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Bit Complexity of Initial Value Problems
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Abstract. How complex could the solution be to an initial value prob-
lem given by a polynomial-time computable function? This question
can be given a natural and precise sense in computational complexity
theory. We answer the question by several taxonomical results, known
and new, stating that more conditions on the problem make the solu-
tion simpler. In particular, Lipschitz continuity alone may leave the
solution polynomial-space complete, but analyticity makes the solution
polynomial-time computable.

1 Introduction

Complexity theory classifies discrete problems by the amount of computational
resources needed for a Turing machine to solve them. Polynomial-time computabil-
ity defined there is often identified with the intuitive notion of a problem being
“tractable” or “efficiently solvable” on a digital computer in the real world [22].

Despite its discrete nature, the theory can be applied [5, 12, 26] to problems
involving real numbers, providing a formal account of what can be done numerically
by a digital computer when validated precision is required. We will review the
definitions of computability and polynomial-time computability of real functions in
this framework in Section 2.

We will then turn to the initial value problem

h(0) = 0, h′(t) = g
(
t, h(t)

)
, 0 ≤ t ≤ 1, (1)

and present some results stating how complex the solution h can be in comparison
to g. More precisely, suppose that g is polynomial-time computable. Then

(A) it may be the case that there are infinitely many solutions h, all of which
are non-computable [9, 20];

(B) if we assume that the equation has a unique solution h, then it is computable
but can take arbitrarily long time to compute [9, 16, 20];
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Figure 1 A string-to-string function ϕ represents t ∈ R by giving a sequence

of approximations of t with increasing precisions.

(C) if we assume that g is Lipschitz continuous, then the (unique) solution h is
polynomial-space computable [9] but can be polynomial-space complete [8]
(Section 3 of this note);

(D) if we further assume that g is analytic, then the (unique) solution h is also
polynomial-time computable (proved in Section 4).

2 Computational complexity of real functions

This section formulates computation over the real numbers. Our model of com-
putation reflects the fact that digital computers can only work on bit strings and
not directly on real numbers. It is thus consistent with the classical theory of com-
putation. We assume that the reader has a casual knowledge of the basic concepts
of complexity theory, including Turing machines and polynomial time/space com-
putation [22]. The computability notion for real functions equivalent to the one dis-
cussed below dates back at least to Grzegorczyk [5] and has been studied extensively
in the field of computable analysis, or recursive analysis. Study on polynomial-time
computability seems to have been started by Ko and Friedman [13].

2.1 Representating a real number. Turing machines work on strings. The
input and output must be encoded in some way. For example, we encode integers
into strings by the binary notation in order to discuss computability of functions
from integers to integers. We can even encode dyadic rational numbers (that is,
multiples of possibly negative powers of 2) by interpreting strings (over the alphabet
{0, 1, +,−, .}) of form

sak . . . a0.a−1 . . . b−m, (2)

where s ∈ {+,−}, ak, . . . , a−m ∈ {0, 1} and either ak = 1 or k = 0, in the obvious
way.

Real numbers, however, cannot be encoded into strings, because there are un-
countably many of them. Instead, we use string-to-string functions to represent
real numbers as the limit of a sequence of rational numbers. Let Dm be the set of
strings of form (2). Each d ∈ Dm thus denotes a multiple of 2−m. Write [d] for
the closed interval of length 2 · 2−m centred at this number. We say that a real
number t is represented by a string-to-string function ϕ, or that ϕ is a name of t,
if for each m ∈ N, we have ϕ(0m) ∈ Dm and t ∈ [ϕ(0m)] (Figure 1). Thus, each
ϕ(0m) gives an approximation of t to precision 2−m using a dyadic rational (and
we do not care about the values of ϕ at strings containing symbols other than 0).
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Figure 2 To compute a real function f , the machine should output an ap-
proximation of f(t) to given precision m by consulting the oracle for approxi-
mations of t to any precision n it desires (left). An alternative picture (right)
is that the machine converts any stream that encodes improving approxima-

tions of t to a stream that encodes improving approximations of f(t). By a
2−n-approximation of t, we mean a string d ∈ Dn with t ∈ [d].

