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Abstract. We investigate the feasibility of reconstructing an adrity-shaped specular scene
(refractive or mirror-like) from one or more viewpoints. Bgducing shape recovery to the problem
of reconstructing individual 3D light paths that cross thege plane, we obtain three key results.
First, we show how to compute the depth map of a specular $oemea single viewpoint, when
the scene redirects incoming light just once. Second, fenes where incoming light undergoes
two refractions or re ections, we show that three viewpoines suf cient to enable reconstruction
in the general case. Third, we show that it is impossible ¢omstruct individual light paths when
light is redirected more than twice. Our analysis assunmegs fibr every point on the image plane,
we know at least one 3D point on its light path. This leads tmnstruction algorithms that rely
on an “environment matting” procedure to establish pixepbint correspondences along a light
path. Preliminary results for a variety of scenes (mirrtasg, etc) are also presented.
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Figure 1: Viewing a known reference point indirectly via éa) opaque specular scene (a mirror)
and (b) a transparent specular scene (a volume of water).

1 Introduction

The reconstruction of general specular scenes, eitheaatefe or mirror-like, is one of the few
remaining open problems in visual reconstruction. Exaspielude scenes that contain glass
objects, mirrors, or liquids, where refraction and spectdaection dominate the image formation
process. Such scenes cannot be reconstructed by laseescanhy 3D reconstruction algorithms
designed for objects that scatter incident light (e.g.3[L—Reconstructing such scenes, on the
other hand, could have implications in many disciplinesluding graphics [4, 5], optics [6, 7], 3D
scanning [8, 9], and uid modeling [10].

Specular objects do not have an “appearance” of their owey-g¢hmply distort the appearance
of other objects nearby, creatingiadirect viewof the original objects. Unlike perspective images,
where 3D points project along straight lines, indirect \8eawe created by light that travels along a
piecewise-linear light path (Figure 1). The complexity luktprojection process and the dif culty
of inverting it has brought about new image-based techsigsech as environment matting [4,
5, 11], that side-step 3D reconstruction altogether. bdtef computing shape, they compute the
shape's effect on appearance—all they recover is a funtianmaps points on a pattern placed
near the scene to pixels in the pattern's distorted, intlirisov.

In this paper, we investigate the reconstruction of suclhesevith an approach that seeks to
invert the indirect projection process. Despite the pnotdeapparent intractability in the general
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case, it is possible to characterize the class of recongileiscenes and to develop simple recon-
struction algorithms for some important cases. In pariGguur work considers three questions:

suppose we are given a function that maps each point in thgeiteea 3D “reference point”
that indirectly projects to it; can we recover the pointighii path?

if so, under what conditions?

how do we design reconstruction algorithms that do not iraf@sg/a priori constraints on
the shape of the unknown specular scene?

Little is known about how to address these questions in thhergé case, although specialized
reconstruction algorithms for a few cases have been desdlofhe earliest algorithms come from
multi-media photogrammetrjd 2, 13], where the scene is assumed to have a known parametri
form. These approaches solve a generalized structure4irotion problem that takes into account
refractions and re ections caused by parametric surfadés avfew known degrees of freedom
(e.g., underwater objects viewed from above a planar séacg)r An algorithm along these lines
was recently proposed by Ben Ezra and Nayar [14] for recoctatigi glass objects modeled as
super-ellipsoids. Knowledge of a scene's low-order patamtrm implies that these techniques
cannot be used for reconstructing objects with ne detaiviih a complicated, unknown shape.

Most computer vision research on the topic has followed apshfrom-distortion” approach
for reconstructing either mirrors [9, 15] or liquids [1641B this approach, 3D shape is recovered
by analyzing the distortion of a known pattern placed nearsipecular surface. Unfortunately it
is impossible, in general, to reconstruct the 3D shape oh&nawn specular scene from just one
image of a nearby pattern. This has prompted a variety ofnagssons, including approximate
planarity [17-19], surface smoothness [15], integrab{&], far- eld illumination [27] and spe-
cial optics [10, 16, 20]. These approaches are restrictéoetgimplest forms of indirect viewing,
where light bounces at most once before reaching the caraaya By re ecting off a mirror or
refracting once through the air-water boundary). Moreosgecialized research on reconstructing
specular transparent objects has followed one of three laggiroaches—they either ignore the
object's specular properties, relying exclusively on tigeot's silhouette for reconstruction [4],
they analyze the polarization of light specularly re ecfeain its surface [21], or they reduce re-
construction to a standard computerized tomography pmof22, 23]. Unfortunately, silhouette-
based approaches are limited to recovering a visual hulloxppation, and polarization-based
analysis is dif cult when transmission, rather than spacué ection, dominates image formation.
While computerized tomography enables reconstruction gf @emplex semi-transparent shapes
when light propagation is linear [23, 24], enforcing linpappagation through glass media is fairly
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intrusive (e.g., it requires immersing the glass object semi-transparent liquid with an identi-
cal refraction index [22]) and may even be impossible to @adhie.g., when the object contains
inaccessible cavities or opaque regions).

Our goal is to develop a general framework for analyzing sla@scenes that does not impose
a priori assumptions on the shape of their surfaces or the naturecofrttedia (e.g., opaque
or transparent). To achieve this, we formulate the recaostm of individual light paths as a
geometric constraint satisfaction problem that genezalihe familiar notion of triangulation to
the case of indirect projection.

Our approach can be thought of as complementing two linesaaint work. Research @mvi-
ronment matting and generalized imaging mod&|25, 26] represents an arrangement of cameras,
mirrors and lenses as an abstract function that maps 3Dspoir8D rays to points on the image
plane. These techniques focus on computing this functiohtisgat the arrangement itself as an
unknown “black box.” In contrast, here we assume that thigfion is known and study the prob-
lem of reconstructing the arrangement. Workspecular stere¢27—30] relies on a two-camera
con guration or a moving observer to reconstruct a miri&elobject. These algorithms solve the
light path reconstruction problem for one speci ¢ case; fstamework leads to several general-
izations, including a stronger two-view result [31] thatbles reconstruction of a refractive scene
even when its refractive index is unknown.

