
Parallel Lines Project to Intersecting Lines

As an application of (7), consider a set of parallel li nes in 3D, say
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Here ~X 0

k , for k = 1, . . . , K, and~t are3D vectors in theworld coordinateframe. Here~t is the common

3D tangent direction for all the lines, and ~X 0

k isan arbitrary point on thekth line.

Then, according to equation (7), the imagesof thesepoints in homogeneouscoordinatesare given by

~p h
k (s) = M ~X h

k (s) = ~p h
k (0) + s~p h

t ,

where M = MintMext is a3 × 4 matrix, ~p h
t = M(~t T , 0)T and ~p h

k (0) = M(( ~X0

k)T , 1)T . Note ~p h
t and

~p h
k (0) are both constant vectors, independent of s. Converting to standard pixel coordinates, we have
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whereα(s) = ph
k,3(s) is third component of ~p h

k (s). Therefore we haveshown ~pk(s) is in thesubspace

spanned by two constant 3D vectors. It is also in the image plane, pk,3 = 1. Therefore it is in the

intersection of these two planes, which is a line in the image. That is, lines in 3D are imaged as lines

in 2D. (Although, in practice, some lenses introduce “radial distortion” , which causes the image of a

3D line to bebent. However, thisdistortioncan be removed with careful calibration.)

In additionit followsthat α(s) = ph
k,3(0)+βs whereβ = ph

t,3 = (0, 0, 1)M(~t T , 0)T . Assumingβ 6= 0,

we have 1/α(s) → 0 and s/α(s) → 1/β as s → ∞. Therefore the image points ~pk(s) → (1/β)~p h
t ,

which is a constant image point dependent only on the tangent direction of the 3D lines. This shows

that the imagesof theparallel 3D lines ~X h
k (s) all i ntersect at the imagepoint (1/β)~p h

t .
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