2.2 Computing a real function. Now we define how a machine works on
such names ϕ to compute a real function. We use oracle Turing machines [22, Def-
inition 9.17] (henceforth just machines) as the model of computation1. In addition
to the input, output and work tapes, the machine has a query tape and can consult
an external oracle ϕ by entering a distinguished query state with a string v written
on the query tape; this string is then replaced by the answer ϕ(v) in one step.

Definition 1 A machine computes a function f : [0, 1] → R if, given (any func-
tion representing) any t ∈ [0, 1] as oracle, it computes (some function representing)
f(t).

Thus, computation of f can be thought of as a Turing reduction [22, Section 9.2]
of f(t) to t (Figure 2, left). A little thought shows that it can equivalently be
visualized as a Turing machine that, given on the input tape an infinite string
approximating t, writes approximations of f(t) endlessly on the one-way output
tape (Figure 2, right).

A machine runs in polynomial time if there is a polynomial p : N → N such
that, for any input string u, it halts within p(|u|) steps regardless of the oracle. In
the left picture in Figure 2, this means that the machine must halt within p(m)
steps; in particular, it never learns t to precision more than 2−p(m), because it
takes n steps just to write down the query 0n. In the picture on the right, the
machine is required to commit to each output dm within time p(m). Analogously
for polynomial space2. Polynomial time implies polynomial space, because writing
a symbol takes one step.

1The book [22] regards an oracle as a predicate on strings, not as a string-to-string function.
We chose function oracles just for simple presentation; for the discussion in this paper, we could
have formulated the definitions using the predicate oracles by encoding names into predicates.

2For polynomial space, we count also the query tape in. A machine thus can only make
queries polynomially long in the length of the string input. The definition in Ko’s book [10,
Section 7.2.1] contains a comment to the contrary, but the subsequent theorems in the chapter

build on the definition that does charge the query tape.
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Figure 3 A function p : N → N is a modulus of continuity of a real function f

if |f(t0) − f(t1)| ≤ 2−p(n) whenever |t0 − t1| ≤ 2−n.

A function f : [0, 1] → R is (polynomial-time/space) computable if f is com-
puted by some machine (that runs in polynomial time/space). As mentioned above,
when writing each approximation of the value, the machine knows the argument
only to some finite precision (which is polynomial-time bounded in the case of
polynomial-space computation). As a result, all computable functions are contin-
uous, and all polynomial-space computable functions have polynomial modulus of
continuity (Figure 3). In fact, it is not hard to see the following.

Theorem 2 A function f : [0, 1] → R is polynomial-time (resp. -space) com-
putable if and only if there are a polynomial p and a polynomial-time (resp. -space)
computable string-to-string function g such that for any n ∈ N, t ∈ [0, 1] and
d ∈ Dp(n) with t ∈ [d], we have g(d) ∈ Dn and f(t) ∈ [g(d)].

The above definitions of (polynomial-time/space) computability can be straight-
forwardly generalized to functions on any compact subset of Rm (by considering
the machine that takes m oracles).

We choose not to extend the definition to functions f on non-compact sets,
because we are less sure that such extension leads to the “right” notion. If we
extended Definition 1 in the straightforward way, the identity function on R would
not be polynomial-time computable, because even the length of the first approx-
imation is unbounded. Weihrauch’s definition [26, Chapter 7] makes the identity
function polynomial-time computable by using a slightly different output conven-
tion, but still precludes, say, the sine function on R. Hoover [6] allows the running
time to depend in a certain way on the input real number. The sine function is
polynomial-time computable according to this model. The three definitions coin-
cide when we restrict attention, as we do in this paper, to functions on compact
intervals, or when we discuss computability only (and not polynomial-time/space
computability).