On the theoretical side, our work has ve key contributioRBst, we provide a uni ed analysis
of refractive and mirror-like scenes, leading to algorigitmat work for both problems. Second, we
characterize the set of reconstructible scenes in a waylémands only on the number of vertices
along a light path. As such, our results apply to any speatene geometry that produces paths
of a given length. Third, we identify a very simple algoritHor computing the depth map of a
mirror surface from one viewpoint. The algorithm relies orowledge of a function that maps
each image point to two known reference points along it lggtth and places no restrictions on
shape, except that light must bounce exactly once befoohirggathe camera. Fourth, we establish
the most general class of scenes that can be reconstruatgdansef cient, stereo-like algorithm:
these are scenes where light bounces twice before readtencatmera. To our knowledge, this
problem, which requires three viewpoints to solve it, haishe@n previously analyzed. Fifth, we
show that, while ef cient algorithms may not exist for sceneith light paths of lengtiK 3,
there is enough information B(K 1) viewpoints to reduce shape ambiguities to a discrete set.

Even though our emphasis here is on the underlying theorypnesent preliminary results
on real scenes, both refractive and mirror-like. Theselt®fiave several implications. First,
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they show that we can reconstruct mirror surfaces with anigcie whose accuracy is bounded
by the calibration accuracy of a single stationary cameih @anthe accuracy of environment
matting (which can be very high using well-known technig{$2]). Second, it is possible to
reconstruct each point on a specular 3D scene (mirror,djggiass) independently of all other
points. This allows reconstruction of scenes with ne soéfaetail and/or discontinuities. Third,
we can compute a separate deptid a separate normal for each surface point; this is unlike
typical stereo or laser-scanning techniques (which coempyioint-set that must be differentiated
to get normals) or photometric stereo (which computes a abmap that must be integrated to
obtain depth). As such, our algorithms yield richer 3D dataifferring an object's unknown
shape [3, 33].

2 Light-Path Triangulation

Perspective projection requires that every 3D point ptejeran image along a straight line. When
the scene is composed of refractive or mirror-like objeitis, linear projection model is not valid
anymore. Here we extend this model by studyindjirect projections of 3D points. Informally,
indirect projection occurs anytime a point is viewed indilg via one or more specular surfaces.

Consider a scene that is viewed from one or more known viewgaimd contains one or more
objects of unknown shape. We assume that each object is mgalomposed of a homogeneous
medium (opaque or transparent) and whose surface is smiaathit does not contain surface
irregularities that scatter the incident light. In thiseahe propagation of light through the scene is
characterized by three basic processes [34, 3pjecular re ectiomat an object's surfacspecular
transmission (i.e., refractiorgt the surface of a transparent object, &ndar propagationwithin
an object's interior and through empty space.

Given an arbitrary 3D poinp, a known viewpointc, and a known image plane, the point's
projection is determined by the 3D path(s) that light wou&te in order to reach that viewpoint
(Figure 2). We use the tertight pathto refer to such a path. If a light path exists, it will be a
piecewise-linear curve betwe@nandc whose vertices, if any, will always lie on the surface of
some object in the scene. The number of vertices along a p#tleiiefore equal to the number of
surfaces it intersects. In general, there may be more thafigitt path connecting a 3D point to a
viewpoint, or there may be none at &llVe say that poing is anindirect projectionof p if there
is a light path betweep andc that crosses the image planegat

1See [36] for a camera-mirror arrangement that forces soeinésio indirectly project twice onto the image plane.
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Figure 2: An example light path. The dark gray region denatesrror-like object and the light
gray region a transparent object. Here, the light path fpamtersects three surfaces before reach-
ing pointq on the image plane, and therefore has three vertices,, andvs, and four rays. In
light-path triangulation, the coordinates@fq andp are known and the goal is to determine the
coordinates and normals of the vertices. By convention, werovertices and rays along a path
according to the direction of light travel.

2.1 The Light-Path Triangulation Problem

Suppose the specular scene is viewed fidrknown viewpoints. We assume that for every point
on the associated image planes there is a unique light paitldéiscribes light propagation toward
that point> Furthermore, suppose we are given a function which tell§arsgvery such point,
the 3D coordinates dil “reference points” that project to that point indirectlyigire 3). Now,
suppose we choose a poipton one of the image planes and assign it a “depth” value, a.e.,
hypothetical distance to the last vertex along its lightpainder what conditions can we decide
unambiguously the correctness of this depth? Our goal issaver this question in the general
case, i.e., for smooth scenes of arbitrary shaype, 1 viewpoints,M 1 known reference
points, and light paths witK 1 vertices. To simplify our exposition, we assume withouslos
generality that all light paths have the same numkermf vertices and that this number is known.

When we assign a depthto a point on the image plane, we de ne the 3D position of one
specular pointy 9, along the ray through the selected image point. If thatidisptorrecty ¢ would
redirect light toward alN viewpoints in a way that is consistent with the laws of refi@t and
re ection, as well as the known function that maps image fwofa reference points. Speci cally,
light would travel alongN distinct light paths whose last vertexv§ (Figure 3). These paths
de ne a graph, that we call tHeght networkfor depthd. The network connects thé¢ perspective
projections ofv9 to their corresponding reference points.

2More generally, our theory applies when the mapping fromgienpoints to light paths is one-towith L nite
and bounded; for simplicity of presentation, however, wauaselL = 1 in this paper.
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Figure 3: Basic geometry ¢lN; K; M i-triangulation.

De nition 1 (Consistent Light Network) The light network for deptld is consistenif we can
assign a normal tov and 3D coordinates and normals to its other vertices so thatresulting
light paths are consistent with the laws of re ection and retran.

