








8.5 Segmentation

These terms will become edge weights in a graphcut optimization and thus must be non-
negative. If γ = 0 then the optimal solution coincides with constant thresholding
[Chen et al. 2011].

We use an exponential function to achieve a discontinuity-aware smoothness term
[Boykov and Funka-Lea 2006]:

v(xi, xj) =

(
0 if xi = xj
aij exp(|w(ei)−w(ej)|2)

2σ2 otherwise
, (8.10)

where aij is the length/area (for d = 2/3) of the facet shared between ei and ej , and σ is a
“noise”-estimation parameter. A graph with appropriate edge-weights is constructed according
to [Kolmogorov and Zabin 2004], and the optimal segmentation is found by running a max-flow
algorithm.

One last question remains: how to evaluate the integral average of the winding number per ele-
ment? A simple solution is to evaluate w at the barycenter of each element. This works well for
inputs without major issues and when the CDT contains reasonably well-shaped elements. For
extremely difficult cases we can increase the accuracy of this integral by using more quadrature
points. We use a simple symmetric scheme of [Zhang et al. 2009] and see diminishing returns
on the number of points.

8.5.2 Optional hard constraints

Our generalized winding number combined with graphcut can be seen as an outlier detector
if some of the input facets F do not appear as subfacets of the segmented elements E , as
this only happens when the input is ambiguous (see Figure 8.13). Unfortunately, we cannot
efficiently and optimally enforce facet interpolation as hard constraints. Enforcing these con-
straints as infinite penalty terms in Equation (8.8) results in a nonregular function in the parlance
of [Kolmogorov and Zabin 2004]. They prove that such functions, and thus our constraints, can
not be optimized using graphcut.

For completeness we implement a simple heuristic approach to ensuring facet constraints are
met. We march over unsatisfied constraints and satisfy them by adding the incident element with
largest winding number. After each update we greedily optimize the energy in Equation (8.8) by
recursively testing whether to flip the assignment of elements neighboring any just-flipped ele-
ments. During improvement we do not allow flips that violate any already satisfied constraints.
We converge to a local and feasible minimum w.r.t. the energy and the facet constraints.

We may similarly enforce a surface manifoldness constraint by marching over edges and ver-
tices in the CDT. When a non-manifold issue is found we simply sort incident elements in
descending order according to their winding number and label them inside until local manifold-
ness is achieved. Again we greedily improve after each step to a local minimum. The method
of [Attene et al. 2007] converts sets of tetrahedra (e.g. our output) into manifold volumetric
meshes, and alternatively could post-process our output without manifoldness constraints.
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8 Robust inside-outside segmentation via generalized winding numbers

Input model Computation time Output

Input model |V| |F| |∂F| #self-int. #CC #nme. pre. CDT w cut |E|
Tree 2599 4067 1097 386 32 0 1.99 0.48 1.06 0.06 11643
Holy Cow 2632 5080 206 83 1 0 0.74 0.02 0.05 0.05 9232
Bikini Woman 2827 5204 477 472 11 24 2.29 0.22 0.60 0.06 13057
Ant 2859 5258 152 1578 62 1 7.14 0.48 0.59 0.06 18466
SWAT Man 5277 9820 551 2806 51 24 12.12 1.14 2.47 0.08 31317
Frog 6614 13216 0 316 3 0 1.75 0.39 1.57 0.06 21909
Dog 7953 15848 56 0 1 0 0.51 0.67 2.45 0.07 27707
Rhino 8071 16031 23 2150 26 0 10.29 0.73 4.37 0.10 74446
Alien Space-object 8762 17692 0 1686 32 0 13.41 0.74 7.86 0.10 57293
Skeleton 11963 21551 0 4095 206 0 25.17 4.19 31.87 0.28 217517
Flying Bug 12603 23932 1200 1731 25 0 9.12 1.77 8.69 0.10 62285
Crocodile 17332 34404 0 5236 65 0 22.33 0.20 6.88 0.13 98719
Bear 24936 23530 320 5572 37 0 24.62 0.15 5.38 0.15 56605
Beast 32311 64618 0 969 1 0 7.84 2.98 40.10 0.36 192613
Ballet Woman’s Head 39068 76618 1146 8660 44 0 33.19 4.72 92.39 0.10 201991
Big SigCat 40224 60502 1020 3442 65 344 18.88 1.67 9.22 0.12 95896
Phone 42003 83998 0 1597 11 3 15.50 2.76 17.76 0.20 150159
Elephant Head 52740 105056 416 613 5 0 11.26 2.94 19.47 0.27 186025
Ballet Woman 70488 139324 1714 9734 44 0 45.95 7.07 153.23 0.83 615313

Table 8.1: Statistics for the various examples. |V| and |F| are the number of vertices and facets in the
input 3D model. |∂F| is the number of boundary edges, #self-int. the number of intersect-
ing pairs of facets, #CC the number of connected components, and #nme. the number of
non-manifold edges. We report timings for each stage of our algorithm in seconds: (pre.)
pre-processing (dominated by self-intersection meshing), constructing a CDT with TETGEN

(CDT), hierarchically evaluating the winding number w, and final graphcut segmentation
(cut). The number of elements in the output tet mesh is |E|.

