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Abstract

Decomposition is an effective technique for solving
discrete Constraint Optimization Problems (COPs)
with low tree-width. On problems with high tree-
width, however, existing decomposition algorithms
offer little advantage over branch and bound search
(B&B). In this paper we propose a method for ex-
ploiting decomposition on problems with high tree-
width. Our technique involves modifying B&B to
detect and exploit decomposition on a selected sub-
set of the problem’s objectives. Decompositions
over this subset, generated during search, are ex-
ploited to compute tighter bounds allowing B&B
to prune more of its search space. We present
a heuristic for selecting an appropriate subset of
objectives—one that readily decomposes during
search and yet can still provide good bounds. We
demonstrate empirically that our approach can sig-
nificantly improve B&B'’s performance and outper-
form standard decomposition algorithms on a vari-
ety of high tree-width problems.

I ntroduction

Here we demonstrate how bounds can be computed from
a selected subset of the problem’s objectives, and used by
branch and bound search to prune its search space. We de-
velop an algorithmic technique that can exploit decomposi-
tion over the selected subset of objectives to enable efficie
computation of these boundgithout interfering with and
without imposing a large computation overheadtbe nor-
mal operation of the branch and bound search. Because we
are selecting a subset of the objectives, we can obtain-effec
tive dynamic decompositions over this subset during search
even though the complete problem does not decompose due
to its high tree-width.

Unlike previous techniques for computing bounds from a
simplified version of the problerfDechter and Rish, 1998;
Choi et al, 2007, our method imposes only a small addi-
tional computational burden on the branch and bound search
even when dynamic variable orderings are utilized. Since
dynamic variable orderings are very effective in branch and
bound search, this is a significant advantage over previous
techniques which generally were only effective with static
variable orderingéMarinescu and Dechter, 2004

In this paper, we first review branch and bound search as
well as state-of-the-art decomposition techniques. A rlew a
gorithm is then presented that increases the quality of houn
information during branch and bound search by exploiting

In this paper, we develop a technique for exploiting decompodecompositions found in a subset of objectives of the oaigin
sition in discrete Constraint Optimization Problems (CpPs COP. A greedy algorithm for selecting an appropriate subset
when the problems instances have high tree-width. In parof the objectives is then offered, and we conclude with em-
ticular, we examine COPs whose objective function can béirical results demonstrating the potential of the apphoac
expressed as a sum of sub-objectives.
Exploiting decomposition can reduce the worst case time2 Background
complexity of search algorithms for COPs fro2f (") to
n@M20(w) wheren is the number of variables and s the

tree-width of the constraint graph generated by the objesti
[Darwiche, 2001; Bacchust al, 2009. Algorithms such

A discreteConstraint Optimization Problem (COP), P, is
specified by a tupléVars,Dom,Obj), whereVars is a set of
variables, for eacl” € Vars, Dom[V] s the finite domain of
V', andObj is an objective function that maps every complete

as AND-OR search, OR-Decomposition, and BTD have allassignment td/ars to a cost. An optimal solution oP is a
successfully exploited the theoretical benefits of decasinpo complete set of assignments tars that minimizesOb;.

tion in COPs to obtain significant performance improvements The techniques discussed in this paper are effective on
[Marinescu and Dechter, 2005; Kitching and Bacchus, 2008COPs whose objective functiofb; is expressed as a sum
de Givryet al, 2006. Unfortunately, all of these approaches of (sub) objective®;, such that: (1) each; is dependent on
rely on problem instances with low tree-width. On problemsa set of variablescope(o;) C Vars; (2) eachp; maps assign-
with high tree-width the theoretical advantages of decompoments to the variables istope(o;) to a real value; and (3) on

sition erode, and its practical advantages over ordinamydir

and bound search fade.

any complete assignmegtto Vars: Obj(A) = >, 0:(A).
Note that hard constraints can be expressed in this frankewor



as objectives that map satisfying assignments to 0 andtviola™Ajgorithm 1. Branch and Bound
ing assignments teo. BB (A, P
During search, assignments to variables will be made. Lei2L (A, P)