De nition 2 (N ; K ; M i-Triangulation) Assigns a deptldl to a given image point so that the
resulting light network is consistent.

De nition 3 (Tractability) A triangulation problem igractablefor a given image point if its so-
lution space is &-dimensional manifold, i.e., it is a collection of isolatéepth values.

Intuitively, the minimumM andN needed to make triangulation tractable for a given path
lengthK indicate the problem's intrinsic dif culty. We use the teright-path triangulationto
refer to the entire family ofiN; K; M i-triangulation problems.

Light-path triangulation differs from traditional steréwangulation in three important ways.
First, unlike stereo where at least two viewpoints are néddereconstruction, tractable light-
path triangulation is possible even with just one viewpd®¢ction 3.1). Second, unlike stereo
where a single point is reconstructed from a pair of intaisg@D rays, here we must reconstruct
the 3D coordinates dll N (K 1) +1 points in a light network, to guarantee consistency. Third,
while stereo triangulation does not provide surface normiarmation, light-path triangulation
reconstructs normals as well. Hence, even though it is hdaodsolve, light-path triangulation
yields richer scene descriptions than stereo both in tefrdsmsity (i.e., number of reconstructed
points) and content (i.e., points and normals).
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2.2 Basic Properties of a Light Path

In principle, it is always possible to express a light-patéintgulation problem as a system of non-
linear equations that govern light propagation throughsttene. Rather than study the analytical
form of those equations, which can be quite complex, we tajeoanetric approach. In particular,
we expres$N; K; M i-triangulation as a geometric constraint satisfactiorf@m whose solution
space depends on just three properties (Figure 4):

Planarity Property: Light propagation at a vertex always occurs on a single pthae
contains the surface normal. That is, the vectgrd™ andd®" are always coplanar.

De ection Property: If we know the refractive index and know any two of vectorsi™; d°'t,
we can determine uniquely the third vector. Moreover, tkiation is a local diffeomor-
phism?3

Double-Correspondence Property: If we are given two distinct reference points that
project indirectly to the same image point, the rst ray oe tmage point's light path must
be the line that passes through both reference points.

Note that all three properties hold for re ected and for aeted light. As a result, our analysis
does not distinguish between these two different typegbt [propagation, making our theoretical
results applicable to scenes with mirror-like or refragtbjects, or both.

While not previously used for reconstruction, the Doubler€gpondence Property has been
noted in the context of environment matting [5] and cametidbiion [25]. Here, it highlights a
fundamental difference between light-path triangulatiormere two or more reference points are
known per image pointM  2) versus just oneM = 1): two or more reference points provide
complete information about the 3D ray along which light @oatesbeforeit enters the scene,
which is impossible to get from just one reference p8iithis distinction is especially important
in interpreting the results of our analysis.

3Recall that a smooth map, between two manifolds is a local diffeomorphism at a peiiftits derivative, d p,
is one-to-one and onto [37].

4In fact, our analysis covers the case where a scene poinésauefraction along the light path of a point in an
image and causes a specular re ection along the path of stimee ismage point (in the same or another viewpoint).

Note that thedirectionof this 3D ray can be determined from a single reference gatrin nity,” i.e., located far
from the specular scene [27]. Since this direction is notaarit to localize the ray in 3D, the information provided
by a single reference point at in nity is weaker than knovgedf two reference points.
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Figure 4: Visualizing the three properties of a light patlectrsn; d™; d°" are always coplanar.
In specular re ection, shown above, the angle betweeamndd™ is always equal to that of and
d°“. In specular transmission, Snell's law states that the m@tisines of these angles is equal to
the relative index of refraction [34]. Hence, knowing onglarallows us to determine the other in
both cases.

3 Tractable Light-Path Triangulations

Our main theoretical result is an enumeration of all traletdight-path triangulation problems
(Figures 5, 6):

Theorem 1 The only tractabldN; K; M i-triangulations are shown in the tables below:

One reference point (M = 1) Two or more reference points (M 2)
K=1 K=2 K 3 K=1 K=2 K 3
N=1 N=1 X
N 2 X N=2 X
N =3 X X
N 4 X X

where X' marks tractable problems where the scene is either known torberor or its refractive
index is known; * ' marks tractable problems where the refractive index (or vaeeit is a mirror)

is unknown; and blanks correspond to intractable cases.
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hl; 1; 2i-triangulation h2; 1; 1i-triangulation

specular re ection specular refraction specular re eatio

i

Figure 5: Two of the basic tractable light-path trianguatproblems. The third tractable problem
is shown in Figure 6Top row: General 3D geometry of light paths and normals. Similadicred
rays are on the same light path. Unknown vertices and nomnalisidicated along each path (there
is only one unknown vertex and normal for these two problei@sjtom row: Top-down view of
the unknown scenes and light paths, and the known referenctspfor speci ¢ instances of these
problems. In practice, the known reference points lie on gable LCD panel whose 3D position
is always known (indicated by the red-blue color gradiena)o instances are shown for the case
of h2; 1; 1i -triangulation, corresponding to a transparent and a mitke scene, respectively.

We obtain this result through a case-by-case analysis ichwtiie three properties of Sec-
tion 2.2 are applied to the above cases. Proofs for the cds$#slp2i -triangulation andi3; 2; 2i -
triangulation are given in Sections 3.1 and 3.2, respdygtiEeach of these proofs is constructive
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h3; 2; 2i-triangulation

specular refraction specular re ection

Figure 6:13; 2; 2i -triangulation. We use the same conventions as in Figureote thhat in addition

to reconstructing transparent objedts; 2; 2i -triangulation enables reconstruction of mirror-like
scenes from the “re ection of the re ection” of the referenpoints. The instances shown above
are not exaustive; our theory also covers cases where satie light paths through® are caused
by refraction and some by re ection.

and leads directly to a reconstruction algorithm. See [81]af detailed investigation of a third
case 2; 1; li-triangulation, which includes a proof, algorithmic dé&taand experimental results
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on reconstructing dynamic surfaces of liquids.