Figure 8.14: Each triangle of the Cat (originally with open bottom) is ripped off and slowly rotated in a
random direction. The winding number gracefully degrades.
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8.6 Experiments and results

8.6 Experiments and results

We evaluated our algorithm on a large number of input shapes (see Figures 8.22-8.25). In
this table we show the input mesh, highlighting artifacts; a slice through the bounding box,
showing the winding number computed for each element of the CDT; and our resulting tet mesh
with cut-away slices. We show success on a variety of man-made meshes: CAD models (e.g.
Phone, Alien Space-object) and character meshes (e.g. Skeleton, SWAT Man, Ballet Woman,
Crocodile). Our input and output meshes are publicly available as supplemental material to
[Jacobson et al. 2013a].

Meshes like the Skeleton contain many slightly overlapping connected components. These
could be meshed independently and combined using boolean operations, but this complicates
implementation and will not work for inputs like SWAT Man, whose overlapping components
have open boundaries and non-manifold edges. For SWAT Man, we activate our optional con-
straints ensuring that all input facets are contained in the final tet mesh. This is necessary for
such applications as physically-based simulation requiring safe contact detection.

The Ant has minimal triangulation for the thin legs and antennae, which our method preserves.
This not only allows direct access to and assignment of boundary values, but enables efficient
storage as the input mesh and our output tet mesh share the same vertex set.

The Ballet Woman contains a very detailed mouth (see also Ballet Woman’s Head in the sup-
plemental video of [Jacobson et al. 2013a]). Our meshing preserves these features while still
correctly segmenting out the mouth cavity.

We report statistics in Table 8.1. Our timings were obtained on an iMac Intel Core i7 3.4GHz
computer with 16GB memory. Our implementation is serial except for computing the winding
number, which uses an OPENMP parallel for loop over the evaluation points. We tested the
performance of our hierarchical evaluation versus a naive one with two experiments. First, we
measured average computation time of a single evaluation in the bounding box of the Dino mesh
under increasing subdivision levels (see Figure 8.10). Next we considered 700 (target) models
of the SHREC dataset [Bronstein et al. 2010] (see Figure 8.11). For both experiments we av-
erage the computation time of 1000 random samples in the test shape’s bounding box. Both
experiments show that in general our hierarchical evaluation performs asymptotically better.

We stress tested our generalization of the winding number by considering how the function
responds to degenerating input. The Cat in Figure 8.14 has an open base, and its winding
number is a smooth (harmonic) field in ≈[0, 1]. We separate each triangle of the mesh and
slowly rotate it in an arbitrary direction, evaluating the effect on the winding number. The
winding number field maintains the image of cat until the triangles have rotated by π, when the
mesh as a whole clearly breaks our consistent orientation assumption.

We compare our method to first repairing the input as a surface using [Attene 2010] and meshing
the result (see Figure 8.15). The Elephant’s ear flips inside-outside making volume determina-
tion badly ill-posed there: our method deletes the region creating a topological handle. Attene’s
MESHFIX deletes the region and then fills the hole with a different topology, but other parts
of the mesh suffer: the tusks and eyes are also deleted. In Figure 8.17, [Attene 2010] fills the
holes in the Holey Cow with the same topology as our method, but deletes the entire tail, which
self-intersects its udder. Because our method avoids such drastic surface changes, we may com-
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8 Robust inside-outside segmentation via generalized winding numbers

Figure 8.15: The ears of the Elephant Head overlap and flip inside-out (bright green) creating a negative
volume. The result of [Attene 2010] creates a watertight surface, but the tusks and eyes
are conspicuously missing. Our winding number identifies this region (w < 0), but our
segmentation removes the region creating a hole (actually topological handle, blue).

Figure 8.16: Physically based, elasticity simulation of refined volumes computed with our method.

pute a volumetric texturing using [Takayama et al. 2008] that meets the original surface (see
Figure 8.18). One may then simply render the original surface and only show the inner texture
when the Tree is cut.

In lieu of computing a volume discretization, many geometry processing tasks may be instead
conducted on the surface. For example, the self-intersections in the Beast might have previ-
ously discouraged the use of a volumetric deformation technique due to the manual cleanup
involved in preparing the model for tet meshing. Bending with surface-based technique reveals
shell-like collapses when compared to a volumetric technique using a our volume discretiza-
tion (see Figure 8.19). Some techniques—such as computing skinning weights automatically
with methods like the one described in Chapter 4—are designed specifically for volumes (see
Figure 8.20). Without our method, this algorithm has a limited set of inputs or requires tedious
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Figure 8.17: Left to right: Holey Cow with its tail intersecting its udder. [Attene 2010] fills the holes,
but deletes the tail. A slice through the winding number shows correct assignment of 0
outside, 1 inside the main part, and 2 inside the overlapping tail (red), inset. This may be
meshed as usual gluing the tail to the body. Or we may duplicate this doubly covered region
and glue it to either side. This allows the tail and its volume to be pulled out.