2.3 Examples. Many familiar continuous functions are computable. Take
binary addition +: [0, 1] × [0, 1] → R for example. Suppose that we (the machine)
want to compute the sum of real numbers t0 and t1 given as oracles. If the input
string given to us is 0m, we are required to find a (string representing) dyadic
rational d ∈ Dm with t0 + t1 ∈ [d]. We do this by first issuing the query 0m+2 to
both of the oracles, thus obtaining dyadic rationals d0, d1 ∈ Dm+2 with t0 ∈ [d0]
and t1 ∈ [d1]. Then we add d0 and d1 as dyadic rationals, and let d be the sum
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rounded to the nearest point in Dm. We have

d−(t0+t1) ≤ |d−(d0+d1)|+|d0−t0|+|d1−t1| ≤
1

2m+1
+

1
2m+2

+
1

2m+2
=

1
2m

, (3)

as required. Morever, this computation can be done in time polynomial in m.
We also note that the limit of a computable sequence that converges fast enough

is computable. For example, the sine function restricted to [0, 1] is polynomial-time
computable, because an approximation of

sin t = t − t3

3!
+

t5

5!
− t7

7!
+ · · · (4)

to precision 2−m can be found by approximating the sum of the first m+1 terms to
precision 2−m−1 (which can be done in polynomial time), because the sum of the
remaining terms never exceeds 2−m−1. Similar argument will be used repeatedly
without describing the details.

3 Lipschitz continuous initial value problems

The precise statements of (A) and (B) in Section 1 are in Ko’s paper [9],
where he uses previous results [16, 20] and modifies them to make g polynomial-
time computable. These results suggest that we need an assumption stronger than
uniqueness in order to control the complexity of the solution. A simple sufficient
condition for unique solution h of (1) is that g be Lipschitz continuous (along its
second argument), which is to say,

|g(t, y0) − g(t, y1)| ≤ L · |y0 − y1|, t ∈ [0, 1], y0, y1 ∈ R (5)

for some constant L independent of y0, y1 and t [25]. In this section, we ask how
complex h can be, assuming that g is Lipschitz continuous and polynomial-time
computable. An upper bound was given by Ko [9, Section 4] through a careful
analysis of the Euler method3.

Theorem 3 Let g : [0, 1] × [−1, 1] → R be Lipschitz continuous and assume
that h : [0, 1] → R takes values in [−1, 1] and satisfies (1). If g is polynomial-time
computable, then h is polynomial-space computable.

It is an unproven but widely believed conjecture in complexity theory that the
class PSPACE of polynomial-space computable predicates (which we regard as
functions from the set Σ∗ of strings to {0, 1}) is properly bigger than the class P
of polynomial-time computable predicates. Since P = PSPACE would imply that
all polynomial-space computable real functions are polynomial-time computable [9,
Lemma 2.2], it would also imply by Theorem 3 that the operator solving Lips-
chitz continuous initial value problems preserves polynomial-time computability.
To state the converse, we define what it means for a polynomial-space computable
real function to be the “hardest” among problems solvable in polynomial space.

Definition 4 Let f : [0, 1] → R be polynomial-space computable. We say that
f is polynomial-space complete if there are p and g as in Theorem 2 such that any
predicate A : Σ∗ → {0, 1} in PSPACE reduces to g in the sense that A = R ◦ g ◦ s
for some predicate R : Σ∗ → {0, 1} in P and some polynomial-time computable
function s : Σ∗ → Σ∗ (Figure 4).

3Ko’s original statement [9, Theorem 1] assumes a weaker (and more complicated) condition

than Lipschitz continuity (and is thus stronger).
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Figure 4 We say that A reduces to g if we can compute A(u) by first applying
a polynomial-time algorithm s to u to compute the input it to g and then giving

its output to a polynomial-time algorithm R.

It is easy to see that this definition is equivalent to Ko’s [11, Definition 2.2].
Kawamura [8] proved the following in answer to Ko’s question [9].

