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Abstract
Wedescribeagenerativemodelfor handwrittendigits thatusestwo pairs
of opposingspringswhosestiffnessesarecontrolledby amotorprogram.
Weshow how neuralnetworkscanbetrainedto infer themotorprograms
requiredto accuratelyreconstructtheMNIST digits. Theinferredmotor
programscanbeuseddirectlyfor digit classi�cation,but they canalsobe
usedin otherways.By addingnoiseto themotorprograminferredfrom
anMNIST imagewecangeneratea largesetof very differentimagesof
thesameclass,thusenlarging thetrainingsetavailableto othermethods.
We canalsousethe motor programsasadditional,highly informative
outputswhich reduceover�tting whentraininga feed-forwardclassi�er.

1 Overview
Theideathatpatternscanberecognizedby �guring outhow they weregeneratedhasbeen
aroundfor at leasthalf a century[1, 2] andoneof the �rst proposedapplicationswasthe
recognitionof handwritingusingagenerativemodelthatinvolvedpairsof opposingsprings
[3, 4]. The“analysis-by-synthesis”approachis attractivebecausethetruegenerativemodel
shouldprovidethemostnaturalwayto characterizeaclassof patterns.Thehandwritten2's
in �gure 1, for example,areveryvariablewhenviewedaspixelsbut they haveverysimilar
motorprograms.Despiteits obviousmerits,analysis-by-synthesishashadfew successes,
partly becauseit is computationallyexpensive to invert non-lineargenerative modelsand
partly becausethe underlyingparametersof the generative modelareunknown for most
largedatasets.For example,theonly sourceof informationabouthow theMNIST digits
weredrawn is theimagesthemselves.

We describea simplegenerative model in which a penis controlledby two pairsof op-
posingspringswhosestiffnessesare speci�ed by a motor program. If the sequenceof
stiffnessesis speci�ed correctly, the modelcanproduceimageswhich look very like the
MNIST digits. Usinga separatenetwork for eachdigit class,we show thatbackpropaga-
tion canbeusedto learna “recognition”network thatmapsimagesto themotorprograms
requiredto producethem.An interestingaspectof this learningis thatthenetwork creates
its own trainingdata,so it doesnot requirethe training imagesto be labelledwith motor
programs.Eachrecognitionnetwork startswith a singleexampleof a motorprogramand
grows an“island of competence”aroundthis example,progressively extendingtheregion
over which it canmapsmall changesin the imageto thecorrespondingsmall changesin
themotorprogram(see�gure 2).



Figure1: An MNIST imageof a2 andtheadditionalimagesthatcanbegeneratedby infer-
ring themotorprogramandthenaddingrandomnoiseto it. Thepixelsarevery different,
but they areall clearlytwos.

Fairly gooddigit recognitioncanbeachievedby usingthe10 recognitionnetworksto �nd
10 motor programsfor a test imageandthenscoringeachmotor programby its squared
error in reconstructingthe image. The 10 scoresare then fed into a softmaxclassi�er.
Recognitioncanbeimprovedby usingPCAto modelthedistributionof motortrajectories
for eachclassandusingthedistanceof amotortrajectoryfromtherelevantPCAhyperplane
asanadditionalscore.

Eachrecognitionnetwork is solvinga dif�cult globalsearchproblemin which thecorrect
motor programmustbe found by a single,“open-loop” passthroughthe network. More
accuraterecognitioncanbeachievedby usingthis open-loopglobalsearchto initialize an
iterative, closed-looplocal searchwhich usesthe error in the reconstructedimageto re-
visethemotorprogram.This requiresreconstructionerrorsin pixel spaceto bemappedto
correctionsin thespaceof springstiffnesses.We cannotbackpropagateerrorsthroughthe
generative modelbecauseit is just a hand-codedcomputerprogram.Sowe learn“genera-
tive” networks,oneperdigit class,thatemulatethegenerator. After learning,backpropa-
gationthroughthesegenerativenetworksis usedto convertpixel reconstructionerrorsinto
stiffnesscorrections.

