal stateof AQ, regardless
of the initial statefrom which we start andhow we follow
transitions.

Observe that, to checktheexistenceof a word q1 � � � qk 2
L(V � ) and of a sequenceT0; : : : ; Tk of subsetsof S such
that conditions1–3 above are satis�ed, we can resort to a
constructionanalogousto the onein the proof of Lemma4.
Hencesucha checkcanbe donein polynomialspacein the
sizeof Q, andin fact in nondeterministiclogarithmic space
in thesizeof V � .

Given a V-extensionE anda pair of objectsc andd, the
constraint instanceEc,d for CTQ,V is the structureI =
(� I ; �I ) over thealphabetV [ f Ui; Uf g de�ned asfollows:

� � I = � E [ f c;dg;

� V (I ) = V (E), for eachV 2 V;

� Ui(I ) = f cg, andUf (I ) = f dg.

The following theoremprovides the characterizationof
view-basedqueryansweringin termsof CSP.

Theorem 6 Let Q be a 2RPQ,V a set of 2RPQviews, E
a V-extension,and c, d a pair of objects. Then, (c;d) 62
certQ,V (E) if and only if Ec,d 2 CSP (CTQ,V ) (i.e., there
is a homomorphismfromEc,d to CTQ,V ).



Proof. “ ( ” Givenahomomorphismh from Ec,d to CTQ,V ,
we constructa databaseB which is a counterexample to
(c;d) beinga certainanswer. In otherwords,B is suchthat
E � V(B) but (c;d) 62Q(B). To constructB we proceed
asfollows. For every view V andevery pair (a;b) 2 V (E)
we choosea word w 2 L(V � ), satisfyingtheconditionsfor
(h(a); h(b)) 2 V (CTQ,V ) (cf. last item of the construction
of the constrainttemplate),andwe introducein B a simple
semipath

a� w �b

wherethe intermediateobjectsareall new andpairwisedis-
tinct. By contradiction,supposethat(c;d) 2 Q(B), i.e.,there
is a (notnecessarilysimple)semipath

a0� `1 �a1 � � � am� 1� `m �am

from c = a0 to d = am in B with `1 � � � `m 2 L(Q),
and wherea0; : : : ; am are the only objectsin the view ex-
tensionon such a path. By constructionof B, eachsim-
ple semithpath̀ i correspondsto a navigation over one of
the words w usedin the constructionof B . The semipath
`i may navigate from the left side of w to its right side or
vice versa,or it may start and end at the sameside, when
ai� 1 = ai. Now, considera sequence� = (s0; : : : ; sm) of
statesof AQ suchthat s0 2 S0, si+1 2 � (si; `i+1 ) 2 for
0 � i < m, andsm 2 F . If si 2 h(ai) andai+1 6= ai,
sincewe have reachedsi+1 by navigating on a word w sat-
isfying theconditionsfor (h(ai); h(ai+1 )) 2 V (CTQ,V ) (or
(h(ai+1 ); h(ai)) 2 V (CTQ,V ), if w is traversedfrom right
to left) for someview V , we musthave thatsi+1 2 h(ai+1 ).
Similarly whenai+1 = ai. Now we have that s0 2 h(c),
andhence,by inductionon m, we have thatsm 2 h(d). But
sinceh(d) 2 Uf , we have that sm 62F . This leadsto a
contradiction.

“ ) ” Given a databaseB suchthat E � V(B) and two
objectsc, d suchthat (c;d) 62Q(B), we build a homomor-
phismfrom Ec,d to CTQ,V . To do so,we �rst build a map-
ping h0 : � B ! 2S asfollows: initially h0 assignstheempty
setto eachelementof Ec,d, exceptfor h0(c) = S0; thenwe
repeatthe following until h0 doesnot changeany more: if
(x; y) 2 r (B) ands 2 h0(x) thenadd� (s; r ) to h0(y), and
if (x; y) 2 r (B) ands 2 h0(y) thenadd� (s; r � ) to h0(x).
Notethat,since(c;d) 62Q(B), we have thath0(d) \ F = ; .
Projectingh0 on � E we obtainthehomomorphismwe were
looking for.

With respectto computationalcomplexity, we provide
an analysisdistinguishingthe differentsourcesof complex-
ity [44]. In particular, we considerseparatelydatacomplex-
ity, i.e., the complexity wrt the datain the view extension,
expressioncomplexity, i.e., thecomplexity wrt thequeryand
theview de�nitions, andcombinedcomplexity, i.e., thecom-
plexity wrt view extensions,query, andview de�nitions.