Theorem 5 There are a Lipschitz continuous, polynomial-time computable
function g : [0, 1]× [−1, 1] → R and a polyomial-space complete function h : [0, 1] →
R that takes values in [−1, 1] and satisfies (1).

This implies that unless P = PSPACE, solving Lipschitz continuous initial
value problems does not preserve polynomial-time computability.

4 Analytic initial value problems

In this section, we use subscripts to denote the components of any vector µ ∈
Nm or x ∈ Rm: thus µ = (µ0, . . . , µm−1) and x = (x0, . . . , xm−1). For any µ,
ν ∈ Nm and x ∈ Rm, we write

|µ| =
m−1∑
i=0

µi, µ! =
m−1∏
i=0

µi!,
(

µ

ν

)
=

µ!
ν! (µ − ν)!

, xµ =
m−1∏
i=0

xµi

i . (6)

For ε > 0, write B(x, ε) for the open cube (x0−ε, x0+ε)×· · ·×(xm−1−ε, xm−1+ε).
A function f : D → R on an open set D ⊆ Rm is said to be analytic at x̂ ∈ D

if there are an open neighbourhood V ⊆ D of x̂ and real numbers aµ, one for each
µ ∈ Nm, such that for all x ∈ V , the series∑

µ∈Nm

aµ(x − x̂)µ (7)

converges to f(x). It is easy to see [15, Proposition 2.1.7] that if (some serial
rearrangement of) the sum (7) converges, so does the sum of |aµ| · rµ over µ ∈ Nm

for any r ∈ [0, |x0 − x̂0|)× · · · × [0, |xm−1 − x̂m−1|). The above definition therefore
makes sense regardless of the order of summation, and the maximal such open
neighbourhood V equals the interior of the set of all x for which |aµ| · |(x − x̂)µ| is
bounded. We call this maximal V the domain of convergence, and aµ the Taylor
coefficients, of f at x̂. A real function on set K ⊆ Rm is said to be analytic if it
can be extended to a function on some open set D ⊇ K that is analytic at every
point in D.

If g in the initial value problem (1) is analytic, then so is the solution h (which
is known to be unique) by the Cauchy–Kowalewsky Theorem [15, Section 2.4]. The
goal of this section is to show the following.

Theorem 6 Let g : [0, 1]×[−1, 1] → R and h : [0, 1] → R be analytic functions.
Assume that h takes values in [−1, 1] and satisfies (1). If g is polynomial-time
computable, then so is h.
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4.1 Taylor coefficients of analytic functions. A (multi-dimensional) se-
quence (xµ)µ∈Nm of real numbers is said to be polynomial-time computable if there
is a polynomial-time machine that, given n and (each component of) µ in unary
notation as inputs, outputs some d ∈ Dn with xµ ∈ [d]. We will show in Theo-
rem 11 that a real analytic function on a compact set K ⊆ Rm is polynomial-time
computable if and only if the sequence of its Taylor coefficients at a rational point,
or equivalently the sequence of derivatives, is. A similar fact is pointed out by Ko
and Friedman [14] for m = 1. Generalization to m > 1 is not hard, but we present
it here for the sake of completeness and simpler proof. We begin by showing that
series (7) is easy to compute on a compact subset of the domain of convergence.

Lemma 7 Suppose that a function f : D → R on an open set D ⊆ Rm is
analytic at x̂ ∈ D ∩ Qm, with domain of convergence V ⊆ D and Taylor coeffi-
cients (aµ)µ∈Nm . If the sequence (aµ)µ∈Nm is polynomial-time computable, so is
the restriction of f to any compact subset K of V .

Proof Fix any r ∈ Rm with x̂ + r ∈ K. We will show that there is a compact
set Kr containing both x̂ and x̂ + r in its interior such that the restriction of f to
Kr is polynomial-time computable. This suffices because K is compact.

