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� Undirected graphical models

� Factor graphs

� Inference via:

– enumeration

– sum product

� Junction tree algorithm



Undirected graphical models

second major class of graphical models: undirected models

� also specify factorization, set of conditional independence relations

� composed of nodes representing random variables, links without di-
rection

� known as Markov random �elds (MRFs), or Markov networks

� if always condition on some subset of nodes ) conditional random
�eld

� terminology from neural networks literature:

– Hop�eld network: fully observed, single layer of nodes

– Boltzmann Machine: includes latent variables, hidden layers



Example of UGM

task: Classify local patch as natural or man-made

� nodes receive local information from the image (brightness, color, tex-
ture)

� information propagated thru graph over its edges

� edges encode “compatibility” between nodes



Conditional independence in UGMs

in directed models, conditional independence subtle due to asymmetry be-
tween child and parent nodes

simpler in undirected models: two (sets of) nodes conditionally indepen-
dent given a third if all paths thru graph from �rst to second n ode must
pass thru third

also, any pair of nodes not connected by a link are conditionally indepen-
dent given all other nodes in graph

Markov blanket of a node in UGM: its neighboring nodes (node condition-
ally independent of all other nodes given its neighbors ne( k) )



P ( xk jxnf kg) = P ( xk jne( k))



UGM: factors and cliques

in DAGM, start with parameterization of joint (P ( X ) =
Q

k P ( xk jpak) ) and
derived conditional independence properties from that

in UGM, given the conditional independence properties, how to de�ne the
parameterization?

� P ( X ) =
Q

k P ( xk jne( k)) ?

� P ( X ) =
Q

k P ( xk ; ne( k)) ?

factorization must be such that two disconnected nodes do not appear in
the same factor (for conditional independent property to hold for all distri-
butions consistent with graph)



UGM: factors and cliques

factors in decomposition of joint distribution are functions of variables in
cliques of graph

clique: fully connected subgraph

maximal clique C: clique that can contain no additional nodes



UGM: potentials

p( x) =
1

Z

Y

C
 C( xC)

potentials  C( xC) need not have direct probabilistic interpretation, can in-
stead express constraints

if restrict potentials to be positive (constraint violations), often expressed
using Boltzmann distribution:

 C( xC) = exp( � E ( xC))

where E ( x) is the energy function

) total energy is sum of energies of maximal cliques:

E ( x) =
X

C
E ( xC)

Hammersley-Clifford Theorem: distributions consistent with Markov net-
work (topology: node conditionally independent of all other nodes given its
neighbors) are the same distributions de�ned by factorizat ion into maximal
cliques of graph



UGM: Partition function

normalization term Z is called the partition function

computing Z and its derivatives is often the hardest part of inference and
learning in undirected graphical models

don't always have to compute it, e.g., for conditional distributions (why?)



UGM: Ising model

common model for binary nodes: Ising model, or spin-glass

nodes arranged in regular topology, such as a grid, and connected to geo-
metric neighbors

xk xkf(   )

xj xkF(       )

if think of each node as pixel, may want to encourage nearby pixels to have
similar values (smoothness)

energy:

E ( x) = � [
X

f j;k g

� jk x j xk +
X

k
� kxk ]

positive clique potentials (if energy negated): “compatibility” or “af�nity”
functions over the variables



Directed & Undirected Graphical Models

De�ne joint distribution for graph ( X ? Z jY ):

P ( X; Y; Z ) = P ( Y ) P ( X jY ) P ( Z jY )

What does the equivalent directed model look like?

Can rewrite the joint:

P ( X; Y; Z ) = P ( X; Y ) P ( Z jY ) =  XY ( X; Y )  Y Z ( Y; Z )
P ( X; Y; Z ) = P ( X jY ) P ( Z; Y ) =  XY ( X; Y )  Y Z ( Y; Z )

Here all potentials cannot be marginals, nor all conditional distributions

In general, in trees (graphs where nodes have only single parent), can
readily convert directed graphs to undirected, by dropping arrows

More generally, cannot convert all directed models to undirected (and vice
versa) ... to be continued



Probabilistic Inference

computation is inference: given some evidence, what is probability of a
hypothesis?

� sprinkler: given that grass is wet, what is probability that it is cloudy?

� disease: given that patient has fever and cough and shortness of
breath, what is probability that she has tuberculosis?

� prediction: given that the Leafs lost 10 in a row, what is the probability
they will lose tonight?

graphical model: �x or clamp values of some nodes ( X E ), want to compute
posterior distribution of some subset of other nodes (X Q)

P ( xQ jxE ) / P ( xQ; xE ) =
X

xR62E;Q

P ( x)

if joint is known continuous function, can sometimes do this analytically
(e.g., Gaussian: eliminate rows/cols corresponding to xR , apply condition-
ing formulas for P ( xQ jxE ) )

what if joint is represented by graphical model?



