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Abstract
In orderto escapdrom the curseof dimensionalitywe claimthatonecanlearnnon-localfunctions,in thesensehat
thevalueandshapeof thelearnedfunctionat x mustbeinferredusingexamplesthatmaybe far from x. With this
objective, we presenta non-localnon-parametrialensityestimator It builds upon previously proposedGaussian
mixture modelswith regularizedcovariancematricesto take into accountthe local shapeof the manifold. It also
builds uponrecentwork on non-localestimatorf the tangentplaneof a manifold, which areableto generalizen
placeswith little trainingdata,unlike traditional,local, non-parametrienodels.

1 Intr oduction

A centralobjectie of statisticalmachinelearningis to discover structurein the joint distribution betweerrandom
variables soasto be ableto malke predictionsaboutnen combinationf valuesof thesevariables A centralissue
in obtaininggeneralizatioris how informationfrom the training examplescanbe usedto make predictionsabout
new examplesand,without strongprior assumptiongi.e. in non-parametrienodels),this may be fundamentally
dif cult, asillustratedby the curseof dimensionality

(Bengio,DelalleauandLe Roux,2005)and(BengioandMonperrus 2005)presenseveralagumentsllustrat-
ing somefundamentalimitations of modernkernelmethodsdueto the curseof dimensionalitywhenthe kernelis
local (liketheGaussiarkernel). Theseargumentsareall basednthelocality of theestimatorsi.e., thatveryimpor-
tantinformationaboutthe predictedfunctionatx is dervedmostlyfrom thenearneighborsf x in thetrainingset.
Thisanalysishasbeenappliedto supervisedearningalgorithmssuchasSVMs aswell asto unsupervisethanifold
learningalgorithmssuchasLLE (Roweis and Saul,2000), Isomap(Tenenbaumgde Silva and Langford, 2000),
andkernelPrincipal ComponentAnalysis(kPCA) (Schblkopf, SmolaandMdller, 1998). Theanalysisin (Bengio,
DelalleauandLe Roux,2005)highlightsintrinsic limitationsof suchlocal learningalgorithms thatcanmake them
fail whenappliedon high-dimensionaproblemswhereone hasto look beyond what happendocally in orderto
overcomethe curseof dimensionality

This stronglysuggests$o investigatenon-local learning methods which canin principlegeneralizeatx using
informationgatheredat trainingpointsx; thatarefarfrom x. We presentieresucha non-locallearningalgorithm,
in therealmof densityestimation.



The proposednon-local non-parametricensity estimatorbuilds upon the Manifold Parzendensity estima-
tor (Vincentand Bengio, 2003) that associates regularizedGaussiarwith eachtraining point, and uponrecent
work on non-localestimatorof thetangentplaneof a manifold (BengioandMonperrus2005). Thelocal covari-
ancematrix characterizinghe densityin the immediateneighborhoof a datapoint is learnedasa function of
that datapoint, with global parameters.This allows to potentially generalizen placeswith little or no training
data,unlike traditional,local, non-parametriecnodels.Theimplicit assumptiorin suchamodelis thatthereis some
kind of regularity in the shapeof the density suchthat learningaboutits shapein oneregion could be informa-
tive of the shapen anotherregion thatis not adjacent.Note thatthe smoothnesgsssumptiorntypically underlying
non-parametriecnodelsrelieson a simpleform of suchtransfer but only for neighboringregions,whichis notvery
helpful whentheintrinsic dimensionof the data(the dimensionof the manifold on which or nearwhichit lives)is
high or whentheunderlyingdensityfunctionhasmary variations(Bengio,DelalleauandLe Roux,2005). Thepro-
posedmodelis alsorelatedto the NeighborhoodComponentnalysisalgorithm (Goldbeger et al., 2005),which
learnsa global covariancematrix for usein the Mahalanobidistancewithin a non-parametriclassi er. Herewe
generalizehis globalmatrix to onethatis afunctionof the datumx.