Figure 8.18: The Tree contains many intersections and open boundaries (left). Our method is robust to
these, producing a compatible mesh for applying volumetric texturing (right).
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8 Robust inside-outside segmentation via generalized winding numbers

Figure 8.19: Self-intersections in the otherwise clean Beast prevent volume-meshing with previous
methods. Surface-based deformation is one option, but bending causes shell-like collapses
not present in a volume deformation enabled by our method.

Figure 8.20: Left to right: the Bikini Woman has many artifacts, as well as thin sheet-like accessories.
Their volumes are ambiguous, but our facet constraints ensure some trivial connection.
This enables automatic, volumetric skinning weight computation (see Chapters 4 & 5) on
a refinement of our output. Only the weights on the original vertices are needed to deform
the original textured input mesh.

user preparation of input (defeating its automation gains). State of the art physically-based elas-
ticity simulation techniques also require tetrahedral volume meshes. Our method accordingly
expands the domain of inputs for these methods (see Figures 8.16).

8.7 Limitations and future work

The winding number and our generalization rely heavily on the orientation of input facets.
Triangle soups with unknown or erroneous orientations would need further preprocessing (e.g.
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Figure 8.21: Inside-outside of the Snake (a) becomes ambiguous when thin sheets are used to represent
accessories such as a ski-mask (b) or a muzzle (c). In (b) and (c) the winding number at the
yellow points are similar, but the semantic inside-outside classification is opposite.

with [Borodin et al. 2004]). Since a single facet has a drastically different effect on the total
winding number when its orientation agrees with its neighbors, it would be interesting to use
the notion of our generalized winding number to verify or correct triangle orientations.

The number of connected components in our output is not controlled even when manifoldness
is constrained. It would be interesting to extend the work of [Chen et al. 2011] to 3D, enabling
such topological constraints in our graphcut segmentation.

Many meshes contain sheet-like features not part of the main solid body, such as leaves on
a tree or cape on an action hero. Such features are typically two-sided and would require
special treatment to consider the thin solids they represent. Conversely the accessories or nearly
duplicated regions we do handle may also cause ambiguities. When duplicated surfaces nearly
enclose a concavity, the winding number increases and may cause the region to be marked as
inside (see Figure 8.21). The difference between inside and outside in these cases is a matter
of semantics. To alleviate this, such accessories could be tagged as non-participatory for the
winding number computation, but still constrained during our segmentation. Achieving such
tagging automatically is an interesting direction for future work in the accelerating field of
retrieving semantics from 3D shapes.

Our generalized winding number correctly identifies regions of overlap even in the presence of
surface artifacts such as holes (see Figure 8.17). This suggests the ability to construct volume
discretization that respect self-intersections of the original surface (rather than “correct” them).
We show a proof-of-concept of this idea, by duplicating the meshing inside the Holey Cow’s
overlapping tail (where w≈2) and gluing separately to the tail and body. The tail and its volume
may then be deformed in and out of the body. More complicated overlaps are far from trivial to
untangle and we continue to investigate this problem in our future work.

8.8 Conclusion

Generalizing the winding number to arbitrary triangle meshes proves to be a powerful and math-
ematically beautiful tool. The core of our method is simple to implement and our hierarchical
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8 Robust inside-outside segmentation via generalized winding numbers

acceleration structure enables efficient evaluation on large models. The winding number’s har-
monic nature and implicitly defined, discontinuous boundary conditions make it ideal for guid-
ing our graphcut segmentation when input meshes contain self-intersections, open boundaries,
and non-manifold pieces. We hope that our algorithm’s success on previously unmeshable mod-
els will encourage volumetric processing of solid shapes throughout computer graphics.
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Figure 8.22: Each row shows left to right: input model with connected components randomly colored,
self-intersections facets marked in red, open boundaries in dark red and non-manifold edges
in purple; slice through CDT visualizing winding number; surface of output mesh; hot-dog
slice view of output mesh.
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Figure 8.23: Results continued.
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Figure 8.24: Results continued.
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Figure 8.25: Results continued.
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9
Conclusion

Our sequence of algorithms for real-time shape deformation climaxes in a system that can de-
form shapes using nonlinear elastic energy optimization at unprecedented rates (see Chapter 7).

Although our algorithms require a bit more machinery than, say, Phong shading, we argue
those Phong principles of Chapter 1 still apply. All of our deformation works are deemed
successful only because of their ability to create perceptually believable and visually pleasing
deformations. Although these claims are subjective (one could and should conduct a perceptual
user study to verify them), we derive our techniques from common place assumptions, e.g.
bones should deform rigidly and if a user moves a control to the left, the shape should not move
to the right.

