LIPSCHITZ CONTINUOUS ORDINARY DIFFERENTIAL EQUATIONS ARE
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ABSTRACT. In answer to Ko’s question raised in 1983, we show that an initial value
problem given by a polynomial-time computable, Lipschitz continuous function can have
a polynomial-space complete solution. The key insight is simple: the Lipschitz condi-
tion means that the feedback in the differential equation is weak. We define a class of
polynomial-space computation tableaux with equally restricted feedback, and show that
they are still polynomial-space complete. The same technique also settles Ko’s two later
questions on Volterra integral equations.

Let g:[0, 1] x R — R be a continuous function and consider the initial value problem
(1) h(0) =0, n(t) =g(t.h(r)), te€[0,1].

The Picard—Lindelof (or Cauchy-Lipschitz) Theorem [[15]] states! that this equation has a
unique solution /:[0, 1] — R if g is Lipschitz continuous (along its second argument), i. e.,

2) lg(t, y0) — g(t, Y1) = Z - |yo — y1l, t€[0,1], yo.y1 €R

for some constant Z independent of yg, y; and f. We are interested in the computational
complexity of the solution /2 under this condition.

Our model of computation of real functions is reviewed in Section[Il It is adopted from
computable analysis and is thus consistent with the conventional notion of computability
(see Section [3.3] for other perspectives on the “complexity” of similar problems). We for-
mulate our main result in Section[2k the solution of the above equation can be polynomial-
space complete, even if g is polynomial-time computable. This was open since 1983 [18]].
The proof will be given in Section 3l The main idea is to regard the differential equa-
tion with the Lipschitz condition as a polynomial-space computation tableau with certain
restrictions. In Sectiond] we use the same techniques solve several other problems, includ-
ing the ones about Volterra integral equations [20]. Section [3] discusses related results and
problems.
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Volterra integral equations.

This work was supported in part by the Nakajima Foundation and by the Natural Sciences and Engineering
Research Council of Canada.

IThere are several variants of the theorem; here is a proof sketch for ours. Let C be the set of all continuous
real functions on [0, 1]. A solution of () is a fixed point of the operator 7: C — C defined by

'
T(h)(1) :/0 g(t.h(r))dr.

This solution exists and is unique by the Banach fixed point theorem, because 7 is a contraction with respect
to the distance d given by d(hg, 1) = max;e[o,1]exp(=2Z1t)|ho(¢) — h1 ()| for ho, hy € C.
1
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FIGURE 1. To compute a real function f, the machine should output an approximation
of f(¢) to given precision 27" by consulting the oracle for approximations of ¢ to any
precision 27" it desires (left). An alternative picture (right) is that the machine converts any
stream of improving approximations of ¢ to a stream of improving approximations of f(¢).

1. COMPUTATIONAL COMPLEXITY OF REAL FUNCTIONS

The study of mathematical analysis from the viewpoint of computability is called com-
putable analysis [5,141]]. We review its definitions briefly here, refining them to accommo-
date our complexity consideration where necessary. We assume that the reader is familiar
with the basic concepts in complexity theory, such as polynomial-time and polynomial-
space machines, reductions, and completeness [36]. The computability notion for real
functions equivalent to ours dates back at least to Grzegorczyk [13]]. Study of polynomial-
time computability seems to originate in Ko and Friedman [22].

1.1. Computing real functions. Computers can process only finitely many bits at a time.
A real number cannot be stored in its entirety, but can only be approximated. We say that
a real number ¢ is represented by a function A from strings to strings if for any m € N,
the string A(0™) is the binary notation (with a sign bit at the beginning) of either | 27| or
[2"¢], where |-]| and [-] mean rounding down and up to the nearest integer, respectively.
In effect, A(0™) gives an approximation of ¢ with precision 27" by a multiple of 27, We
also say that 4 is a name of t.

Computation of real functions is realized by oracle Turing machines (henceforth just
machines) working on such representing functions 4. In addition to the input, output
and work tapes, the machine has a query tape and can consult an external oracle A by
entering a distinguished state; the string v which is on the query tape at this moment is then
replaced by A(v) in one step. We write M 4 for the string-to-string function computed by
machine M with oracle A.

Definition 1. A machine M computes a function f: [0, 1] — R if for any ¢ € [0, 1] and any
name A of it, M4 is a name of f(7).

Thus, computation of a real function f can be thought of as a Turing reduction of (a
name of) f'(¢) to ¢ (Fig.[Il left). A little thought shows that it can equivalently be visualized
as a Turing machine that, given on the input tape an infinite sequence of approximations of
t, writes approximations of f(¢) endlessly on the one-way output tape (Fig. [0l right).

A machine runs in polynomial time if there is a polynomial p:N — N such that, for
any input string u, it halts within p(|u|) steps regardless of the oracle. A function is
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FIGURE 2. Modulus of continuity p.

(polynomial-time) computable if it is computed by some machine (that runs in polynomial
time).

When writing each approximation of the output, the machine knows the input only
to some finite precision. As a result, all computable functions are continuous, and all
polynomial-time computable functions /" have a polynomial modulus of continuity (Fig.[2)):
there is a polynomial p such that | f(zg) — f(¢1)| < 27" for all ¢y, t; € [0, 1] with |ty —
11| < 27P™_ 1In fact, it is not hard to see that polynomial-time computability can be
characterized by this plus the assertion that f* can be approximated at rationals:

Lemma 2. A function f:[0, 1] — R is polynomial-time computable if and only if it has a
polynomial time modulus of continuity and there is a polynomial-time computable function
2:([0, 11N Q) x {0}* — Q such that

3 g(d,0") = f(d)|<27", de€[0,1]NQ, neN,
where rational numbers are encoded in a reasonable way.

