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Abstract

We presenta new techniquecalled“t-SNE” thatvisualizeshigh-dimensionatlataby giving each
datapointa locationin a two or three-dimensionahap. Thetechniquds a variationof Stochastic
NeighborEmbedding(Hinton and Roweis, 2002) thatis much easierto optimize, and produces
signi cantly bettervisualizationsby reducingthe tendeng to crowd pointstogetherin the center
of themap. t-SNE s betterthanexisting techniquest creatinga singlemapthatrevealsstructure
atmary differentscalesThisis particularlyimportantfor high-dimensionatiatathatlie on several
different,but related Jow-dimensionamanifolds,suchasimagesof objectsfrom multiple classes
seenfrom multiple viewpoints. For visualizingthe structureof very large datasets,we shav how
t-SNE canuserandomwalks on neighborhoodyraphsto allow the implicit structureof all of the
datato in uencethewayin whichasubsebf thedatais displayed We illustratethe performancef
t-SNE on awide variety of datasetsandcomparet with mary othernon-parametrizisualization
techniquesincluding Sammormapping,Isomap,andLocally Linear Embedding.The visualiza-
tions producedby t-SNE are signi cantly betterthanthoseproducedby the othertechniqueson
almostall of thedatasets.

Keywords: visualization,dimensionalityreduction,manifold learning,embeddingalgorithms,
multidimensionakcaling

1. Intr oduction

Visualizationof high-dimensionatdatais animportantproblemin mary differentdomains,and
dealswith dataof widely varying dimensionality Cell nucleithat are relevant to breastcancer
for example,are describedby approximately30 variables(Streetet al., 1993), whereaghe pixel
intensity vectorsusedto representmagesor the word-countvectorsusedto representiocuments
typically have thousandof dimensions. Over the last few decadesa variety of techniquegor
the visualizationof suchhigh-dimensionatlatahave beenproposedmary of which arereviewed
by de OliveiraandLevkowitz (2003). Importanttechniquesncludeiconographialisplayssuchas
Chernof faces(Chernof, 1973), pixel-basedechniquegKeim, 2000),andtechniqueghatrepre-
sentthedimensionsn thedataasverticesin agraph(Battistaetal., 1994). Most of thesetechniques
simply provide toolsto displaymorethantwo datadimensionsandleave the interpretatiorof the
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datato the humanobsener. This severelylimits the applicability of thesetechniquego real-world
datasetsthatcontainthousandsf high-dimensionatlatapoints.

In contrastto the visualizationtechniquegiscusseabove, dimensionalityreductionmethods
corvert the high-dimensionatlataset X = f xg;x2;::1; Xng into two or three-dimensionadlata¥ =
fy1;¥2;::5; yng thatcanbe displayedin a scatterplot.In the paper we referto the low-dimensional
datarepresentatiorY asa map, andto the low-dimensionalrepresentationy; of individual da-
tapointsas map points. The aim of dimensionalityreductionis to presere as much of the sig-
ni cant structureof the high-dimensionatlataas possiblein the low-dimensionalmap. Various
techniquedor this problemhave beenproposedhat differ in the type of structurethey presere.
Traditional dimensionalityreductiontechniquessuch as Principal ComponentsAnalysis (PCA,;
Hotelling, 1933) and classicalmultidimensionalscaling(MDS; Torgerson,1952)arelinear tech-
niquesthatfocuson keepingthelow-dimensionatepresentationsf dissimilardatapointgar apart.
For high-dimensionatlatathat lies on or neara low-dimensional,non-linearmanifold it is usu-
ally moreimportantto keepthe low-dimensionakepresentationsf very similar datapointsclose
togetherwhichis typically not possiblewith alinearmapping.

A large numberof nonlineardimensionalityreductiontechniqueghataim to presere thelocal
structureof datahave beenproposedmary of which arereviewed by Lee and Verleysen(2007).
In particular we mentionthe following seventechniques{l) Sammommapping(Sammon,1969),
(2) curvilinearcomponentanalysifCCA; DemartinesindHérault,1997),(3) StochastidNeighbor
Embedding SNE; Hinton andRoweis, 2002),(4) Isomap(Tenenbaunet al., 2000),(5) Maximum
VarianceUnfolding (MVU; Weinbegeretal.,2004),(6) Locally Linear EmbeddingLLE; Roweis
andSaul,2000),and(7) LaplacianEigenmapgBelkin andNiyogi, 2002). Despitethe strongper
formanceof thesetechnique®n arti cial datasetsthey areoftennotvery successfuhtvisualizing
real, high-dimensionatiata. In particular mostof the techniquesrenot capableof retainingboth
the local andthe global structureof the datain a singlemap. For instance a recentstudyreveals
that even a semi-supervisedariantof MVU is not capableof separatinghandwrittendigits into
their naturalclusters(Songetal., 2007).

