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What is AD?

“A family of techniques similar to but more general than back propagation for
efficiently and accurately evaluating derivatives of numeric functions expressed
as computer programs.”

All numerical computations are composed of a finite set of elementary operations.
These elementary operations have known derivatives.
Systematically apply the chain rule of differential calculus.



4 Categories of Derivatives
for Computer Programs

. Manual Differentiation
(computing by hand and coding the result)

. Numerical Differentiation

(e.g. finite differences approx.)

. Symbolic Differentiation
(Mathematica, Maple...)

. Automatic Differentiation

(subject of this tutorial)



Why do we need AD?

Manual Differentiation is time consuming and error prone.

Numerical Differentiation scales poorly and highly
susceptible to roundoff/truncation errors.

Symbolic Differentiation ‘swells’ quickly as derivative
expressions become very complex.

Also, both Manual and Symbolic require closed-form
mathematical expression.
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What i1s Automatic
Differentiation?



2 Modes of AD

y = flg(h(z))) = f(g(h(wo))) = fg(w1)) = flwz) = w3

dy | dy |dw,|dw,
dz |dw, |dw,| dz

Forward Accumulation Mode: chain rule inside to outside

dwq /dx|— dws/dx |— |dy/dx




2 Modes of AD

y = flg(h(z))) = f(g(h(wo))) = fg(w1)) = flwz) = w3

dy || dy |dw,|dw,
dz ||dw, |dw, | dz

Reverse Accumulation Mode: chain rule outside to inside

dy /dws|—|dy /dw:| — |dy /dx




Exercise: Forward Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (231, 332) — (2, 5)

oy
5%1

r1 =1



Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CL‘l, 5132) — (2, 5)

le — 1 > S
ox 1
Forward Primal Trace Forward Tangent (Derivative) Trace




Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CL‘l, CIZ‘Q) — (2, 5)

0oy

i =1 .

Forward Primal Trace Forward Tangent (Derivative) Trace
U-1 = I = 2 U-1 = I =1
vo = T2 =9 vo =2 = ()
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (5131, CBQ) — (2, 5)
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (5131, CBQ) — (2, 5)
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CBl, iEQ) — (2, 5)

0oy
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ox 1
Forward Primal Trace Forward Tangent (Derivative) Trace
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vs = sinuvg = sin 5 rU 3 ?




Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CBl, iEQ) — (2, 5)

0oy
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U-1 = T = 2 V-1 = I1 =
vo = T2 =5 vo = T2 =0
v1 =lnv_ = In2 = v-1/v-1 =1/2
Vo =vT_1 XUy =2XDH Vo = V_1XUp+UgXV_1 =1x5+0x2
vq = SIN Uy = sIn 5 U3 = Uy X COS Vg = X cosH




Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CEl, 562) — (2, 5)

0y

r1 =1 > 5
Forward Primal Trace Forward Tangent (Derivative) Trace
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vo = I2 =5 vo = I2 =0
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Vo =TU_1 XUy =2XDH ’t.);g =2}_1XU()+T‘J(]XU_1 =1x5+0x2
vq = SIN Uy = sIn 5 U3 = Uy X COS Vg = X cosH
Vg =1U1 + U = (0.693 + 10 ,04?
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (CEl, 562) — (2, 5)
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (ZEl, ZEQ) — (2, 5)
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Exercise: Forward Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (ZEl, ZEQ) — (2, 5)
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Forward Mode for ML?

: m 0Y;
f:R—=>R -

can be computed in one forward pass!

f:R" =R Vf:(d—y 5—9)

or1  dx,

needs n forward passes!



Functions in ML

f:R" - R™
n =>m

Forward mode AD is not scalable to input dimensionality



Functions in ML

even more extreme, m=1

F:R" —
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Reverse
accumulation



oy Oc @ (‘9_0,
¢ 9b da Oz

F'(z) v = gz (gg (g_z (2—; v>>>

Forward accumulation <> Jacobian-vector products

Build Jacobian one column at a time

CIR AC At )
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Forward accumulation mode differentiation
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WToy de b o
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Reverse accumulation <> vector-dacobian products

v F'(x) =

Build Jacobian one row at a time

r@ = (((50 a¢) ) 3a) )




Reverse accumulation mode differentiation

0 0
Jh Th b ° Je




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (CL‘l, 5132) — (2, 5)

g — 5—y — ] > 5y ; 5y
5y 5%1 5332

both in one
reverse pass!