2 Manifold Parzen Windows

In the ParzenWindows estimatoy one puts a spherical(isotropic) Gaussiararoundeachtraining point x;, with
a single sharedvariancehyperparameter How canwe improve uponthis estimatorin the light of the manifold
hypothesigaccordingo which high dimensionabtatais likely concentratedrounda lower dimensionamanifold),
andmale it abit lesslocal? Oneapproachintroducedn (VincentandBengio,2003),is to usenotjustthepresence
of x; andits neighborsbut alsotheir geometrytrying to infer the principal characteristicef thelocal shapeof the
manifold (wherethe densityconcentrates)yhich canbe summarizedn the covariancematrix of the Gaussianas
illustratedin Figurel. If thedataconcentrates certaindirectionsaroundx;, we wantthatcovariancematrix to be
“at” (nearzerovariance)n theorthogonadirections.

Oneway to achieve this is to parametrizeeachof thesecovariancematricesin termsof “principal directions”
(which correspondo the tangentvectorsof the manifold, if the dataconcentratesn a manifold). In this way we
donotneedto specifyindividually all the entriesof the covariancematrix. Theonly requiredassumptioris thatthe
“noisedirections”orthogonako the“principal directions”all have the samevariance.

1 X
p(y)=ﬁ N(y;xi + (Xi); S(xi)) 1)
i=1

whereN (y; Xi + (Xj); S(X;)) is the Gaussiardensityof y, with meanvectorx; + (x;) andcovariancematrix
S(x;) representedompactlyby

xd
S(Xi) = foise XD+ 55(Xi)V; (Xi)V; (xi)° 3
j=1

wheres; (xi) and 3, (Xi) arescalarsandy; (x;) denotes“principal” directionwith variances; (X )+ 25e (Xi),
while 2 (Xi) is the noisevariance(the variancein all the otherdirections). v; (x;)° denotesthe transposeof
vj (Xi).

In (VincentandBengio,2003), (xi) = 0,and 3, (Xi) = &isaglobalhyperparametemwhile ( j(xi);Vvj) =
(s (Xi) + 35se (Xi);Vj (Xi)) aretheleading(eigervalue,eigewector)pairsfrom the eigen-decompositioof alo-
cally weightedcovariancematrix (e.g. the empirical covarianceof the vectorsx; X, with x; a nearneighbor



of xi). The “noise level” hyperparameter 3 mustbe chosensuchthat the principal eigervaluesare all greater
than 3. Anotherhyperparameteis the numberd of principalcomponentso keep.Alternatively, onecanchoose

2ise (Xi) to bethed + 1-th eigevalue, which guaranteeshat j(Xi) > 2, (Xi), andgetsrid of a hyper
parameterThis very simplemodelwasfoundto be consistentlybetterthanthe ordinary Parzendensityestimator
in numericalexperimentsn which all hyperparameterarechoserby cross-alidation.

Like mixturesof factoranalysismodels(Roweis, Sauland Hinton, 2002) and otherlow-rank Gaussiarmix-
tures(Brand,2003),this modelworkswell whenthe datalocally spana smoothlow-dimensionamanifold. In (Teh
and Roweis, 2003),an algorithmis proposedo form a globally coherentcoordinatesystemfrom all theselocal
patchegassuminga connectedverlapgraph). However, suchmodelsarestill very local, sinceonly the examples

in theneighborhoof x; contritutein inferring the shapeof the manifoldaroundx; .

3 Non-Local Manifold TangentLearning

In (Bengioand Monperrus,2005) a manifold learningalgorithmwas introducedin which the tangentplaneof a
d-dimensionamanifoldat x is learnedasafunctionof x 2 RP , usingglobally estimatecharametersThe output
of the predictorfunctionF (x) isad D matrix whoserows are (possiblynon-orthogonalyectorsthat spanthe
tangentplane. Thetraininginformationaboutthe tangentplaneis obtainedby consideringpairsof nearneighbors
Xi andx; in thetrainingset. Considerthe predictedtangentplaneof the manifoldat x; , characterizedby the rows
of F (xi). Foragoodpredictorwe expectthevector(x;  X;) to becloseto its projectiononthetangenplane with

local coordinatesv 2 RY. w canbe obtainedanalyticallyby solvinga linear systemof dimensiond. Thetraining
criterion chosenin (Bengioand Monperrus,2005)thenminimizesthe sumover such(x;; x;) of the sinusof the
projectionangle,i.e.:

IFDw  (x xi)ii
ixp o xijj?

