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Question 1. [15 MARKS]

Part (a) [5 MARKS]

Define what it means for a language to be recognizable but undecidable. Give a specific example of such
a language.

Part (b) [5 MARKS]

Prove that {00,11} <, A for all languages A such that A # @ and A # ¥*.
(Hint: A # & and A # X* implies that there are two “types” of strings related to A.)

Part (c) [5 MARKS]
Are there countably or uncountably many languages that contain an odd number of strings? Justify.
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Question 2. [10 MARKS]

Part (a) [8 MARKS]
Prove that the following language is recognizable, where state ¢ of a TM M is “unused” if for all input
strings x, M never enters state ¢ during its computation on x.

Sty ={ (M) | M is a TM with no unused state }

Part (b) [2 MARKS]
True or False: Rice’s Theorem can be used to conclude that S7,s is undecidable?
Justify briefly.
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Question 3. [10 MARKS]

Prove that the following language is unrecognizable. (Your answer will be marked on its structure as well
as its content.)

Dry = { (M) | M is a TM that rejects every string of odd length }
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Question 4. [20 MARKS]
Part (a) [5 MARKS]

Does the following algorithm run in polytime or not, for positive integers x,y? Justify briefly.

div(z,y):  # return |z/y]
d=0
whilez >y: d=d+1; z=2—y
return d

Part (b) [5 MARKS]
Does the following language belong to P? Justify.

363COVER = { (G) | G is an undirected graph that contains a vertex cover of size 363 }
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Question 4. (CONTINUED)

Part (c) [5 MARKS]
Prove that any PSPACE-hard language is also NP-hard.

Part (d) [5 MARKS]
Explain the error in the following “proof” that NP = coNP:

Let A € NP, i.e., there is a NTM My that decides A in time O(n¥) for some constant k. Create
M '\ to be the same as My except that gaccept and greject are interchanged. Then, M !, decides
A in time O(n*) so A € NP. Hence, NP C coNP and the same argument shows coNP C NP.
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Question 5. [13 MARKS]

Give a detailed proof that the following language is NP-complete. (Your answer will be marked on its
structure as well as its content.)

LARGERCLIQUE = { (G, H) | G and H are undirected graphs such that the largest clique in
G is at least as large as the largest clique in H }
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Question 6. [12 MARKS]
Recall the subset sum problem.

SuBSUM (Decision): Given a set of positive integers .S and a positive integer ¢, is there a subset of S whose
sum is exactly t7?

SUBSUM (Search): Given a set of positive integers S and a positive integer ¢, return a subset of S whose
sum is exactly ¢, if one exists (return a special value NIL otherwise).

Prove that subset sum is polytime self-reducible, including a brief argument that your algorithm is correct
and runs within the correct time bound.
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Bonus. [5 MaRKS]

WARNING! This question is difficult, it is not worth many marks, and it will be marked very
harshly—credit will only be given for significant progress towards a correct answer. Please
do not attempt this question until you have completed the rest of the examination.

Prove that every infinite recognizable language contains an infinite decidable subset.

Total Marks = 80
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