2With a slight abuseof notationwe denotewith � (si ; ` i +1) the setof
statesreachedfrom si by following theword labelingthesemipath̀ i +1.

We start by noting that the constraintinstanceEc,d has
polynomial size in the view extensionE and doesnot de-
pendon Q andon the view de�nitions V� . The constraint
templateCTQ,V , instead,is in generalexponential in the
size of Q, polynomial in the size of V� , and doesnot de-
pendon the view extensionE. Now, considerthat for two
structuresA andB over thesamealphabet,checkingwhether
A 2 CSP (B ), whereB is �x ed, is in NP in the sizeof A.
By taking asstructureA the constraintinstanceEc,d andas
structureB the constrainttemplateCT Q,V , by Theorem6,
we getthatthedatacomplexity of view-basedqueryanswer-
ing is in coNP. For combinedcomplexity, we canbuild the
constraintinstanceandguessamappingh from theconstraint
instanceto the constrainttemplate(without representingthe
constrainttemplateexplicitly). Suchamappingh canberep-
resentedusinglogarithmicspacein thesizeof theconstraint
template,andhencepolynomialspacein the sizeof Q and
logarithmic spacein the sizeof the view de�nitions. Then
we can checkwhetherh is a homomorphism,by checking
for eachview V and for each(a;b) 2 V (Ec,d), whether
(h(a); h(b)) 2 V (CTQ,V ). As discussedabove, this check
canbedonein nondeterministiclogarithmicspacein thesize
of V andin polynomialspacein thesizeof Q.

Theorem 7 View-basedquery answeringfor 2RPQsis in
coNPwrt datacomplexity andin PSPACEwrt combined(and
henceexpression)complexity.

Theupperboundsestablishedabove aretight.

Theorem 8 View-basedqueryansweringfor RPQsis coNP-
hard wrt datacomplexity.

Proof. To show this hardnessresultwe reducetheproblem
of graph3-colorability, known to beNP-complete[24], to the
problemof checkingwhethera pair of objects(c;d) is not a
certainanswertoa�x edqueryQ with respecttoasetof views
V whosede�nition is �x ed. The alphabetis given by � =
f Rxy j x; y 2 f r; g; bg; x 6= yg[ f Sr; Sg; Sbg[ f Fr; Fg; Fbg.
Intuitively, Rxy denotesadirectededgeconnectingtwonodes
of thegraphcoloredrespectively x andy, Sx denotesthecon-
nectionfrom a �x edstartingobjectc not partof theoriginal
graphto anodeof thegraphcoloredby x, andFx denotesthe
connectionfrom a nodecoloredby x to a �x ed�nal objectd
not partof theoriginal graph. We introducethreeviews Vs,
Vf , andVG with de�nitions:

V �
s = Sr + Sg + Sb

V �
f = Fr + Fg + Fb

V �
G = Rrg + Rgr + Rrb + Rbr + Rgb + Rbg

Now considera graphG = (N ; E) to be checked for 3-
colorability. FromG wede�ne aview extensionE asfollows
(wherec andd arethe�x edobjectsnot in N ):

Vs(E) = f (c;a) j a 2 N g
Vf (E) = f (a;d) j a 2 N g
VG(E) = f (a;b); (b;a) j (a; b) 2 Eg



Intuitively, VG representsG given as a symmetricdirected
graph,while Vs and Vf are usedto connectc and d to all
nodesof thegraph.Thequeryis

Q =
X

x;y ∈{r ;g ;b }
x 6= y

Sx�Fy +
X

x;y ;w ;z ∈{r ;g ;b }
x 6= y ∨w 6= z

Sx�Ry,w�Fz

Intuitively, Q describestheexistenceof anerrorin assigning
colors to the nodesof the graph. Indeed,if the graphG is
3-colorable,thenwe canconstructa databaseB containing
asobjectsthenodesof thegraphplusc andd. By takingas
extensionof Sx (respectively Fx) all pairs(c;a) (respectively
(a;d)) suchthat the color assignedto a is x, andtaking as
extensionof Rxy thepairs(a;b) suchthatthecolor assigned
to a is x andthe color assignedto b is y, we have that E is
soundwrt B and(c;d) 62Q(B). Conversely, from a database
B suchthat(c;d) 62Q(B), wecandirectlyobtaina3-coloring
of thegraph,by assigningto anodea thecolorx determined
by the (necessarilyunique)relationSx (or, equivalentlyFx)
with (c;a) 2 Sx(B) (respectively, (a;d) 2 Fx(B)).