Theabove is a heuristiccriterion,which will bereplacedn our new algorithmby onederived from the maximum
likelihoodcriterion, consideringthat F (x;) indirectly providesthe principal eigervectorsof the local covariance
matrix at x;. Both criteria gave similar resultsexperimentally but the model proposedhereyields a complete
densityestimator In both cased- (x;) canbeinterpretedasspecifyingthe directionsin which oneexpectsto see
themostvariationswhengoingfrom x; to oneof its nearneighbordn a nite sample.

4 ProposedAlgorithm: Non-Local Manif old Parzen Windows

In equationg1) and(2) wewrote (x;) andS(x;) asif they werefunctions of x; ratherthansimply usingindices

i andS;. Thisis becauseave introduceherea non-localversionof Manifold ParzenWindows inspiredfrom the
non-localmanifoldtangentearningalgorithm,i.e., in which we canshare information about the density across
differ ent regionsof space In our experimentswe usea neuralnetwork of nhid hiddenneuronswith x; in input
to predict (xi), 2 (Xi), andthes; (x;i) andy; (x;). Thevectorscomputedby the neuralnetwork do not need
to be orthonormal: we only needto considerthe subspacéhat they span. Also, the vectors' norm will be used
to infer s; (x;), insteadof having a separateutputfor them. We will noteF (x;) the matrix whoserows arethe
vectorsoutput of the neurzE] network. Fromit we obtainthe s; (x;) andv; (x;) by performinga singularvalue

decompositioni.e. FF %= ?:1 s; vj v. Moreover, to make sure 2., doesnotgettoo small,which couldmale

the optimizationunstablewe impose 2, (Xi) = S (Xi) + 3, Wheresnise () is anoutputof the neural
network and 3 isa x edconstant.



Imaginethat the datawere lying neara lower dimensionalmanifold. Considera training examplex; near
the manifold. Whenthe likelihood of the other examplesis computed,only the nearneighborsof x; will have
a signi cant gradientcontrikution for the Gaussiarassociatedvith x;, becausdts posteriorwill be very small
comparedo Gaussiarcomponentloserto the example. The Gaussiarcenterechearx; tells us how neighbors
of x; areexpectedto differ from x;. Its “principal” vectorsy; (x;) spanthe tangentof the manifold nearx;. The
Gaussiarcentervariation (X;) tells us how x; is locatedwith respectto its projectionon the manifold. The
noisevariance 2. (xi) tells us how far from the manifold to expectneighbors,andthe directionalvariances
i (Xi) + Zuse (Xi) tell us how far to expect neighborson the differentlocal axes of the manifold, nearx;'s
projectiononthe manifold.FIJ:igurel sh(w%an illustrationin 2 dimension®f the shapeof thea Gaussiarnusingthis
parametrizationwith s; = i\ noise = 2ice (X)and = (x).

Figure 1: lllustration of the local parametrizationof local or Non-Local Manifold
Parzen. The examplesaroundtraining point x; are modeledby a Gaussian. (X;)
speci esthe centerof that Gaussian,which should be non-zeo whenx; is off the
manifold. vi's are principal directionsof the Gaussianand are tangentvectos of the
manifold. nise representghethicknessofthe manifold.

The importantelementof this modelis that the parameter®f the predictive neuralnetwork can potentially
represennon-local structurein the density i.e., they allow to potentially discover sharedstructureamongthe
differentcovariancematricesin the mixture.

We proposeo estimate (x) andS(x) by minimizingtheregularizednegative log-likelihoodof thek neighbors
X;j of eachtraining point x;, accordingto the Gaussiarwith meanx; + (x;) andcovariancematrix S(x;). In
theimplementatiormadefor the experimentgeportechere,training proceeddy stochastigradient visiting each
examplex; (with all of its neighborsandmakinga parameteupdate.