In this paperwe describeaway of corvertinga high-dimensionatlatasetinto a matrix of pair
wise similaritiesandwe introducea new technique called“t-SNE”, for visualizingthe resulting
similarity data.t-SNE is capableof capturingmuchof the local structureof the high-dimensional
dataverywell, while alsorevealingglobalstructuresuchasthepresencef clustersatseveralscales.
We illustratethe performancef t-SNE by comparingt to the sevendimensionalityreductiontech-
niguesmentionecabore on ve datasetsfrom a variety of domains.Becausef spacdimitations,
mostofthe(7+ 1) 5= 40mapsarepresentedh the supplementaiaterial,but the mapsthatwe
presenin the paperaresufcient to demonstratéhe superiorityof t-SNE.

Theoutlineof the paperis asfollows. In Section2, we outline SNEaspresentedby Hinton and
Roweis (2002), which forms the basisfor t-SNE. In Section3, we present-SNE, which hastwo
importantdifferencedrom SNE. In Section4, we describethe experimentalsetupandthe results
of our experiments.Subsequent|ySection5 shovs how t-SNE canbe modi ed to visualizereal-
world datasetsthatcontainmary morethan10; 000 datapointsTheresultsof our experimentsare
discusseih moredetailin Sectioné. Our conclusionsandsuggestionfor futurework arepresented
in Section?.
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2. StochasticNeighbor Embedding

StochastidNeighborEmbedding(SNE) startsby converting the high-dimensionaEuclideandis-

tancesbetweerdatapointsnto conditionalprobabilitiesthat represensimilarities! The similarity

of datapoinix; to datapoini; is theconditionalprobability, pj;;, thatx; would pick x; asits neighbor
if neighborswerepickedin proportionto their probability densityundera Gaussiarcenteredat x;.

For nearbydatapoints pj;; is relatively high, whereador widely separatediatapoints p;;; will be
almostin nitesimal (for reasonablealuesof thevarianceof the Gaussians ;). Mathematicallythe
conditionalprobability pj;; is givenby

exp k x xjk?=2s2
dgiexp k X xk2=2s2 '

Pijii =

(1)

wheres; is thevarianceof theGaussiarhatis centeredn datapoint;. Themethodfor determining
thevalueof s; is presentedhterin this section.Becausave areonly interestedn modelingpairwise
similarities, we setthe valueof pj; to zero. For the low-dimensionakounterparty; andy; of the
high-dimensionatlatapoints; andx;, it is possibleto computea similar conditionalprobability
which we denoteby qj;;. We set thevarianceof the Gaussiarihatis employedin the computation
of the conditionalprobabilitiesqj;; to p% Hence,we modelthe similarity of mappointy; to map

pointy; by

g = exp ky yk®
I diep(k yi yik?)'
Again, sincewe areonly interestedn modelingpairwisesimilarities,we setg;; = 0.

If the mappointsy; andy; correctlymodelthe similarity betweerthe high-dimensionatiata-
pointsx; andx;, the conditionalprobabilitiesp;;; andq;;; will be equal. Motivatedby this obsera-
tion, SNEaimsto nd alow-dimensionatatarepresentatiothatminimizesthe mismatchbetween
pjii andg;ji. A naturalmeasureof the faithfulnesswith which qj; modelspy;; is the Kullback-
Leiblerdivergenceg(whichis in this caseequalto thecross-entrop up to anadditive constant) SNE
minimizesthe sum of Kullback-Leiblerdivergencesover all datapointsusing a gradientdescent
method.ThecostfunctionC is givenby

0 .. o o Pjji
C=aKL(RjQ)=aa pjji|09$; (2)

i i jji
in which B, representshe conditionalprobability distribution over all otherdatapointgjiven data-
point x;, and Q; representshe conditionalprobability distribution over all othermap pointsgiven
mappointy;. Becausahe Kullback-Leiblerdivergenceis not symmetric,differenttypesof error
in the pairwisedistancesn thelow-dimensionalmaparenot weightedequally In particular there
is a large costfor usingwidely separateanappointsto representearbydatapointgi.e., for using

1. SNEcanalsobeappliedto datasetsthatconsistof pairwisesimilaritiesbetweerobjectsratherthanhigh-dimensional
vectorrepresentationsf eachobject, provided thesesimiaritiescanbe interpretedas conditionalprobabilities. For
example,humanword associatiordataconsistsof the probability of producingeachpossibleword in responseo a
givenword, asaresultof whichit is alreadyin theform requiredby SNE.

2. Settingthevariancein thelow-dimensionalGaussian$o anothervalueonly resultsin arescaledsersionof the nal
map. Note that by usingthe samevariancefor every datapointin the low-dimensionaimap, we losethe property
thatthe datais a perfectmodelof itself if we embedit in a spaceof the samedimensionalitybecauseén the high-
dimensionabpacewe useda differentvariances; in eachGaussian.
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a small g;;; to modela large pj;), but thereis only a small costfor using nearbymap pointsto
representvidely separatedatapointsThis smallcostcomesfrom wastingsomeof the probability
massin therelevantQ distributions. In otherwords,the SNE costfunctionfocuseson retainingthe
local structureof the datain the map (for reasonablealuesof the varianceof the Gaussiarin the
high-dimensionaspaces;).