Theorem 1 can be interpreted both as a negative and as avpastult. On the negative side,
it tells us that light-path triangulation quickly becomesractable for scenes where a light path
intersects many surfaces. Moreover, our capabilitiesarersly limited wherM =1, i.e., when
one known reference point projects to each image point.

On the positive side, the theorem identi es three non-éticases thadre tractable: (1) recon-
structing a mirror from just one viewpoint; (2) reconstingta refractive surface with an unknown
refractive index from two viewpoints; and (3) using threewpoints to reconstruct scenes that
refract or re ect light twice.

Theorem 1 also highlights a fundamental asymmetry betweemamber of known reference
points M) and the number of viewpointN(). Intuitively, the information we obtain by indi-
rectly viewing two known reference points per image poimtrezt be replaced by viewing just one
reference point and increasing the number of viewpoints.

3.1 Mirrors: One Viewpoint, Two Reference Points

The tractability ofhl; 1; 2i -triangulation is a trivial consequence of the geometryigtife 4. This
is because knowledge of two distinct reference points oneaventex light path means that we
know both rays on that path. The depth of the path's verteResafore given by the intersection
of these two rays.

Speci cally, suppose that we know the two reference poiptsp,, that indirectly project to
image pointg, and suppose that we do not know the scene's refractive indevhether it is a
mirror. In this case, the rst ray along the light path is tlag through pointg, andp,, and the
second ray is the ray throughand the camera’s known viewpoirt, The unique depth solution
is given by _

q= k(p1 c©) .d'”k
kdeout  dink
whered™ andd®“ are the unit vectors in the direction of the path's two raysté\that if we also
know thatq's light path is caused by specular re ection, the surfacema at the path's vertex is
uniquely determined—it is simply the unit vector in the diien of the bisector(d™ + d°)=2.%

(1)

While ht; 1; 2i -triangulation has a very simple solution, we are not awépeior work that uses

SWhen this information is not available, one additional vieimp is suf cient to determine both the normal and
the scene's specular properties (i.e., whether it is réveadr refractive, and the refractive index).
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it for reconstructing specular scenes.

3.2 Glass: Three Viewpoints, Two Reference Points

Figure 7a shows the geometry of a typical light path in the @d$3; 2; 2i -triangulation. The path
will contain two vertices and three non-coplanar rays, twahbich are known (i.e., the rst and
the last ray). To determine the path uniquely we therefoexinest two additional scalars—the
depthd of its second vertex and the position,of its rst vertex along the rst ray. To prove the
tractability ofh3; 2; 2i -triangulation for a known refractive index we show thatgemeral, only an
isolated set ofd; )-pairs will de ne a consistent light network. Intuitivel§his is because when
two additional viewpoints are available, almost evity )-pair will produce at least one “invalid”
light path, i.e., a path whose rays do not meet in 3D for onda$é viewpoints (e.g., the green
and blue paths in Figures 7b and 7c, respectively).

Proposition 1 (a) h3; 2; 2i -triangulation is tractable for almost all points on a gemesurface
with known refractive index. (33; 2; 2i -triangulation is intractable when the refractive index is
unknown.

Beyond showing that it is possible to reconstruct generabyerefracting and doubly-re ecting
scenes, our analysis suggests a reconstruction algoritiels us that we can reconstruct all four
vertices and normals in the light network of a pixel (Figuyé¥% conducting a 2D search (a; )-
space. The search is for a péik; ) that produces valid light paths in all three views.

Geometrically, the proof of Proposition 1 can be thoughtsaeploiting two basic observations:
(1) the set of all depth and normal assignments consistaht avsingle viewpoint forms a 2D
“constraint surface” iR~ S?; and (2) the common intersection of three such surfaces dine
for each viewpoint) will in general be a set of isolated psintn the following, we develop a
constructive proof that formalizes these intuitions.

Proof of Proposition 1(a)For concreteness, assume that the “true” light path of aneage point
contains two refractive vertices (Figure 6, bottom leftati® where one or both of their vertices
are re ective can be treated in an identical way.

"The Double-Correspondence Property was used in [25] tosezthe caustic of a mirror-based imaging system.
This caustic, however, does not coincide with the mirrodsface and, hence, their technique is not equivalent to
hl; 1; 2i -triangulation. More recently, and independently from own work [38], Bonfort, Sturm and Gargallo [39]
reported an algorithm identical td,; 1; 2i -triangulation.
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Figure 7: (a)-(c) Path geometries in proof of Propositiorfa).Light path of an image poirg in
the rst viewpoint. The arrow indicates the direction of eming light. Rayd; andls are known
butl, is not. The shaded plane is the plane of layandl; and always contains the surface normal,
nd . Generically, this plane will not contain rdy. (b) Light path ofg®in the second viewpoint,
for a given value ofi and . The path in (a) is also shown. Ralfsandl§ are known. Ray? is
uniquely determined b2 andn® . For arbitraryd and , the rayd$ andl? will not intersect. The
dark-shaded plane is the planel®fandl. (c) Light path ofq®in the third viewpoint. (d) Path
geometries in proof for Proposition 2.

To prove the proposition we use two facts. First, sike= 2, we know two rays on the
light path of every image point. Second, for scenes boungea ¢peneric (i.e., non-degenerate)
surface [40], the light path of almost every pixel, in a meagheoretic sense, will be non-planar,
i.e., the rst and last ray of a light path will not lie on thersa plane, and therefore these rays
will not intersect (Figure 7a). This is because the plagasfta light path is not a stable [37]
property—almost any in nitesimal surface deformationanlge in viewpoint, or change in the
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position of pixelq will invalidate it.

Now letq be an arbitrary image point, Igt; I,; |3 be the rst, middle, and last ray along its light
path, respectively, and letbe a hypothetical depth value assigned|tdMe show that in general
only isolatedd-values can de ne a consistent light network.