In the above proof we madeuseof union and chaining
(i.e., join) in the query and in the views, but did not ex-
ploit re�exive-transitiveclosure.Thus,thecoNPlowerbound
for view-basedqueryansweringholdsalsowhenqueriesand
views areunionsof conjunctive queries[2].

In fact, theabove reductioncanstraightforwardly begen-
eralizedto reduceany instanceof CSPover directedgraphs
to view-basedqueryanswering[12].

Theorem 9 View-based query answering for RPQs is
PSPACE-hard wrt expression(and hencecombined)com-
plexity.

Proof. By reductionfrom regular expressionuniversality,
known to bePSPACE-complete[24]. We reduceuniversality
of aregularexpressionsA to answeringqueryQ = A usinga
singleview V with de�nition V � = � � andextensionE such
thatV (E) = f (c;d)g. It is easyto verify thatL (� � ) � L (A)
if andonly if (c;d) 2 certQ,V (E).

5 View-Based Query Rewriting

In this section,we addresstheproblemof view-basedquery
rewriting for 2RPQs,i.e., �nding themaximalrewriting of a
2RPQQ undersound2RPQviewsV. Wedenotethealphabet
V [ f V � j V 2 Vg includinga new symbolV � for eachV
in V by V� . In the following, we make useof thenotionof
expansionof a word over V� wrt thede�nition of theviews
in V. Given a word v = v1 � � � vn over V� , we denoteby
expand � (v) thesetof all thewordsw1 � � � wn over � � such
that, for 1 � i � n, we have that wi 2 L(vi

� ). In other
words,everyword in expand � (v) is obtainedfrom v by sub-
stituting every symbol vi appearingin v with oneword wi

belongingto thelanguageof theview de�nition L(vi
� ).

Our techniquefor computingthe maximalrewriting of Q
undersoundviews V is basedon characterizingthe words
over the alphabetV� that do not belongto any rewriting of
Q undersoundviewsV. Thesearethewordsv overV� such
that thereis at leastoneword in expand � (v) that is not in
fold (Q) (cf. Section3), i.e., consideringtheword asa linear
database,the endpointsare not in the answerto Q. In the
following we show how to constructa 2NFA thatacceptsex-
actlysuchwords.ThecomplementRV ,Q of sucha2NFA has
thepropertythatit acceptsexactlyall wordsthatbelongto at
leastonerewriting of Q undersoundviews V. It follows that
RV ,Q is themaximalrewriting of Q undersoundviews V.

Theconstructionof RV ,Q is basedontheideaof represent-
ing in a singleword botha word over V� andits expansion.
Speci�cally, weconsiderwordsover � � [ V� [ f $; :g of the
form

$Vi1 :wi1 $� � � $Vim :wim $

with Vij 2 V� , andwij 2 (� � ) � . Using suitableprojec-
tionsof suchwords,respectively on � � andon V� , we can
checkconditionsrelatedto Q, view de�nitions, andpossible
rewritings.

We constructa 2NFA A1 that acceptswordsof the form
above suchthat wi1 � � � wim 2 fold (Q) (cf. Lemma3). Let
A2 bea 1NFA thatcomplementsA1 (cf. Lemma4). Let A3

bea1NFA thatacceptsawordof theform

$Vi1 :wi1 $� � � $Vim :wim $

if andonly if for every i j , theword wij is in L (V �
ij

), i.e., if
andonly if theword wi1 � � � wim is in expand � (Vi1 � � � Vim ).
Now considerthe1NFA A3 \ A2. A word

$Vi1 :wi1 $� � � $Vim :wim $

is acceptedby this 1NFA if andonly if theword wi1 � � � wim

is in expand � (Vi1 � � � Vim ) and is not in fold (Q). Let A4

acceptall wordsVi1 � � � Vim thatareprojectionson theVij 's
of thewords

$Vi1 :wi1 $� � � $Vim :wim $

that are acceptedby A3 \ A2. By construction, A4

acceptsall words Vi1 � � � Vim such that there is a word
in expand � (Vi1 � � � Vim ) that is not in fold (Q). Fi-
nally, let RV ,Q be the complementof A4. Hence,RV ,Q

accepts all words Vi1 � � � Vim such that every word in
expand � (Vi1 � � � Vim ) is in fold (Q). It can be shown that
RV ,Q is a maximal rewriting of Q under soundviews V
(see[11, 17]).