4.1 Parametrization of (x) and S(x)

The (x) functionis simply the output of a neuralnet function of x. The S(x) function is more dif cult to
parametrize As explainedearlier in orderto captureinformationaboutthe underlyingmanifold of the data,we
will parametrizes(x) asfollows:



xd
S(x) = r%oise )1+ Fj (X)OFj (x)
j=1

whered is the numberof principal directionsof variance. Note that the vectorsF; (x) do not needto be
orthogonal. The neuralnetwill thenhave to ouputthed n matrix F (x) andthe scalar 2, (x). To make
surethat 2., (x) is positve anddoesnot gettoo small, which could make the stochastiggradientoptimization
unstableweimpose 2, (Xi) = (Snoise (Xi))?+ 3, wheresnoise () is anoutputof theneuralnetwork and 3 is
a x edconstant.

WhencomputingS *(x), we simply computethed eigevalues ; andeigervectorsy; of F (x)% (x) andget:

1 x 1 1
S Yx)= ———1I + vi VO
r%oise (X) j=1 it r%oise (X) ﬁoise (X) 1

Figtiel shaws an illustrationin 2 dimensionsf the shapeof the a Gaussiarusingthis parametrizationyith
Sy = iy noise = r%oise (Xi) and = (Xi)'
4.2 Gradient derivation for (x) and S(x)

We considerheretheerrorsignalfor a pair consistingof atrainingexamplex andaneighbory of x.
Considetthederivativeof NLL (y) = log(p(y)) with respecto log(p(yjx)):

@ log(p(y)) _  P(Yix)p(x) _
@log(p(yjx))) p(y)

whichalsocorrespondso the'posterior' factorin EM. The conditionallog-likelihoodlog(p(yjx)) for aneighbory
of anexamplex is written:

p(xjy)

log(p(yjx)) = 0:5log(jS(x)j) (n=2)log(2 ) 0:5(y x (X)) "y x  (X):
Hence

@NLL (y)

= 05pixiy) @loaliSO|
@ = 0:5p(xjy) @Iog(JS(X)J)

+@@(y xS0 Ny x ()

which givessigni cant weightonly to thenearneighborsy of x. Thisjusti es theapproximatiorusedhere:

@ILL(y) 5 YNk @ o
@ 05— @ log(jS(x)j)
+@@(y X )SK Wy x (x) 3)

whereN (x) is the setof thek nearesheighbor=of x.
Now, we cancomputethegradientfor = (x) and = S(x). It is straightforvardto shawv that:



NLL (y) = Y2N (x) 1
@ 0:5 K S(x) *(y x (X))

For S(x), thederiationis lessobvious. Let's startwith 2 ... (x). We have from equation3:

@NLL (y) = YN (x) @
@ r%oise 05 k @ r%oise
@ v x 05Ky x  ®)

+7@2‘
. y2N i (x) JS(X)] 1 @

0:5 K jS(x)jTr S(x) @z S(x)

(y x () * @Z—@_Sm S My x  (¥) @

05 Y2 Tr s Py x ()M S My x (x)

log(iS(x)j)

05 Y2 T s T iy x ()% P

whereat equatiord, we used:

@@jAj = JAJTr A 1§A (5)
and
_@ 1 _ 1 _@ 1
a’ AL GAA (6)
Also, for F (x), letf;; betheelementatposition(j;i) of matrix F (x). Fromequation3, we have:
@ILL (y) YNk @
@, 0:5 K @, log(jS(X)))
fGy 0000ty X ()
. y2N  (x) ]S(X)J 1 @
0:5 K jS(x)jTr S(x) ES(X)
(v x ())%x * E?S(X) Sx) My x () (1)

wherewe obtainequation7 usingequations and6. Since:



@%s = (& F; () + F; (%)

wheree = ( k=i)p-; , Wethenhave:

G5 052 T s He () + F (%)
ji
(y x ()X eFx)+F%E)Sx) y x  (x)
0:5%“” Tr S(x) eFj(x) + Tr S(x) F;(x)%
vy x (x)%Sx) eFx)SK My x (X))
(y x ()X F)%eEsx y x (X))

sz(k(x) Tr F(X)S(x) & F)SKX) My x )Ny x  (x)%S(x) ‘e

%k(x)ﬁ GOS) L1y x Oy x  (X)%S(x) ! e

Fromthatequationwe nally obtain:

% DR ES ey x Y x ()%

Notethata differentnumberof neighborscanbeselectedo train  (x) andS(x).