; . begin

A be any set of assignments to a subseVafs: varsOf(.A) . cur
is the set of variables assigned My cost (A, P) is the sum of & 'fL(gfét%;ﬁ”d(p ) + cost(A, P)) > GUB then
the costs of all objectives in the COPthat are fully instan- . cur
tiated by.A; and mincost(P) is the minimumcost(A*,P) 5 | T (P Vars] :AO) then
over all complete assignment' to Vars (i.e., the optimal ~ ° [ GUB = cost(A, P); return
objective value fofP). 7 choose (a variablel” € P°"". Vars)

We use GUB to represent a known upper bound on 8 | foreachd € Dom[V]do
mincost(P). Starting with a known upper boundys is up- 9 L BBAULV =d}, P™v=d)

dated during search as better complete assignments am fou? end

A set of assignments4, reduces the original COP to
a smaller COPP| 4, whose variablesR®| 4. Vars) are the
variables unassigned by and whose objectiveg 4. Objs) ~ set of assignmentsl U {V' = d} and the reduced problem
are the original objectives with all assigned variablesgit ~ P°""|v=4. The recursion will either return witieus un-
scope fixed to the values specifieddn For any set of assign- changed or updated dependent on whether or not a better so-
mentsA, cost(A, P) + mincost(P|4) is the minimal cost lution was found. Note that every tin®uB is updated, the
that can be achieved by any extensiontbn the COPP.  algorithm can also record the complete assignment responsi
Thus A can be rejected during search if a lower bound onble for the new best value (line 6). The last recorded coreplet
cost(A, P) + mincost(P| ) fails to be lower than the value assignment will be a solution to the problem.

of the currently best known complete assignment: no extenBranch and Bound with Decomposition: For problems
sion of A can yield a better value. with low tree-width, decomposition is an effective techreq

COP solvers typically employ a bounding function to com-for reducing the search space. One approach that exploits
pute a lower bound omincost(P|4). Sincecost(A,P)is  decomposition is AND-OR seardMarinescu and Dechter,
easily to compute, the bounding function allows branch an004, where variables are assigned until the reduced prob-
bound to backtrack away from partial assignmeatduring  |em splits into disjoint components. When the reduced prob-
search by detecting that no extension4tan yield an op-  lem splits into components, each component s solved with an
timal solution to the problem. The functioetBound(P)  independently recursive call, and the resulting solutizoTs-
returns a valid lower bound for a problef, and is ap- bined. Updated lower and upper bounds of components are
plied to P[4 during search. This bounding function can be calculated based on the exploration of the components, and
any admissible bounding function such as soft arc consisean be cached and reused later in search.
tency, mini-buckets, or linear relaxatigBooperet al., 2007; It is important to note that AND-OR search does not ex-
Dechter, 1997; Hooker, 2009 plore a standard backtracking search tree like that exglore

The techniques offered in this paper are applicable to probby Branch and Bound. AND-OR search is a mixture of back-
lems with high tree-width, which for our purposes we definetracking and divide and conquer: it searches in the space of
to be problems with induced width greater thgrurs|/2.  partial variable assignments like backtracking and exploi
The results offered in the experimental section illustthts decomposition by solving each component in a separate com-
when the tree-width of a COP is ndafaTSL the techniques putation like divide and conquer.
described in this paper offer considerable advantages over OR-Decomposition is an alternate algorithm for exploiting
branch and bound and and over standard decomposition techecomposition in COPiKitching and Bacchus, 2008It ex-
niques. As the tree-width decreases, however, the advapioits decomposition while searching a standard backimack
tages of our approach over standard decomposition algasearch tree, using the caching techniqueBaicchuset al.,
rithms erode. 2009 rather than separate recursions to obtain the computa-
Branch and Bound is a standard technique for solving COPs tional advantages of decompositions. In the terminology of
using backtracking search (Algorithm 1). It works by build- [Marinescu and Dechter, 20DBexplores a standard OR tree
ing up partial variable assignments in a depth-first mannerather than an AND-OR tree. The algorithm maintains and
while using bounding to prune the search space. As a pre4pdates bounds information for the components it encosinter
processing step, @uB > mincost(P) is found for the prob- during search in its cache, and exploits these bounds teprun
lemP. Each recursion takes as input a set of assignménts the search space. As with AND-OR search, these bounds can
and the reduction of the original COP by (P¢"r = P|4).  be reused later in the search.
Initially, the algorithm is invoked on the empty set of assig " .
ments and the original problef. 3 Decomposition Bounding