Theremainingparameteto be selecteds thevariances; of the Gaussiarnhatis centerecbver
eachhigh-dimensionatlatapointy;. It is notlikely thatthereis a singlevalueof s; thatis optimal
for all datapointdn the datasetbecausehe densityof the datais likely to vary. In denseregions,
a smallervalueof s; is usuallymore appropriateghanin sparseregions. Any particularvalue of
s; inducesa probability distribution, B, over all of the otherdatapoints.This distribution hasan
entrofy which increasesass; increases.SNE performsa binary searchfor the value of s; that
producesa P with a x edperpleity thatis speci ed by theuser® The perpleity is de ned as

Perp(R) = 2(";
whereH (R) is the Shannorentropy of P measuredn bits

H(R) = é. pj;i log, pjji:
i

The perplity canbeinterpretedasa smoothmeasuref the effective numberof neighbors.The
performanceof SNE s fairly robustto changesn the perpleity, andtypical valuesarebetweerb
and50.

The minimization of the cost function in Equation2 is performedusing a gradientdescent
method.Thegradienthasa surprisinglysimpleform

g; = Zéj.(pjji Qi + B )y Yi):

Physically, thegradientmaybeinterpretecastheresultanforce createdy a setof springsbetween
themappointy; andall othermappointsy;. All springsexerta forcealongthedirection(y; ;).
The springbetweeny; andy; repelsor attractsthe map pointsdependingon whetherthe distance
betweerthe two in the mapis too small or too large to representhe similaritiesbetweernthe two
high-dimensionatiatapointsTheforceexertedby thespringbetweery; andy; is proportionalto its
length,andalsoproportionato its stiffnesswhichis themismatch(p;;i g + pjjj dij;) between
the pairwisesimilaritiesof the datapointsandthe mappoints.

Thegradientdescenits initialized by samplingmappointsrandomlyfrom anisotropicGaussian
with smallvariancethatis centeredaroundthe origin. In orderto speedup the optimizationandto
avoid poorlocal minima,arelatively large momentuntermis addedo thegradient.In otherwords,
the currentgradientis addedto an exponentiallydecayingsum of previous gradientsin orderto
determinghe changesn the coordinate®f the mappointsat eachiterationof the gradientsearch.
Mathematicallythe gradientupdatewith amomentuntermis givenby

dc
= vyt 1 (t 1 t 2 .
Y Y + hdY +a(t) Y Y ;

3. Notethatthe perpleity increasesnonotonicallywith thevariances;.
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whereY O indicatesthe solutionatiterationt, h indicatesthelearningrate,anda(t) representthe
momentumatiterationt.

In addition,in the early stage<f the optimization,Gaussiamoiseis addedto the mappoints
after eachiteration. Graduallyreducingthe varianceof this noise performsa type of simulated
annealinghathelpsthe optimizationto escapdrom poorlocal minimain the costfunction. If the
varianceof the noisechangesvery slowly at the critical point at which the global structureof the
map startsto form, SNEtendsto nd mapswith a betterglobal organization. Unfortunately this
requiressensiblechoicesof the initial amountof Gaussiamoiseandthe rate at which it decays.
Moreover, thesechoicednteractwith theamountof momentunandthe stepsizethatareemployed
in the gradientdescent.lt is thereforecommonto run the optimizationseveraltimeson a dataset
to nd appropriatesaluesfor the parameter$.In this respectSNEis inferior to methodshatallow
cornvex optimizationandit would be usefulto nd anoptimizationmethodthat givesgoodresults
without requiring the extra computationtime and parameterchoicesintroducedby the simulated
annealing.

3. t-Distrib uted StochasticNeighbor Embedding

Section2 discussedNE asit was presentedy Hinton and Roweis (2002). Although SNE con-

structsreasonablgoodvisualizationsijt is hamperedy a costfunctionthatis dif cult to optimize
andby aproblemwereferto asthe“crowding problem?”. In this sectionwe presentanew technique
called“t-DistributedStochastidNeighborEmbeddingor “t-SNE” thataimsto alleviatetheseprob-

lems. The costfunctionusedby t-SNE differsfrom the oneusedby SNEin two ways: (1) it usesa

symmetrizedrersionof the SNE costfunctionwith simplergradientghatwasbrie y introducedoy

Cooketal. (2007)and(2) it usesa Student-distribution ratherthana Gaussiario computethe sim-

ilarity betweertwo pointsin thelow-dimensionaspace t-SNE employs a heavy-taileddistribution

in thelow-dimensionakpaceo alleviate boththe crovding problemandthe optimizationproblems
of SNE.

In this section,we rst discusghe symmetricversionof SNE (Section3.1). Subsequent|ywe
discusghecrowding problem(Section3.2),andthe useof heary-tailed distributionsto addresshis
problem(Section3.3). We concludethe sectionby describingour approactto the optimizationof
thet-SNE costfunction(Section3.4).

3.1 Symmetric SNE

As an alternatve to minimizing the sumof the Kullback-Leiblerdivergenceshetweenthe condi-
tional probabilitiespj;; andqj;;, it is alsopossibleto minimizeasingleKullback-Leiblerdivergence
betweena joint probability distribution, P, in the high-dimensionakpaceand a joint probability
distribution, Q, in thelow-dimensionakpace:
C=KL(P{Q) = & & pjlog
i i
whereagain, we setp; andg; to zero. We referto this type of SNE assymmetricSNE, becausét
hasthepropertythatpi; = p;;i andg;; = q;i for 8i; j. In symmetricSNE, the pairwisesimilaritiesin

4. Pickingthebestmapafterseveralrunsasavisualizationof thedatais not nearlyasproblematicaspicking themodel
thatdoesbeston a testsetduring supervisedearning.In visualization theaim is to seethe structurein the training
data,notto generalizéo heldouttestdata.