Many familiar continuous functions are computable. For example, it is easy to see that
the sine function restricted to [0, 1] is polynomial-time computable, because an approxima-
tion of

, B
) smlzl—i-i-a—ﬁ-i--“
to precision 27 can be found by approximating the sum of polynomially many (in 1)
initial terms, since this series converges fast enough on [0, 1].

The above definition can be straightforwardly extended to functions on compact in-
tervals other than [0, 1] and on d-dimensional rectangles (by considering machines tak-
ing d oracles). The definition of polynomial-time computability can be generalized to
polynomial-space, exponential-time and exponential-space computabilitym, with a caveat
that for space complexity, we count the query tape in?

Zwe say “exponential” to mean oM (and not 20()).

3The definition in Ko’s book [19) Section 7.2.1] states to the contrary, but the subsequent theorems in
the chapter in his book seem to build on the definition that does charge the query tape. On the other hand,
his argument in Chapter 4 that the query tape should not be counted in discussing logarithmic space seems
reasonable.
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FIGURE 3. Functions R, S and T reduce L to A.

1.2. Completeness. We now introduce terminology to state our main results which say
that certain real functions are “hard” to compute. We regard a language L as a set of strings
or as a {0, 1}-valued function interchangeably, so that L(#) = 1 means u € L. We use P,
NP, PSPACE, EXPTIME, EXPSPACE to denote the standard classes of languages [36].

Definition 3. A function L (over strings) is said to reduce to an oracle machine M if there
are polynomial-time computable functions R, S, T such that L(u) = R(u, M S« (T (u)))
for all strings u, where S, denotes the function taking string v to S(u, v). It reduces to a
real function /:[0, 1] — R if it reduces to any machine computing / (Fig.[3).

For complexity class C, we say that a real function is C-hard if all problems in C reduce
to it. It is polynomial-space (resp. exponential-space) complete if it is polynomial-space
(resp. exponential-space) computable and PSPACE-hard (resp. EXPSPACE-hard).

2. KO’S QUESTION

Now we return to the ordinary differential equation at the beginning of the paper. We
assume the following, and ask how complex / can be:

(%) g:]0,1]x R— R and /%:[0, 1] — R satisfy (I)), g satisfies 2)), and g is polynomial-
time computable@.

As Ko [18], Section 4] points out by analyzing the Euler method, () implies that % is
polynomial-space computable (in fact, he later showed [20] that this is true for a broader
class of equations than (d)); see Section[4.2)). From this it follows [[18]] that if P = PSPACE,
then () implies that /4 is polynomial-time computable. We will prove a lower bound that
matches this upper bound:

Theorem 4. There are functions g and h satisfying (x) such that h is PSPACE-hard.
Corollary 5. P = PSPACE if (x) implies that h is polynomial-time computable.

This solves the main problem in Ko’s 1983 paper [[18]. He had proved a partial result
[18}, Section 5] essentially stating that Theorem 4 holds true if the Lipschitz condition (2))
in the assumption () is replaced by a weaker condition.

4Strictly speaking, we have defined polynomial-time computability only for functions defined on a com-
pact rectangle. What we mean here is that the restriction of g to [0, 1] x [min /2, max /] is polynomial-time
computable. This awkward restriction could be avoided, without affecting the results in this paper, by ex-
tending Definition [l to functions with unbounded domain, as Hoover [[14] did (see also [19, pp.57-58]). But
this would slightly complicate the definition of polynomial-time computability and also make it disagree with
another formulation in literature [41, Chapter 7].
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FIGURE 4. To construct g, we assign interval [/, /] to each string u and put there a pair of
reduced copies of g,. The value A(c,) at the midpoint will be positive if and only if u € L.

We will also consider several other variants of the question in Section 4l For more
motivation, backgrounds and related problems, see Section

3. PROOF OF THE THEOREM

In Section we construct the functions g and / in Theorem ] from a family of pairs
of functions (g,), and (h,), satisfying the conditions to be specified in Lemma [6l

Section contains the key idea of the proof. We reduce Lemma [6] to the PSPACE-
completeness of a discrete version of the initial value problem. This discrete problem is
like a PSPACE computation tableau, but with a certain restriction similar to the Lipschitz
condition: we restrict the strength of feedback in the computation.

Section [3.3| then shows that this discrete problem is PSPACE-complete despite the re-
striction.

3.1. Building blocks. To state Lemmal6l we need to extend the definition of computation
in Section[LIlto families of real functions indexed by strings u. This is done in the natural
way, by giving u as another string input to the machine. For example, a family (g), of
functions g,:[0, 1] x [-1, 1] — R is computed by a machine M if for any names 4 and B
of t € [0,1]and y € [—1, 1], the function that takes string 0" to M 4B (1, 0™) is a name
of g, (¢, y). Note that in this case, claiming that M runs in polynomial time means that it
halts in time polynomial in |u| + m.

Lemma 6. Let . € PSPACE and let A:N — N be a polynomial. Then there exist a
polynomial p: N—N and families of functions g,,: [0, 1]x[—1, 1] >R and h,: [0, 1]->[—1, 1]
indexed by binary strings u such that the family (g,), is polynomial-time computable and
for each u we have

(@) hy(t) e [-1,1]forallt €0,1];

(b) gu(o’ y) = gu(lv y) = Oforally € [_1’ 1]!