If the current set of assignment4, makes it impossible to  Unfortunately, if a problem has high tree-width, the proble
find a better solution (line 3) the algorithm returns. If ther will not split into disjoint components until search has de-
are no variables remaining iR°"". Vars, then search is at a scended far down the search tree. For example, if the problem
leaf node and Algorithm 1 can updat&/B and return. Oth- has a (sub) objective whose scope includes all of the vasabl
erwise, A can be extended by choosing some variable ande.g., a global constraint) then it will never split into jdisit
trying each of its values using a recursion on the augmentedomponents during search. Hence, both AND-OR search and




Algorithm 2; Decomposition Bounding performs such a computation. For each componentC we
then compute a valid lower bound using our bounding func-

é E(%i(;l’P K €) tion getBound(7), and store this lower bound in the fietdb.

3 Bo = getBound(P) + cost(A, P) The algorithm takes the following parameters as input;
4 Bp = cost(A,P) + 3, cxc k.Ib + getBound(C) The current assignment; the current problerPc"* (P 4),

5 if (Bo > GUBV Bp > GUB) then the current decomposable subproblem maintained as a set of
6 L return componentsC (equivalent totoComponents(PP| 4)), and

7 if (|P*. Vars| = 0) then the current complementary probleh(P| 4). Initially DB is

8 | GUB= cost(A,P), return invoked with an empty set of assignments, the original prob-
9 choose (a variableV € P, Vars) lemP, the decomposable subproblem broken up into compo-
10 T = the component iC such that” € 7. Vars nentskC, and the complement subproblép .

u | foreachd € 7.Dom[V] do DB operates much like branch and bound: it returres.i

12 Ad = cost(V =d,7) cannot be beat (line 5), and it updatass and returns if there

13 K" = t"c;"mpo;w”ts(ﬂv:d) are no remaining uninstantiated variables (line 8). Otlsrw

14 foreach % € K do . . it selects some unassigned variable and calls itself raelys

15 | w%Ib = MAX (getBound (x), getCache (k")) on each possible assignment to that variable (lines 9, ML, an
16 DB(AU{V=d}, P |y—aq, K — T UK Cly—a) 16). (Ignore for now the modifications to the last two argu-
17 b =3 acca K410+ A ments ofDB in the recursive call).

18 b= MAX (7.1, MIN ¢ pomni] %) ~ The difference betwee®B and branch and bound lies
19 setCache (.1b) in the additional bounds ted8p, > GuB (line 5), where

20 end Bp = cost(A,P) + > ,.cx k-lb + getBound(C). To un-

derstand this test note tﬁat can be rejected if any lower
bound oncost (A, P) + mincost(PP| 4) + mincost(P| 1)

fails to be lower than the value of the currently best known
complete assignment: a lower bound on this sum is also a

OR-decomposition have limited value on problems with high

E:jeeeg\i/\'/?;he,ftgllszlzggo true for the related technique ofBT lower bound oncost(A, P) + mincost(P|.a), the minimal
The key contribution of this paper is to demonstrate howCOSt that can be achieved fBrby any extension . In par-

L . e ticular, mincost(PP| o) +mincost(P| 4) < mincost(P|4)
decomposition can be exploited on problems with high tree ; . — L .
width to efficiently compute useful bounds. The method oo & lower cost can be achieved by optimizing the objec

: pa ol
employs a standard branch and bound search while simuP—veS of P4 an_dP 4 mdepencdently of eaph other.CCIearIy
X : ” getBound(C) = getBound(P%|a) < mincost(P%|a),
taneously using the techniques of OR-Decomposition (0 X3, sinceic s PP| , broken into independent components
ploit decompositions. Unlike OR-Decomposition, however, k.0b < mincost(PP|4) '
the algorithm does not look for decompositions of the entir _T_;’C b. _dB N A .d ffective by th fd
problem—on problems of high tree-width these occur infre- 1 N€ boundBp, > GUB is made effective by the use of de-

quently. Rather it selects a subset of the problem's objecSOMPOSition to compute and cache good bounds on the vari-

tives and looks for decompositions over this subset. DecomUS components ik that are encountered during search. This

ositions of this subset are exploited so as to more effigient COMPutation of good bounds “goes along for the ride” dur-
P P Iy g the branch and bound search. Whenever the assignment

compute bounds from this subset of objectives. These bounds® di de by th b th K .
can then be used by the overall branch and bound search to _V S mg € dyt l\elsearhc , the cor::pone_mbl Sc]%r%taln—
more effectively prune its search space. Our approach e}19 V' is reduced. (Note that since the variablesrof are

ploits the fact that OR-Decomposition operates on a stahda tEe s?]me ap thgrgl 1S al%/\;]ays a g:ompontefm K ctontaml_ng g
backtracking search tree. Thus it can function withoutrinte ©'© © OSEUII’I variable.) The assignment generates an immedi-
fering with the branch and bound search. ate costA“ for 7 determined by the objectives efit fully