Since V is open, x̂ + r/(1 − ε)2 ∈ V for some ε ∈ (0, 1). As mentioned above,
|aµ|·|(r/(1−ε)2)µ| is bounded, say by M . Let Kr be the hyperrectangle with vertices
(x̂0 ± |r0|/(1− ε), . . . , x̂m−1 ± |rm−1|/(1− ε)). Then |aµ| · |(x− x̂)µ| ≤ M(1− ε)|µ|

for each x ∈ Kr. Hence, (7) converges fast: the sum (7) differs from the partial
sum over µ0, . . . , µm−1 < N by at most∑

µ∈Nm\{0,...,N−1}m

M(1 − ε)|µ| = M · 1 − (1 − (1 − ε)N )m

εm
≤ Mm

εm
(1 − ε)N , (8)

which is bounded by 2−n by making N only polynomially large in n. Thus, (7) is
approximated by (approximately) adding up polynomially many terms. This can
be done in time if (aµ)µ∈Nm is polynomial-time computable and x̂ is rational.

Now we consider the other direction: computing the Taylor coefficients aµ from
the values of f near x̂. If f is analytic at x̂, then each derivative Dµ f(x̂) of f at x̂ of
order µ exists and equals aµµ! [15, Remark 2.2.4]. Since µ! has length polynomial
in |µ| and can be multiplied easily, (aµ)µ∈Nm is polynomial-time computable if and
only if (Dµ f(x̂))µ∈Nm is. Therefore, we will consider how to compute the sequence
of derivatives.

The following lemma allows us to approximate the kth derivative of a unary
function f at x̂ by using the values of f at k + 1 points near x̂.

Lemma 8 Let n, k, A ∈ N and B > kA2n. If a real function f on an open
interval (u, v) is k + 1 times differentiable and |Dk+1 f(x)| ≤ A for all x ∈ (u, v),
then for all x̂ with u < x̂ < v − k/B, the value

B
k∑

i=0

(−1)i

(
k

i

)
f

(
x̂ +

i

B

)
(9)

differs from Dk f(x̂) by at most 2−n.

Proof Fix n, k, A, B, (u, v), f and x̂ as assumed. Consider the polynomial

P (X) = B
k∑

i=0

(−1)i

i! (k − i)!
f

(
x̂ +

i

B

) ∏
j 6=i

(
X − x̂ − j

B

)
. (10)
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This P is called the Lagrange interpolating polynomial. It agrees with f at k + 1
points x̂, x̂ + 1/B, . . . , x̂ + k/B. The Mean Value Theorem yields inductively
on j = 0, . . . , k that Dj P agrees with Dj f at (at least) k + 1 − j distinct points
between x̂ and x̂+k/B. In particular, Dk P (ξ) = Dk f(ξ) for some ξ ∈ (x̂, x̂+k/B).
Hence,

|Dk f(x̂) − Dk P (ξ)| = |Dk f(x̂) − Dk f(ξ)|

≤
∫ ξ

x̂

Dk+1 f(X) dX ≤
∫ ξ

x̂

A dX ≤ kA

B
< 2−n. (11)

Calculating the leading coefficient in (10), we see that Dk P (ξ) equals (9).

Observe that perturbing each f(x̂ + i/B) by ε affects (9) by at most ε · 2µ ·B.
We use this to prove polynomial-time computability of the Taylor coefficients.

Lemma 9 Assume that a function f : V → R on an open set V ⊆ Rm

is infinitely differentiable and that there is a polynomial α : Nm → N such that
|Dµ f(x)| ≤ 2α(µ) for all µ ∈ Nm and x ∈ V . Let K ⊆ V be a compact set contain-
ing a point x̂ ∈ Qm in its interior. If the restriction of f to K is polynomial-time
computable, so is the sequence (Dµ f(x̂))µ∈Nm .

