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Abstract

We describea generatre modelfor handwritterdigits thatuseswo pairs
of opposingspringswhosestiffnessesrecontrolledby amotorprogram.
We shav how neuralnetworkscanbetrainedto infer themotorprograms
requiredto accuratelyreconstructhe MNIST digits. Theinferredmotor
programsanbeuseddirectly for digit classi cation,butthey canalsobe
usedin otherways. By addingnoiseto the motor programinferredfrom
anMNIST imagewe cangenerate large setof very differentimagesof
thesameclass thusenlaging thetrainingsetavailableto othermethods.
We canalso usethe motor programsas additional, highly informative
outputswhich reduceover tting whentrainingafeed-forwardclassi er.

1 Overview

Theideathatpatternscanberecognizedy guring outhow they weregeneratedhasbeen
aroundfor at leasthalf a century[1, 2] andoneof the rst proposedapplicationsvasthe
recognitionof handwritingusinga generatre modelthatinvolved pairsof opposingsprings
[3, 4]. The“analysis-by-synthesisdpproachs attractve becaus¢hetruegeneratie model
shouldprovide themostnaturalwayto characteriza classof patterns Thehandwritter?'s
in gure 1, for example,areveryvariablewhenviewedaspixelsbut they have very similar
motor programs.Despiteits obvious merits,analysis-by-synthesisashadfew successes,
partly becauset is computationallyexpensve to invert non-lineargeneratre modelsand
partly becausahe underlyingparameter®f the generatre modelare unknavn for most
large datasets. For example,the only sourceof informationabouthow the MNIST digits
weredrawn is theimageshemseles.

We describea simple generatie modelin which a penis controlledby two pairs of op-
posing springswhosestiffnessesare speci ed by a motor program. If the sequencef
stiffnessess speci ed correctly the modelcan produceimageswhich look very like the
MNIST digits. Using a separateetwork for eachdigit class,we shov thatbackpropag-
tion canbe usedto learna “recognition” network thatmapsimagesto the motor programs
requiredto producethem.An interestingaspecbf this learningis thatthe network creates
its own training data,soit doesnot requirethe trainingimagesto be labelledwith motor
programs.Eachrecognitionnetwork startswith a singleexampleof a motor programand
grows an“island of competencearoundthis example,progressiely extendingthe region
over which it canmapsmall changesn theimageto the correspondingmall changesn
themotorprogram(see gure 2).
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Figurel: An MNIST imageof a2 andtheadditionalimageghatcanbegeneratedby infer-
ring the motor programandthenaddingrandomnoiseto it. The pixelsarevery different,
but they areall clearlytwos.

Fairly gooddigit recognitioncanbe achiezed by usingthe 10 recognitionnetworksto nd
10 motor programsfor a testimageandthen scoringeachmotor programby its squared
error in reconstructinghe image. The 10 scoresare thenfed into a softmaxclassi er.
Recognitioncanbeimproved by usingPCA to modelthedistribution of motortrajectories
for eachclassandusingthedistanceof amotortrajectoryfrom therelevantPCAhyperplane
asanadditionalscore.

Eachrecognitionnetwork is solvinga dif cult global searchproblemin which the correct
motor programmustbe found by a single, “open-loop” passthroughthe network. More
accurataecognitioncanbe achiezed by usingthis open-loopglobal searcho initialize an
iterative, closed-looplocal searchwhich usesthe errorin the reconstructedmageto re-
visethemotorprogram.This requiresreconstructiorerrorsin pixel spaceo be mappedo
correctiondn the spaceof springstiffnessesWe cannotbackpropagteerrorsthroughthe
generatre modelbecausét is just a hand-codedomputemprogram.Sowe learn“genera-
tive” networks, oneperdigit class,thatemulatethe generatar After learning,backpropa-
gationthroughthesegeneratie networksis usedto cornvert pixel reconstructiorerrorsinto
stiffnesscorrections.