Sincel; is the rst ray on the light path ofj, it contains the rst vertex ofi's path. Moreover,
since this ray is known, there is a one-degree-of-freedoimiguity in the position of this vertex.
We can therefore parameterize its position with a paramefr(1 ;1 ). For a givend, each

-value de nes a unique position, , for the path's rst vertex and, consequently, a unique tigh
path forg. In that path, light initially propagates alomg is refracted av and then av, and
nally reachesq. From the De ection Property, only one normahgtcan redirect light according
to that path for any given value of the refractive index. Naypose that we x the refractive
index to a speci ¢, but possibly incorrect, value. In thisseait is possible to map every pair
(d; ) to a normal,n® . Moreover, sincd; andl; do not intersect in general, this mapping is a
diffeomorphism for almost everg. Note that we can comput® for anyd and because we
knowl; andls;.

Now letg®be the perspective projection of poirftin the second viewpoint, and ItandI$ be
the rstand last ray on its light path, respectively (Figdis). Rayd? andl$ will also not intersect
in general. Given a normal® and rayl3, the De ection Property tells us that there is a unique
ray, 19, that (1) passes through' and (2) causes light propagating aldfdo be refracted toward
q° This ray is completely determined by, n? , the second viewpoint, and the image pajftin
particular,there is no geometric constraint between réyand|9. It follows that these rays will be
in general position, i.e., they will not intersect for anigndry choice ofd and and will not form
a light path. Hence, such a choice does not produce a ligivonketor q.

For a givend, there is only an isolated set ofvalues that cause ray$andlI9 to intersect. To
see this, note that asvaries over the intervdl1 ;1 ), rayl9 traces a ruled surface whose shape
has no relation to raif. Since in general a ray and a surface will only have isolatégr$ection
points [37], and sinc# andl) intersect precisely at those points, it follows that formgwetthere
is only a discrete set, ¢, of -values that produce a light path through

Finally, consider the projectiom of v¢ in the third viewpoint (Figure 7c). For a givet the
normals that produce light paths for the rst two viewpoiate given by the sétn® j 2 9g.
For every normal in this set there is a unique t8ythat passes through powt and forces light
propagating along2°to be refracted toward pixe®® Since the set of normals is discrete, these
rays form a discrete family. Moreover, since this family afs has no relation to rd$°and since
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rays in general position have no common intersections,llivis that rays 2°and12°will either
never intersect, or will intersect for an isolated setlefalues. When the “true” refractive index
is known, however, there is at least one such value that pesda consistent light network—the
“true” depth.QED

Proof of Proposition 1(b):Our proof is a continuation of the proof for part (a). We shdatt
generically, ray$2°andI%ill intersect for an isolated set afvalues even when we use an incor-
rect refractive index. This implies the existence of a dapfmactive index ambiguity: for almost
any hypothesized value for the refractive index, there igptll hypothesis that gives rise to a
consistent light network.

More speci cally, suppose we X the refractive index to arbdrary value and consider the
arrangement of rayl§°and|9%n Figure 7c. As the hypothetical depth valdearies in the range
(1 ;1),the vertex?, its projectiong®in the third viewpoint, and ray%and!°will also vary
as functions ofd. To make this explicit, we parameteriffand|°by the refractive index and
the depth hypothesis that give rise to them, i¥.; d) andI{ ;d) are the rays corresponding to
depth hypothesid for refractive index . For a given , these rays trace a pair of ruled surfaces in
3D. When varies as well, these ruled surfaces span a 3D volume.

We now de ne the following two sets:

M,
A

f(x;y;z; ;d)j(x;y;z)isapointonray{};d) g; (2)

f(x;y;z; ;d)j(x;y;z)isapointonrayd;d) g: (3)

Observe thaM ; andM , have a non-empty intersection if and only if there is a reivadndex

such that ray$?{ ;d) andI9{ ; d) intersect for some depth hypothedisThese two sets are 3-
dimensional manifolds iRR®> and, generically, two such manifolds intersect along amedisional
manifold (i.e., a codimension-4 submanifold R [37]). This manifold represents the depth-
refractive index ambiguity. Hence, when the refractiveeixds unknown, the solution space of the
h3; 2; 2i -triangulation problem is a 1-dimensional, rather thandirfiensional, manifoldQED

3.3 The Limits of Light-Path Triangulation

We now prove that light-path triangulation cannot recangtigeneral scenes that redirect light
more than twice.

Proposition 2 hN; 3; 2i -triangulation is intractable.
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Proof: It suf ces to prove the proposition for the case where theneds refractive with a known
refractive index and is viewed frold > 1 viewpoints. Letd be a hypothetical depth value @t
and letn® be an arbitrarily-chosen normal for verteX (Figure 7d). Given the projectiogf of v¢
in thei-th viewpoint, we will assign coordinates and normals ta@thaining vertices on its light
path in a way that is consistent with the laws of refraction.

We use the same terminology as in the proof of Propositionat.aFgivend andn¢, there is
only one ray)3, that can refract light toward image pouft (Figure 7d). The second vertex, on
q°s light path will lie on that ray. Choose an arbitrary location the ray for that vertex. To fully
de ne a light path forg, we now need to specify its rst vertex. This vertex must lretbe known
ray 9. As in the proof of Proposition 1, the 3D position,, of this vertex can be parameterized
by a single parameter. Choose an arbitrary value ofto x the location of that vertex as well.
Now, the De ection Property tells us that there is a uniquenmal that will redirect light from
19 towardI§ atv. Similarly, there is a unique normal that will redirect ltighom |9 toward|? at
v . Hence, we have found an assignment of 3D coordinates amdateofor all path vertices that
produces a light path far®. Since we were able to do this for an arbitrary value of theldpthe
triangulation problem's solution space is dens®ImMQED