Our �nal systemgives1:82% error on the MNIST testsetwhich is similar to the 1:7%
achieved by a very differentgenerative approach[5] but worsethanthe 1:53% produced
by the bestbackpropagation networks or the 1:4% producedby supportvectormachines
[6]. It is muchworsethanthe 0.4%producedby convolutional neuralnetworks that use
cleverly enhancedtrainingsets[7]. Recognitionof testimagesis quiteslow becauseit uses
tendifferentrecognitionnetworksfollowedby iterative local search.Thereis, however, a
muchmoreef�cient way to make useof our ability to extractmotorprograms.They can
betreatedasadditionaloutputlabelswhenusingbackpropagationto train a single,multi-
layer, discriminative neuralnetwork. Theseadditional labelsact as a very informative
regularizerthat reducestheerrorratefrom 1:53% to 1:27% in a network with two hidden
layersof 500unitseach.This is a new methodof improving performancethatcanbeused
in conjunctionwith othertricks suchaspreprocessingthe images,enhancingthe training
setor usingconvolutionalneuralnets[8, 7].

2 A simplegenerativemodel for drawing digits

Thegenerative modelusestwo pairsof opposingspringsat right angles.Oneendof each
springis attachedto africtionlesshorizontalor verticalrail thatis 39pixelsfrom thecenter
of the image. Theotherendis attachedto a “pen” thathassigni�cant mass.Thesprings
themselves are weightlessand have zero rest length. The pen startsat the equilibrium
positionde�ned by the initial stiffnessesof the four springs. It thenfollows a trajectory
that is determinedby the stiffnessof eachspringat eachof the 16 subsequenttime steps
in the motor program. The massis large comparedwith the rateat which the stiffnesses
change,sothesystemis typically far from equilibriumasit follows thesmoothtrajectory.
Oneachtimestep,themomentumis multipliedby 0:9 to simulateviscosity. A coarse-grain
trajectoryis computedby usingonestepof forward integrationfor eachtime stepin the
motorprogram,soit contains17points.Thecodeis atwww.cs.toronto.edu/� hinton/code.



Figure 2: The training datafor eachclass-speci�crecognitionnetwork is producedby
addingnoiseto motor programsthat are inferredfrom MNIST imagesusingthe current
parametersof the recognitionnetwork. To initiate this process,the biasesof the output
unitsaresetby handsothatthey representaprototypicalmotorprogramfor theclass.

Givena coarse-graintrajectory, we needa way of assigninganintensityto eachpixel. We
triedvariousmethodsuntil wehand-evolvedonethatwasableto reproducetheMNIST im-
agesfairly accurately, but we suspectthatmany othermethodswould bejust asgood.For
eachpoint on thecoarsetrajectory, we sharetwo unitsof ink betweenthethefour closest
pixelsusingbilinear interpolation.We alsouselinear interpolationto addthree�ne-grain
trajectorypointsbetweenevery pair of coarse-grainpoints. These�ne-grain pointsalso
contribute ink to the pixels usingbilinear interpolation,but the amountof ink they con-
tributeis zeroif they arelessthanonepixel apartandriseslinearly to thesameamountas
thecoarse-grainpointsif they aremorethantwo pixelsapart.Thisgeneratesathin skeleton
with a fairly uniform ink density. To �esh-out theskeleton,we usetwo “ink parameters”,
a, b, to specifya3� 3 kernelof theform b(1+ a)[ a
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is convolved with the imagefour times. Finally, the pixel intensitiesareclippedto lie in
theinterval [0,1]. Thematlabcodeis at www.cs.toronto.edu/� hinton/code.Thevaluesof
2a andb=1:5 areadditional,logisticoutputsof therecognitionnetworks1.

3 Training the recognitionnetworks

Theobviousway to learna recognitionnetwork is to usea trainingsetin which theinputs
areimagesandthetargetoutputsarethemotorprogramsthatwereusedto generatethose
images.If we knew thedistribution over motorprogramsfor a givendigit class,we could
easilyproducesucha setby running the generator. Unfortunately, the distribution over
motorprogramsis exactly whatwe wantto learnfrom thedata,sowe needa way to train

1Wecanaddall sortsof parametersto thehand-codedgenerativemodelandthengettherecogni-
tion networksto learnto extracttheappropriatevaluesfor eachimage.Theglobalmassandviscosity
aswell asthespacingof therails thathold thespringscanbelearned.Wecanevenimplementaf�ne-
like transformationsby attachingthefour springsto endpointswhoseeightcoordinatesaregivenby
therecognitionnetworks. Theseextra parametersmake the learningslower and,for thenormalized
digits, they do not improve discrimination,probablybecausethey help the wrong digit modelsas
muchastheright one.



therecognitionnetwork withoutknowing thisdistributionin advance.Generatingscribbles
from randommotor programswill not work becausethe capacityof the network will be
wastedon irrelevantimagesthatarefar from therealdata.