Our new algorithm, Decomposition Boundin®E) is instantiates, and it also reducednto a set of components

shown in Algorithm 2. We perform some preprocessing on’Cd- Thusb? = A? + D ek “d:lb (Iln_e 17) is a lower

the original problen® before invokingdB. First, we splitp~ Pound on the value that can achieve given that' = d.

into two subproblems: [P be the decomposable subprob- SinceV must have be assigned some value, the optimal value
lem whereP?. Vars andP”. Dom remain unchanged from mincost(r) is lower bounded by the minimudh” taken over

the original problem, buP?.0bj C P.Obj is a selected all d € Dom[V]. Note that the lower bound.ib is also a
subset of the original objectives (we discuss how this subsévalid lower bound, thus the tightest lower bound-dsvalue

is chosen in the next section). The second subprobfet, is the maximum of these two bounds (line 18).

is the complement gP? whereP®. Vars andP“.Dom re- Typically, the minimum oflb? will be the tighter of these
main unchanged f_rom the origi_ngl problem, anfl.obj = two bounds, as it is derived from more information: i.e.nfro
P.0bj — PP .0bj, i.e., the remaining objectives. trying the various values of the variablleand examining the

Second, we breaR” into a set of components,. This  components that decomposes into under these assignments
can be efficiently accomplished by a connected componenthowever, in the case wherelb was retrieved from a cache
computation orfP”’s constraint graptKitching and Bac- lookup, it is possible for.ib to be the tighter bound). Further-
chus, 2008 In Algorithm 2, the functiontoComponents more, since the componentsglecomposes into are passed to



the recursive call by unioning® into K (line 16) their lower tra work to detect components to store and look up the ca-
bounds might be further refined in the search of the subtreehe. In additionDB requires calls tgyetBound on C and
below making théb? values even more informative. It should on the components ab. However, this overhead can be
also be noted that the other component&aire also passed reduced by using weaker, cheapgt{Bound functions on
to the recursive call. Their lower bounds can also be impove these subproblems. In particular, since the quality of bisun
by the search below, and since they are independelitof found for D are derived largely from decomposition during
value, these improved bounds can serve to prune the seartfte search, a cheapgetBound function can be used on
required when testing the subsequent valuesg of the components db. For example, when soft local con_sis-

Finally DB also caches the computed component lowert€NCcy is used to calculate bound can use the effective
bounds (line 19), and when new components are generatdiit costly FDAC[Larrosa and Schiex, 20palgorithm when
it checks the cache to determine if it contains a tighter towe calling get Bound (P™"), but use the much faster but weaker
bound for those components (line 15). Since the decompogorward checking algorithm fogetBound on C and on the
able subproblenP? is constructed so that it has low tree- cCOmponents oD.
width (see the next section), it is frequently the case thatt Mini-Buckets. The technique of relaxing a COP in order to
same component can be generated many times during sear¢tetter exploit decomposition has been employed in previous
Thus caching improvedB’s performance. work. Mini-bucket elimination and variable splitting ared

It can be seen that the core branch and bound search is ngtch techniquelDechter and Rish, 1998; Chet al., 2007.
affected by the extra bound computations, except bendicial Both of these approaches use exact inference on a relaxation
when the extra bounds can be used to prune its search spa&éthe original problem to obtain bounds that can be used dur-
In particular, the search is still free to choose the nexiide ~ ing search in a manner similar to the bounds generat@foy

(line 9) in any way it wants, including utilizing dynamic var There are, however, two main differences with the ap-
able orderings, and to iterate over the values of that viariab proach we present here. The first, and more minor difference,
(line 11) in any order it wants. lies in the way the relaxation is generateDB relaxes its