Exact Inference: Enumeration

for simple models, can derive inference by hand using Bayes' Rule (e.g.,
mixture model)

p( xjy) =
p( x) p( yjx)

P
x0p( x0) p( yjx0)

in general, we want to calculate:

P ( xQ jxE ) =

P
xR

P ( xQ ; xE ; xR )
P

xQ;xR
P ( xQ ; xE ; xR )

Can we compute these sums ef�ciently?
Yes: avoid repeating unnecessary work, by exploiting factorization of joint
distribution, applying distributive law

plan: simple example of a chain, then trees, then more general graphs;
�rst introduce factor graphs



Factor graphs

generalization of directed and undirected graphical models

introduce additional nodes for factors (squares), in addition to variable
nodes (circles)

p( x) =
Y

s
f s( xs)

factors correspond to:

� local conditional distributions in directed graph

� potential functions over maximal cliques in undirected graphs

several different factor graphs may correspond to same directed or undi-
rected graph: can vary in speci�cation of factorization



Sum-Product algorithm

aim to perform exact inference

sum-product algorithm:

� evaluate local marginals over nodes or subsets of nodes

� applicable to tree-structured graphs

� includes belief propagation as special case

focus on discrete variables, where marginalization entails sums

basic idea: express any marginal using common set of simple expressions,
(involving sums and products) that can be computed and stored ef�ciently
using graph structure



Chain example: distributive law

x3x2

fB fCfA

x1 x4

factors are potentials (conditionals or pairwise marginals)

p( x2) =
X

x1 ;x3 ;x4

p( x) (1)

=
1

Z

X

x1 ;x3 ;x4

f A ( x1 ; x2) f B ( x2; x3) f C ( x3 ; x4) (2)

=
1

Z

2

4
X

x1

f A ( x1; x2)

3

5

2

4
X

x3

f B ( x2; x3)

2

4
X

x4

f C ( x3 ; x4)

3

5

3

5 (3)

complexity of equation 2 is O( NK N ) : if each of N X variables has K
values, joint has K N values, and N operations for each con�guration

complexity of equation 3 is O( NK 2) : only need to represent pairwise
con�gurations



Chain example: message-passing

x3x2

fB fCfA

x1 x4

consider sums and products as operations on graph, in particular ordering

1.
P

x4
f C ( x3 ; x4) produces vector having dimensions of x3; consider as

message going from C to x3:

� C! 3( x3) =
X

x4

f C ( x3 ; x4)

2. x3 passes message on to B :

� 3! B ( x3) = � C! 3( x3)

3. now produce vector having dimensions of x2; consider as message
going from B to x2 :

� B ! 2( x2) =
X

x3

f B ( x2; x3) � 3! B ( x3)



4. from other direction,
P

x1
f A ( x1; x2) produces vector having dimen-

sions of x2; consider as message going from A to x2:

� A! 2( x2) =
X

x1

f A ( x1 ; x2)

5. messages converge at x2; combine terms to implement equation 3:

p( x2) =
1

Z
� A! 2( x2) � B ! 2( x2)

Note that:

� products are element-wise (. * in Matlab)

� each step sums out over variable in distribution – can be viewed as an
elimination method, removing nodes in graph



Chain example 2

x3x2

fB fCfA

x1 x4

Now want to compute different marginal

Do we need to rerun the entire procedure?

p( x1) =
1

Z

X

x2

f A ( x1 ; x2)

2

4
X

x3

f B ( x2 ; x3)

2

4
X

x4

f C ( x3 ; x4)

3

5

3

5

1. same message from C to x3:

� C! 3( x3) =
X

x4

f C ( x3 ; x4)

2. again, x3 passes message on to B :

� 3! B ( x3) = � C! 3( x3)



3. same message from B to x2:

� B ! 2( x2) =
X

x3

f B ( x2; x3) � 3! B ( x3)

4. now x2 passes message on to A :

� 2! A ( x2) = � B ! 2( x2)

5. message from A to x1

� A! 1( x1) =
X

x2

f A ( x1 ; x2) � 2! A ( x2)

6. compute �nal marginal

p( x1) =
1

Z
� A! 1( x1)

Many of the same messages can be re-used!



Message-passing in chains: Summary

general procedure:

� choose some ordering of nodes

� propagate messages from �rst to last node and back

� store intermediate messages

� any node can evaluate marginal based on product of incoming mes-
sages

key insights:

� by grouping potentials and summations, inference can be recursive
and ef�cient

� can be interpreted as message-passing based on graph structure

� same messages can be re-used for many queries (aka inference, con-
ditional distributions): only 2N messages required



details:

� partition function: need only be computed once, for single node (same
for all marginals)

� conditioning: if some nodes are observed, the corresponding variables
clamped to values, no summation; can also represent as sum using
delta (indicator) function:

p( xQ; x0
E ) =

X

xR

X

xE

p( xQ; xR ; xE ) � ( xE ; x0
E )

Can this same message-passing procedure apply to other graphical struc-
tures?