Figure2 shows how a single,prototypemotorprogramcanbeusedto initialize a learning
processthatcreatesits own trainingdata.Theprototypeconsistsof a sequenceof 4 � 17
springstiffnessesthat areusedto set the biaseson 68 of the 70 logistic outputunits of
the recognitionnet. If the weightscoming from the 400 hiddenunits are initially very
small, the recognitionnetwill thenoutputa motorprogramthat is a closeapproximation
to theprototype,whatever theinput image.Somerandomnoiseis thenaddedto thismotor
programandit is usedto generateatrainingimage.Soinitially, all of thegeneratedtraining
imagesarevery similar to the oneproducedby the prototype. The recognitionnet will
thereforedevote its capacityto modelingtheway in which smallchangesin theseimages
mapto small changesin the motor program. Imagesin the MNIST training set that are
closeto the prototypewill thenbe given their correctmotor programs.This will tendto
stretchthedistributionof motorprogramsproducedby thenetwork alongthedirectionsthat
correspondto themanifoldonwhich thedigits lie. As timegoesby, thegeneratedtraining
setwill expandalongthemanifoldfor thatdigit classuntil all of theMNIST trainingimages
of thatclassarewell modelledby therecognitionnetwork.

It takes about10 hoursin matlabon a 3 GHz Xeon to train eachrecognitionnetwork.
We useminibatchesof size100, momentumof 0:9, andadaptive learningrateson each
connectionthat increaseadditively whenthe sign of the gradientagreeswith the sign of
thepreviousweightchangeanddecreasemultiplicatively whenthesignsdisagree[9]. The
net is generatingits own trainingdata,sotheobjective functionis alwayschangingwhich
makesit inadvisableto useoptimizationmethodsthatgo asfar asthey canin a carefully
chosendirection. Figures3 and4 show someexamplesof how well the recognitionnets
performafter training. Nearly all modelsachieve an averagesquaredpixel error of less
than 15 per imageon their validation set (pixel intensitiesare between0 and 1 with a
preponderanceof extremevalues).The inferredmotorprogramsareclearlygoodenough
to capturethediversehandwritingstylesin thedata.They arenotgoodenough,however, to
give classi�cationperformancecomparableto thestate-of-the-arton theMNIST database.
So we addeda seriesof enhancementsto the basicsystemto improve the classi�cation
accuracy.

4 Enhancementsto the basicsystem

Extra strokesin onesand sevens.Onelimitation of thebasicsystemis thatit drawsdigits
usingonly asinglestroke(i.e. thetrajectoryis asingle,unbrokencurve). But whenpeople
draw digits, they oftenaddextra strokesto them. Two of themostcommonexamplesare
thedashat thebottomof ones,andthedashthroughthemiddleof sevens(seeexamplesin
�gure 5). About2.2%of onesand13%of sevensin theMNIST trainingsetaredashedand
not modellingthe dashesreducesclassi�cationaccuracy signi�cantly. We modeldashed
onesandsevensby augmentingtheirbasicmotorprogramswith anothermotorprogramto
draw thedash.For example,adashedsevenis generatedby �rst drawing anordinaryseven
usingthemotorprogramcomputedby thesevenmodel,andthendrawing thedashwith a
motorprogramcomputedby aseparateneuralnetwork thatmodelsonly dashes.

Dashesin onesandsevensaremodeledwith two differentnetworks. Their training pro-
ceedsthesamewayaswith theothermodels,exceptnow thereareonly 50hiddenunitsand
the training setcontainsonly the dashedcasesof the digit. (Separatingthesecasesfrom
therestof theMNIST trainingsetis easybecausethey canbequickly spottedby looking
at thedifferencebetweentheimagesandtheir reconstructionsby thedashlessdigit model.)
The net takes the entire imageof a digit as input, andcomputesthe motor programfor
just thedash.Whenreconstructinganunlabelledimageassay, a seven,we computeboth



Figure3: Examplesof validationsetimagesreconstructedby their correspondingmodel.
In eachcasetheoriginal imageis on theleft andthereconstructionis on theright. Super-
imposedon theoriginal imageis thepentrajectory.

the dashedanddashlessversionsof seven andpick the onewith the lower squaredpixel
error to be that image's reconstructionasa seven. Figure5 shows examplesof images
reconstructedusingtheextrastroke.