2583



VAN DER MAATEN AND HINTON

thelow-dimensionamapg;; aregivenby

exp ky yk®
asrexp(k yx yik?)’

dij =

(©)

Theobviouswayto de ne the pairwisesimilaritiesin the high-dimensionaspacep;; is

exp k x  xjk?=2s2
awsrexp(k x« xk?=2s?)’

Pij =

but this causegproblemswhena high-dimensionatlatapointx; is anoutlier (i.e., all pairwisedis-
tanceskx  X; k? arelarge for x;). For suchan outlier, the valuesof pij areextremely small for
all j, sothelocationof its low-dimensionamappointy; hasvery little effect on the costfunction.
As aresult,the positionof the mappointis not well determineddy the positionsof the othermap
points. We circumventthis problemby de ning thejoint probabilitiesp;; in the high-dimensional
spaceo bethesymmetrizedonditionalprobabilities thatis, we setp;j = w Thisensureshat
ajpij> 2—1n for all datapointss;, asa resultof which eachdatapointx; makesa signi cant contri-
bution to the costfunction. In thelow-dimensionakpace symmetricSNE simply usesEquation3.
The main adwantageof the symmetricversionof SNEis the simplerform of its gradient,whichis
fasterto compute.The gradientof symmetricSNE is fairly similar to thatof asymmetricSNE,and
is givenby

T4 W )

j

In preliminaryexperimentswe obsenedthatsymmetricSNE seemgo producemapsthatarejust
asgoodasasymmetricSNE,andsometimegvenalittle better

3.2 The Crowding Problem

Considera setof datapointghatlie on a two-dimensionaturved manifoldwhichis approximately
linearon asmallscale andwhichis embeddedvithin a higherdimensionakpacelt is possibleto
modelthe smallpairwisedistancedbetweerdatapointgairly well in atwo-dimensionamap,which
is oftenillustratedon toy examplessuchasthe “Swissroll” dataset. Now supposehatthe mani-
fold hastenintrinsic dimension8 andis embeddeavithin a spaceof muchhigherdimensionality
Thereare several reasonsvhy the pairwisedistancesn a two-dimensionamap cannotfaithfully
modeldistancedetweenpointson the ten-dimensionamanifold. For instancejn tendimensions,
it is possibleto have 11 datapointghatare mutually equidistantandthereis no way to modelthis
faithfully in atwo-dimensionaimap.A relatedproblemis thevery differentdistribution of pairwise
distancesn thetwo spacesThevolumeof aspherecenteredn datapoint scalesasr™, wherer is
theradiusandm thedimensionalityof thesphere Soif the datapointsareapproximatelyuniformly
distributedin the region aroundi on the ten-dimensionamanifold, andwe try to modelthe dis-
tancedrom i to the otherdatapointsn the two-dimensionamap,we getthe following “crowding
problem”; theareaof thetwo-dimensionaimapthatis availableto accommodatenoderatelydistant
datapointsvill notbenearlylargeenoughcomparedvith theareaavailableto accommodataearby
datapointsHence jf we wantto modelthesmalldistancesccuratelyin themap,mostof thepoints

5. Thisis approximatelycorrectfor theimagesof handwrittendigits we usein our experimentsn Section4.
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that are at a moderatedistancefrom datapointi will have to be placedmuchtoo far away in the
two-dimensionamap. In SNE, the springconnectingdatapointi to eachof thesetoo-distantmap
pointswill thusexerta very smallattractie force. Althoughtheseattractive forcesarevery small,
the very large numberof suchforcescrushegogetherthe pointsin the centerof the map, which
preventsgapsfrom forming betweenthe naturalclusters. Note that the cronding problemis not
speci ¢ to SNE, but thatit alsooccursin otherlocal techniquegor multidimensionakcalingsuch
asSammormmapping.

An attemptto addresshe crowding problemby addinga slight repulsionto all springswaspre-
sentedby Cooketal. (2007). The slight repulsionis createdoy introducinga uniform background
modelwith asmallmixing proportion,r . Sohoweverfar aparttwo mappointsare,g;j canneverfall
belov n(rf’ 7y (becaus¢heuniformbackgroundlistributionis overn(n  1)=2 pairs).As aresult,for
datapointghatarefarapartin thehigh-dimensionaspaceg;; will alwaysbelargerthanp;j, leading
to a slight repulsion. This techniques calledUNI-SNE andalthoughit usuallyoutperformsstan-
dardSNE,theoptimizationof the UNI-SNE costfunctionis tedious.The bestoptimizationmethod
known is to startby settingthe backgroundnixing proportionto zero(i.e., by performingstandard
SNE). Oncethe SNE costfunction hasbeenoptimizedusingsimulatedannealingthe background
mixing proportioncanbeincreasedo allow somegapsto form betweematuralclustersasshovn
by Cooketal. (2007). Optimizingthe UNI-SNE costfunctiondirectly doesnot work becauseawo
mappointsthatarefar apartwill getalmostall of their g;; from the uniform background.Soeven
if their p;; is large, therewill be no attractve force betweerthem,because smallchangen their
separatiowill have a vanishinglysmall proportionaleffecton g;j. This meanghatif two partsof
aclustergetseparate@arlyonin the optimization thereis no forceto pull thembacktogether