(©) hy(0) = 0and h,(t) = gu(t, hu(t)) forall t €10, 1];

() |gu(t, yo) = gu(t, y0)| = 272D yg — yy| for any t € [0, 1] and yo, y1 € [-1, 1];

() hy(1) = 27PUub ().

Thus we have a family of functions g, that each give an initial value problem whose
solution /1, encodes L(u) in its final value /,(1). Using this, the functions g and / in
Theorem @] can be constructed as follows: divide [0, 1) into infinitely many subintervals
[;,1,]], one for each u, with midpoints ¢,; we put a pair of reduced copies of g, onto
(I, cu] and [cy, [] as shown in Fig. @ so that the membership of « in L can be determined
by looking at /(¢ ). Details are routine; see Appendix [Al
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FIGURE 5. An attempt to simulate a polynomial-space Turing machine by an initial value
problem is to encode the machine configuration H,(T) at each time 7 into the value
ha(t) = Hy(T) /20D at time r = 7 /220D,

3.2. Discrete initial value problem and the Lipschitz condition. An attempt to prove
Lemma[6] would be as follows. Consider a polynomial-space Turing machine that decides
whether a given string u belongs to L. Its configuration at each time can be encoded into a
nonnegative integer less than 2€(uD | where C is a polynomial. There is a simple rule that
maps u (the input), 7" (time) and d (the current configuration) to a number G, (7T, d) (the
next configuration) such that the recurrence

5) H,(0) =0,  Hy(T +1)=Gu(T. H,(T))

leads to H,(22(#Dy = L(u) for some polynomial Q. Now this situation looks similar to
the one in Lemmal6l starting at 0, the value of H,, (or 4,) changes over time according to
a simpler function G, (or g,), to reach a value eventually that indicates the answer L (u).
Thus we are tempted to simulate the “discrete initial value problem” (&) by embedding
each value H,(T') as real number H,, (T')/2€ 4D (Fig. 3.

The obstacle to this attempt is that the differential equation (@ of Lemma [6] cannot
express all discrete recurrence (3): continuous trajectories cannot branch or cross one an-
other; besides, we have the Lipschitz condition (d) that puts restriction on how strong the
feedback of /4 to itself can be. We thus need to restrict the discrete problem (3)) so that it
can be simulated by the continuous version.

To do so, let us reflect on what the Lipschitz condition (d) means. A rough calculation
shows that if two trajectories differ by ¢ at time ¢, then they can differ at time ¢ + 2~ Q(uD)
by at most & exp(2~*(#D2=QUuDy ~ (1 4 2~A(uD=Q(uD) Thys, the gap can only widen
(or narrow) by a factor of +2~MuD)=Q(u]) ot each time step of length 2=QUuD  In other
words, the feedback in equation () is so weak that each digit of / can only affect far lower
digits of /i at the next step.
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FIGURE 6. Each cell H,(T) in Fig.[§is now divided into H,(0,T), ..., H,(P(lu|),T);
the increment from H,(i + 1,T) to H,(i + 1, T + 1) is computed by G, using the upper
left cell H,(i, T).

Now we define a discrete problem that reflects this restriction. Let C, P and Q be
polynomials and let

©) Gu: [P(u])] x 220D 5 2€0D] — (1,0, 13,

) Hy:[P(lul) + 1] x 220D 4 1] 20D,

where we write [N] = {0,..., N — 1} for N € N. Our restricted discrete initial value
problem is as follows (Fig. [6)):

(3) Hy(i,0) = H,(0,7) =0,

) H,Gi+1LT+1)=H,i+1,T)+Gu(i, T, Hy(i,T)).

In effect, H,(T) of (@) is now divided into components H,(0,T), ..., H,(P(|u|), T). We
have added the restriction that G, sees only the component Hy, (i, T'), which in Fig.
means the upper left of the current cell. The next lemma states that we do not lose
PSPACE-completeness by this restriction. Note that making G, completely oblivious to
its second argument would be an overkill, because then H, would just add up the values
of G, resulting in the complexity merely of #P.
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Lemma 7. Let L € PSPACE. Then there are polynomials C, P, Q and families (Gy)y,
(Hy)y satisfying @)—-@) such that (Gy), is polynomial-time computable and

(10) Hy(P(Ju]), 220Dy = L(u)
for each string u.

Before proving this, we reduce Lemma [0l to Lemma [7] by simulating the new system
(6)-(@) by the differential equation. Using G, and H,, of Lemma [} we construct g, and
hy of Lemma [@ such that &, (T /220Dy = " H,(i, T)/B* for each T, where B is a
big number. Thus, the restriction that G, sees only the upper row corresponds to the weak
feedback imposed by the Lipschitz condition.

Proof of Lemmal@ Let C, P, Q, (Gy)u, (Hy)y be as in Lemmal[7l By “dividing each unit
time into P(|u|) steps,” we may assume that for each T, there is at most one i such that
G,(i,T,Y) # 0 for some Y. Write j,(T) for this unique i (define j,(T) arbitrarily if
there is no such ;). We may also assume that Hy (i,22“D) = 0 for all i < P(|u|). This
can be achieved by increasing Q and extending G symmetrically with opposite sign so that

it cancels out what it has done.
Let B = 2C(uD+2(uD+0(uD+3 Define g, and &y by

( Y +1 ) 290D 7 sin(f7)
8u =

(11) Gu(ju(T), T, Y mod 2604D),

b BTy S Bin (DT

12 Y=n\_q_, Y 2 Y -1
(12) 8gu l,m =(1-2n)-gu l,m +2n-gu l,m

and

1 —cos(f) Gu(ju(T). T. Hy (ju(T). T)) Plub Hu(l T)

2 Biu(T)+1 IZO

13 h() =

forall T e N, 0 €[0,1,Y € Z, n € [0,1/2]and t = (T + 6)/2204D (that make sense
with (6), (@) and g,:[0, 1] x [—1, 1] = R). Note that equation (I2) has g, on both sides,
but the values used in the right-hand side are already defined by (II)). It is easy to verify
that the definition is consistent; in particular, we use (@) to show that (I3)) stays the same
for the two choices of T when ¢ is a multiple of 1/220D.