It should also be noted that our technique of using decomProblem by ignoring some of the problem’s objectives. This
position to compute these extra bounds imposes very littiéechnique can thus be used with problems containing objec-
additional overhead to the branch and bound search. Thées of high arity (by simply ignoring such objectives). €'h
overhead mainly comes from the cache lookup on line 15 anfini-bucket technique does not ignore any objectives, thus
from computing the new components of;,—, on line 13. will not be effective when, e.g., the problem contains a con-
Furthermore, the templating techniques describeitch- straint over all of its variables. Nevertheless, this défece is
ing and Bacchus, 2007hat, e.g., allowing low cost compo- relatively minor since the mini-buckets technique canlgasi
nent detection via watched variables, can be used to signif® @dapted to similarly ignore some of problem’s objectives
cantly reduce these overheads. The more significant difference lies in the overhead our

Finally, note that the components foundlinare generally technlque IMposes during search, e_spemally when dyf?am'c
not components gP°™ sinceD contains only a subset of the variable orderings are employed. Mini-buckets and vaeiabl
objectives ofPe™. Hence there is no obvious way of using SPIitting both employexactinference on the relaxed problem.
the separate recursions of AND-OR search to exploit the defthough this is cheaper than exact inference on the origi-

compositions ofD in a way that has a similar low overhead nal problem, it can still imposes a significant ov_erhea_ld when
to the solving ofPe™ employed at every node of the search. If a static variable or-

dering is used all of the computation can be performed as a
Value pruning is an important technique used by many preprocessing step. However, when dynamic variable order-
bounding techniques. During search, values can be prunégdgs are used the computation must be done during search at
if it can be inferred that the value cannot lead to a better sothe nodes of the search space. The overhead of doing this
lution given the current partial assignment. In Algorithm 2 computation becomes excessive and can result in a large in-
value prunings can be shared between the various subprobrease in the running time of the algoritdiarinescu and
lems; for example, suppose Algorithm 2 branches on variabl®echter, 2004
V, and fromD it can be inferred thad € Dom[V'], V' # V In contrast, rather than invoking a separate computation
cannot be extended to a better solution. That is, the assigon the relaxed problenDB obtains most of its information
mentV’ = d would causeBp to exceedsuB. Inthis cased  about the relaxed problem from the search that branch and
is removed fronD. Dom[V'], but it can also be removed from bound is already employing. Generally it does not solve the
Peur. Dom[V'], which may allowP"" to make additional in-  relaxed problem exactly, but rather computes bounds on the
ferences and value prunings. The one exception is thatvalugeelaxed problem. The quality of these bounds depends en-
in D cannot be pruned due to value prunings inferre®bY  tirely on the search space traversed by branch and bound—it
orC. This is becaus® must build valid lower bounds based can “go along for the ride” or it can try to guide the search
only on the objectives aD.Ob; in order to cache and reuse so as to produce better bounds. Hence, in one s@Bds
these bounds. This is wHYB tests all values of. Dom[V]  performing approximate inference on the approximate prob-
rather than only the valugg°"*. Dom[V] at line 11. lem. In a deeper sense, however, modulo the computations
Although DB can only decrease the number of nodesperformed when it invokegetBound on the relaxed prob-
branch and bound must search, it does require extra work Hem, it is not actually performing inference on the approxi-
performed at each node. As mentioned above, it must do exwnate problem at all. Rather, it is simply accumulating infor



Algorithm 3: Create the Decomposible Problén?
1 Create Decomposible Problem (P)

2 begin

3 Objs = P.0bjs - HighArityObjectives

4 SortedObjs = sort(Objs)

5 NumberObjs = X x |P. Vars| x log, (|P. Vars|)

6

7

8

9

for (objectives = 0; objectives < NumberObjs) do
L PP .0bjs = PP.0bjs U SortedObjs|objectives]
TreeDec = FindTreeDecompositid?f . Objs)
PP.0bjs = PP.0bjs U AddObjs(TreeDeg Objs) .
10 end 8 b)
Figure 1: CELARG6-SUB1 Problem

mation from the search branch and bound is already perform-
ing. This makes its overhead much more manageable whecr)}
dynamic variable ordering is used.

For example, Figurel a) represents the primal graph of one
the RLFAP benchmarks. This COPhas only binary ob-
jectives, represented by the edges between nodes (va)iable

L . The second graph b) is the primal grapH? computed by
4 Finding Decomposition Subsets Algorithm 3 when run orP with A\ = 0.4.

