
CSC2535: 2011

Lecture 3b
Learning Deep BoltzmanMachines

Including slides adapted from a talk by 
RuslanSalakhutdinov



DBNs vs. DBMs

Deep Belief Network Deep Boltzmann Machine



Restricted Boltzmann Machines
Powerful framework for representing dependency
structure between random variables.

Stochastic binary visible units v are connected to
binary hidden feature detectors h.

The energy of the joint configuration:

Probability of input is given by the Boltzmann Distribution:

Partition Function

Markov Random Fields, Boltzmann machines, Undirected Graphical Models.

Image      visible units

Hidden units

Bipartite
Structure

model parameters.



Restricted Boltzmann Machines

Inferring the distribution over the  hidden units is easy

Image      visible units

Hidden units

Bipartite
Structure

Restricted: No interaction
between hidden units

Markov Random Fields, Boltzmann machines, Undirected Graphical Models.

Factorizes: Easy to compute



Model Learning

Derivative of the log-likelihood:

Contrastive Divergence (Hinton 2000) Pseudo Likelihood (Besag 1977)
Score Matching,  Hyvarinen (2007) MCMC-MLE estimator (Geyer 1991)

Difficult to compute:
exponentially many
configurations

Given a set of i.i.d. training examples
, we want to learn

model parameters   .

Approximate maximum likelihood learning:

Tempered MCMC (Salakhutdinov 2010) Adaptive MCMC (Salakhutdinov 2010)

Regularization

Maximize (penalized) log-likelihood objective:

Image      visible units

Hidden units



A picture of the maximum likelihood learning 
algorithm for an RBM
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Start with a training vector on the visible units.

Then alternate between updating all the hidden units in 
parallel and updating all the visible units in parallel.

a fantasy



A quick way to learn an RBM
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Start with a training vector on the 
visible units.

Update all the hidden units in parallel

Update the all the visible units in 
ǇŀǊŀƭƭŜƭ ǘƻ ƎŜǘ ŀ άǊŜŎƻƴǎǘǊǳŎǘƛƻƴέΦ

Update the hidden units again.

This is not following the gradient of the log likelihood. But it works 
well. It is approximately following the gradient of another objective 
function (Carreira-Perpinan & Hinton, 2005).

reconstructiondata



Contrastive divergence

ÅC cannot be negative because the 
reconstructions are produced from the data by 
running a Markov chain so the second term 
must be smaller than the first (on average).

ÅWhen the parameters change, the 
reconstructions change.

ïThis creates an extra term that is ignored by the 
learning rule, so it isnt really minimizing CD.

)elmod||tionsreconstruc()elmod||data(1 KLKLCD -=



An infinite sigmoid belief net 
that is equivalent to an RBM

ÅThe distribution generated by this infinite 
directed net with replicated weights is 
the equilibrium distribution for a 
compatible pair of conditional 
distributions: p(v|h) and p(h|v) that are 
both defined by W

ïA top-down pass of the directed net is 
exactly equivalent to letting a 
Restricted Boltzmann Machine settle 
to equilibrium.

ïSo this infinite directed net  defines 
the same distribution as an RBM.
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ÅThe variables in h0 are conditionally 
independent given v0.

ïInference is trivial. We just multiply 
v0 by W transpose.
ïThe model above h0 implements a 

complementary prior.

ïMultiplying v0 by W transpose gives 
the productof the likelihood term 
and the prior term.

Å Inference in the directed net is exactly 
equivalent to letting a Restricted 
Boltzmann Machine settle to equilibrium 
starting at the data.

Inference in a directed net 
with replicated weights
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ÅThe learning rule for a sigmoid belief net is:

ÅWith replicated weights this becomes:
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[ŜŀǊƴŜŘ ²Υ ōŀǎŜǎ ƻǊ ȫȫŜŘƎŜǎέ
Subset of 1000 bases

Learning strokes

= ΧΦ

New Image:

Logistic Function: Suitable for modeling binary images

Sparse: Most hidden units are off

Observed  Data

Subset of 25,000 characters

Represent: as



Learned Representations
ÅNatural Images
ÅText/Documents
ÅCollaborative Filtering
ÅVideo (Langford, Salakhutdinov, and Zhang , ICML 2009)

ÅMotion Capture (Taylor et.al. NIPS 2007)

ÅSpeech Perception (Dahl et. al. NIPS 2010, Lee et.al. NIPS 2010)

Same learning algorithm --
multiple input domains!