Our nal systemgives 1:82% error on the MNIST testsetwhich is similar to the 1:7%
achieved by a very differentgeneratie approacH5] but worsethanthe 1:53% produced
by the bestbackpropagtion networks or the 1:4% producedby supportvectormachines
[6]. It is muchworsethanthe 0.4% producedby convolutional neuralnetworks that use
cleverly enhancedrainingsets7]. Recognitiorof testimagesds quiteslow becausé uses
tendifferentrecognitionnetworks followed by iterative local search.Thereis, however, a
muchmoreefcient way to make useof our ability to extract motor programs.They can
betreatedasadditionaloutputlabelswhenusingbackpropagtionto train a single, multi-
layer, discriminatve neuralnetwork. Theseadditionallabelsact as a very informative
regularizerthatreduceghe errorratefrom 1:53% to 1:27% in a network with two hidden
layersof 500unitseach.Thisis a new methodof improving performancehatcanbeused
in conjunctionwith othertricks suchaspreprocessinghe images,enhancinghe training
setor usingcorvolutionalneuralnets[8, 7].

2 A simple generative modelfor drawing digits

The generatie modelusestwo pairsof opposingspringsat right angles.Oneendof each
springis attachedo africtionlesshorizontalor verticalrail thatis 39 pixelsfrom thecenter
of theimage. The otherendis attachedo a “pen” thathassigni cant mass.The springs
themseles are weightlessand have zerorestlength. The pen startsat the equilibrium
positionde ned by the initial stiffnessef the four springs. It thenfollows a trajectory
thatis determinedoy the stiffnessof eachspringat eachof the 16 subsequentiime steps
in the motor program. The massis large comparedwith the rateat which the stiffnesses
changesothe systemis typically far from equilibriumasit follows the smoothtrajectory
Oneachtime step themomenturris multiplied by 0:9 to simulateviscosity A coarse-grain
trajectoryis computedby usingone stepof forward integrationfor eachtime stepin the
motorprogram soit containsl? points. Thecodeis atwww.cs.toronto.edu/ hinton/code.



Figure 2: The training datafor eachclass-speci crecognitionnetwork is producedby
addingnoiseto motor programsthat are inferredfrom MNIST imagesusingthe current
parameter®f the recognitionnetwork. To initiate this processthe biasesof the output
unitsaresetby handsothatthey represeng prototypicalmotor programfor the class.

Givena coarse-grainrajectory we needa way of assigninganintensityto eachpixel. We
tried variousmethodsuntil we hand-@olvedonethatwasableto reproducehe MNIST im-
agesfairly accuratelybut we suspecthatmary othermethodswvould bejustasgood. For
eachpoint on the coarserajectory we sharetwo units of ink betweerthethefour closest
pixels usingbilinearinterpolation.We alsouselinearinterpolationto addthree ne-grain
trajectorypoints betweenevery pair of coarse-grairpoints. These ne-grain pointsalso
contritute ink to the pixels using bilinear interpolation,but the amountof ink they con-
tributeis zeroif they arelessthanonepixel apartandriseslinearly to the sameamountas
thecoarse-graipointsif they aremorethantwo pixelsapart. Thisgenerateathin skeleton
with afairly uniformink density To esh-outthe skeleton,we usetwo “ink parameters”,
a, b tospecifya3 3kerneloftheformb(1+ a)[5: &: 55 &1 &§; £ § ] which
is corvolved with the imagefour times. Finally, the pixel intensitiesare clippedto lie in
theintenal [0,1]. The matlabcodeis atwww.cs.toronto.edu/ hinton/code.The valuesof
2a andb=1:5 areadditional,logistic outputsof therecognitionnetworks'.

3 Training the recognitionnetworks

Theobviousway to learnarecognitionnetwork is to useatraining setin which theinputs
areimagesandthetargetoutputsarethe motor programshatwereusedto generateghose
images.If we knew the distribution over motor programdor a givendigit class,we could
easily producesucha setby runningthe generatar Unfortunately the distribution over
motor programss exactly whatwe wantto learnfrom the data,sowe needa way to train

We canaddall sortsof parameterso the hand-codedeneratie modelandthengetthe recogni-
tion networksto learnto extracttheappropriatevaluesfor eachimage.Theglobalmassandviscosity
aswell asthespacingof therails thathold the springscanbelearned We canevenimplementaf ne-
like transformationdy attachingthefour springsto endpointsvhoseeightcoordinatesregiven by
the recognitionnetworks. Theseextra parametersnake the learningslower and, for the normalized
digits, they do not improve discrimination,probablybecausehey help the wrong digit modelsas
muchastheright one.



therecognitionnetwork withoutknowing this distributionin advance.Generatingcribbles
from randommotor programswill not work becausehe capacityof the network will be
wastedonirrelevantimageghatarefar from therealdata.