As for simplicity, our required mathematics are not much more than that which is described
in Chapter 2. The most advanced subroutines necessary for reproduction are sparse Cholesky
decomposition and 3D constrained Delaunay tessellation. Both, thankfully, exist already in
robust, efficient libraries (e.g. [MATLAB 2012]).

By founding our work around linear blend skinning, we invariantly maintain real-time frame
rates through out our shape deformation techniques. Similarly, with each work we strive to
provide practical and expressive interface to our algorithms’ parameters. In fact, it is with these
interfaces in mind that we design our algorithms in the first place. Hence, human control and
expressiveness remains easy.
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9 Conclusion

9.1 Recapitulation of core contributions

We began by establishing a continuous foundation for useful intrinsic, shape energies in Chap-
ter 3. This gave us reassurances when employing discretizations (e.g. of the Laplacian Energy)
in later chapters in terms of mesh independence and convergence. This is not only practi-
cally important for applications, but also convenient for conducting the research in subsequent
chapters: we can prototype on low-resolution discretization with confidence that our solutions
approximate continuous solutions and hence will agree with high-resolution solutions.

With this foundation, we examined how such energies can be employed to craft linear blend
skinning weight functions for real-time deformation. As we found, minimizers of these en-
ergies as employed previously for point and region handles (e.g. [Botsch and Kobbelt 2004,
Sorkine et al. 2004]) were not sufficient for two core reasons.

First, some tasks are better completed with alternative control structures such as rigid skeletons
and cages. Supporting all handle types and all combinations is important for providing the
user with the right tool for her task. Second, while these energies produce fair deformations or
surfaces, they do not produce quality weight functions, insofar as they do not simultaneously
satisfy a list of redeeming properties: smoothness, boundedness, monotonicity, locality.

We designed automatic weight functions that support all handle types (via appropriate bound-
ary conditions) and meet these properties by constrained optimization. This began with finding
biharmonic functions subject to box constraints which directly enforce boundedness and facili-
tate locality (Chapter 4), and culminated in a system that approximates solutions to a nonlinear,
nonconvex optimization promising monotonic weight functions (Chapter 5).

Our weight functions do not ensure that the resulting surface or displacements are biharmonic
functions, but rather they tell us that the blending is biharmonic (see Section 4.7). Comfortable
with this concept, we explored different blending schemes, more powerful then simple linear
blend skinning. In Chapter 6, we derived a new, nonlinear skinning formula which enables
stretching and twisting of skeleton bones. We achieved this by utilizing a second set of our
previously defined weight functions. Our automatic weight functions prove to be an important
tool in our research. We can quickly prototype such ideas for skinning, which would otherwise
require trained artists.

We further expanded the space of deformations possible with skinning, this time not by chang-
ing the underlying LBS formula but by enabling a simpler interface (Chapter 7). By defining
nonlinear, elastic energy optimization in the subspace of a given skinning rig, we may opti-
mize for all but a subset of the skinning transformations. In this way we met users’ high level
constraints, while ensuring a quality deformation of the shape itself. This reduced the effort
required to find new poses and define animations. With extra, procedurally generated weight
functions, we bolstered the LBS subspace into a space capable of achieving variational model-
ing results on par with full-resolution, nonlinear techniques, but orders of magnitude faster.

Finally, all this work in 3D remains of only academic interest without the ability to provide our
algorithms with suitable input. In 3D, we operate on volume discretizations, which are difficult
to obtain for typical shapes represented by triangle meshes with holes, non-manifold edges,
multiple components and self-intersections.
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In Chapter 8, we designed a new confidence function by generalizing the winding number
for non-watertight models. Treating this function as a data-term, we used graphcut energy
optimization to segment a constrained Delaunay tesslation of the domain. Using a CDT ensures
exact interpolation of the input mesh. This makes integration our previous methods easier and
less prone to interpolation errors. Our generalized winding number function enjoys a number
of nice properties, stemming from the fact that it is harmonic. We were only able to prove this
fact by first noticing it empirically. Our meticulous study of polyharmonic functions made it
obvious that our generalized winding number just had to be harmonic: it was only a matter of
proving it.

9.2 Publications

The work contained in this thesis has lead to a number of scientific publications, appear-
ing in top-tier graphics journals (ACM Transactions on Graphics and Computer Graphics
Forum) and presented at top-tier graphics conferences (SIGGRAPH, SIGGRAPH Asia, and
ACM/Eurographics Symposium on Geometry Processing).

9.2.1 Journal publications

JACOBSON, A., KAVAN, L., AND SORKINE-HORNUNG, O. 2013. Robust inside-outside
segmentation using generalized winding numbers. ACM Trans. Graph., to appear.

JACOBSON, A., BARAN, I., POPOVIĆ, J., AND SORKINE-HORNUNG, O. 2013. Bounded
biharmonic weights for real-time deformation. Communications of ACM, to appear.

JACOBSON, A., BARAN, I., KAVAN, L., POPOVIĆ, J., AND SORKINE, O. 2012. Fast auto-
matic skinning transformations. ACM Trans. Graph. 31, 4.