Forward Evaluation Trace Reverse Adjoint Trace

=T =92 A

vy = T2 =9
=1 =1n2
= =2 X
= = sin

ve =v1+ve =0.693+ 10

v Vs =— VU4 — U3 = 10.693 -+ 0.959

Yy = Us = 11.652




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (CL‘l, 5132) — (2, 5)

g p— 5—y p— 1 > 5y Y 5y
5y 5%1 5332

both in one
reverse pass!

Forward Evaluation Trace Reverse Adjoint Trace

=T =92 A

vy = T2 =9
=1 =1n2
= =2 X
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ve =v1+ve =0.693+ 10

v Vs =— VU4 — U3 = 10.693 -+ 0.959

Yy =us = 11.652 U5 =7 =l (0y/0y)




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (CL‘l, CIZ’Q) — (2, 5)

g — 5—y — ] > 5y ; 5y
5y 5%1 5582

both in one
reverse pass!

Forward Evaluation Trace Reverse Adjoint Trace
=T =92 A
Vo = T2 =9
=1 =1n2
= =2 X
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Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (CL‘l, CIZ’Q) — (2, 5)

g — 5—y — ] > 5y ; 5y
53/ 5%1 5582

both in one
reverse pass!

Forward Evaluation Trace Reverse Adjoint Trace
Vo = T2 =93
=1 =1In2
= =2 X
= = sin
va =v1+v2 =0.693+ 10 2_}1?
. = 73= 2Y5 — & _ _
vs =vg—vs = 10.693 4 0.959 3 = Usy, =05 X (—1) 1
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Yy = Us = 11.652 5 =17 =1




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (CL‘l, CIZ’Q) — (2, 5)

oy 0oy 0y

both in one

j=— =1 . ,
reverse pass!
5 Y Ox 1 0x 2
Forward Evaluation Trace Reverse Adjoint Trace
V-1— I =2 A
Vo = T2 =9
v1 =Ilnv_, =1n2
Vo = 1vU—-1 X o =2XDd
V3 = SINn Vg = sind _
(0 7
V4 = V1 + V2 = 0.693 + 10 o =T_]4g_if =74 x 1 1
37 — e D'L‘{ - S
vs =vs—vs = 10.693 + 0.959 Us =TUsgy, s x(-1)  =-1
v V4 = 1_)5% =75 X 1 1
dug
Yy = Us = 11.652 Vs =1 —




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (2131, $2) — (2, 5)

oy 0oy 0y

both in one

j=— =1 . ,
reverse pass!
5y 5%1 5$2
Forward Evaluation Trace Reverse Adjoint Trace
V_1=T1 =2 A
Vo = T2 =9
v1 =Ilnv_, =1n2
Vo = 1vU—-1 X o =2XDd
TP
V3 = SINn Vg = sind UO e
() =’l_)4g:j; =14 X 1 1
V4 :U1+U2 :0.693+10 ’L—)l ='D4% =’L—J4><1 =1
— — =_Ovsg — . —
vs =vs—vs = 10.693 + 0.959 Us =TUsgy, =05 X (=1) 1
v V4 =’f)agt; =75 X 1 1
Yy = Us = 11.652 Vs =1 —




Exercise: Reverse Mode

y = f(x1,29) = In(x1) + x129 — sin(zs)
Solve at point (SBl, .TQ) — (2, 5)

oy 0oy 0y

g 1 . ; both in one
reverse pass!
5y 5$1 5$2
Forward Evaluation Trace Reverse Adjoint Trace
V-1= T =2 A
Vo = T2 = 5
v1 =Ilnv_, =1n2
Vo =vU_1 XUy =2XDH /l_} ‘)
vz = Sin vy =sinb Vo = Us g—t% =|[03 X cosvg| = —0.284
Va2 = 54% =14 X 1 — 1l
V4 = V1 + V2 :0693+10 U1 _—43_:::.-11 ='L—J4X1 —
- —_— A dus — - _ —
vs =vg—vs = 10.693 + 0.959 Us = Us gy, =05 X (—1) 1
v V4 = Vs gtz =75 X 1 1

Y = Us = 11.652 Vs =19 =1




Exercise: Reverse Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (561, 562) — (2, 5)