Local search. Whenreconstructinganimagein its own class,adigit modeloftenproduces
a sensible,overall approximationof the image. However, someof the �ner detailsof the
reconstructionmaybeslightly wrongandneedto be �x edup by an iterative local search
thatadjuststhemotorprogramto reducethereconstructionerror. We �rst approximatethe
graphicsmodelwith a neuralnetwork that containsa singlehiddenlayer of 500 logistic
units. We train onesuchgenerative network for eachof the tendigits andfor thedashed
versionof onesandsevens(for a total of 12 nets). Themotorprogramsusedfor training
are obtainedby addingnoiseto the motor programsinferred from the training databy
the relevant, fully trainedrecognitionnetwork. The imagesproducedfrom thesemotor
programsby thegraphicsmodelareusedasthetargetsfor thesupervisedlearningof each
generativenetwork. Giventhesetargets,theweightupdatesarecomputedin thesameway
asfor therecognitionnetworks.

Figure4: To model4'sweuseasinglesmoothtrajectory, but turnoff theink for timesteps
9 and10. For imagesin which thependoesnotneedto leave thepaper, therecognitionnet
�nds a trajectoryin whichpoints8 and11areclosetogethersothatpoints9 and10arenot
needed.For 5's we leave thetopuntil lastandturnoff theink for timesteps13and14.



Figure5: Examplesof dashedonesandsevensreconstructedusinga secondstroke. The
pentrajectoryfor thedashis shown in blue,superimposedon theoriginal image.

Initial squared pixel error = 33.8 10 iterations, error = 15.2 20 iterations, error = 10.5 30 iterations, error = 9.3

Figure6: An exampleof how local searchimprovesthedetailedregistrationof thetrajec-
tory foundby thecorrectmodel. After 30 iterations,thesquaredpixel error is lessthana
third of its initial value.

Oncethegenerativenetwork is trained,wecanuseit to iteratively improvetheinitial motor
programcomputedby therecognitionnetwork for animage.Themainstepsin oneiteration
are: 1) computethe error betweenthe imageand the reconstructiongeneratedfrom the
currentmotor programby the graphicsmodel; 2) backpropagatethe reconstructionerror
throughthegenerativenetwork to calculateits gradientwith respectto themotorprogram;
3) computea new motorprogramby takinga stepalongthedirectionof steepestdescent
plus0:5 timesthepreviousstep.Figure6 shows anexampleof how local searchimproves
thereconstructionby thecorrectmodel.Localsearchis usuallylesseffectiveat improving
the�ts of thewrongmodels,so it eliminatesabout20%of theclassi�cationerrorson the
validationset.

PCA model of the imageresiduals.Thesumof squaredpixel errorsis not thebestway
of comparingan imagewith its reconstruction,becauseit treatsthe residualpixel errors
asindependentandzero-meanGaussiandistributed,which they arenot. By modellingthe
structurein theresidualvectors,we cangeta betterestimateof theconditionalprobability
of theimagegiventhemotorprogram.For eachdigit class,we constructa PCA modelof
the imageresidualvectorsfor the training images.Then,given a test image,we project
theimageresidualvectorproducedby eachinferredmotorprogramontotherelevantPCA
hyperplaneandcomputethesquareddistancebetweentheresidualandits projection.This
givesten scoresfor the imagethat measurethe quality of its reconstructionsby the digit
models. We don't discardthe old sumof squaredpixel errorsasthey arestill useful for
classifyingmost imagescorrectly. Instead,all twenty scoresare usedas inputs to the
classi�er, whichdecideshow to combinebothtypesof scoresto achievehighclassi�cation
accuracy.