4.3 Algorithms and Optimization details

To sumup, hereis the pseudo-codalgorithmfor computingthe densityat a testpoint with Non-Local Manifold
Parzen:

Algorithm NLMP:Testi; X; ();S(); 3)
Input: testpointx, trainingsetX , functions () andS( ), andregularizationhyperparameter 3.
QL)s O
(2)Forx; 2 X
3) s s+ N(OGX +  (X);S(xi))

S

Output: NLMP estimatomn mp (x) = x5

whereN (x; ; ) isthedensityvalueatx for aGaussiarof mean andcovariance . Of coursefor problems
in highdimensionijt is highly recommendetb work with log-densitiesnsteadjn orderto avoid decimalprecision

issues.
Also, hereis the pseudo-codalgorithmfor trainingthe Non-LocalManifold Parzenmodel:



Algorithm NLMP::T rain(X;d;k;k ; ();S(); 2)

Input: training set X, chosennumberof principal directionsd, chosennumberof neighborsk andk ,
functions () andS( ), andregularizationhyperparameter 3.
(1) Forx; 2 X
2) Collectk nearesheighbors¢j andk nearesheighbors; of x; .
3) Performa stochastigradientstepon parametersf S( ),

usingthe negative log-likelihooderrorsignalonthex; , with a Gaussian

of meanx; + (X;) andof covariancematrix S(x;).

Do thesamefor theparametersf () usingthex;

Thegradientsare:

@ (X; Xi
T = ES I ko (a)
ol = 05 Tr(s 'xi) ity xi o (i) H(x)ji?

G = LE(x)S Hxi) | 0g x5 X (xi)%S 1(x)
(4) Go to (1) until a given criterion is satis ed (e.g. averageNLL of NLMP density estimationon a
validationsetstopsdecreasing)

Result trained () andS( ) functions,with corresponding 3.

Optimizationcanget quite unstablef 2 .. (x) is trainedwithout constraintson its progression.The reason
is that,when 2., (x) getstoo smallandthatthe principal directionsare not correctly estimatedthenthe term
(x; X (xi)% 1(x;) getsquite large, giving a gradientstepthat is too big. To escapethis problem,we
imposeda thresholdon the error signalthrough 2. (x). Whenthe absolutevalue of the error signalis bigger
thana certainproportion of the 2., (x) value,theerrorsignalis x edto thatthresholdwith the appropriate
sign. In our experimentswe used = 0:1. Also, it is quite usefulto settheinitial valueof 2. (x), in orderto
malke surethatit is nottoo small,sothatthe optimizationis stable andthatit is nottoo big, sothatthe optimization
doesnottaketoolong.

5 Experimental results

We have performedcomparatie experimentson bothtoy andreal-world data,on densityestimationandclassi ca-
tion tasks.All hyperparametersreselectedy cross-alidation,andthecostson alargetestsetis usedto compare
nal performancef all algorithms.

5.1 Experimentsontoy 2D data

To understanéndvalidatethe non-localalgorithmwe testedt ontoy 2D datawhereit is easyto understandvhat
is beinglearned.Thesinusdataset(see gure 2(a))includesexamplessampledrom a sinusoidadistribution with
uniformly distributednoise.In thespiral dataset(see gure 2(b)) examplesaresamplechearaspiral. Respectiely,
57 and113examplesareusedfor training,23 and48 for validation(hyperparameteselection)and920and3839
for testing.