Limitations on the types of structure that can be
represented by a single layer of low-level features.



An improved version of CD
Å The main worry with CD is that there will be deep minima of the energy function far away from 

the data.

ï To find these we need to run the Markov chain for a long time (maybe thousands of 
steps).

ï But we cannot afford to run the chain for too long for each update of the weights.

Å Maybe we can run the same Markov chain over many weight updates?

ï If the learning rate is very small, this should be equivalent to running the chain for many 
steps and then doing a bigger weight update.



Persistent CD (Tijmen Tieleman)

ÅUse minibatches of 100 cases to estimate the first term in the 
gradient. Use a single batch of 100 fantasies to estimate the 
second term in the gradient.  

ÅAfter each weight update, generate the new fantasies from the 
previous fantasies by using one alternating Gibbs update.

ïSo the fantasies could get far from the data.

ÅBut how could only 100 negative examples successfully 
represent the whole partition function?

ïIts a dynamic process that is intrinsically unstable.

ïThe negative data rushes around hyperactively.

ïWherever the negative data outnumbers the positive data, 
the free-energy surface is raised. This makes the negative 
data move to somewhere else.

ïNegative datapoints are malcontents.



Contrastive divergence as an 
adversarial game

ÅWhy does persisitent CD work so well with only 
100 negative examples to characterize the 
whole partition function?

ïHow does it manage to find all the modes without 
starting at the data?



The objective function for 
persistent CD

ÅM-like step:  Minimize CD by changing the 
parameters of the model.

ïThis tries to cheat by maximizing KL(R||Q) in 
addition to minimizing KL(P||Q).

ÅE-like step:  Minimize KL(R||Q) by changing the 
distribution of the negdata.

ïThis counteracts the cheating in the M-step

)| |()| |( elmodnegdataelmoddata QRKLQPKLCD -=



How persistent CD moves between the 
ƳƻŘŜǎ ƻŦ ǘƘŜ ƳƻŘŜƭΩǎ ŘƛǎǘǊƛōǳǘƛƻƴ

Å If a mode has more negdata than data, the free-
energy surface is raised until the negdata escapes.

ï This can overcome  free-energy barriers that 
would be too high for the Markov Chain to jump.

Å The free-energy surface is being changed to help 
mixing in addition to defining the model.



Stereo Pair

Planes

Deep Boltzmann Machine

Generative Model

Å12,000 hidden variables
Å18,432  observed variables     

(96 by 96 images)
ÅOver 60 million parameter

ÅCombines bottom-up and top-
down inference

Gaussian-Bernoulli Markov Random Field

Model P(image)

Training Images



Generative Model

1,600 characters from 50 
alphabets around the world

Å3,000 hidden variables
Å784  observed variables

(28 by 28 images)
ÅOver 2 million parameters

Model P(image)

Binary Markov Random Field

Sanskrit



Low-level features
Edges

Input: Pixels

Image

Hierarchical Representation
Deep Boltzmann Machines

Built from unlabeled inputs.

Salakhutdinov & Hinton, AI Statistics 2009



Hierarchical Representation
Deep Boltzmann Machines

Image

Input: Pixels

Low-level features
Edges

Higher-level features
Combination of Edges

Built from unlabeled inputs.

Internal representations capture
complex statistical structure

Salakhutdinov & Hinton, AI Statistics 2009



Mathematical Formulation

model parameters

Bottom-up and Top-down:

Dependencies between hidden variables.

Deep Boltzmann Machine

Top-down Bottom-up

Unlike many existing feed-forward models: HMAX (Poggio)
Deep Belief Nets (Hinton), ConvNet (LeCun)



Mathematical Formulation

model parameters

Maximum likelihood learning:

Both expectations are intractable!