Figure2 shawvs how a single,prototypemotor programcanbe usedto initialize a learning
procesghat creatests own training data. The prototypeconsistf asequencef 4 17
spring stiffnesseghat are usedto setthe biaseson 68 of the 70 logistic outputunits of
the recognitionnet. If the weightscoming from the 400 hiddenunits are initially very
small, therecognitionnetwill thenoutputa motor programthatis a closeapproximation
to the prototype whatever theinputimage.Somerandomnoiseis thenaddedo this motor
programandit is usedto generatatrainingimage.Soinitially, all of thegeneratedraining
imagesare very similar to the one producedby the prototype. The recognitionnet will
thereforedevoteits capacityto modelingthe way in which smallchangesn theseimages
mapto small changesn the motor program. Imagesin the MNIST training setthat are
closeto the prototypewill thenbe given their correctmotor programs.This will tendto
stretchthedistribution of motorprogramsproducedy thenetwork alongthedirectionsthat
correspondo themanifoldon which thedigits lie. As time goesby, thegeneratedraining
setwill expandalongthemanifoldfor thatdigit classuntil all of theMNIST trainingimages
of thatclassarewell modelledby therecognitionnetwork.

It takesabout10 hoursin matlabon a 3 GHz Xeon to train eachrecognitionnetwork.
We useminibatchesof size 100, momentumof 0:9, andadaptve learningrateson each
connectionthat increaseadditively whenthe sign of the gradientagreeswith the sign of
the previousweightchangeanddecreasenultiplicatively whenthe signsdisagred9]. The
netis generatingts own trainingdata,sothe objectve functionis alwayschangingwhich
malesit inadvisableto useoptimizationmethodsthatgo asfar asthey canin a carefully
chosendirection. Figures3 and4 shav someexamplesof how well the recognitionnets
performafter training. Nearly all modelsachieze an averagesquaredpixel error of less
than 15 per imageon their validation set (pixel intensitiesare between0 and 1 with a
preponderancef extremevalues). Theinferredmotor programsareclearly goodenough
to capturethediversehandwritingstylesin thedata. They arenotgoodenoughhowever, to
give classi cationperformanceomparabldo the state-of-the-arbn the MNIST database.
So we addeda seriesof enhancement® the basicsystemto improve the classi cation
accurag.

4 Enhancementso the basicsystem

Extra strokesin onesand sevens.Onelimitation of thebasicsystemis thatit dravs digits
usingonly asinglestrole (i.e. thetrajectoryis a single,unbrolencune). But whenpeople
draw digits, they often addextra strokesto them. Two of the mostcommonexamplesare
thedashat the bottomof ones,andthe dashthroughthe middle of sevens(seeexamplesin
gure 5). About2.2%o0f onesand13%of sevensin the MNIST trainingsetaredashedand
not modellingthe dasheseducesclassi cationaccurag signi cantly. We modeldashed
onesandsevensby augmentingheir basicmotor programswith anothemotorprogramto
draw thedash.For example adashedserenis generatedby rst draving anordinaryseven
usingthe motor programcomputedby the serven model,andthendrawving the dashwith a
motorprogramcomputedoy a separat@euralnetwork thatmodelsonly dashes.

Dashedn onesandsevensare modeledwith two differentnetworks. Their training pro-
ceedghesameway aswith theothermodelsexceptnow thereareonly 50 hiddenunitsand
the training setcontainsonly the dashedcasesof the digit. (Separatinghesecasesrom
therestof the MNIST training setis easybecausehey canbe quickly spottedoy looking
atthedifferencebetweertheimagesandtheirreconstructiondy thedashlessligit model.)
The nettakesthe entireimageof a digit asinput, and computeshe motor programfor
justthe dash.Whenreconstructingan unlabelledimageassay a seven,we computeboth



Figure3: Examplesof validationsetimagesreconstructedby their correspondingnodel.
In eachcasethe original imageis on theleft andthereconstructions ontheright. Super
imposedon the original imageis the pentrajectory

the dashedand dashleswersionsof seven andpick the onewith the lower squaredpixel
error to be thatimages reconstructioras a seven. Figure5 shavs examplesof images
reconstructedsingthe extra stroke.