JACOBSON, A., WEINKAUF, T., AND SORKINE, O. 2012. Smooth shape-aware functions with
controlled extrema. In Proc. SGP.

JACOBSON, A., AND SORKINE, O. 2011. Stretchable and twistable bones for skeletal shape
deformation. ACM Trans. Graph. 30, 6, 165:1–165:8.

JACOBSON, A., BARAN, I., POPOVIĆ, J., AND SORKINE, O. 2011. Bounded biharmonic
weights for real-time deformation. ACM Trans. Graph. 30, 4.

JACOBSON, A., TOSUN, E., SORKINE, O., AND ZORIN, D. 2010. Mixed finite elements for
variational surface modeling. In Proc. SGP.

9.2.2 Technical reports

JACOBSON, A. 2012. Bijective mappings with generalized barycentric coordinates: a coun-
terexample. Tech. Rep. 780, ETH Zurich.

JACOBSON, A., AND SORKINE, O. 2012. A cotangent Laplacian for images as surfaces. Tech.
Rep. 757, ETH Zurich.
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9.3 Reflections

This thesis represents over three years of research on real-time shape deformation. This has
resulted in a wealth of code and a healthy repertoire of techniques. First hand implementations
of and experimentation with dozens of previous techniques has been incalculably valuable to
progressing the research and culminating in the contributions of this thesis. These experiments
have cultivated a perspective which can hopefully assist others who wish to reimplement this
work or begin similar explorations into the exciting field of real-time shape deformation.

Constrained optimization is a powerful hammer. Learning to use modern solvers and
understanding—at some reasonable level—how they work has been essential to this thesis.
Applying the variational principle to our problems results in energy optimization, so it is pru-
dent to know what is currently possible and what is not. For example, Chapters 4 and 5 depend
heavily on the availability of efficient, large sparse quadratic programming solvers. Knowing
that such a solver exists guides our decision in Chapter 5 to convert the topological constraints
of the difficult, ideal problem to the linear inequality constraints of our more practical problem.
It is also important to embrace the variational principle as a means to verify results. Two impor-
tant questions to ask are: “Is the energy lower?” and “Has the optimization converged?” If the
energy is lower, but the solution looks worse, then perhaps the energy is wrong. This may not
always mean that a better energy exists in plain sight. In the end, we are always only approxi-
mating that ill-posed energy which measures “user surprise”. Evaluating whether convergence
has been obtained is critical, not just for ensuring the best possible results but also for verifying
that the solver is doing its job. We were long confused by the lack of smoothness and locality
when prototyping our weight functions in Chapter 4. Eventually we realized that convergence
was not being obtained with the solver we were using at the time [Byrd et al. 1995]. Noticing
this led to switching solvers (to MOSEK or the active set technique in Section 2.2.3) and only
then could we properly experiment to verify the properties of our new weight functions.

All of the methods in this thesis were decidedly implemented without an advanced (compli-
cated) mesh data-structure (e.g. half-edge data structure). Instead a mesh is nearly always rep-
resented simply as a list of vertex positions V ∈ Rn×3 and a list of triangle or tetrahedra indices
F or T. This not only matches our linear algebra manipulations (e.g. Chapter 7) and facili-
tates working with the standard computer graphics pipeline, but also places focus on globally
defined, intrinsic quantities (e.g. Laplacian energy) rather than local ones (e.g. sharp features).
This not coincidentally mirrors the focus of this thesis. In choosing a mesh data structure for
research prototyping, we have found that one should justify any inconvenience or complication.
For example, to compute the cotangent Laplacian on an irregular mesh, a per-triangle definition
suffices with a (V,F) storage of a mesh, whereas a loop over the neighborhood rings nested in-
side a loop over each vertex in a half-edge data structure is unnecessarily complicated and more
prone to border-case errors (not to mention it strays farther from our FEM roots in Section 2.1).
Further, it has been much easier to level up an implementation when necessary—from (V,F)
to CGAL or OPENMESH—than to level down. We have embraced this concept and built our
open source prototyping library, LIBIGL, in MATLAB and C++ [Jacobson et al. 2013b].

Throughout our projects, we strive to maintain dimension invariance (at least up to R2 and
R3). This not only increases the applicability and scope of each of our contributions, but also
provides a straightforward path for research. In R2, shapes may be quickly designed to test a

180



9.3 Reflections

theory at hand (see Section 9.4.2). Making the leap to R3 is not always trivial: rotations are no
longer commutative, curvatures are more complicated, volume-meshing is more involved, etc.
However, most of our core concepts are directly analogous and we see immediate benefits by
first experimenting in R2.