3.3 Mismatched Tails can Compensatefor Mismatched Dimensionalities

SincesymmetricSNE is actuallymatchingthe joint probabilitiesof pairsof datapointsn the high-
dimensionaland the low-dimensionalspacegatherthan their distanceswe have a naturalway
of alleviating the crowding problemthat works as follows. In the high-dimensionakpace,we
convert distancesnto probabilitiesusinga Gaussiardistribution. In the low-dimensionaimap,we
canusea probability distribution that hasmuch heaier tails thana Gaussiarto corvert distances
into probabilities. This allows a moderatedistancein the high-dimensionakpaceto be faithfully
modeledby amuchlargerdistancen themapand,asaresult,it eliminateshe unwantedattractve
forcesbetweemmappointsthatrepresenmoderatelydissimilardatapoints.

In t-SNE, we emplgy a Studentt-distribution with one degreeof freedom(which is the same
asa Caucly distribution) asthe heary-tailed distribution in the low-dimensionalmap. Using this
distribution, thejoint probabilitiesqg;; arede ned as

1+ ky yk2 *

8161 (1+ Ky yik?) b

aj = (4)
We usea Studentt-distribution with a single degree of freedom,becausét hasthe particularly
nicepropertythat 1+ Ky; y; k2 ! approacheaninversesquardaw for large pairwisedistances
kyi yjk in the low-dimensionalmap. This makesthe map’s representationf joint probabilities
(almost)invariantto changesn the scaleof the mapfor mappointsthatarefar apart.lt alsomeans
thatlargeclustersof pointsthatarefarapartinteractin justthe sameway asindividual points,sothe
optimizationoperatesn the sameway atall but the nest scales.A theoreticajusti cation for our
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(a) Gradientof SNE. (b) Gradientof UNI-SNE. (c) Gradientof t-SNE.

Figurel: Gradientof threetypesof SNEasafunctionof the pairwiseEuclideandistancebetween
two pointsin the high-dimensionahndthe pairwisedistancebetweerthe pointsin the
low-dimensionabatarepresentation.

selectionof the Student-distributionis thatit is closelyrelatedto the Gaussiardistribution, asthe
Studentt-distribution is anin nite mixture of GaussiansA computationallycorvenientproperty
is thatit is muchfasterto evaluatethe densityof a point undera Studentt-distribution thanunder
a Gaussiarbecauset doesnot involve an exponential,even thoughthe Studentt-distribution is
eguialentto anin nite mixture of Gaussiansvith differentvariances.

The gradientof the Kullback-LeiblerdivergencebetweerP andthe Student-tbasedoint prob-
ability distribution Q (computedusingEquatiord) is derivedin AppendixA, andis givenby

dci= 48 Gy y) L+ky ykE T (5)
j

In Figure1(a)to 1(c), we shav the gradientsbetweertwo low-dimensionabatapoints/; andy; as
a function of their pairwise Euclideandistancesn the high-dimensionahndthe low-dimensional
space(i.e.,asafunctionof kx;  xjk andky; y;k) for thesymmetricversionsof SNE,UNI-SNE,
andt-SNE. In the gures, positive valuesof the gradientrepresentin attractionbetweenthe low-
dimensionaldatapointsy; andy;, whereasegative valuesrepresent repulsionbetweenthe two
datapoints. From the gures, we obsere two main advantagesof the t-SNE gradientover the
gradientof SNEandUNI-SNE.

First, thet-SNE gradientstronglyrepelsdissimilardatapointghataremodeledoy a smallpair
wisedistancen thelow-dimensionaftepresentationrSNE hassucharepulsionaswell, butits effect
is minimal comparedo the strongattractionlsevherein the gradient(the largestattractionin our
graphicarepresentationf thegradients approximatel\ 9, whereashelargestrepulsionis approx-
imately 1). In UNI-SNE, the amountof repulsionbetweendissimilardatapointss slightly larger,
however, this repulsionis only strongwhenthe pairwisedistancebetweenthe pointsin the low-
dimensionatepresentatiors alreadylarge (which is oftennotthe case sincethelow-dimensional
representatiors initialized by samplingfrom a Gaussiamwith avery smallvariancethatis centered
aroundtheorigin).