Dependencies between hidden variables.

Deep Boltzmann Machine

Same learning rule for many undirected graphical 
models: MRFs, CRFs, Factor graphs.



Previous Work
Many approaches have been proposed over the last 20 years:

ÅHinton and Sejnowski (1983),
ÅPeterson and Anderson (1987)
ÅGalland (1991)
ÅKappen and Rodriguez (1998)
ÅLawrence, Bishop, and Jordan (1998)
ÅTanaka (1998)
ÅWelling and Hinton (2002)
ÅZhu and Liu (2002)
ÅWelling and Teh (2003)
ÅYasuda and Tanaka (2009)  

Many of the previous approaches were not successful for learning
in general Boltzmann machines with hidden variables.

Real-world applications 
need thousands of 
hidden and observed 
variables with millions of 
parameters.

Algorithms based on Contrastive Divergence, Score Matching, 
Pseudo-Likelihood, Composite Likelihood, MCMC-MLE,  cannot 
handle interacting hidden variables.  



Learning Algorithm

Conditional Unconditional

Posterior Inference Simulate from the Model

Approximate
conditional

Approximate the
joint distribution

Salakhutdinov 2008



Learning Algorithm

Conditional Unconditional

Posterior Inference Simulate from the Model

Approximate
conditional

Approximate the
joint distribution

Salakhutdinov 2008

Match

Data-independent

Key Idea:

Data-dependent:     Variational Inference, mean-filed theory
Data-independent:  Stochastic Approximation, MCMC based

Two quite different techniques!

Data-dependent



Stochastic Approximation

Update Update

Update      and      sequentially,  where

Time  t=1 t=2 t=3

ÅGenerate by simulating from a Markov 
chain that leaves         invariant (e.g. Gibbs or M-H sampler)

ÅUpdate by replacing intractable  
with a point estimate

In practice we simulate several Markov chains in parallel.

Robbins and Monro, Ann. Math. Stats, 1957
L. Younes,  Probability Theory 1989



Stochastic Approximation

High-dimensional structured data:
the energy landscape is highly
multimodal

Update rule decomposes:

Almost sure convergence guarantees as learning rate  

Connections to the theory of stochastic approximation and adaptive MCMC.

Key insight: The transition operator
can be any valid transition operator ς
Tempered Transitions, Parallel/Simulated Tempering.

Salakhutdinov, NIPS 2010, ICML 2010

Noise termTrue gradient



Posterior Inference

Variational Inference
Approximate intractable distribution                 with simpler, tractable
distribution :

Variational Lower Bound

1. Variational Inference: Maximize the lower
bound w.r.t. variational parameters     

For each iteration of learning:

2. MCMC: Apply stochastic approximation
to update model parameters     

Almost sure convergence guarantees to an asymptotically
stable point.

Salakhutdinov, NIPS 2010

Unconditional Simulation



Layerwise Pretraining

We develop an efficient layer-wise
pretraining algorithm.

Deep Boltzmann Machine

Variational Lower Bound

Likelihood term Entropy functional

Replace with a
second layer RBM

Salakhutdinov & Hinton, 2010,  Hinton et. al. 2006



Good Generative Model?

Handwritten Character Dataset



Good Generative Model?

MNIST Dataset



Handwriting Recognition
MNIST Dataset Optical Character Recognition

60,000 examples of 10 digits 42,152 examples of 26 English letters

State-of-the-artPermutation-invariant version.



Generative Model of 3-D Objects

24,000 examples, 5 object categories,
5 different objects within each category.
6 lighting conditions, 9 elevations, 18 azimuths.  



3-D Object Recognition

Uses image geometry
(explicit weight sharing)

Pattern Completion



One-shot Learning
ñtufaò ñzarcò

Xu & Tenenbaum 2007, Schmidt 2009 Lake, Salakhutdinov, Tenenbaum, 2010

How can we learn a novel concept ςa high 
dimensional statistical object ςfrom few examples?  

Many existing learning systems require hundreds of training examples.