DB exploits decompositions found in a decomposable sub- The induced width ofP” is 3 compared to an induced

problemPP. Intuitively, P should have a low tree-width, Width of 9 found in?. E(P”.0bj)/E(P.0bj) = 0.76, i.e.,

allowing ready decomposition, but still support the genera 76% of the expected cost of the entire problem is found in the

tion of effective bounds. To generate effective bouffs ~ Objectives ofPP.

should include objectives of high cost. We propose an al- Consider the running dbB using””. Suppose the fol-

gorithm which greedily selects objectives of high cost to belowing assignments are made; — a, V7 « =z, andV; is

included inPP . Objs. selected as the next variable to assign (Line 9 of Algorithm 2
The cost added by an objective depends on the values ag-Will be the component{Vs, Vs }, P.Dom, {Os6}). K will

signed to the variables in its scope. So we estimate an obje#2clude components whose variables &b, V1, Vi2, Vis},

tive's cost by computing its expected cost. For an objective{ V2, V3, V1o, Vi1}, {Vi, Vo} and{Vs}. Note thatP has not

o, let T' be the set of all possible assignments to the varidecomposed at this point in search.

ables inscope(o). ThenE(o) = (3 cro())/|T] is the

expected cost ob. (That is, the average cost addedby 5 Experiments

over all possible instantiations of its variables). If thees ) ) )
of scope(o) makes this computation intractabl&(o) can ~ We have implemented the algorithms described above, and

be estimated in other ways.For a set of objectives define tested them on weighted-CSP (WCSP) problems with high
E(O) =3, E(0). tree-width. It should be noted that our approach is not de-
Given aosroblem withn = [P. Vars| variables, Algo- signed for problems of low tree-width—on such problems tra-

rithm 3 selects a number of objectiveSumberObjs) with ditional decomposition algorithms like AND-OR search and

the goal that the primal graph defined by these objective®R-Decomposition will typically be better choices.
is decomposable, yet is dense enough to give meaningful It can also be observed thaB is able to prune the branch

bounds. We found that by settin§jumberObjs to be A +  and bound search space either when > Gus or Bo >
nlog,(n), with A ~ 0.4, the resulting constraint graphs for GYB (line 5 of DB). That is, either with the bounds computed
our problem sets have low tree-width but high enough exYi@ decomposition over the subprobleR? (Bp) or with
pected cost to produce meaningful bounds. Hence in our exfhe ordinary bounds computed by branch and bousd)(
periments we set = 0.4. Hence, there is some tension in the choice of which variable
Algorithm 3 first eliminates high arity objectives frofa [ instantiate next. Variables that encourdye to decom-

m < elimir D
(those objectives with arity greater tham \), and then sorts POS€ can be chosen to enable better bouhglsrom P, or
the remaining objectives from highest expected cost to lowYariables that branch and bound would normally select (us-
est expected cost. ThEumberObjs highest cost objectives N9 whatever heuristic it is operating with) can be chosen to

are then added . 0bj. Next a tree-decomposition based €nable better bounds, from the full problemp. _
onPP.0bj is computed (different options exist for comput- _We_experimented with th&arth Observing Satellites
ing reasonably good tree-decompositions). Finally, aoti with Global Constraints (SPOT5+Global) problems. These

objectives are added 8. Obj if their inclusion would not ~ Problems involve selecting a subset of candidate photdgrap
violate the calculated tree-decomposition (e.g., all ydr- SO that some imperative constraints are satisfied and thke tot

jectives are added t87. Obj). importance of the selected photographs is maximized. The
problems have been formulated as wCSP’s with binary and
1Typica||y’ objectives with |arge scope have some otheicsting ternary constraints in the SPOT5 benchn{aknsana?t a.l.,

that allows them to be represented compactly. That strectam be  1999. The original SPOT5 problems have relatively low
exploited to estimate the expected cost. tree-width, so to make them applicable for our experiments



Instance BB DB | DB+P Instance NVar | IW(P) | IW(PP) %7:])]
1502b 87| 11 05 CELAR6-0 16 7 3 0.92
29 30| 02 03 CELARG-1 14 9 3 0.77
404b 943 | 104| 04 CELAR6-2 16 10 2 0.81
503b - - 76 CELAR7-2 16 10 4 0.95
54b 01) 01 0.1 CELAR7-422| 22 11 2 0.96
1502 94| 16 06