3.4 The Power of Global Shape Recovery

The fact that light-path triangulation is intractable feeses with long light paths does not nec-
essarily mean that reconstruction of such scenes is hapdlesiitively, light-path triangulation
operates at a completely local level—for any two points @same image plane, it attempts to
reconstruct the associated light networks independefthach other. So what if we had a proce-
dure that reasoned about multiple light networks simulbaiséy? Here we brie y sketch a partial
answer to this question: we show that a suf ciently largdexilion of viewpoints does contain
enough information to reduce shape ambiguities to a desaett Although this existence result
does not point to any algorithms, it does suggest that, wittugh images, we can test with rea-
sonable con dence the validity of a hypothesized 3D scendeho

Proposition 3 Given an arrangement of viewpoints for which there is a conskarsuch that
(1) every scene point is intersected by at Ie&@ 1) light paths of length K and (2) the
rst and last ray of all these paths is known, the location otleacene point is constrained to a
0-dimensional solution manifold.
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# camerasiN )

# interfacesK)

Figure 8: The space of solvable specular scene reconsinymtoblems. For values &f; K in the
dark-colored region (red), reconstruction is possiblélyK; 2i-triangulation, according to The-
orem 1. WherN; K are in the light-colored region (yellowhiN; K; 2i-triangulation is intractable,
but Proposition 3 tells us that reconstruction may still begible using a global approach.

Intuitively, Proposition 3 gives us a lower bound on the nemdtf viewpoints we need for shape
veri cation: for light paths of maximum lengtK , each scene point must project indirectly to least
3(K 1) viewpoints. We prove this result inductively, using Prdpoa 1 both as the base case
and for proving the inductive step.

Proof sketch: The base case is covered by Proposition 1. To show that isHoldK = k, we

points that (1) participate as theh vertex on at least one light path with known rst and last
rays and length Kk, and (2) they never participate as a lower-numbered vemesuch a path.
The proof is restricted to scenes where each of§hs a smooth manifold. Now assume that we
know the 3D position and surface normal of all point$in This assumption uniquely determines
the second-to-last ray of dtlvertex light paths with known rst and last ray. We now appie
proposition withK = k 1 to the scene de ned by the rst 1 layers, using3(k  2) of
the3(k 1) light paths that cross each point and have known rst, last second-to-last ray. It
follows that if Sy is known, each point on the remaining layers is constrainesl@-dimensional
solution manifold. We can now use a proof identical to thaPabposition 1 to show that the
remaining three light paths that cross each point and wdraseal in the inductive step, constrain
the 3D position of each point on layg to a 0-dimensional manifold as weQED
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kil object i

S

camera*
(@) (b)

Figure 9: Acquisition setup fdi3; 2; 2i -triangulation. (a) A linear translation stage moves the LCD
monitor in a forward/backward direction. To change viewpaihe object is rotated by a computer-
controlled rotation stage. (b) During image acquisitidve, LCD displays a black background with
a moving horizontal or vertical stripe. This stripe is useastablish a correspondence between
pixels in the image and the 3D locations on the LCD monitor finafect to those pixels indirectly.

4 Experimental Results

While our emphasis in this article is on the underlying thewasy performed initial experiments on
all three tractable instances of light-path triangulatiBelow we brie y present results for two of
those instances, namdi{; 1; 2i -triangulation andi3; 2; 2i -triangulation. For detailed case studies
of h2; 1; li-triangulation and; 2; 2i -triangulation, including algorithms, implementationtaiés
and more results, see [31, 41] and [42], respectively.

For the experiments below, we used20 484pixel Sony DXC-9000 video camera for image
acquisition and a DELIL600 1200LCD display for displaying reference patterns, whose positi
was under computer control (Figures 9 and 10). To calibregeamera with respect to the plane of
the LCD display, we used the Matlab Calibration Toolbox [32)d ased an environment matting
procedure [5] to nd the correspondence between image piaal pixels on the display. The
display was then translated by a known amount and the proeesas repeated, giving us two
known 3D reference points per image pixel (Figure 10).

4.1 Reconstructing mirrors by hl; 1; 2i -triangulation

We used the arrangement in Figure 5 (left) and Figure 10. Afé&ature ofhl; 1; 2i -triangulation
is that reconstruction accuracy largely depends on theracgwf camera calibration, not on the
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(@) (b)

(©) (d)

Figure 10: Acquisition setup fdml; 1; 2i -triangulation. (a) The mirror used in our experiment is
on the far left of the image, re ecting the pattern on the LCDmitar, visible on the right. (b)
Close-up of the mirror. (c) The LCD monitor is moved to a secooditpn, farther from the
mirror, without changing the camera’s viewpoint. (d) Clageef the mirror for the new monitor
position. Note that the re ection on the mirror changed kestw (b) and (d) because the light path
through a given camera pixel passes through a differentaieée point on the monitor. The pattern
on the monitor is for illustration only; in practice, cameoalLCD correspondences are established
by displaying a moving stripe, as in Figure 9b.

shape of the object being reconstructed. We therefore otrated on evaluating the accuracy
of the depths and normals computed individually for eaclelpiwith an object whose ground-
truth shape was known very accurately: a 1280mm front-surface mirror witti-wavelength
atness. To determine the mirror's plane, we digitized sav@oints on it with a FaroArm Gold
touch probe, whose single-point measurement accurac®.85mm, and then t a plane through
these points. The mirror was placed about 1.5m away fromaheeca.

To compute the deptd at a pixel, we simply intersected the rst and last ray alotsglight
path (see Eq. (1) and Figure 5(left)). The bisector of thags gave us the surface normal. This
computation was done at each of 301,082 pixels in the imagmggus an equal number of 3D
position and normal measurements. No smoothing or posiepsing was applied. The RMS
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() (b)

Figure 11: Views of two objects used in olB; 2; 2i -triangulation experiments. (a) A diamond-
shaped glass object. (b) A glass ashtray.

distance of the reconstructed 3D points from the grounthtplane was 0.644mm, equivalent to

a single-point accuracy of rough§9:96% of the camera-to-object distance. To assess the ac-
curacy of reconstructed normals, we measured the angleebateach computed normal and the
ground-truth normal; the mean error was 0.182 degrees,isgdhat single-point orientation mea-
surements were also highly accurate. We emphasize tha Hoesiracies were obtained without
using any information about the scene's shape and withoubaaung measurements from multiple
pixels.