5y 1 X 5y 5y both in one

) | 9
y 53/ 533 5 To reverse pass!
Forward Evaluation Trace Reverse Adjoint Trace
V_1= I1 =2 A
Vo = T2 =9
v1 =lnv_, =In2 _
Vo 7
o = U_ = 2 D , —
02 91X % X0 V_1= ’l_)g—LaiL . = U2 X Vo =90
v3 = Sinwg —=sinb Vg = 7.73%% = U3 X COS Uy = —0.284
() =’l_)4g:j‘21 =14 X 1 — 1l
V4 :U1+U2 :0.693+10 ’L—)l =,D4g_:::.f =,D4x1 —
—  __ = Ovg — . —
vs =wvs —vs = 10.693 + 0.959 U3 = Us gy, =5 X (=1) 1
v V4 =1—)5g'l,:5 =75 X 1 — 1l
v4
Yy =5 = 11.652 Vs =79 =1




Exercise: Reverse Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (£U1 . SEQ)

Yy =

oy
oy

(2,5)
0oy 0y

; both in one

reverse pass!

5$1 5$2

Forward Evaluation Trace

Reverse Adjoint Trace

V_1= 1 =2 A
Vo = T2 = 5
v1 =Inv_, =In2 V_ ?
_ _ - Ov _ -
0 _ Vg = Uy + U9 OZ§ = Vg HVUs X V_1| = 1.716
Vo /|Uv—-1 X ol = X 0 _ - v _ -
'U_1='U;g(,3—,:Ll = P2 X U =90
. . - ~ —_— 0 8 ) — —
V3 = SIn v = SIn o Vo = U;;a—z% = V3 X COS vy = —0.284
Up = U4 gt; =04 X1 =
_ - Ov _
- U3 = Vg7 =75 X (—1 = —1
vs; =vg —v3 = 10.693 + 0.959 : > Bvg 5 X (=1)
() =’l_)50:;:; =105 X1 — Il
Yy =s = 11.652 Vs =14 =3




Exercise: Reverse Mode

y = f(x1,22) =In(x1) + 129 — sin(23)
Solve at point (CEl, CBQ) — (2, 5)

—1 9y oy
5%1 5$2

both in one
reverse pass!

tﬂ
07
Ny

Forward Evaluation Trace Reverse Adjoint Trace
V-1—= T = A
Vo = T2 = 5
v1 =lnv_, =1n2 V—1= V-1 +’l_JlaaTv"T =17_1+171/U_1 — s
0 _ Vg = Uy + U9 DZ§ =PV + Vs XV_1 = 1.716
Vo = V-1 Xy = X0 _ _ - _ -
’U_1='02%L = P2 X U =90
e 1
U3 = SINn vy = sin H Vg = f);;a—zg- = V3 X COS Uy = —0.284
Up = U4 gt; =04 X1 =
_ - 8v _
- U3 = Us a2 =5 X (—1 = —1
v Vs = Uqg — Uy = 10.693 -+ 0.959 ’ ? g""‘? 2 ( )
V4 =’l_)50:;"; =75 X 1 — 1l
Y = Vs = 11.652 Us =74 =1




Exercise: Reverse Mode

y = f(x1,22) = In(x1) + 2122 — SPN(T2)

Solve at point (5131, ZEQ) — (2, 5)

oy

0y

5:(52
(Z2)

both in one
reverse pass!

0y

5331
(Z1)

— 1 S

)

Forward Evaluation Trace

Reverse Adjoint Trace

V1= I =2 A 531 — 'l—J_l = 5.5
Vo = T2 =9 532 — ’l—Jo - 1.716
v1 =Ilnv_, =1n2 V—1= V-1 +’UlaaTv"T = V-1 +51/U_1 =100
- - dv - -
0 _ Vg =g + Uza—::?) =Vy+Vy XV_1 = 1.716
Vo = V-1 Xy = X0 _ - v -
U_1=U30—:Ll = P2 X U =90
. . = __ = Ov _ —
V3 = SIN Vo = SIn o Vo = U;a—z% = V3 X COS Uy = —0.284
() =’l_)4g:j‘; =14 X 1 — 1l
— —  Ous —
= V3 = Usz 2 =5 X (—1 -1
v Vs = Uqg — Uy = 10.693 -+ 0.959 ’ ? g""‘? 2 ( )
V4 = Vs Ot; =75 X 1 1
y = uvs = 11.652 U5 =7 =1




Backpropagation is a special
case of Reverse Mode AD

(a) Forward pass >
w11
(')E/(')wl 1
I >|/?/l

w13
——/\ aE/me
Wo1 W2 q/y:&\ } » L (?43, t)
(9E/c?w21 c')E/c’)wu - ‘

(b) Backward pass