Second,althought-SNE introducesstrong repulsionsbetweendissimilar datapointsthat are
modeledby small pairwisedistancestheserepulsionsdo not go to in nity . In this respectt-SNE
differs from UNI-SNE, in which the strengthof the repulsionbetweenvery dissimilardatapoints
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Algorithm 1: Simpleversionof t-DistributedStochastidNeighborEmbedding.
Data: datasetX = fxq;Xp; 11!} Xnd,
costfunction parametersperpleity Perp,
optimizationparametersnumberof iterationsT, learningrateh, momenturma(t).
Result low-dimensionablatarepresentatioty (T) = fyi:y,::::yng.

begin
computepairwiseaf nities pj; with perpleity Perp (usingEquationl)
setpij o

fort=1to T do
computelow-dimensionahf nities q;; (usingEquation4)
computegradient% (usingEquationb)
setYO =Yt Dy nL+a) YED Y2

end

end

is proportionalto their pairwisedistancen the low-dimensionalmap,which may causedissimilar
datapointgo move muchtoo far away from eachother

Takentogethey t-SNE putsemphasion (1) modelingdissimilardatapointdy meansof large
pairwisedistancesand(2) modelingsimilardatapointdy meansof smallpairwisedistancesMore-
over, asaresultof thesecharacteristicsef thet-SNE costfunction(andasaresultof theapproximate
scaleinvarianceof the Student-distribution), the optimizationof the t-SNE costfunctionis much
easierthanthe optimizationof the costfunctionsof SNE and UNI-SNE. Speci cally, t-SNE in-
troduceslong-rangeforcesin the low-dimensionalmap that can pull backtogethertwo (clusters
of) similar pointsthatget separate@arly on in the optimization. SNE and UNI-SNE do not have
suchlong-rangegorces,asaresultof which SNEandUNI-SNE needto usesimulatedannealingo
obtainreasonableolutions. Instead the long-rangeforcesin t-SNE facilitatethe identi cation of
goodlocal optimawithout resortingto simulatedannealing.

3.4 Optimization Methodsfor t-SNE

We startby presenting relatively simple,gradientdescenprocedurdor optimizingthet-SNE cost
function. This simpleproceduraisesa momenturntermto reducethe numberof iterationsrequired
andit worksbestif themomenturtermis smalluntil the mappointshave becomanoderatelywell
organized.Pseudocod#or this simplealgorithmis presentedn Algorithm 1. Thesimplealgorithm
canbe spedup usingthe adaptve learningrate schemehatis describedy Jacobg1988),which
graduallyincreaseshelearningratein directionsin which thegradientis stable.

Although the simple algorithm producesvisualizationsthat are often much betterthanthose
producedy othernon-parametridimensionalityreductiontechniquestheresultscanbeimproved
furtherby usingeitherof two tricks. The rst trick, which we call “early compression”is to force
the mappointsto stayclosetogetherat the startof the optimization. Whenthe distancedetween
map pointsare small, it is easyfor clustersto move throughone anotherso it is much easierto
explore the spaceof possibleglobal organizationsof the data. Early compressions implemented
by addingan additionalL2-penaltyto the costfunctionthatis proportionalto the sumof squared
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distance®f themappointsfrom the origin. The magnitudeof this penaltytermandtheiterationat
which it is removed aresetby hand,but the behaior is fairly robustacrossvariationsin thesetwo
additionaloptimizationparameters.

A lessobvious way to improve the optimization, which we call “early exaggeration”,is to
multiply all of the p;;'s by, for example,4, in theinitial stagesf the optimization.This meanghat
almostall of theq;;'s, whichstill addupto 1, aremuchtoo smallto modeltheir correspondingp;j's.
As aresult,theoptimizationis encouragedo focuson modelingthelarge pj;'s by fairly largeq;;'s.
The effectis thatthe naturalclustersin the datatendto form tight widely separatedlustersin the
map. This createsa lot of relatively emptyspacein the map,which makesit mucheasierfor the
clusterso move aroundrelative to oneanotherin orderto nd agoodglobalorganization.

In all the visualizationspresentedn this paperandin the supportingmaterial,we usedexactly
the sameoptimizationprocedure. We usedthe early exaggerationrmethodwith an exaggeration
of 4 for the rst 50 iterations(note that early exaggerationis not includedin the pseudocodén
Algorithm 1). The numberof gradientdescentterationsT wasset1000,andthe momentunterm
wassettoa = 0:5fort < 250anda® = 0:8fort  250.Thelearningrateh is initially setto 100
andit is updatedafter every iterationby meansof the adaptve learningrate schemeadescribecoy
Jacobg1988). A Matlab implementatiorof the resultingalgorithmis availableat http:/fticc.
uvt.nl/  ~Ivdrmaaten/tsne

4. Experiments

To evaluatet-SNE,we presenexperimentsn whicht-SNEis comparedo sevenothernon-parametric
techniquedor dimensionalityreduction.Becausef spacdimitations, in the paper we only com-
paret-SNE with: (1) Sammonmapping,(2) Isomap,and(3) LLE. In the supportingmaterial,we
alsocomparet-SNE with: (4) CCA, (5) SNE, (6) MVU, and(7) LaplacianEigenmaps.We per
formedexperimentn ve datasetsthatrepresenavariety of applicationdomains. Again because
of spacdimitations, we restrictourselesto threedatasetsin the paper Theresultsof our experi-
mentson theremainingtwo datasetsarepresentedn the supplementaaterial.

In Sectiond.1,the datasetsthatwe emplgyedin our experimentsareintroduced.The setupof
theexperimentss presenteih Sectiord.2. In Sectiond.3,we presentheresultsof ourexperiments.