Conditions @) and (0) of Lemmal[6] are easy. We have (@) with p(k) = P(k)(C(k) +
Mk) + Q(k) + 3), since h,(1) = Hy(P(|jul),220D)/BPUD = 1)/ BPUD =
L(u)/2°U#D by ([@3) and (I0). Polynomial-time computability of (g,), can be verified
using Lemma 2

To see (@), observe that all terms in the right-hand side of (I3) except for the summands
fori = 0, ..., j,(T) are much smaller than 1/B7«T)_ Hence, we can write h,(1) =
(Y + n)/B7«(T) for some n € [0, 1/2], where

Ju(T)
(14) Y=Y H,T) B»D

i=0
Since B is a multiple of 2€(#D | we have ¥ mod 2€#D = H,(,(T), T). Substituting
these Y and n into (II)), we get

291D 7 sin(O7)
(15) gult-ha()) = — 25

This equals /),(¢) calculated from (I3).
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T: 01 2 3 45 6 7 8 91011121314 1516 17 1819 20 21 22 23 24 25 26 27 28 29 30 31 32

(x1,x2) =(0,0) (1,00 (1,00 (0,0) (0,1) (1,1) (1,1) (0,1) (0,1) (L,1) (1,1) (0,1) (0,0) (1,0) (1,0) (0,0)

40 41 -1 -0 41 41 -1 -1 41 +1 -1 -1 40 +1 -1 -0
i=1 [ofoJoJolt]t]ofooolt]t]22[1]1]oJo]1]1]2]2]1]1]oJoJoJo]1]1]o]o]0]

+0 +1 -1 —0
i=2 [o]oJoJoJoJoJofofoJoJoJo o 1[1]t]t]t]1]1]1]oJoJo]ofoJoJoJo]o]o]o]0o]

+1
i=3 [o]oJoJoJoJoJoJoJoJoJoJo o oJoJoJo t[auuufufu[au]ua]e]a]1]1]1]

FIGURE 7. Let u be the formula 3x,. Vx1. (x; V x3), for example. The values G, (0, T, 0)
encode (redundantly) the truth table of the matrix x V x5 (first branch of (I8)). For example,
G,(0,T,0) = %1 (resp. 0) for T = 3,5,27,29 (resp. 1,7,25,31) because (x1,x2) =
(1, 0) (resp. (0, 0)) makes x; V x; true (resp. false). Also observe that H, (1, T') returns to 0
every eight cells. As aresult, the cell H,(1,4) = 1 (resp. H,(1, 12) = 2) represents the fact
that when Xx; is false (resp. true), x; V X3 is satisfied by one (resp. two) of the assignments
to x1. Now look at the next row. The second branch of (I8)) says that for odd multiples 7" of
4, the values G, (1, T, H,(1, T)) are 1 or 0 according to whether the upper left cell has a
2 or not. Thus, they encode the smaller truth table for the subformula Vx;. (x; Vv x;) under
each assignment to x,. As a result, the cell H,(2,16) = 1 indicates that this subformula
is satisfied by one of the assignments to x,, which causes the last row to get incremented
at T = 17. Observe that the final cell H,(3, 32) has a 1 precisely because the formula u is
true.

For the Lipschitz condition (d), note that since the value of Gy, in (1)) is in {—1,0, 1},
the difference of the two values of g, on the right-hand side of (I2)) is bounded by 2 x
2004l 7 sin(97) /(2 B/ M +1) < 2Q(uD+2 ) ju(T)+1  Thys, the slope of g, along the
second argument is at most
20(uh+2 _ 20(uh+3 < 5=l
Biu(T)+1 B -

(16) 2Bju(T) .

by our choice of B. O

3.3. Discrete initial value problem is hard. We are now left with Lemma [7l At first
sight, our system (6)—(9) may look too weak to simulate a polynomial-space computation.
Although we have polynomial amount of memory (rows) and exponential amount of time
(columns), the “chains of dependence” of values must run from top to bottom and thus are
polynomially bounded in length.

But there is a PSPACE-complete problem that matches well with this polynomially
deep dependence: true quantified boolean formulas [36]. Evaluating a formula with »
quantifiers is about evaluating a tree of depth n, with nodes labeled V or 3 at each level,
assuming that the leaves (i. e., the truth table for the matrix) are easy to compute. We now
simulate this tree evaluation by our system (€)—(9)) (Fig.[7).

Proof of Lemma[/l We may assume that L is the set of true quantified boolean formu-
las. Let u be of form Qnxy, ... Q1x1.¥(x1,...,Xn), where ¥ is a boolean formula and
Q; € {V,3} foreachi = 0, ..., n. Forn —i bits b;j41, ..., by € {0, 1}, we write
Yi(bit1,...,bn) € {0, 1} for the truth value (1 for true) of the subformula Q;x; ... Q1x;.
(X1, Xi, big1,...,by), sothat L(u) = ¥, (). We regard quantifiers as functions on
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numbers (the values at numbers other than 0, 1, 2 will not matter):

17) V(2) =3(2) =3(1) =1, 3(0) = V(0) = V(1) = 0.