With regard to the complexity of the above method,ob-
serve that the sizeof A1 is polynomialin the sizeof Q, the
sizeof A2 is exponentialin the sizeof A1, and the sizeof
A3 is polynomial in the size of V. Finally, the size of A4

is polynomial in the sizeof A3 andA2. Therefore,the size
of RV ,Q is exponentialin thesizeof A4, which meansdou-
ble exponentialin the sizeof Q, andexponentialin the size



of theview de�nitions. It follows that theproblemof view-
basedquery rewriting for 2RPQsis in 2EXPTIME. In [16]
it is alsoshown that the problemof verifying the existence
of a nonemptyrewriting of an RPQ Q undersoundviews
V is EXPSPACE-complete,and that thereare caseswhere
thesmallestmaximalrewriting of anRPQQ is doublyexpo-
nentialin thesizeof Q. This implies that theabove method
for computingthemaximalrewriting of a2RPQundersound
2RPQviews is essentiallyoptimal.

Oncewe have computedthemaximalrewriting, theprob-
lem arisesof checkingwhethersucha rewriting indeedpro-
videsall certainanswers,whenevaluatedover a view exten-
sion. The coNPdatacomplexity resultof view-basedquery
answering(cf. Theorem8) andthe fact that a 2RPQcanbe
evaluatedin polynomialtime datacomplexity tells usthat in
generalthemaximalrewriting will not provideall certainan-
swers. A techniqueto check whethera speci�c rewriting
providesall certainanswersis developedin [17], again ex-
ploiting theconnectionwith CSP. Suchatechniquegivesusa
NEXPTIME upperboundin thesizeof therewriting, which
canalsoshown to betight [17].

Relatedto the problem of computingrewritings, is the
problemof checkingwhethera given 2RPQQr over V is
a rewriting (wrt a setV of views) of a given 2RPQQ over
� . For monotonequerylanguages,andhencefor RPQsand
2RPQs,Qr is a rewriting of Q undersoundviews V if and
only if the queryQ�

r , obtainedfrom Qr by replacingeach
view symbolwith thecorrespondingview de�nition, is con-
tainedin Q [17]3. Hence,to checkwhetherQr is a rewriting
of Q undersoundviews,wecanresortto querycontainment.

Also of interestis checkingwhethera given rewriting Qr

(e.g., the maximally containedrewriting computedby the
above algorithm)is exact, i.e., equivalentmodulothe views
to the original query [17]. By the above observation this
amountsto checkingwhether, after expandingview de�ni-
tions,Qr becomesequivalentto theoriginalquery. Theexis-
tenceof anexactrewriting canbeshown to be2EXPSPACE-
complete,both for RPQsand2RPQs[16]. Note that exact-
nessof arewriting is asuf�cient (but notnecessary)condition
for therewriting to provideall certainanswers.

6 Conclusions

In this paperwe have presentedbasicresultsandtechniques
concerningquerycontainmentandview basedqueryprocess-
ing for the classof two-way regular-path queries. We be-
lieve that,besidesthe speci�c results,our methodshave the
merit of showing thepower of two-way automatain reason-
ing on complex queries. Indeed,the techniquesdescribed

3Noticethat,becauseof this property, for monotonelanguages,theorig-
inal de®nition of rewriting basedon expandingview de®nitionsand then
checkingcontainment(see,e.g.,[33, 16]), actuallycorrespondsto thenotion
of rewriting undersoundviews.

in this papercan be adaptedto reasoningaboutqueriesof
moregeneralforms.First resultsin thisdirectionarereported
in [10, 14] for theproblemof checkingcontainmentof con-
junctive regular-pathquerieswith inverse.

Althoughin thispaperweconcentratedourattentionto ba-
sic techniquesfor querycontainmentandview-basedquery
processing,we noticethattheproblemof reasoningon regu-
lar pathqueriesandtheir variantsis currentlyunderinvesti-
gationin severalresearchprojects.For example,containment
andansweringunderconstraintshave beenstudiedfor RPQs
in [26] andfor subclassesof XPathincludingrestrictedforms
of RPQs[21].

Also, containmentand view-basedquery processingare
not the only reasoningservicesof intereston 2RPQs. For
example,additional inferencetasksthat have beenalready
consideredincludeview-basedcontainment[17,37] andloss-
lessness[15].
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