4.1 Data Sets

The ve datasetswe emplgyedin our experimentsare: (1) the MNIST dataset, (2) the Olivetti
facesdataset,(3) the COIL-20 dataset,(4) the word-featureslataset,and(5) the Net ix dataset.
We only presentesultsonthe rst threedatasetsin this section.Theresultson the remainingtwo
datasetsarepresentedn the supportingmaterial. The rst threedatasetsareintroducedbelow.
The MNIST datasef contains60,000grayscalémagesof handwrittendigits. For our experi-
ments we randomlyselected,0000f theimagesfor computationateasonsThedigit imageshave
28 28= 784pixels(i.e., dimensions).The Olivetti facesdataset’ consistsof imagesof 40 indi-
vidualswith smallvariationsin viewpoint, large variationsin expressionandoccasionabddition
of glassesThedatasetconsistof 400imageq10 perindividual) of size92 112= 10;304pixels,
andis labeledaccordingo identity. The COIL-20dataset(Neneetal., 1996)containgmagesof 20

6. The MNIST datasetis publicly availablefrom http://yann.lecun.com/exdb/mnist/index.html
7. TheOlivetti facesdatasetis publicly availablefrom http://mambo.ucsc.edu/psl/olivetti.html
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differentobjectsviewedfrom 72 equallyspacedrientationsyielding atotal of 1,440images.The
imagescontain32 32= 1;024pixels.

4.2 Experimental Setup

In all of our experimentswe startby using PCA to reducethe dimensionalityof the datato 30.
This speedsup the computatiorof pairwisedistancedetweenthe datapointsandsuppressesome
noisewithout severely distortingthe interpointdistances We thenuseeachof the dimensionality
reductiontechniquedo convert the 30-dimensionatepresentatiomo a two-dimensionaimapand
we shaw the resultingmapasa scatterplot.For all of the datasets,thereis informationaboutthe
classof eachdatapoint,but the classinformationis only usedto selecta color and/orsymbolfor
the mappoints. The classinformationis not usedto determinethe spatialcoordinatesof the map
points. The coloringthusprovidesa way of evaluatinghow well the mappreseresthe similarities
within eachclass.

The cost function parameteisettingswe employed in our experimentsare listed in Table 1.
In the table, Perp representshe perpleity of the conditionalprobability distribution inducedby
a Gaussiarkernelandk representshe numberof nearesneighborsemployedin a neighborhood
graph. In the experimentswith IsomapandLLE, we only visualizedatapointghat correspondo
verticesin thelargestconnectedomponenbf the neighborhoodjraph® For the Sammormapping
optimization,we performedNewton's methodfor 500iterations.

Technique Costfunctionparametes
t-SNE Perp= 40
Sammormmapping none
Isomap k=12
LLE k=12

Tablel: Costfunctionparametesettingsfor the experiments.

4.3 Results

In Figures2 and3, we show theresultsof our experimentswith t-SNE, Sammormapping,lsomap,
andLLE onthe MNIST dataset. Theresultsreveal the strongperformancenf t-SNE comparedo
theothertechniqueslin particulay Sammommappingconstructs “ball” in whichonly threeclasses
(representinghe digits 0, 1, and 7) are someavhat separatedrom the otherclasses.Isomapand
LLE producesolutionsin which therearelarge overlapsbetweerthe digit classes.In contrastt-
SNEconstructsamapin whichtheseparatiometweerthedigit classess almostperfect.Moreover,
detailedinspectionof the t-SNE maprevealsthat muchof the local structureof the data(suchas
the orientationof the ones)is capturedaswell. Thisis illustratedin moredetailin Section5 (see
Figure 7). The map producedby t-SNE containssomepoints that are clusteredwith the wrong
class but mostof thesepointscorrespondo distorteddigits mary of which aredif cult to identify.
Figure4 shows theresultsof applyingt-SNE, Sammormapping,Jsomap,andLLE to the Olivetti
facesdataset. Again, IsomapandLLE producesolutionsthat provide little insightinto the class

8. IsomapandLLE requiredatathatgivesriseto a neighborhoodjraphthatis connected.
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(b) Visualizationby Sammormapping.

Figure2: Visualizationsof 6,000handwrittendigits from the MNIST dataset.
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(a) Visualizationby Isomap.

(b) Visualizationby LLE.

Figure3: Visualizationsof 6,000handwrittendigits from the MNIST dataset.
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Figure4: Visualizationf the Olivetti facesdataset.

structureof the data. The map constructecdoy Sammonmappingis signi cantly better sinceit

modelsmary of the memberof eachclassfairly closetogetheybut noneof the classesreclearly
separatedn the Sammonmap. In contrastt-SNE doesa muchbetterjob of revealingthe natural
classesn thedata.Someindividualshave theirtenimagessplit into two clustersusuallybecause
subsebf theimageshave theheadfacingin asigni cantly differentdirection,or becaus¢hey have
avery differentexpressioror glasseskor thesendividuals,it is notclearthattheirtenimagesorm

anaturalclasswhenusingEuclideandistancen pixel space.