Proof Given µ ∈ Nm in unary notation, we can find in polynomial time in-
tegers A and B that are big enough to satisfy B > |µ|A2n, B(x̂, µ/B) ⊆ K and
A ≥ 2α(µ0,...,µi−1,µi+1,0,...,0) for all i = 0, . . . ,m − 1, but yet B = 2n+β(µ)−|µ|−1

for some polynomial β. For each i, Lemma 8 implies that D(µ0,...,µi−1,µi,0,...,0) f(x)
can be approximated to precision 1/2n−1 in time polynomial in µ and n if we
are given approximations of D(µ0,...,µi−1,0,0,...,0) f at certain µi + 1 points near
x to precision 1/(2n · 2µi · B) ≥ 1/22n+β(µ)−1. Repeating this inductively for
i = 0, . . . ,m− 1, we can approximate Dµ f(x̂) to precision 2−n in polynomial time
using approximations of f at certain (µ0+1) · · · (µm−1+1) points near x̂ to precision
1/22m(n+β(µ))−β(µ)−1.

If f is analytic at x̂, then it can be shown [15, Proposition 2.2.10] that there
are an open neighbourhood V of x̂ and constants C and R such that

|Dµ f(x)|
µ!

≤ C

R|µ| , x ∈ V, µ ∈ Nm. (12)

Thus f (restricted to some small enough V ) meets the requirement of Lemma 9.
We prove the converse by extending the local result we saw in Lemma 7.

Lemma 10 Let f : K → R be an analytic function on a connected compact set
K ⊆ Rm containing x̂ ∈ Qm. If the sequence (Dµ f(x̂))µ∈Nm is polynomial-time
computable, so is f .

Proof Let f be an analytic extension of f to an open set D ⊇ K. For each
x ∈ D, let εx > 0 be so small that B(x, 3εx) ⊆ Vx, where Vx is the domain of
convergence of f at x. It is easy to see that B(x, εx) ⊆ Vr for every r ∈ B(x, εx) by
the remark following (7).

Let y ∈ K. Since K is connected and compact, there are x0, . . . , xp ∈ D
such that x̂ = x0, y ∈ B(xp, εxp) and B(xi−1, εxi−1) intersects B(xi, εxi) for each
i = 1, . . . , p. Let ri ∈ B(xi−1, εxi−1) ∩ B(xi, εxi) ∩ Qm. By the above paragraph,
r1 ∈ Vx̂, r2 ∈ Vr1 , . . . , rp ∈ Vrp−1 , y ∈ Vrp . The conclusion follows inductively by
using Lemmata 7 and 9 at each step.
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Theorem 11 Let f : K → R be an analytic function on a compact connected
set K ⊆ Rm containing x̂ ∈ Qm. Then f is polynomial-time computable if and
only if the sequence of Taylor coefficients of f at x̂ is.

Proof By Lemmata 9 and 10.

4.2 Solution by power series. Now we return to Theorem 6. Let g and h
be as assumed there. There are sequences (ai,j)(i,j)∈N2 and (bk)k∈N such that

g(t, y) =
∞∑

i=0

∞∑
j=0

ai,j · ti · yj , h(t) =
∞∑

i=0

bi · ti (13)

for all t and y sufficiently close to the origin. In view of Theorem 11, it suffices to
prove that if (ai,j)(i,j)∈N2 is polynomial-time computable, then so is (bk)k∈N.

Substituting (13) into (1), we get b0 = 0 and
∞∑

k=0

(k+1) ·bk+1 · tk =
∞∑

i=0

∞∑
j=0

ai,j · ti ·
( ∞∑
k=0

bk · tk
)j =

∞∑
k=0

k∑
i=0

k−i∑
j=0

ai,j ·Bk−i,j · tk, (14)

where we put

Bs,j =
∑

(k1,...,kj)∈Nj

k1+···+kj=s

bk1 · · · bkj =


1 if j = 0 and s = 0,

0 if j = 0 and s > 0,
s∑

k=0

bk · Bs−k,j−1 if j > 0
(15)

for integers j ≥ 0 and s ≥ j. Comparing the coefficients of tk in (14), we get

bk+1 =
1

k + 1
·

k∑
i=0

k−i∑
j=0

ai,j · Bk−i,j . (16)