29 30 02 04 Table 2:Algorithm 3's results on the RLFAP problems
404 1483 | 158.7 31 Instance BB | AO OR | DB | DB+P
503 - — | 37009 CELAR6-0 03| 02 02| 03 11
54 04| 07 03 CELAR6-124| 91| 86| 101]| 36 36

Table 1:Global+Spot5 problems, best timestald. CELARG-1 2023 | 124.7] 1627 421| 311
CELARG6-2 752.6 | 373.0 383.0 73.6 172.2

we have added two global constraints to every instarfeiest CELAR6-3 175271 98155 | 271.8 | 3962
we imposed a parity constraint on the assigned values,rrequi

, : CELARG6-4-20 -| 225 ] 3242 262| 349

ing that the sum of the assigned values be equal to 0 mod 2, =g ar70 02 03 0 01 01

and second we imposed a constraint requiring that the sum of =z r77701 02 02 02 01 02

the assigned values be less thattimes the sum of the maxi-

mum values in the variable domains. Basic forward checkin CELARTL 118 116 130 1 70

isllJJse\(/JI fgr b(l)th of t\;lelse constrairllts. Sincle theV\{sco e oétr:e% CELAR72 2391 | 2454 | 2480 2489 2065
: P CELAR7-4-22 - | 5775 | 740.8| 373 | 964.0

constraints contain all of the problem’s variables they enak
the tree-width of the problems equal to the number of vari- Table 3:RLFAP problems, best times bold.
ables minus one. Algorithm 3 generates a decomposible sub- ] o
problem that simply excludes these two global constraints. Vvariable using the unary objectives computed by FDAC. That
Table 1 show our results on this problem suite. The SPOT#s: the values for each selected variablare branched on in
benchmark contains 42 problems, but we only show thos@rder lowest unary objective cost first.
problems that could be solved by at least one of the tested The results show th@B yields a significant improvement
algorithms within a 1200 second time limit when run on overBB, providing a 5 to 16 fold performance improvement
2.66GHz machines with 8GB of memory. The table showson 5 of the problems, roughly the same performance on 2 of
results from the following algorithms: standard branch andhe problems, and about a 50% decrease in performance on
boundBB and our proposed decomposition bounding algo-one (very easy) problem. When the variable ordering gives
rithm run with two different variable ordering heuristi@&3 ~ Preference to generating decompositions avé&r however,
andDB+P. Note that standard decomposition algorithms likeWe get a even more profound improvement, vidia+P solv-
AND-OR search and OR-Decomposition offer no advantagénd two problems the other algorithms cannot solve.
over BB on these problems - the full problem never decom- Our second set of experiments are with Radio Link
poses during search. Freguency Assignment Problem (RLFAP) problems. These
The algorithms were implemented on top of the state-of{Problems involve assigning frequencies to a set of radislin
the art solver ToolbafBouveretet al, 2004, and they em- SO that all the links may operate together W|thou_t noticeabl
ploy the extensive FDAC propagation methidgrrosa and interference. The RLFAP_lnstances are castas bmary WCSP’s
Schiex, 2008 to generate strong bounds. As mentionedlCabonet al, 1999. Unlike the previous experiments, we
above, howeveDB and DB+P utilize FDAC for bounding  did not make any changes to these problems since many of
the full problemP<"* and weaker forward checking to bound the problems have relatively high tree-width in their onaji
the subproblem® andC. fo_rm, although we only considered problems with induced
BB utilizes a standard Dom/Deg variable ordering heurisWidth greater thanVars|/2. . .
tic which gives preference to variables with low current do-  Table 2 shows the the results of running Algorithm 3. The
main sizes and high degreeDB uses exactly the same induced width (W) of the original problen and the gener-
Dom/Deg variable ordering. FdDB+P we first compute ated decomposible subproblet are shown as is the pro-
a tree-decomposition of the subprobl@using a standard Portion of expected objective cost allocatedR?&. The in-
min-fill heuristic. DB+P always selects a variable from duced widths are computed from a min-fill ordering, which
the top most unset label of this tree-decomposition, usin@nly approximates the true tree width. Nevertheless, the re
Dom/Deg to decide which of the unset variables in this la-Sults indicates that our heuristic approach often yiel@%’a
bel to select first. Henc&B+P gives priority to generating that has significantly lower tree width that while still re-
good bounds fronB ), by encouraging decomposition®t°, taining many of the most costly objectn_/es. .The results en th
while DB gives priority to generating bounds from the full other problems not shown here are quite similar.
problem. All of the algorithms order the values of the seddct ~ Table 3 show our results on the RLFAP problem suite.
Running with on the same machines and timeout as before
2Note that it can often be the case that in practice when SQ)|Vin the table ShOWS the results Obtained from branCh al’ld bound
a COP various additional situation specific constraintsshavbe BB, AND-OR searchAO, OR-Decomposition searcOR,
considered. and our decomposition bounding algoritipB and DB+P.