Tree-structured models

Tree structured graphical models are an important class, including all chains
(e.g., HMMs)

exact inference on trees is basis for:

� the junction tree algorithm, which solves exact inference problem for
general DAGMs

� many approximate algorithms which can work on intractable, or cyclic
graphs

note that directed and undirected trees make same conditional indepen-
dence assumptions

� directed tree: single node with no parents (the root node); all others
have single parent

� undirected tree: one and only one path between any pair of nodes

polytree: nodes in directed graph have more than one parent, but still only
one path between any two nodes



Sum-Product algorithm: Overview

sum-product is the generalization of the message-passing procedure to
more general factor graphs

it can be shown to implement exact inference in tree-structured models

� messages are sent to, and from, each node

� messages always consist of a function over the associated variable/factor

� each outgoing message is a simple function of incoming messages on
all the other edges

� that function is different for the two types of nodes (variables and fac-
tors)



Sum-Product algorithm: Message de�nitions

variable nodes are multipliers, generate messages to local factors:

� x! f ( x) =
Y

h2 n( x) nf f g

� h! x ( x)

factor nodes generate messages to variables by multiplying and summing
out other variables:

� f ! x ( x) =
X

xnx

0

B
@f ( X = x ; x )

Y

y2 n( f ) nf xg

� y! f ( y)

1

C
A

where X = n( f ) is the set of arguments to factor f



Sum-Product: leaves and marginals

leaf-node messages:

� � f ! x ( x) = f ( x)

� � x! f ( x) = 1

marginals:

p( x) =
X

xnx

p( x)

=
1

Z

Y

s2 n( x)

� f s! x ( x)

so can compute marginals by multiplying all incoming messages from neigh-
boring factors, normalize

normalization can be done as in chain: once, for single marginal and then
shared

conditioning handled with indicator functions



Sum-Product: example

P ( x1) =
1
Z

X

x 2

X

x 3

f A ( x1 ; x2 ; x3)

"
X

x 4

f B ( x3 ; x4)

"
X

x 5

f C ( x3 ; x5)

##

=?
1
Z

� A! x 1

� f A ! x 1
( x1) =

X

x 2;x 3

f A ( x1 ; x2; x3)
�
� x 2! f A

( x2) � x 3 ! f A
( x3)

�

� x 2! f A
( x2) = 1

� x 3! f A
( x3) = � f B ! x 3

( x3) � f C ! x 3
( x3)

� f B ! x 3
( x3) =

X

x 4

f B ( x3 ; x4) � x 4! f B
( x4)

� f C ! x 3
( x3) =

X

x 5

f C ( x3; x5) � x 5! f C
( x5)

� x 4! f B
( x4) = 1

� x 5! f C
( x5) = 1



Sum-Product: Protocol

1. designate a node as the root of the tree

2. propagate messages from leaves to root – each node sends message
to root once it receives message from all its neighbors

3. root node sends out messages to all its neighbors

4. these send out messages along links going away from root, until reach
leaves

5. every link has two messages

scheduling: a node cannot send out messages to a neighbor until it has
received messages from all other nodes

each node will always receive enough messages to send out message:

� start with simple tree (root and leaves): no waiting

� new nodes added one at a time, must be leaf to maintain tree structure

� parent will now get message from it, still ok



Inference in non-trees

for graphs with loops, can apply loopy belief propagation: approximate in-
ference taking advantage of same message-passing rules as sum-product

information can �ow many times around graph, may not converg e

key: message passing schedule

will discuss more in detail next class



Junction tree algorithm

method for exact inference in general graphs (possibly with loops)

1. construct undirected graph (moralize)

2. selectively add links to maral graph to form triangulated graph

3. identify maximal cliques in triangulated graph

4. build junction tree, starting with cliques as nodes,

5. each link between cliques labeled by separator set



Moralization

for directed graphs, the parents may not be explicitly connected, but are
involved in same potential function: P ( X ) =

Q
k P ( xk jpak)

thus to apply recursive, node-based message-passing algorithm, we �rst
must connect all parents of every node, and drop directions on links

known as moralization

essential since conditioning couples parents in directed models (explaining
away), so need mechanism for respecting this when we do inference



Triangulation

defn: every cycle of length > 3 contains a chord, i.e., an edge not on the
cycle but between two nodes in the cycle

for undirected graphs, the algorithm is simple:

choose an ordering of the nodes;

foreach node xk in ordering

1. connect all the neighbors of xk

2. remove xk from the graph

note that the triangulation may not be unique



Forming junction tree: example