9.3.1 Lingering, unsolved problems

Our linear blend skinning subspace in Chapter 7 regularizes the as-rigid-as-possible energy op-
timization into producing smooth deformations. Otherwise the full-resolution solution would
show derivative discontinuities at fixed constraints (see Figure 7.8) and internal singularities in
the rotation field (see Figure 7.7). Our subspace inherits its smoothness from our weight func-
tions, which are defined according to energies corresponding to sufficiently high-order PDEs.
Directly combining high-order smoothness with nonlinear elastic energy optimization at the
full, unreduced level remains a challenging problem. Even standing state-of-the-art full resolu-
tion solutions (e.g. [Botsch et al. 2006a, Botsch et al. 2007b]) show derivative discontinuities,
kinks, near constrained handles. One promising direction is to bridge the gap between sparse
subspace deformation and intrinsic full resolution deformation using smooth intrinsic bases
[Hildebrandt et al. 2011].

Isolated point constraints are perhaps the most primitive and most intuitive interface for mod-
eling, but also the least rigorously defined. To study point constraints rigorously would be to
reexamine their fundamental motivation. Is a point constraint really just a small region con-
straint? How small? If it is infinitesimal then how can we measure its influence properly?

In our experiments dealing with bone handles of an internal skeletons, we have noticed that the
precise placement of joints (where bones meet) has a drastic impact on the resulting deforma-
tion [Kavan and Sorkine 2012]. It not only affects our automatic weight computation, but also
determines the relative center of rotation during posing. This means it affects not just the defor-
mation quality, but the effectiveness of the interface itself. This sensitivity could be alleviated
by assisting the user’s placement or repositioning of handles in their rest state.

In our work, we ignore collisions (a.k.a. interference). Ensuring local and global injectivity
while meeting user constraints is an important and largely still unsolved problem in modeling
[Harmon et al. 2011]. Treating collisions would imply new interpretations of intrinsic and se-
mantic information. However, the discontinuous nature of collision response makes it difficult
to deal with, not to mention while maintaining real-time performance.

In order to achieve real-time performance in our current work, we push as much computation as
we can into precomputation before the deformation session starts. Much of our precomputation
efforts are spent reducing the full resolution deformation problem to a smaller subspace. For
example, our smooth weight functions remove unnecessary high-frequency deformations result-
ing in a more appropriate low-frequency subspace of deformations from a sparse set of handles.
The very problem statement of handle-based deformation presumes such a low-frequency solu-
tion, but our precomputation ignores this. Much effort is spent computing weights via energies
defined on a fine resolution discretization of the domain, but we know a priori that the solution
will be considerably lower frequency. For example, the minute body hairs on a character will
not significantly effect the weight function attached to the forearm bone. This implies that we
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Figure 9.1: Our physical interface prototype can be constructed on the fly and used to control skeletons
of arbitrary topology.

could get away with much coarser representations of our input geometry for precomputation
tasks. Doing so would require care to ensure intrinsic information like a shape’s topology and
geodesic distances are respected. We would need to balance approximation power with savings
from a coarser representation.

The more we can improve precomputation performance, the more we can push these subroutines
into the interactive experience. This opens new avenues for interactive weight definition, where
the user adjusts handle positions and sees changes to deformations in real-time; or for on-the-fly
subspace adjustment for collision response in simulation (Section 7.7).

9.4 Future work

The story of real-time shape deformation does not end with this thesis, but rather begins a new
chapter. We can continue to push the quality and control achievable in real-time. We are now
interested in measuring quality in terms of a deformation’s incorporation of semantics and in
exploring novel interfaces for controlling our real-time deformation systems.

9.4.1 Physical interfaces

We are deforming 3D shapes at near haptic rates. Yet we mostly control these deformations
using a 2D mouse and our feedback is via a 2D monoscopic display. Even in a reduced skeleton-
based deformation system the number of degrees of freedom is on the order of 100. Chapter 7
addresses this for intuitive automatic assignment, but if we want full control then we need a new
interface with an equitable amount of degrees of freedom.

We are currently working on designing a device with such degrees of freedom. Leveraging
recent advances in 3D printing and electronic sensing, we have designed a set of mechanical
joints which continuously report their configuration (see Figure 9.1). Each joint’s 3 rotational
degrees of freedom may then be mapped (at > 120 Hz) to the rotational degrees of freedom in
a virtual skinning skeleton controlling a character on screen. The joints may be rearranged into
any tree topology: the same parts can build a human, spider, or hand.
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9.4 Future work

9.4.2 Semantics

Our weight functions incorporate semantics implied by the user’s placement of control handles
(e.g. skeletons tell us which parts should be rigid), but this is still indirect. In future work, we
would like to investigate what are the best interfaces for the user to directly indicated semantics
with minimal effort. We are inspired by the success of Daniel Sýkora and colleagues’ work on
designing interfaces for manipulating 2D cartoons [Sýkora et al. 2005, Sýkora et al. 2009].