(a) Sinusoidadataset (b) Spiraldataset

Figure2: Distribution samplef datasets

| Algorithm | sinusANLL | spiral ANLL |
Non-Local Manifold Parzen 1.144 -1.346
Manifold Parzen 1.345 -0.914
GaussiarMixture 1.567 -0.857
ParzenWindows 1.841 -0.487

Tablel: Average out-of-sampléNegativeLog-Likelihood(ANLL) ontwo toy problemsfor Non-
Local Manifold Parzen,a Gaussiammixture with full covariance Manifold Parzen,and Parzen
Wndows.Thenon-localalgorithmdominatesll the others.

Thefollowing algorithmswerecompared:

Non-Local Manifold ParzenWindows. The hyperparametersre the numberof principal directions(i.e., the
dimensionof the manifold), the numberof nearesneighborsk andk , the minimum constantoisevariance 2
andthe numberof hiddenunitsof the neuralnetwork. The startinglearningrateanddecreaseonstantlsohave to
be selectedandearly stoppingis usedon the validationset.

Gaussiammixture with full but regularizedcovariancematrices. Regularizationis doneby settinga minimum
constantvalue 3 to the eigervaluesof the Gaussians.It is trainedby EM and initialized using the k-means
algorithm. The hyperparameteis 3, andearlystoppingis usedwith EM on a validationset.

ParzenWindows densityestimatoy with a sphericalGaussiarkernel. The hyperparameteis the spreadof the
Gaussiarkernel.

Manifold Parzendensityestimator The hyperparameterarethe numberof principalcomponentsthe numberof
nearesheighborsof thek-nearesheighborskernelandthe minimumeigervalue 3.

Note that, for theseexperimentsthe numberof principal directions(or componentsjvas x edto 1 for both
NLMP andManifold Parzen.

Density estimationresultsare shavn in table 1. To help understandvhy Non-Local Manifold Parzenworks
well onthesedata, gure 3 illustratesthe learneddensitiesfor the sinusandspiral data. Basically it works better
herebecausét yieldsanestimatorthatis lesssensitve to the speci ¢ samplesaroundeachtestpoint, thanksto its
ability to sharestructureacrossthe wholetraining set. In gure 4, the principal directionslearnedby Non-Local



Manifold Parzenandlocal Manifold Parzenaredisplayedfor the spiral distribution data. We canclearly seethat
the former predictsprincipal directionsthat are more consistentwith the true shapeof the manifold, whereashe
latteris very sensibleo the noiseof the data.

Figure3: lllustration of the learneddensitiegsinuson top, spiral on bottom)for four
compaed models. From left to right: Non-LocalManifold Parzen, Gaussianmix-
ture, ParzenWindows,Manifold Parzen. ParzenWindowswastesprobability massin
the spheesaroundead point, while leavingmanyholes. Gaussianmixturestendto
choosetoo few componentso avoid over tting. The Non-LocalManifold Parzenex-
ploits global structure to yield the bestestimator

5.2 Experimentson rotated digits

The next experimentis meantto shav both qualitatively and quantitatvely the power of non-locallearning, by
using9 classe®f rotateddigit imagegfrom 729 rst examplesof the USPStrainingset)to learnabouttherotation
manifoldandtestingon theleft-out class(digit 1), not usedfor training. Eachtrainingdigit wasrotatedby 0.1 and
0.2radiansandall thesemageswereusedastrainingdata.We usedNLMP for training,andfor testingwe formed
anaugmentedanixturewith Gaussiansenterediotonly onthetrainingexamplesput alsoontheoriginal unrotated
1 digits. We testedour estimatoron the rotatedversionsof eachof the 1 digits. We comparecdhis to Manifold
Parzentrainedon the training datacontainingboth the original androtatedimagesof the training classdigits and
the unrotatedl digits. During the test,we forcedthe Gaussiarcomponentdo be centerecbn the testpoint. We
testedour estimatoron the rotatedversionsof eachof the original images. We comparedt to Manifold Parzen
wherethe parametersf the Gaussiarcomponentdor digit 1 werecomputedasusual,by includingthe unrotated
1 digits to its training set. The objective of the experimentwasto seeif the modelwasableto infer the density
correctlyaroundthe original unrotatedmages,i.e., to predicta high probability for the rotatedversionsof these
images.In table2 we seequantitatvely thatthe non-localestimatompredictsthe rotatedimagesmuchbetter