For 2n + 1 bits by, ..., by, € {0, 1}, we denote the number represented by them in binary

by ban...bo = Y7027 b;.
To define G, let

(18) Gu(i.TonTon—1---T2iz2T2i+1100...0,Y)

— (_1)T2i+2x WO(TI 69]—‘277—’3697-'47'”77-'211—1 @TZH) if i :07
0i(Y) otherwise,

where @ denotes the exclusive or; let G, (i, T,Y) = 0 for other T (that is, when T is not
an odd multiple of 22%). Define H, from G, by () and @).

We prove by inductiononi = 0, ...,nthat H,(i,T) € {0, 1,2} forall T (thus C(|u|) =
2 suffices for (@) and that

(19)  Gu(i,S, Hy(i,S)) = (=1)52+29;(Sai 41 ® Sait2s---» San—1 ® San)

for all S of form S5,,S2,—1...52;+1100...0 (it is immediate from the definition of G
that Gy (i, S, H, (i, S)) = 0 for other S). Once we have proved this, the case i = n yields
Gu(n,2%", H,(n,2?")) = ¥,() = L(u), and hence H,(n + 1,2?" + 1) = L(u). By
adding dummy rows and columns, we have (IQ) for some P and Q, because n < |u|.

Suppose ([19) as the induction hypothesis. This implies that flipping the two bits S,; 42
and S;;4+1 of any S = S3,52,—1 ... Sp reverses the sign of G, (i, S, H,(i, S)). There-
fore, while () and (9)) yield

T-1
(20) H,(i+1,T)= Y Gu(i.S, Hu(i,S))
S=0

foreach T = O, ..., 2Q(|”|), most of the nonzero summands on the right-hand side
cancel out. More precisely, if we write T = T5,75,—1 ... Ty, the only terms that can
survive are those that corresnpond to S = 75,754—1...72;4+300100...0 and to § =
TonTon—1...T2;+301100...0. This shows that H,(i + 1,T) € {0, 1, 2}.

When, in particular, T = 75, T5,—1 ... T2;4+3100...0, both of these terms survive, and
hence (20) equals

2D ¥i(0, T2i43 ® T2i44.- .- Ton—1 ® Tapn)
+¥i(1,T2i43 ® Tait4..... Ton—1 ® Tp).

Therefore, it follows from (I7)) that

(22) Qiv1(Hu(i +1.7)) = Yig1 (T2i43 @ Taivar. ... Tan1 @ Tap).

This and (I8) yield

(23) Guli + LT Hy(i + 1.T)) = (D)4 1 (T2i13 ® Tairas .. Ton1 ® Tap).

completing the induction step. O]
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4. OTHER VERSIONS OF THE PROBLEM

4.1. Complexity of the final value. Ko discusses another version of the question which
relates the complexity of the value A (1), rather than the function /%, to that of tally lan-
guages.

Definition 3 can be extended straightforwardly to machines taking d oracles. In particu-
lar, the case d = 0 means that a language L is said to reduce to a real number # if there are
polynomial-time computable functions R and S such that L(u) = R(A(S(u))) for any
string u and any name A4 of . Now we can state:

Theorem 8. Any tally language in PSPACE reduces to h(1) for some functions g and h
satisfying ().

Theorem [§] can be proved by arranging the building blocks from Lemmal@lin a different
way. See Appendix [Bl

As a corollary, all tally languages of PSPACE are in P if (%) implies that /(1) is
polynomial-time computable. This improves Ko’s second main result [18, Theorem 4].

4.2. Volterra integral equations. Ko later studied [20] the complexity of Volterra inte-
gral equations of the second kind
t

(24) h(t):f(t)+/ g(t., . h(v))dr,  1eo,1],
0

where function / is to be solved from given functions f and g. As before, we suppose that
f and g are polynomial-time computable and ask how complex / is.

If g is Lipschitz continuous (along its last argument), / is polynomial-space computable
by Picard’s iteration method [20, Section 3]. On the other hand, the best lower bound (in
the sense of Ko’s formulation, similar to Corollary ) has been P*P, Valiant’s counting
class [39]. One of the two open problems in Ko [20, last paragraph of Section 1] was to
close this gap. Our Theorem M] has solved it, because the initial value problem () is the
special case of (24) where f" is constantly zero and g ignores its first argument:

Corollary 9. There are polynomial-time computable functions f:[0,1]—Rand g:[0, 1] x
[0, 1]x R— R such that g is Lipschitz continuous (along its last argument) and the (unique)
solution of 24) is polynomial-space complete.

The other problem was about the following weak version of Lipschitz continuity (2):

@) gt yo) —gt, y) <27 P|yo—y1l, neN, t€[0,1-27"], y9,y1 €R,

where r is a polynomial. Assuming (*) with @) replaced by @), how complex can /
be, provided it has a polynomial modulus of continuity? Ko asked this question for the
Volterra equation (24) (in which case the g in @) takes one more argument, of course),
and showed that / is exponential-space computable and can be EXPTIME-hard. His
second open problem was to close this gap.

The motivation for this problem comes from Volterra integral equations of the first kind,
a class of equations that are considered harder to solve than (24). A common approach
to solve them is to convert the equation into the form @4). This conversion does not
preserve Lipschitz continuity (2)) but the new equation merely satisfies (). See the original
paper [20] for details.