Another interesting question is whether semantics useful for real-time shape deformation can
be derived automatically. Even in the four years writing this thesis, we have witnessed
an explosion in the amount of 3D data. Cutting-edge works by Guibas and colleagues
(e.g. [Ovsjanikov et al. 2011, Huang et al. 2012] and Cohen-Or, Zhang, and colleagues (e.g.
[Sidi et al. 2011, Wang et al. 2012]) have studied how co-analysis of large sets of shapes may
be used effectively for tasks like classification, exploration, correspondence and segmentation.
We would like to point these high-powered techniques at improving real-time shape deforma-
tion quality. Perhaps we can leverage the robust volumes of Chapter 8.
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Appendix: 2D dataset

Appendix: 2D dataset

This dataset contains all 2D vector graphics cartoons used throughout this thesis. They are my
own creations and free to use for academic, non-military research.
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Grand Prize, Games For Learning Institute Game Design Challenge 2009, Microsoft Research

New York University Founder’s Day Award, 2009

New York University Trustee’s Scholarship, 2005-2009

Mayo Foundation Scholarship, 2005-2009

New York University Dean’s list, 2006, 2008, 2009

Mayo Clinic Summer Mentored Undergraduate Research Fellowship, 2007

Rochester Film Festival, Best Animated Short Film, 2005

Journal Publications
Alec Jacobson, Ladislav Kavan, Olga Sorkine. “Robust Inside-Outside Segmentation using
Generalized Winding Numbers.” ACM Transactions on Graphics, Vol. 32(4), 2013 (ACM
SIGGRAPH Proceedings).
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Daniel Sýkora, Ladislav Kavan, Martin Čadík, Ondřej Jamriška, Alec Jacobson, Brain Whited,
Maryann Simmons and Olga Sorkine-Hornung. “Ink-And-Ray: Global Illumination for Hand-
Drawn Animation.” ACM Transactions on Graphics, to appear, 2013.

Kaan Yücer, Alec Jacobson, Alexander Hornung, Olga Sorkine. “Transfusive Image Manipula-
tion.” ACM Transactions on Graphics, Vol. 31(6), 2012 (ACM SIGGRAPH Asia Proceedings).

Alec Jacobson, Tino Weinkauf, Olga Sorkine. “Smooth Shape-Aware Functions with Con-
trolled Extrema.” Computer Graphics Forum, Vol. 31(4), 2012 (EUROGRAPHICS/ACM SIG-
GRAPH Symposium on Geometry Processing Proceedings issue).

Alec Jacobson, Ilya Baran, Ladislav Kavan, Jovan Popović, Olga Sorkine. “Fast Automatic
Skinning Transformations.” ACM Transactions on Graphics, Vol. 31(4), 2012 (ACM SIG-
GRAPH Proceedings).

Alec Jacobson, Olga Sorkine. “Stretchable and Twistable Bones for Skeletal Shape Deforma-
tion.” ACM Transactions on Graphics, Vol. 30(6), 2011 (ACM SIGGRAPH Asia Proceedings).

Alec Jacobson, Ilya Baran, Jovan Popović, Olga Sorkine. “Bounded Biharmonic Weights for
Real-Time Deformation.” ACM Transactions on Graphics, Vol. 30(4), 2011 (ACM SIGGRAPH
Proceedings).

Alec Jacobson, Elif Tosun, Olga Sorkine, Denis Zorin. “Mixed Finite Elements for Variational
Surface Modeling.” Computer Graphics Forum, Vol. 29(5), pp. 1565–1574, 2010 (EURO-
GRAPHICS/ACM SIGGRAPH Symposium on Geometry Processing Proceedings).

Technical Reports
Alec Jacobson. “Bijective Mappings with Generalized Barycentric Coordinates: A Counterex-
ample” ETH Zurich, 2012.

Alec Jacobson, Olga Sorkine. “A Cotangent Laplacian Images as Surfaces.” ETH Zurich, 2012.

Research Experience
PhD Research, Advisor: Olga Sorkine, Interactive Geometry Lab, ETH Zurich, Zurich, Switzer-
land, 2011-present

PhD Research, Advisor: Olga Sorkine, Media Research Lab, New York University, New York,
NY, 2009-2011

Summer Research Intern, Advisor: Jovan Popović, Advanced Technology Labs, Adobe Sys-
tems, Seattle, WA, Summer 2010

Undergraduate Research, Advisor: Denis Zorin, Media Research Lab, New York University,
New York, NY, 2008-2009

Summer Mentored Undergraduate Research Fellowship, Advisor: Željko Bajzer, Mayo Clinic,
Rochester, MN, 2007
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Work Experience
America Counts math intervention tutor and student teacher, Clinton Public Middle School for
Artists and Writers, New York, NY, 2008-2009

Calculus and Basic Algorithms Homework Grader, Math Department, New York University,
New York, NY, 2006-2009

Intern at the IBM Executive Briefing Center, Rochester, MN, Summer 2008

Computer Skills

MATLAB C, C++ Java, C# Mathematica Maple LaTeX, TeX
Qt Ruby Python PHP HTML Javascript
OpenGL UNIX tools CGAL CUDA OpenMP XNA
Development: Vim Xcode Visual Studio Eclipse NetBeans

Teaching Experience
Computer Graphics, Teaching Assistant, ETH Zurich, Zurich, Switzerland, 2011-2012