As qualitative evidence ,we usedsmall stepsin the principal directionpredictedby the neuralnetto rotatean
imageof thedigit 1. To make this taskeven moreillustrative of the generalizatiorpotentialof non-locallearning,
we followedthetangentin the directionoppositeto the rotationsof the trainingset. It canbe seenin gure 5 that
therotateddigit obtainedis quite similar to the samedigit analyticallyrotated.For comparisonyve tried to apply
the samerotationtechniqueto thatdigit, but by usingthe principaldirection,computedoy Manifold Parzen,of its
nearesheighbors Gaussiartomponentn thetrainingset. This clearly did notwork, andhenceshowvs how crucial

10
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(a) Non-LocalManifold Parzen (b) Manifold Parzen

Figure 4: lllustration of the learned principal directionsfor Non-Local Manifold
Parzenand local Manifold Parzen,for the spiral distribution data set. Note how the
principal directionsare more consistenwith the underlyingmanifold for Non-Local
Manifold Parzenthanfor Manifold Parzen

| Algorithm | Validation ANLL | TestANLL ||
Non-Local Manifold Parzen -73.10 -76.03
Manifold Parzen 65.21 58.33
ParzenWindows 77.87 65.94

Table2: Average NegativeLog-Likelihood (ANLL) on the digit rotation experimentwhentest-
ing on a digit class(1's) not usedduring training, for Non-LocalManifold Parzen, Manifold
Parzen,and ParzenWindows.Thenon-localalgorithmis clearly superior

non-locallearningis for this task.

Note that, to make surethat NLMP learnsthe tangentplaneof the rotationmanifold, we x edthe numberof
principaldirectionsd andthe numberof nearesheighbors to one,andwe alsoimposed () = 0. Thesamewas
donefor Manifold Parzen.

5.3 Experimentson classi cation by density estimation

The USPSdatasetwas usedto performa classi cation experiment. The original training set(7291) was split
into a training ( rst 6291) and validation set(last 1000), usedto tune hyperparameters.One density estimator
for eachof the 10 digit classeds estimated.For comparisorwe alsoshav the resultsobtainedwith a Gaussian
kernel SupportVector Machine (alreadyusedin (Vincentand Bengio, 2003)). The improvementbroughtby the
Non-LocalManifold Parzenalgorithmover the othermethodss statisticallysigni cant with at-teston thetestset
of 2007 examples. Note that betterSVM results(about3% error) canbe obtainedusing prior knowledgeabout
imageinvariancesg.g. with virtual supportvectors(Decosteand Schollopf, 2002). However, asfar aswe know
theNLMP performancés thebeston the original USPSdatasetamongalgorithmsthatdo notuseprior knowledge
aboutimages.
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Figure 5: From left to right: original image of a digit 1; sameimage analytically
rotatedby 0:2radians;rotationpredictedusingNon-LocalManifold Parzen;rotation
predictedusinglocal Manifold Parzen. The rotationsare obtainedby following the
tangentvectorin smallsteps.

Table3: Classi cation error obtainedon USPSwith SVM,ParzenWindowsand Local
and Non-LocalManifold ParzenWindowsclassi ers.

| Algorithm || Valid. || Test || Parameters |
SVM 1.2% || 468% || C=100 =8
Parzenwindows || 1.8% || 5.08% =08

Manifold Parzen || 0.9% || 4.08% [ d= 1Lk= 11, 3= 01
Non-localMP | 0.6% | 3.54% | d= 7,k= 10,k = 4, 3= 0:05 nhid = 30

6 Conclusion

We have proposeda non-parametriclensityestimatorthat, unlike its predecessorss ableto generalizefar from
thetraining examplesby capturingglobal structuralfeaturesof the density It doesso by learninga functionwith
global parametershat successfullypredictsthe local shapeof the density i.e., the tangentplaneof the manifold
alongwhich the densityconcentratesThreetypesof experimentsshaved that this ideaworks, yields improved
densityestimationandclassi cationerrorcomparedo its local predecessors.
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