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Machine Learning

cast machine learning tasks as numerical optimization problems

quantify solution to problem based on scalar objective function, evaluated
on sets of inputs/outputs:

arg min
�

� ( X ; Y j � )

goal: adjust parameters � to minimize objective function given inputs X
and outputs Y

key to designing machine learning system: select representation of in-
puts/outputs, and mathematical formulation of task as objective function

mechanics: optimize objective function given observed data to �nd best
parameters



Probabilistic Approach

assume inputs and outputs governed by some fundamental regularities,
e.g., pixel values in images; word-counts in documents

we focus on models using random variables to represent information in
world, probability distributions to describe statistical regularities

probabilistic models allow us to:

� account for noisy sensors, actuators

� make decisions based on partial information about the world

� describe inherently stochastic aspects of natural world

� consider data not well described by model

example of model using imperfect, incomplete information: deploy network
of smoke sensors to detect �res in a building



� too lazy to model what, besides �re, can trigger sensors

� too ignorant to model how �re creates smoke, what density of s moke
required to trigger sensors, etc.

both inputs and outputs to our system assumed to have been generated
randomly, from some joint probability distribution p( X ; Y )



Learning Problems

learning then amounts to estimating joint probability distribution functions
given samples from the functions

� Supervised learning (e.g., classi�cation, regression, ti me-series pre-
diction): conditional density estimation p( Y jX )

� Unsupervised learning (e.g., clustering, outlier detection, compres-
sion): density estimation p( X )

so the joint distribution is the primary object of interest; central problems
concern representing it compactly, and robustly learning its underlying pa-
rameters

main computations: compute marginal and conditional distributions from
joint model



Joint distribution

How to represent joint P ( X ) = P ( x1 ; x2 ; :::; xK ) compactly?

Naive tabular representation when xk is discrete, arity V , is impractical:
requires V K entries

Could assume independence (complete factorization):

P ( X ) =
KY

k=1
P ( xk)

Many fewer parameters required, but too restrictive a model

Instead make local assumptions about relationships between variables

Turn to diagrammatic representations of these relationships and the under-
lying probability distributions ) probabilistic graphical models



Probabilistic Graphical Models

represent joint compactly using “local” relationships speci�ed by a graph

� each random variable in model corresponds to graph node

� directed/undirected edges between nodes describe factorization of joint
probability

� functions stored at nodes describe quantitative details of pieces into
which distribution factors

motivation for graphical representation:

� powerful, elegant, simple way to specify family of distributions consis-
tent with assumptions about joint distribution

� visualization of representational assumptions

� formulate computations as operations on graph (e.g., passing mes-
sages between nodes)

� can apply analysis, and tools from graph theory



Types of graphs
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x4

x2 x3

x5
x6

x7

xk xkf(   )

xj xkF(       )

Directed graph Undirected graph
(Bayesian Network) (Markov random �eld)

P ( X ) =
Y

k
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k
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Factor graphs

variables
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Directed Acyclic Graphical Models (DAGMs)

consider directed acyclic graphs over K variables

each node has (possibly empty) set of parents pak

each node maintains a function f k( xk ; pa k) such that f k > 0 and
P

xk
f k( xk ; pa k) = 1 8k

then f k( xk ; pa k) = P ( xk jpak) and

P ( X ) = P ( x1 ; x2; :::; x K ) =
KY

k=1
P ( xk jpak)

thus we factorize joint in terms of local conditional probabilities: exponential
in fan-in of each node instead of in total number of variables K



Conditional Independence

Generalization of independence: two aspects of system become indepen-
dent once we observe a third aspect

Often does arise, can lead to signi�cant representational, computational
savings

Two random variables X and Y are conditionally independent given Z iff

P ( X jY; Z ) = P ( X jZ ) or P ( X; Y jZ ) = P ( X jZ ) P ( Y jZ )

Notation: X ? Y jZ

Intuition: once we learn Z , knowing Y gives us no additional information
about X

Examples?



Conditional independence in DAGMs

if we order nodes in a DAGM so that parents always come before their
children, then the models implies:

f xk ? ~pa k jpakg 8k

where ~pa k are nodes before xk that are not its parents

DAGM tells us that each variable is conditionally independent of its non-
descendants given its parents



DAGM speci�es a joint distribution

x1
x4

x2 x3

x5
x6

x7

P ( X ) = P ( x1) P ( x2) P ( x3) P ( x4 jx2) P ( x5 jx1; x4) P ( x6 jx4; x3) P ( x7 jx3)

if each variable is binary, then can represent functions at nodes as condi-
tional probability tables (CPTs)

In general, given DAGM de�nes joint distribution over varia bles:

P ( X ) =
Y

k
P ( xk jpak)

note that right-hand side is always correctly normalized if the individual
conditional distributions are normalized



Example DAGM



Example: Mixture of Gaussians

Gaussian mixture distribution can be expressed as

P ( x) =
X

k
� kN ( x j � k ; � k)

Can also express using latent variable z, a K dimensional binary vector
where only one element is 1 (equivalently a single multinomial variable):

p( zk = 1) = � k p( x jzk = 1) = N ( x j � k ; � k)

DAGM for this model:

P ( x ; z) = P ( z) P ( x jz)

Standard GMM is then the marginal distribution of x , obtained by summing
over all possible values of the latent variable z

Working with the joint rather than the marginal distribution leads to signi�-
cant simplications, particularly thru application of EM



Example: More elaborate DAGM

extend graphical model to include:

� observed variable values: denoted by �lled-in nodes

� parameters: denoted by closed small circles here

� plates: compact representation of repetitions of portions of graph (N
i.i.d. data points f xng, with corresponding latent values f zng)

note that model parameters can also become nodes, with associated hyper-
parameters, by introducing priors over the parameters



Generative models

some DAGMs are called generative models: leaves (highest numbered
nodes) represent observations, and lower nodes are latent variables

such a DAGM can represent a hypothesis about the causal process by
which the observed data was generated

for example:

hidden variables need not have any explicit interpretation, but instead may
provide useful decomposition of complex joint

often interesting to produce synthetic observations from generative model,
by running ancestral sampling: obtain values from conditional distributions
of each node, going from lowest to highest numbered variables



Missing edges

Key point about DAGMs: missing edges imply conditional independence

Can always express full joint as product of conditionals, given an ordering:

P ( X ) = P ( x1) P ( x2 jx1) P ( x3 jx1; x2) P ( x4 jx1; x2; x3) :::

If joint represented by a DAGM then some of the conditioned variables on
right side missing ! equivalent to enforcing conditional independence

can create graph in this way:

1. start with complete ordered graph (each node has all previous nodes
as parents)

2. remove edges to get DAGM

3. removing edge into node k eliminates an argument from the condi-
tional probability factor P ( xk jx1; x2; :::x k� 1)



Additional conditional independencies

conditional independence (CI) important: reduces complexity of inference
[more next class]

the graph speci�es basic conditional independencies, but s urprisingly oth-
ers may follow from these

in general it is dif�cult to say which additional CIs follow f rom a basic set:
could test by repeated application of sum and product rules, but slow

in the case of DAGMs, we can generate all CI statements that must be true
just given connectivity of graph (“topological” relations)

note that based on factors at nodes (parameter values, CPTs), there may
be even more CIs, but here we consider CIs true of every member of family
of distributions consistent with graph

graph represents a family of joint distributions consistent with its CI as-
sumptions, not a speci�c distribution



Three-node graph examples

Aim: given graphical structure between triple of nodes, determine if a and
b are conditionally independent, either conditioned on c or nothing

three types of structure:

1. Markov chain

P ( a; b; c) = P ( a) P ( cja) P ( bjc)

(1) P ( a; b) = P ( a)
X

c
P ( cja) P ( bjc) ) a 6?bj;

(2) P ( a; bjc) = P ( a; b; c) =P( c) = P ( a) P ( cja) P ( bjc) =P( c)

= P ( ajc) P ( bjc) ) a ? bjc



2. Common cause (hidden variable)

P ( a; b; c) = P ( c) P ( ajc) P ( bjc)

(1) P ( a; b) =
X

c
P ( c) P ( ajc) P ( bjc) ) a 6?bj;

(2) P ( a; bjc) = P ( a; b; c) =P( c) = P ( ajc) P ( bjc) ) a ? bjc

3. Competing explanations

P ( a; b; c) = P ( a) P ( b) P ( cja; b)

(1) P ( a; b) =
X

c
P ( a) P ( b) P ( cja; b) = P ( a) P ( b) ) a ? bj;

(2) P ( a; bjc) = P ( a; b; c) =P( c) = P ( a) P ( b) P ( cja; b) =P( c)

) a 6?bjc



Third example: Explaining away

If condition on c, are a and b conditionally independent?

For example,

� if �ip 2 coins independently, let a=coin1, b=coin2

� let c = 1 if both coins same, c = 0 if different

� a and b are independent, but if I tell you c, they become coupled

a; b are marginally independent, but given c, they are conditionally depen-
dent



P ( S) = :2; P ( R) = :8; observe W = 1

P ( RjW ) =
P ( W; R )

P ( W )

=
P ( W jS; R) P ( S) P ( R) + P ( W j �S; R) P ( �S) P ( R)

P
s2 S; �S

P
r 2 R; �R P ( W js; r ) P ( s) P ( r )

=
:99 � :2 � :8 + :9 � :8 � :8

:99 � :2 � :8 + :9 � :8 � :8 + :9 � :2 � :2 + 0 � :8 � :2
= :95

Now observe S = 1

P ( RjW; S) =
P ( W jS; R) P ( R)

P ( W jS)
= ( :99 � :8) =( :99 � :8 + :9 � :2) = :81

so R has become less likely since S has explained away W



Graphical view of CI: Bayes Ball Algorithm

Procedure for determining if two nodes are CI given conditioning set: A ?
B jC?

Game: start ball at node A, see if can get to B if all C 2 C conditioned on

stopped arrow indicates ball is blocked, curved arrow means it can pass
thru

ball passing through implies dependence, blocking implies CI

notice that balls can travel opposite to edge direction



Bayes ball game rules
BA BA BA BA
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Bayes Ball Game 1

Rules X ? Y jZ
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B

A

C
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A B
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Bayes Ball Game 2

Rules X 6?Y jZ; W

A

C

B

A

C

B

A B

C A B

C

C

A B

A B

C

X

Z

Y

W

BA BA BA BA

ball can now travel thru W , due to second rule in last row



DAGM conditional independence relations: Summary

Multiple ways of determining whether or not two nodes are conditionally
independent in DAGM:

1. Node is conditionally independent (CI) of predecessors in node order-
ing, given its parents

2. Node is CI of non-descendants in Bayes net, given its parents

3. Node is CI of all other nodes given its Markov blanket

4. A and B are CI given C if all paths from A to B are blocked conditioned
on C (Bayes ball): d-separation
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