PCA model of trajectories. Classifyingan imageby comparingits reconstructionerrors
for thedifferentdigit modelstacitly relieson theassumptionthattheincorrectmodelswill
reconstructthe imagepoorly. Sincethemodelshave only beentrainedon imagesin their



Squared error = 24.9,   Shape prior score = 31.5 Squared error = 15.0,   Shape prior score = 104.2

Figure7: Reconstructionof atwo imageby thetwo model(left box)andby thethreemodel
(right box), with thepentrajectorysuperimposedon theoriginal image.Thethreemodel
sharplybendsthebottomof its trajectoryto betterexplain the ink, but thetrajectoryprior
for threepenalizesit with a high score.The two modelhasa highersquarederror, but a
muchlowerprior score,whichallows theclassi�er to correctlylabeltheimage.

own class,they often do reconstructimagesfrom otherclassespoorly, but occasionally
they �t animagefrom anotherclasswell. For example,�gure 7 showshow thethreemodel
reconstructsa two imagebetterthanthetwo modelby generatingahighly contortedthree.
Thisproblembecomesevenmorepronouncedwith localsearchwhichsometimescontorts
thewrongmodelto �t the imagereally well. Thesolutionis to learna PCA modelof the
trajectoriesthata digit modelinfers from imagesin its own class.Givena testimage,the
trajectorycomputedby eachdigit modelis scoredby its squareddistancefrom therelevant
PCA hyperplane.These10 “prior” scoresarethengiven to the classi�er alongwith the
20 “lik elihood” scoresdescribedabove. The prior scoreseliminatemany classi�cation
mistakessuchastheonein �gure 7.

5 Classi�cation results
To classifya test image,we apply multinomial logistic regressionto the 30 scores– i.e.
weuseaneuralnetwork with nohiddenunits,10softmaxoutputunitsandacross-entropy
error. Thenetis trainedby gradientdescentusingthescoresfor thevalidationsetimages.
To illustrate the gain in classi�cation accuracy achieved by the enhancementsexplained
above,table1 givesthepercenterroron thevalidationsetaseachenhancementis addedto
thesystem.Together, theenhancementsalmosthalve thenumberof mistakes.

Enhancements Validation set Testset
% error % error

None 4.43
1 3.84

1, 2 3.01
1, 2, 3 2.67

1, 2, 3, 4 2.28 1.82

Table1: Thegain in classi�cationaccuracy on thevalidationsetasthefollowing enhance-
mentsareadded:1) extrastrokefor dashedonesandsevens,2) localsearch,3) PCAmodel
of imageresidual,and4) PCA trajectoryprior. To avoid usingthetestsetfor modelselec-
tion, theperformanceon theof�cial testsetwasonly measuredfor the�nal system.

6 Discussion
After trainingasingleneuralnetwork to outputboththeclasslabelandthemotorprogram
for all classes(asdescribedin section1) we tried ignoringthelabeloutputandclassifying



thetestimagesby usingthecost,under10 differentPCA models,of thetrajectoryde�ned
by the inferredmotor program. EachPCA modelwas�tted to the trajectoriesextracted
from thetrainingimagesfor a givenclass.This gave 1:80% errorswhich is asgoodasthe
1:82% we got usingthe 10 separaterecognitionnetworks andlocal search.This is quite
surprisingbecausethe motor programsproducedby the single network were simpli�ed
to make them all have the samedimensionalityand they producedsigni�cantly poorer
reconstructions.By only usingthe 10 digit-speci�c recognitionnetsto createthe motor
programsfor the training data,we getmuchfasterrecognitionof testdatabecauseat test
time we can usea single recognitionnetwork for all classes. It also meanswe do not
needto trade-off prior scoresagainstimageresidualscoresbecausethereis only oneimage
residual.

The ability to extract motor programscould alsobe usedto enhancethe training set. [7]
shows thaterrorratescanbehalvedby usingsmoothvectordistortion�elds to createextra
trainingdata.They arguethat these�elds simulate“uncontrolledoscillationsof thehand
musclesdampenedby inertia”. Motor noisemay be bettermodelledby addingnoiseto
anactualmotorprogramasshown in �gure 1. Noticethat this producesa wide varietyof
non-blurryimagesandit canalsochangethetopology.

Thetechniqueswe have usedfor extractingmotorprogramsfrom digit imagesmaybeap-
plicableto speech.Thereareexcellentgenerative modelsthatcanproducealmostperfect
speechif they aregiven theright formantparameters[10]. Usingoneof thesegenerative
modelswe maybeableto train a largenumberof specializedrecognitionnetworksto ex-
tractformantparametersfrom speechwithoutrequiringlabeledtrainingdata.Oncethishas
beendone,labeleddatawould beavailablefor traininga singlefeed-forwardnetwork that
couldrecover accurateformantparameterswhichcouldbeusedfor real-timerecognition.
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