4.2 Reconstructing glass objects bif3; 2; 2i -triangulation

We used the arrangement in Figure 6 and Figure 9. Since tamgtrlation requires three or more
viewpoints, we place objects on a turntable between the LGDthe camera and compute the
correspondence between image pixels and pixels on the ondoiteach object rotation.

Figure 11 shows two of the objects used in our experimentgraahd-shaped glass ornament
and a glass ashtray. We used the same viewing con guratiobdth objects: a total of seven
viewpoints, corresponding to 30, 20; 10 and 0-degree rotations (Figure 12). Both objects
extended3 to 6cm in depth, roughlyl:2m away from the camera. To reconstruct them, we used
all available views and solvedHd; 2; 2i -triangulation problem independently for every pixel ie th
O-degree viewpoint. For each such pixel, our implementapieriormed a search ifd; )-space
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for a pair of values that produce a consistent light netwbek, a network whose light paths are
consistent with the laws of refraction for all viewpointse(@on 3.2 and Figures 7a-c). These
values were then re ned in a non-linear optimization sta§ee [42] for details. Since the light
network of a pixel contains eight vertices, the algorithcomstructs eight points and eight normals
per pixel—one on the object's front surface and seven mortherback (Figure 6). Importantly,
since we used more viewpoints than the minimum three redjutfee reconstruction was over-
constrained and allowed estimation of the objects' reivadhdex as well.

4.2.1 “Diamond” scene

This object, shown in Figure 11a, has many surface feathiesmake reconstruction especially
challenging. These include numerous planar facets on betlfiront and the back surfaces, that
produce complex light paths; many surface discontinyities-planar front and back surfaces;
and a sharp, protruding tip where surface orientation iderate.

Figures 13 and 14 show reconstruction results. The objecksx of refraction was estimated to
be 1.55. The maps for the normals' slant and tilt angles sstggat the object's surface orientation
was highly consistent across different pixels within a faegen though light paths for different
pixels were reconstructed completely independently, an@moothing or post-processing was
applied. Moreover, since light path triangulation compiotss are performed independently for
each pixel in the reference view, surface normals were itoacted accurately even for pixels near
the diamond's tip, where the surface orientation eld isgitar. Also observe that, as a side-effect,
we obtain an automatic segmentation of the scene into snsaggiments. This is because image-
to-LCD correspondences cannot be established at the pleceton of a normal discontinuity
and, hence, those pixels were not reconstructed.

To further assess the precision of our reconstruction, wasomed the consistency of normals
and depths within each planar facet. These quantitativesanements are shown in Figures 15a
and 15c. They show that individually-reconstructed noswathin a facet are consistent to within
a few degrees, while depth measurements, which seem to gganoisier map, show devia-
tions of about0:1% of the object-to-camera distance. These results con rmbaic theory and
suggest that it is possible to recover detailed shape irdbom for refractive objects without any
knowledge of their shape, despite the complexity of imageé&tion.
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4.2.2 “Ashtray” scene

Our second scene, the ashtray shown in Figure 11b, has \fagedt surface properties from the
diamond. Its front surface is composed of a large, smoothcandave region in the center; a
planar region in the periphery; and several small planagtfaadjacent to it. Its back surface, on
the other hand, is a large planar base. Because of the prantioecavity, this scene would be
impossible to reconstruct accurately with a silhouettseldamethod (e.g., [4]).

The ashtray's index of refraction was estimated to be 1.540Rstruction results are shown
in Figures 16 and 17. As in the previous example, depth anchalameasurements are computed
independently for each pixel in the reference view, and noahing or post-processing was ap-
plied. To assess these results further, we examine thespre@f normal estimates for the four
surface regions market B; C andD in Figure 15b.

In regionA, both the normal and the depth estimates change very smgpptbtiucing a highly-
consistent concave surface. This is con rmed quantititive the table of Figure 15d, where
normal variation within small pixel neighborhoods was meead to be about two degrees. This
suggests that reconstruction quality for this non-plaegian is on par with that of the “diamond”
scene.

The reconstruction results for the remaining regions shigwi sant variations in either the
depth or the normal estimates of individual pixels. Theggores correspond teritical con gura-
tionsof h3; 2; 2i -triangulation and illustrate some of the limitations of aurrent implementation
and of our experimental setup. More speci cally, the lightlpof pixels in regiorD intersects the
object along two parallel planes, one on the front and onénerbaick side of the ashtray. In this
case, the entire light path is planar, violating the gerlagit path non-planarity assumption that is
exploited byh3; 2; 2i -triangulation (Section 3.2 and Figure 7a). It is easy tonstiat in the pres-
ence of this “parallel-plane degeneracy” we can computekiiees' normal and their inter-plane
distance but we cannot compute absolute depth [42]. Thissfaon rmed by our results: the table
of Figure 15d and the normal maps in Figure 16 show that namakgionD are highly consis-
tent. In contrast, the reconstructed depth map is not atxuraegionD (e.g., see Figure 16a and
Figure 17, bottom right).

The pixels in region8 andC, on the other hand, correspond to critical con gurationsseal
by camera placement. In regidh, the camera's motion and the normal of the front and back
surfaces are all approximately coplanar; in regidnall surface points are approximately on the
object's axis of rotation. Both cases result in a reduced tgeometric constraints that allow
either the normal slant angle or the normal tilt angle to ermeined uniquely, but not both [42].
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This fact is consistent with the normal maps in Figure 16, ali as with the normal precision
measurements shown in Figure 15d.