BB, DB andDB+P are as in the previous resulté&O and  [Cooperet al, 2007 Martin C. Cooper, Simon de Givry, and
OR first compute a tree-decomposition over the full prob- Thomas Schiex. Optimal soft arc consistencyPtaceed-
lem using min-fill. They then operate likbB+P, select- ings of the International Joint Conference on Artifical In-
ing the Dom/Deg best variable from amongst the unset vari- telligence (IJCAI) pages 68—73, 2007.
ables contained in the top most unset label of this tree ; ; ; T
decomposition. They also both use FDAC and the same Valu[eDz'aAr;/t\infc?r]etéﬁO%Jng\arjg;SD_zﬂvgggiRecurswe conditioning.
ordering scheme as the other algorithms (as described abov N v ' ’ o ,
Finally, AO orders its components so as to solve the compolde Givryet al, 20049 S. de Givry, T. Schiex, and G. Verfail-
nent with the most variables first. lie. Exploiting Tree Decomposition and Soft Local Con-
The benchmark family includes 32 problems, although SiStency in Weighted CSP. IRroceedings of the AAAI
only 11 of the problems have high tree-width. The results 'National Conference (AAAlpages 22-27, 2006.
shows thaDB and DB+P generally perform better than the [Dechter and Rish, 1998Rina Dechter and Irina Rish. Mini-
other algorithms, displaying the best performance on 9 out buckets: A general scheme for approximating inference.
of the 11 problems. On this problem suite, however, there Journal of ACM 50:2003, 1998.

is no clearf vninner bel;(\INeeBIi agd D%J'P' (ijndicating that q LDechter, 199¥ Dechter. Mini-buckets: A general scheme
on many of these problems the best bounds are generated by ¢, generating approximations in automated reasoning. In

the original problen. Although the results for the low-tree by caadings of the International Joint Conference on Ar-

width instances are not reported in this paper, traditicleal e : _
composition does perform better thB8 andBB. It should tifical Intelligence (NCAI) pages 1297-1303, 1997.

be noted that the tree-width of instances can be quickly estiHooker, 2009 J. Hooker.  Integer programming: La-
mated by, e.g., the min-fill heuristic, as a preprocessiag.st ~ drangian relaxation. IrEncyclopedia of Optimization

If the tree-width is found to be low, traditional decompisit pages 1667-1673. Kluwer, 2009.

algorithms can be used insteadB. [Kitching and Bacchus, 200Matthew  Kitching  and
Fahiem Bacchus. Symmetric component caching. In

6 Conclusions Proceedings of the International Joint Conference on

Artificial Intelligence (IJCAI) pages 118-124, 2007.

Kitching and Bacchus, 2008Matthew  Kitching  and
Fahiem Bacchus. Exploiting decomposition in constraint

COPs can benefit greatly from decomposition, but traditiona
decomposition techniques are ineffective on problems wit

high tree-width. In this paper, we have introduced a way of optimization problem. Ininternational Conference on

exploiting decomposition on such problems that is compat- . . . :
ible with a fully flexible branch and bound search employ- Eggglsplztezs4_a2|12(19 26%%'06 of Constraint Programming

ing dynamic variable and value ordering. We have tested this ) ]
method on a number of benchmarks, and showed that it cai-arrosa and Schiex, 2003Javier Larrosa and Thomas

yield improvements over current state-of-the-art aldonis. Schiex. In the quest of the best form of local consistency
for weighted csp. InProceedings of the International

Joint Conference on Atrtificial Intelligence (IJCApPages
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