Note that (15) and (16) give a mutual recurrence defining Bs,j and bj in the order

b0, B0,0, b1, B1,0, B1,1, b2, B2,0, B2,1, B2,2, b3, B3,0, . . . . (17)

In fact, they allow us to compute easily the rth term of this list with precision 2p(r)·ε,
for some polynomial p, if all the preceding r − 1 terms are known to within ε > 0,
since |ai,j | and |bk| are bounded exponentially in their subscripts by (12). Using
this inductively, we obtain the approximation of the rth term to precision 2−m in
polynomial time in r+m by computing the r′th term, for r′ = 1, . . . , r, to precision
2−m−p(r)−p(r−1)−···−p(r′+1).

5 Some reflections on the model

There are at least two other veins of research that, while completely different
in philosophy from ours, discuss also “computability” and “complexity” of real
functions (that are incomparable to our notions).

One is from the study of analog models [2, 21], where changes of physical
quantities in the continuous world are interpreted as computation performed by
nature or by a device built for the purpose. Naturally, many of these models involve
differential equations representing (classical) physical laws. Relation between such
analog models and the traditional notion of computation is discussed by several
authors [19, 24, 29]. The results mentioned in the present paper may provide
further links. For example, it is routine to modify our Theorem 6 to prove that
the real primitive recursive functions defined in Moore’s paper [17] (and refined
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by Kawamura [7]) are polynomial-time computable on any compact subset of their
domains.

The other approach is the algebraic model, such as the one proposed by Blum
et al. [1]. This is somewhat closer to our approach in that the machine works with
discrete clock ticks. The difference is that they use a modified version of Turing
machines that store real numbers and perform operations on them in one step,
whereas our bit model, as we explained in Section 2, applies the traditional Turing
machine as it is to continuous settings through oracles and representations. The
algebraic model may be close to the intuitive picture that numerical analysts have
in mind when they write pseudocodes for their algorithms. Since real numbers
cannot be stored in its entirety in reality, the reliability of the algorithm when
it is implemented on digital computers must be verified outside the model. The
theory of information-based complexity [23, 27] uses this algebraic model to discuss
complexity of numerical problems. The difference and connection between such
algebraic models and the “bit model” that was used in this paper are studied by
several authors [3, 4, 26, 28].

As we saw in Section 2, our model takes seriously the fact that digital com-
puters work on bits and thus can only specify a real number to a certain precision.
Moreover, our definition of computing a real function requires that the machine
yield the value with guaranteed precision. Such a strict notion of computation has
not been popular in the past among numerical analysts, because algorithms with
guaranteed error bounds often requires considerably more time than standard ones.
Recently, however, there is increasing interest in validated methods [18] with a view
to shifting the burden of determining the reliability of a numerical solution from
the user to the computer.

But there is still a gap between the practice and our formulation: the results
(A)–(D) that we saw in this paper address the complexity of the function h itself,
rather than the difficulty of “solving the equation” by “computing h from g,” a task
apparently closer to what we would want to do in practice. Such study would require
a nice definition of complexity of operators taking real functions to real functions.
There is a canonical way to induce computability over the space of continuous
functions [26, Chapter 6], and the positive result in (B) can be “effectivized” to
the statement that the operator that solves initial value problems with a unique
solution is computable in this induced sense. But this argument does not easily
apply to polynomial-time/space computability.

The negative results still have some implications on numerical computation,
because it seems safe to assume that an “efficiently computable” operator, whatever
it should mean, cannot take a function that is polynomial-time computable to a
function that is not. Thus, the negative result in (C) suggests that no numerical
algorithm can solve the initial value problem efficiently (with validated error bound)
for all Lipschitz continuous input function g, unless P = PSPACE.

Acknowledgement. (To be added later)
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