While our current implementation did not seek to detect orowme the above critical con g-
urations, the process for doing so is fairly straightforva?ixels whose light path is planar can be
easily detected because both the rst and the last ray on ligat path is known. It is therefore
possible to determina priori whether or not a pixel has a planar light path by checking dret
or not these two rays intersect in 3D. In addition, degenesataused by camera placement can
be avoided by relying on a 2D set of input viewpoints for restaunction, rather than single-axis
rotations. We should note, however, that the above degeiesranay not be exhaustive—the the-
oretical problem of characterizing all possible criticaha@urations of h3; 2; 2i -triangulation is
largely open, and is beyond the scope of this initial study.

5 Concluding Remarks

This article introducedight-path triangulationas a computational framework for analyzing the
reconstruction of general specular scenes from photograple have shown that this framework
provides a uni ed analysis of transparent and mirror-likerses, leading to “computability” results
and practical algorithms that apply to both problems. Onthieeretical side, our main contribu-
tion was to characterize the set of reconstructible scenasvay that depends only on the number
of vertices along a light path. This led to three key resutisst, we derived a simple algorithm
for computing the depth map of a specular scene from a singlgpoint, when the scene redi-
rects incoming light just once. Second, for unknown scensrgrincoming light undergodwo
refractions or re ections, we showed that three viewpoanres suf cient to enable reconstruction
in the general case. To our knowledge, no other algorithrist B¢ reconstructing light paths of
this complexity. Third, we showed that it is impossible toarstruct individual light paths when
light is redirected more than twice. This effectively editdied a “computability” limit, bounding
the complexity of scenes that can be reconstructed by aneeftcstereo-like algorithm.

While our preliminary experimental results are promisingany practical questions remain
open. These include (1) how to best compute correspondbrtg@sen reference points and pixels,
(2) how to reconcile point and normal measurements, (3) loowd the optimal depth at a pixel,
(4) how to identify all critical con gurations for speculaeconstruction, and (5) how to develop
algorithms and acquisition procedures that either avadelton gurations or operate robustly in
their presence. Finally, our theoretical analysis can bedht of as a “worst-case” scenario for
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reconstruction, where no constraints are placed on neadnespoints. Since real scenes exhibit
spatial coherence, it might be possible to incorporatedbistraint into an algorithm that remains
tractable even for scenes that refract light more than twice
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Figure 12: Six of the seven input viewpoints used for reaoesibn. During image acquisition,
the green background is replaced by a moving, one-pixeg\Wwatizontal or vertical stripe.
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Figure 13: Reconstruction results for the “diamond” sceag Depth map for the reference view.
Gray-scale values are mapped to the indicated range (wiatg=black=far). (b, c) Reconstructed
normal maps for the reference view. Gray-scale values spored to the slant and tilt angle,
respectively, of each reconstructed normal.

Figure 14: Views of the reconstructed front surface of tharfftbnd” scene. For each pixel in the
reference view, we render a shiny square patch (i.e., alswif®se depth is given by the depth
map in Figure 13a and whose orientation is given by the nomagds in Figures 13b and 13c.
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(b)
Facet label (diamond) 1 2 3 4 5 6 7 8

Mean normal error (degrees)|| 4.46 | 1.70| 2.80| 3.15| 8.32 | 6.42 | 4.14 | 1.53
Median normal error (degrees) 2.99 | 1.21| 1.83| 1.98 | 6.34 | 4.18| 2.87 | 1.11
Mean position errorrim) 210|074 160 | 1.69| 2.18| 3.40| 1.84| 0.86
Median position errorroim) 0.71| 0.30| 0.45| 0.47| 1.58 | 0.65 | 0.57 | 0.30
RANSAC position inliers (%) || 35.9 | 64.0 | 52.8 | 50.1 | 18.8| 40.3 | 45.1| 67.5

(©)

Region label (ashtray) A B C D
Mean normal error (degrees) 1.79] 10.28| 6.64 | 0.90
Median normal error (degrees) 163| 751| 6.75| 0.21
Mean slant error (degrees) 1.99| 17.20| 0.82| 1.00
Median slant error (degrees) 1.79| 12.12| 0.70| 0.21
Mean tilt error (degrees) 235| 2.46| 10.63| 0.92
Median tilt error (degrees) 2.08| 224\ 10.77| 0.17
Global mean normal error (degrees 1.13
Global median normal error (degrees) 0.56

(d)

Figure 15: Precision measurements. (a, c) Measurementadets of the “diamond” scene: (a)
Colored polygons indicate the pixels contributing to a faageasurements. (c) To assess normal
variations within a facet, we compute the mean normal aabgsxels in a facet and measure the
angle between the normal at each pixel and the facet's meamahoTo assess positional varia-
tions, we t a plane to the 3D point measurements using RANSAR] fvith an inlier threshold

of 0:5mm, and then measure the distance of each reconstructed poretkifis plane. (b, d) Mea-
surements for regions of the “ashtray” scene: (b) Deconmgo#ie ashtray's front surface into
four major regions. RegioA contains all concave points that do not lie in regi@®r C. (d)

To assess local normal variations within each region, weptdgenthe mean normal in ea8h 3
pixel neighborhood and measure the angle between the natreath pixel in that neighborhood
and the neighborhood's mean normal. The table reports ggtgengle measurements across all
neighborhoods in a region (i.e., mean or median angle overeahborhoods). For regioD,
which is globally planar, we also computed the mean normiadsscall pixels in the region and
measured the angle between the normal at each pix2land the region's mean normal.
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Depth magd1234nm; 1294nm] Normal slant mag 90 ;90 ] Normal tilt map[ 90 ;90 ]

@ (b) ()

Figure 16: Reconstruction results for the “ashtray” sceag¢ .Depth map for the reference view.
(b, ¢) Reconstructed normal maps for the reference view.

Figure 17: Views of the reconstructed front surface of th&hteay” scene. For each pixel in the
reference view, we render a shiny square patch (i.e., alswi®se depth is given by the depth
map in Figure 16a and whose orientation is given by the nomagds in Figures 16b and 16c.