We settle this problem also by a technique similar to Theorem 4l In fact, we have
EXPSPACE-completeness even for the differential equation () (see Appendix[Cfor proof):
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TABLE 1. Assuming the left column plus the polynomial-time computability of g, how
complex can the solution % of (I)) be?

Assumptions Positive results on /1 | Negative results on /

None can be (non-unique and) all
non-computable [} 31 [18]]

h is the unique solution | computable [28| [31, | can take arbitrarily long time

34] [25, 18]
g satisfies condition @) | exponential-space can be EXPSPACE-hard (our
computable [20]] Theorem
g satisfies the Lipschitz | polynomial-space can be PSPACE-hard (our
condition (2)) computable [8] 18] Theorem ()
g is analytic polynomial-time

computable [23][16]

Theorem 10. There are functions g and h satisfying (x) with @) replaced by @) such that
h has a polynomial modulus of continuity and is EXPSPACE-hard.

5. RELATED RESULTS AND CHALLENGES

5.1. Other results on differential equations. The initial value problem (I) is the most
fundamental form of differential equations and has caught attention from computability
and complexity theorists. Table [Tl summarizes the results immediately related to ours.
Other works concern the computability of different aspects of the solution [11}[17]]. There
is also a domain-theoretic account of this problem [9].

Computability (or not) of other classes of (partial) differential equations is also stud-
ied [32, 33 110, 42, [7] 43|, |46]. Refining these results and classifying the equations by
computational complexity would be a rich source of research problems.

5.2. Constructive versions. A reasonable criticism about the positive results in Table[Tlis
that they deal with the complexity of each single solution 4, whereas the practical concern
for numerical analysts would be the complexity of the operator that “computes 4 from g.”
Is it possible to formulate such a constructive version of the positive results? If we are to
keep using the oracle machine model in Section[I] this means defining a representation of
real functions so that the machine can read (a name of) g and write out (a name of) /.

For computability (without time bound), this is possible: there is a canonical way to
introduce a representation of functions and thus to define computability of operators [41}
Chapter 6]. In fact, some of the positive results mentioned above are formulated as the
computability of operators, to which the non-constructive versions are corollaries (because
computable operators take computable functions to computable functions). But it is not
obvious how to define complexity of operator@. We consider this to be an important
challenge and will address it in another paper.

For negative results, however, the non-constructive formulation makes our theorems
only stronger. In many situations in numerical analysis, we know the input function g not

Ko proposes a definition but then argues that it is too restrictive for our purpose [[19, Section 2.7].
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just as a black box, but with some additional information about its behaviour. If such infor-
mation can be encoded into the representation of g, it may somehow help compute /. Our
non-constructive result shows that this still would not make the computation polynomial-
time (unless P = PSPACE), as long as the representation assigns a name to every Lipschitz
continuous functions and gives polynomial-time computable names to polynomial-time
computable functions.

5.3. Models of computation. We have discussed complexity in the framework of com-
putable analysis (Section[T]). See the survey [21]] for discussion of many other problems in
this model. Although we believe that this is a natural model that characterizes what we can
compute in the real world using digital computers, there are two other veins of research,
totally different in philosophy, that also deal with “computability” and “complexity” of
real functions.

5.3.1. Analog models and the Church-Turing Thesis. One is research on analog mod-
els [1350 126 138, 3]{5], where changes of physical quantities in the continuous world are inter-
preted as computation performed by an analog device or even by Nature. Not surprisingly,
these models involve differential equations representing (classical) physical laws, typi-
cally (I). Relation between such analog models and the traditional notion of computation
is studied by several authors. Many of them [40, 29|42, 145]] discuss possible philosophical
implications on the Church-Turing Thesis: if there is a physical process whose output is
computationally complex than its input, can’t we then use it to build an analog computer
that outperforms the Turing machine? A representative argument in defense of the Church—
Turing Thesis is that, when the behaviour of the physical quantity is so wild, it cannot be
reliably controlled and put into computational use. Our hierarchical results in Table [Il may
suggest that there indeed is such a tradeoff between robustness and computational power:
as we add stronger reasons for the system to yield a unique solution, its computational
complexity drops.

5.3.2. Algebraic models and numerical analysis. The other approach to real computation
deals with algebraic models, such as the one by Blum et al. [2]. Roughly speaking, they
consider a modified version of Turing machines that store real numbers and perform op-
erations on them in one step. The theory of information-based complexity [37, 44]] uses
a model closer to theirs in discussing complexity of numerical problems. The difference
and connection between such algebraic models and our “bit model” are studied by several
authors [4} 41, 16]. The algebraic model may be close to the intuitive picture that numerical
analysts have in mind when they write pseudocodes for their algorithms, but since real
numbers cannot be handled exactly in reality, reliability of the algorithm must be checked
apart from the model. There is increasing interest in validated methods in numerical anal-
ysis that are closer to our strict model with guaranteed precision: “now that ‘chips are
cheap’, it seems natural to shift the burden of determining the reliability of a numerical
solution from the user to the computer” [27]].