Local search. Whenreconstructingainimagein its own classadigit modeloftenproduces
a sensible pverall approximationof theimage. However, someof the ner detailsof the
reconstructiormay be slightly wrong andneedto be x edup by aniterative local search
thatadjuststhe motor programto reducethereconstructiorerror. We rst approximatehe
graphicsmodelwith a neuralnetwork that containsa single hiddenlayer of 500 logistic
units. We train one suchgeneratie network for eachof the ten digits andfor the dashed
versionof onesandsevens(for atotal of 12 nets). The motor programsusedfor training
are obtainedby addingnoiseto the motor programsinferred from the training databy
the relevant, fully trainedrecognitionnetwork. The imagesproducedfrom thesemotor
programsby the graphicsmodelareusedasthetargetsfor the supervisedearningof each
generatie network. Giventhesetargets theweightupdatesarecomputedn the sameway
asfor therecognitionnetworks.

Figure4: To model4's we usea singlesmoothtrajectory but turn off theink for timesteps
9 and10. Forimagesin whichthe pendoesnotneedto leave the papertherecognitionnet
nds atrajectoryin which points8 and11 areclosetogethersothatpoints9 and10 arenot
neededFor 5'swe leave thetop until lastandturn off theink for timestepsl3and14.



Figure5: Examplesof dashednesandsevensreconstructedisinga secondstroke. The
pentrajectoryfor the dashis shavn in blue,superimposedn theoriginalimage.

Initial squared pixel error = 33.8 10 iterations, error = 15.2 20 iterations, error = 10.5 30 iterations, error = 9.3

o o

Figure6: An exampleof how local searchmprovesthe detailedregistrationof thetrajec-
tory found by the correctmodel. After 30 iterations,the squaredpixel erroris lessthana
third of its initial value.

Oncethegeneratie network is trained we canuseit to iteratively improve theinitial motor
programcomputecy therecognitiometwork for animage.Themainstepsn oneiteration
are: 1) computethe error betweenthe imageand the reconstructiorgeneratedrom the
currentmotor programby the graphicsmodel; 2) backpropagte the reconstructiorerror
throughthe generatie network to calculateits gradientwith respecto the motorprogram;
3) computea new motor programby taking a stepalongthe directionof steepestescent
plus0:5 timesthe previous step.Figure6 shavs anexampleof how local searchimproves
thereconstructiorby the correctmodel. Local searchis usuallylesseffective atimproving
the ts of thewrongmodels,soit eliminatesabout20% of the classi cationerrorson the
validationset.

PCA model of the imageresiduals. The sumof squaredixel errorsis not the bestway
of comparingan imagewith its reconstructionpecausaet treatsthe residualpixel errors
asindependenandzero-mearGaussiardistributed,which they arenot. By modellingthe
structurein theresidualvectors,we cangeta betterestimateof the conditionalprobability
of theimagegiventhe motor program.For eachdigit class,we constructa PCA modelof
the imageresidualvectorsfor the training images. Then, given a testimage,we project
theimageresidualvectorproduceddy eachinferredmotorprogramontotherelevantPCA
hyperplaneandcomputethe squarediistancebetweertheresidualandits projection.This
givesten scoresfor the imagethat measurehe quality of its reconstructiondy the digit
models. We don't discardthe old sumof squarecbixel errorsasthey arestill usefulfor
classifyingmostimagescorrectly Instead,all twenty scoresare usedas inputs to the
classi er, whichdecideshow to combinebothtypesof scoreso achieve high classi cation
accurag.