America Counts math intervention tutor and student teacher, Clinton Public Middle School for
Artists and Writers, New York, NY, 2008-2009

Calculus Grader, Math Department, New York University, New York, NY, 2006-2008

Volunteer computer programming teacher at Courant Splash! (cSplash), NYU, one-day festival
of classes in the mathematical and computer sciences for high school students, Spring 2008

Volunteer tutor at Rochester English for Speakers of Other Languages Summer School, 2007

Volunteer tutor of three elementary school boys from an African refugee family in the South
Bronx, 2005-2006

Conference Talks
ACM SIGGRAPH, Fast Automatic Skinning Transformations, August 8, 2012

EUROGRAPHICS/ACM SIGGRAPH Symposium on Geometry Processing, Smooth Shape-
Aware Functions with Controlled Extrema, July 16, 2012

ACM SIGGRAPH Asia, Stretchable, Twistable Bones for Skeletal Shape Deformation, Decem-
ber 14, 2011

ACM SIGGRAPH, Bounded Biharmonic Weights for Real-Time Deformation, August 10, 2011

EUROGRAPHICS/ACM SIGGRAPH Symposium on Geometry Processing, Mixed Finite Ele-
ments for Variational Surface Modeling, July 6, 2010
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Invited Talks
Max-Planck-Institut für Informatik, Saarbrücken, Achieving High-Quality Shape Deformation
in Real Time, invited by Tino Weinkauf, February 26, 2013

Workshop on Computer Graphics and Emerging Technology, Shenzhen Institutes of Advanced
Technology, Achieving High-Quality Shape Deformation in Real Time, invited by Baoquan
Chen, November 26, 2012

New York University, Fast Automatic Skinning Transformations, invited by Denis Zorin, July
31, 2012

NSF Workshop on Barycentric Coordinates in Geometry Processing and Finite/Boundary El-
ement Methods, High-quality weight functions via constrained optimization, invited by Kai
Hormann, July 25, 2012

Freie Universität, Berlin, High Quality Weight Functions via Constrained Optimization, invited
by Konrad Polthier, June 22, 2012

LiberoVision, Zurich, Real-time Shape Deformation: Bounded Biharmonic Weights and
Stretchable, Twistable Bones, invited by Remo Ziegler, February 2, 2012

DISI University of Genoa, Real-time Deformation: Bounded Biharmonic Weights and Stretch-
able, Twistable Bones, invited by Enrico Puppo, June 27, 2011

ETH Zurich-Disney Research Zurich Tech Talk, Mixed Finite Elements for Variational Surface
Modeling, invited by Alexander Hornung, October 20, 2010

Languages

English (native)
Spanish (proficient)
German (beginner)

Academic Service
Program Committee Member:
Symposium on Geometry Processing, 2013
EUROGRAPHICS Short Papers, 2012-2013

Reviewer:
ACM SIGGRAPH
ACM SIGGRAPH Asia
Computer Graphics Forum
CVPR Conference on Computer Vision and Pattern Recognition
ECCV European Conference on Computer Vision
EUGRAPHICS
EUGRAPHICS Short Papers
Graphics Interface
IEEE Computer Graphics and Applications
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IEEE Transactions on Visualization and Computer Graphics
Pacific Graphics
SIBGRAPI Conference on Graphics, Patterns and Images

Solo Art Exhibitions
Jewcy Main Office, Brooklyn, NY, 2008

“Humans I See Every Day,” Bronfman Center Gallery, New York, NY, 2008

Jewcy’s Online Featured Artist, Brooklyn, NY, 2008

Group Art Exhibitions
“Einstein on Witherspoon Street: Expressions for Social Justice,” Bronfman Center Gallery,
New York, NY, 2009

“Becoming: Visions of Childhood,” Bronfman Center Gallery, New York, NY, 2008

“Muslim-Jewish Art Collaborative Project,” Bronfman Center Gallery, New York, NY, 2008

“Clear is not a Color,” L. Iago Gallery, New York, NY, 2006

References
Olga Sorkine (PhD advisor, 2009-present)
Assistant Professor
Department of Computer Science
ETH Zurich
CNB G 106
Universtitaetstrasse 6
8092 Zurich, Switzerland
+ 41 44 632 83 57
sorkine@inf.ethz.ch

Jovan Popović (Internship advisor, summer 2010)
Principal Scientist
Advanced Technology Labs
Adobe Systems
801 N. 34th Street
Seattle, WA 98103
206-675-7000
jovan@adobe.com
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Denis Zorin (Undergraduate research advisor, 2008-2009)
Professor of Computer Science and Mathematics
Computer Science Department
Courant Institute of Mathematical Sciences
New York University
719 Broadway, New York, NY 10003
212-998-3405
dzorin@courant.nyu.edu

Željko Bajzer (Mentor for research fellowship, 2007)
Professor of Biophysics
Department of Biochemistry and Molecular Biology
Mayo Clinic
200 First St SW
Rochester, MN 55905
507-284-8584
bajzer@mayo.edu
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