APPENDIX: PROOF OF THE THEOREMS

We prove Theorems M} [8 [I0] from Lemmal6l We assume that the reader has looked at
the background explanation in Sections 3] and (4l

6See [130L 24} 112]] and [17] for remediation of technical gaps in [35] and [26]], respectively.
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A. Proof of Theorem 4. Let L be a PSPACE-complete language. Use Lemma [6] for
A(k) = 2k+2to obtain polynomial p and families (g, )y, (/1,)y. Since (gy)y is polynomial-
time computable, there is a polynomial y satisfying |g,(z, y)| < 2Y{#D=lul For each
binary string u, let A, = 224D, = 2v(uD 3pq

1 2u+1 - 1
(25) Cu—l—W-f—A—u, Zu —Cu:FA—u,
where 7 € {0,...,2/ — 1} is u read as an integer in binary notation. This divides [0, 1)

into intervals [/, /7] indexed by u € {0, 1}*. Define

t y gu([’j})
26 Z:F:I:—,— =+
(26) g(” A Auru) T
t hy(t)
27 it + —) =4
9 ( Au) Al

for eachz € [0,1] and y € R, where y = max{—1,min{l, y}}. Let g(1,y) = A(1) =0
for each y € R. These define g and & “seamlessly” by (B) of Lemmal6l

We show that g and / satisfy (). We begin with equation (I). It is easy to see that
h(0) = 0 and 4’'(1) = 0 = g(1,A(1)). Since any number in [0, 1) can be written in the
form /7 + ¢/ A, for some u and ¢ € [0, 1], we have () by

(8) h'(ﬁ + L) L O | gl ()
! Ay a Iy B I,

t hy(t) t t
=gfiF+ — & =oliFT+ — nlIT+ —
g(” Au’AuFu) g(” . ( A))

where equalities are by 27)), @), 26), @7), respectively.
The Lipschitz condition ) is satisfied with Z = 1 by (d) and our choice of A. To see

that g is polynomial-time computable, we use (the obvious two-dimensional generalization
of) Lemmall When asked for a 27" -approximation of g (7, Y) for rational numbers 7" and
Y, the machine can find u, &, ¢, y with (7,Y) = (I +t/Ay, y/AuT}) in polynomial
time. Since (26) lies in [-271# 271#l], the machine can safely answer 0 if m < |u].
Otherwise it can answer by computing g, (z, ) with precision 27", which can be done in
time polynomial in m + |u| < 2m by the polynomial-time computability of (g,)y.

We have thus proved (). Since

hy(1) L(u)
AyL, 2 (ub+y(uD+p(ul)

(29) hicw) =

by @7) and (@), the problem L reduces to 4. More precisely, the functions R, S, T in
Definition 3 can be given by

(30) R(u,v) = the number denoted by v,
(31) S(u,0") = astring denoting [2"¢, |,
(32) T(u) = oMuD+yud+pdul),

Since L is PSPACE-complete, so is /.

B. Proof of Theorem[8l The idea is to arrange the building blocks g, from Lemmal6] as
we did for Theorem[] but in a different way (Fig.[8)). We again divide [0, 1) into countably
many intervals and put there some copies of the block g, of Lemma 6 but this time, we
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Y ke T OFt1 ¢T
h(1)

pies of g,(or+2)
pies of g,(o+1)

e \
s a copy of g,(or)

I w1 Ikia 1 ¢

FIGURE 8. Compare with Fig. 4l The blocks g,«) are now stacked vertically so that the
tally language 7" can be recovered from /A(1).

do not put the mirror image to bring / back to 0. The values /(1) hence pile up, so that
we can recover any of them by looking at /2(1). We now get down to details.

Let T be a tally language in PSPACE. We will construct g and / satisfying () such that
T reduces to /1(1). Let L be a PSPACE-complete language. There is a polynomial-time
computable string function a with 7'(0%) = L(a(0%)) for all k € N. Apply Lemma @ to
A(k) = k 4 1 to obtain the polynomial p and the families (gy)y, (fy),. Since (gu)u
is polynomial-time computable, there is a monotone polynomial y:N — N satisfying
|8aory (& )| = 27 () for each k. Let [, = 1 — 2% and define

t2j+ =Dy e y)
(33) g(lk T okt k0 | T it o+t
t\  han@) k=l T(0°)
(34) h(lk + 2k+1) = Y@l T 2 05000

foreachk e N,t € [0,1], y € [-1,1] and j € Z, where p(k) = p(0) + --- 4+ p(k — 1).
Complete the definition by g(1, y) = 0 and

) T(0%)

(35) M) = 2 ke

By (33), the language T reduces to A(1).

We show that these g and / satisty (). Well-definedness and Lipschitz continuity of g
follow from (b)) and (d), similarly to the proof of Theorem[l Polynomial-time computabil-
ity also follows from that of (g,), again. Since all terms under the summation symbol in
[@34) are divisible by 4 /22k+v&)+p(k) gybstituting (34) into the second argument of (33)
yields

t t _ &a(ok) (t, ha(Ok)(t))
(36) g(lk + W’h(l" + W)) T 2k—1+y(®)+pk)

/
o ha(ok)(t) . h, l + t
= ok—ity®+t) T \K T okt )

where the second and third equalities are by () and (34)), respectively. This and /'(1) =
0 = g(h(1)) yield (). We have thus proved ().
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2—poly(jw))
2_2poly(lwl)
la M
acopy of g,,, another copy of g,, (mirrored)

FIGURE 9. The construction for Theorem [I0] is similar to Fig. @] but this time we put an
“amplifier” in the middle. Then w € L if and only if /i(¢y) is positive, in which case it is
only polynomially small in |w|.

C. Proof of Theorem[I0l. Let L € PSPACE be the set of triples (M, x, 0°) such that M
encodes a Turing machine that, on input x, uses space no more than s and accepts. For
each triple w = (M, x, s), let uy, = (M, x,0%). Under a suitable encoding of triples into
strings, |uy| < 21, Tt is easy to see that L' = {w : uy, € L} is EXPSPACE-complete.