PCA model of trajectories. Classifyinganimageby comparingits reconstructiorerrors
for thedifferentdigit modelstacitly relieson theassumptiorthattheincorrectmodelswill
reconstructheimagepoorly. Sincethe modelshave only beentrainedon imagesin their



Squared error = 24.9, Shape prior score = 31.5 Squared error = 15.0, Shape prior score = 104.2

Figure7: Reconstructionf atwo imageby thetwo model(left box) andby thethreemodel
(right box), with the pentrajectorysuperimposedn the original image. The threemodel
sharplybendsthe bottomof its trajectoryto betterexplain the ink, but the trajectoryprior
for threepenalizest with a high score. Thetwo modelhasa highersquarederror, but a
muchlower prior score which allows the classi er to correctlylabeltheimage.

own class,they often do reconstructmagesfrom other classegoorly, but occasionally
they t animagefrom anotherclasswell. For example, gure 7 shavs how thethreemodel
reconstructs two imagebetterthanthe two modelby generatinga highly contortedthree.
This problembecomegvenmorepronouncedvith local searchwhich sometimesontorts
thewrongmodelto t theimagereally well. The solutionis to learna PCA modelof the
trajectorieghata digit modelinfersfrom imagesin its own class.Givenatestimage,the
trajectorycomputedoy eachdigit modelis scoredby its squaredlistancdrom therelevant
PCA hyperplane.Thesel0 “prior” scoresarethengivento the classi er alongwith the
20 “lik elihood” scoresdescribedabore. The prior scoreseliminate mary classi cation
mistalessuchastheonein gure 7.

5 Classi cation results

To classify a testimage,we apply multinomial logistic regressionto the 30 scores- i.e.

we usea neuralnetwork with no hiddenunits, 10 softmaxoutputunitsanda cross-entrop
error Thenetis trainedby gradientdescentsingthe scoredor the validationsetimages.
To illustrate the gain in classi cation accurag achiered by the enhancementsxplained
above, tablel givesthe percenterroronthevalidationsetaseachenhancemens addedo

the system.Togetherthe enhancementmosthalve the numberof mistales.

Enhancements| Validation set | Testset
% error % error
None 4.43
1 3.84
1,2 3.01
1,2,3 2.67
1,2,3,4 2.28 1.82

Tablel: Thegainin classi cationaccurag onthevalidationsetasthefollowing enhance-
mentsareadded:1) extrastroke for dashednesandsevens,2) local search3) PCAmodel

of imageresidual and4) PCA trajectoryprior. To avoid usingthetestsetfor modelselec-
tion, the performancentheof cial testsetwasonly measuredor the nal system.

6 Discussion

After traininga singleneuralnetwork to outputboththe classlabelandthe motorprogram
for all classeqgasdescribedn sectionl) we tried ignoringthe label outputandclassifying



thetestimagesby usingthe cost,under10 differentPCA models of thetrajectoryde ned
by the inferred motor program. EachPCA modelwas tted to the trajectoriesextracted
from thetrainingimagesfor a givenclass.This gave 1:80% errorswhich is asgoodasthe
1:82% we got usingthe 10 separatgecognitionnetworks andlocal search.This is quite
surprisingbecausehe motor programsproducedby the single network were simpli ed

to make them all have the samedimensionalityand they producedsigni cantly poorer
reconstructions By only usingthe 10 digit-speci ¢ recognitionnetsto createthe motor
programdfor the training data,we getmuchfasterrecognitionof testdatabecauset test
time we can usea single recognitionnetwork for all classes.It also meanswe do not
needto trade-of prior scoresagpinstimageresidualscoresecausehereis only oneimage
residual.

The ability to extract motor programscould alsobe usedto enhancehe training set. [7]

shavs thaterrorratescanbehalved by usingsmoothvectordistortion elds to createextra
training data. They arguethatthese elds simulate“uncontrolledoscillationsof the hand
musclesdampenedy inertia”. Motor noisemay be bettermodelledby addingnoiseto
anactualmotor programasshavn in gure 1. Noticethatthis producesawide variety of
non-blurryimagesandit canalsochangehetopology

Thetechniquesve have usedfor extractingmotorprogramsfrom digit imagesmaybe ap-
plicableto speech.Thereareexcellentgeneratie modelsthat canproducealmostperfect
speechf they aregiventheright formantparameter$10]. Using oneof thesegeneratie
modelswe may be ableto train a large numberof specializedecognitionnetworksto ex-

tractformantparameterfrom speeclwithoutrequiringlabeledtrainingdata.Oncethis has
beendone,labeleddatawould be availablefor training a singlefeed-forward network that
couldrecover accuratdormantparametersvhich could be usedfor real-timerecognition.
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