The idea is that, as we did for Theorem 4] we will divide [0, 1) into infinitely many
intervals [/, ;)] with midpoints ¢, and put there the functions g, of Lemmal6lto com-
pute whether w € L’. But this time, the “output” 4, (1) is exponentially small in |w],
so we will need “amplifiers” to make the value /i1(cy) visibly large (Fig. Q). Because we
use stronger and stronger amplifiers as |w| — oo, the function g will not satisfy the full
Lipschitz condition (2), but it still satisfies the relaxed condition @).

Use Lemma [@] for A(k) = 0 to obtain polynomial p and families (g;)y, (/4)y. Since
(gu)u is polynomial-time computable, there is a polynomial y satisfying |g, (¢, y)| <
2y (uD=lul e may assume that y (k)—k is strictly increasing in k and that (1.5In2)y (k) <
27U~k for all k. For each binary string w, let A,, = 22WI+3 1, = 2v@™) and

1 4qw + 2 1 2
— 1 F _ + R
where W € {0, ..., 2"l — 1} is w read as an integer in binary notation. This divides [0, 1)
into intervals [/, /7] of length 4/ Ay, indexed by w € {0, 1}*. Define
t y gu (tv j})
38 IF+—, =42
o g(“’ o Awrw) I
t
(39) g(a;ﬁ + T Y) =46t(1 —t)YAyInTy,
w
t hu,, (1)
40 hIF+£—) =2,
0 ( v Aw) Aw Iy
2
t ry G20, («
41 hlaf £ —) =" (1)
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foreacht € [0, 1]and y, Y € R, where y = max{—1, min{l, y}}. Letg(1,Y) = h(1) =0
for each Y € R. This defines g and /& seamlessly by () of Lemmal6l We show that g and
h satisfy (x) with @) replaced by @).

For the equation (I), it is again easy to see that 2(0) = 0 and A'(1) = 0 = g(1, h(1)).
Numbers in [0, 1) can be written either as I/ + /Ay, or as a;, + ¢/ Ay, and for them the
equation follows by

! i, (1) Suw (1, 1uy, (1))
42) KWIFT+—)|=4tw " — 40w Htu
( ) (w Aw) Fw Fw

t hy, @) t t
=glif+t— -2 )=glld £ —. nl1J+—
(s o) = s g (e e 0)
t l—1t)Inl
(43) h’(a;f + A_) = iwnﬁc—zohuw(l)
w

Iy

4+ ! FJ’Z(S_Zt)h”w(I) 4 ! W aT + !
- a > - a > a - ’
S\ A, Awhy S\ = a1,

where we used @0), @), (38), @0), @), (39), @I for each equality.
The condition @) is satisfied with r(k) = 2k + 3 + s(k), where s is any polynomial

such that 25®) > (1.51n2)y(2%). Forif T € [, ay] or T € [af,1}] for some w, then

by (d) and (38)), we have

|g(T. Yo) — (T, Y1)| _ 27*(ewD
Yo — Y1 T Ty

If T € [ay,,a}] for some w, then by (39) we have

8(T.Yo) — (T Y| _ ojw|+3
Yo — Y1 B

@ ATy < Ay = 2201F3 < prwh,

(45) -1.5In T,

— 92lwl+3 1.5y(2|w|)1n2 < 22lwl+3 Hs(wl) — Hr(wl)

To see that g is polynomial-time computable, we use the characterization in (the obvious
two-dimensional generalization of) Lemma[2l Suppose we are asked for an approximation
of g(T,7Y) to precision 27" for some T € [0,1]N Qand Y € [—1, 1] N Q. We first find
a string w and ¢ € [0, 1] N Q such that T can be written as I} + /Ay, oras aqy, + ¢/ Ay.
In the latter case, it is easy to compute the desired approximation using (39). In the former
case, we use (38) as follows:

e If m < 2I"! we can safely answer 0, because the value (38) is in [—2_2“”‘ , 2_2“”‘]
by |gu,, (¢, §)] < 27 (uwD—luwl < gy@hH—2"

e Otherwise, we compute y € Q, where y = Ayl Y, and then get the desired
approximation of (38) by computing gy, (¢, J) to an appropriate precision. This
can be done, by the polynomial-time computability of (g,),, in time polynomial
in m and |uy,|. But this is in fact polynomial in m1, since |uy,| < 2/®! < m.

We have thus proved (*) with @) replaced by @). Since 1)) yields

h,, (1) L(uw)
Ay  22wl+3+o(w)’
the language L’ is reduced to /. Since L’ is EXPSPACE-complete, /1 is EXPSPACE-hard.
Finally, we claim that /2 has a polynomial modulus of continuity. Precisely, we will show
that |h(To)—h(Ty)| < 27% whenever k € Nand 0 < Ty —T, < 2~*®)+k We may assume

(46) h(cw) =
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that 7 and T are both greater than 1 — 2% or both smaller. In the first case, we have
(To)—h(Ty)| < |(To)|+|h(Ty)| < 1/22K+341/22K+3 < 27K by @), @) and @. In
the second case, each point T' € [Ty, 7] belongs to [/, /;}] for some string w of length less
than k. If T € [I;, ay|U[at. I}], then |1/ (T)| < 2¥(#wD /[, < 1 by the first line of @2);
otherwise, |1'(T)| < 6(1/4)(In I'y)hy, (1) = (1.51n2)y 2HA,, (1) < 250wD < sk)
by the first line of @3). We thus have |4/(T)| < 25%)  and hence |h(Ty) — h(T})| <
2S(k)(T1 _ TO) < 2s(k) . 2—S(k)+k — 2—k.
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