Figure5 shavstheresultsof applyingt-SNE,Sammormapping lsomapandLLE to theCOIL-

20 dataset. For mary of the 20 objects t-SNE accuratelyrepresentshe one-dimensionainanifold
of viewpointsasa closedloop. For objectswhich look similar from the front andthe back,t-SNE
distortsthe loop so that the imagesof front and back are mappedto nearbypoints. For the four
typesof toy carin the COIL-20 dataset(the four aligned“sausagesin the bottom-leftof thet-
SNE map),thefour rotationmanifoldsarealignedby the orientationof the carsto capturethe high
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(c) Visualizationby Isomap. (d) Visualizationby LLE.

Figure5: Visualizationsof the COIL-20 dataset.

similarity betweendifferentcarsat the sameorientation. This preventst-SNE from keepingthe
four manifoldsclearly separateFigure5 alsorevealsthatthe otherthreetechniquesrenot nearly
asgoodat cleanlyseparatinghe manifoldsthat correspondo very differentobjects. In addition,
IsomapandLLE only visualizea smallnumberof classegrom the COIL-20 dataset,becausédhe

datasetcompriseslargenumberof widely separatedubmanifoldghatgive riseto smallconnected
component# the neighborhoodyraph.

5. Applying t-SNE to Lar ge Data Sets

Like mary othervisualizationtechniquest-SNE hasa computationahndmemorycompleity that
is quadraticin the numberof datapoints.This makesit infeasibleto apply the standardversionof
t-SNE to datasetsthat containmary morethan, say 10,000points. Obviously, it is possibleto
pick arandomsubsebf the datapointsaanddisplaythemusingt-SNE, but suchanapproactfailsto
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Figure6: An illustration of the advantageof the randomwalk versionof t-SNE over a standard
landmarkapproach.The shadedbointsA, B, andC arethree(almost)equidistaniand-
mark points, whereaghe non-shadediatapointsare non-landmarkpoints. The arrowns
represent directedneighborhoodyraphwherek = 3. In a standardandmarkapproach,
the pairwiseaf nity betweerA andB is approximatelyequalto the pairwiseaf nity be-
tweenA andC. In the randomwalk versionof t-SNE, the pairwiseaf nity betweenA
andB is muchlargerthanthepairwiseaf nity betweenA andC, andthereforejt re ects
the structureof the datamuchbetter

malke useof theinformationthattheundisplayedlatapointgrovide abouttheunderlyingmanifolds.
Supposefor example,thatA, B, andC areall equidistanin the high-dimensionaspace.If there
are mary undisplayeddatapointsbetweenA andB andnonebetweenA andC, it is muchmore
likely thatA andB arepartof the sameclusterthanA andC. Thisis illustratedin Figure6. In this
sectionwe shav how t-SNEcanbemodi ed to displayarandomsubsebf thedatapointgso-called
landmarkpoints)in away thatusesinformationfrom the entire(possiblyvery large) dataset.

We startby choosinga desirednumberof neighborsandcreatinga neighborhoodyraphfor all
of the datapoints Althoughthis is computationallyintensie, it is only doneonce. Then,for each
of the landmarkpoints,we de ne a randomwalk startingat that landmarkpoint andterminating
assoonasit landson anothedandmarkpoint. During arandomwalk, the probability of choosing
an edgeemanatingrom nodex; to nodex; is proportionalto ek % Xk e de ne pjji to bethe
fractionof randomwalks startingatlandmarkpointx; thatterminateatlandmarkpointx;. This has
someresemblancto the way Isomapmeasurepairwisedistancedetweerpoints. However, asin
diffusionmaps(LafonandLee,2006;Nadleret al., 2006),ratherthanlooking for the shortespath
throughthe neighborhoodyraph,the randomwalk-basedaf nity measurentegratesover all paths
throughthe neighborhoodjraph.As aresult,therandomwalk-basedaf nity measures muchless
sensitve to “short-circuits” (Lee and Verleysen,2005),in which a singlenoisy datapointprovides
a bridgebetweentwo regionsof dataspacéhatshouldbe far apartin the map. Similar approaches
usingrandomwalks have alsobeensuccessfullyappliedto, for example,semi-supervisetearning
(SzummemndJaaklola, 2001;Zhuetal., 2003)andimagesamentationGrady,2006).

2594



VISUALIZING DATA USING T-SNE

The mostolvious way to computethe randomwalk-basedsimilarities pj;; is to explicitly per
form the randomwalks on the neighborhoodyraph,which works very well in practice,giventhat
onecaneasilyperformonemillion randomwalkspersecond Alternatively, Grady(2006)presents
ananalyticalsolutionto computethe pairwisesimilarities pj;; thatinvolvessolvinga sparsdinear
system.The analyticalsolutionto computethe similarities pj;; is sketchedin AppendixB. In pre-
liminary experimentswe did not nd signi cant differencedetweerperformingtherandomwalks
explicitly andthe analyticalsolution. In the experimentwe presentbelaw, we explicitly performed
therandomwalksbecaus¢hisis computationallyjlessexpensve. However, for very large datasets
in whichthelandmarkpointsarevery sparsethe analyticalsolutionmaybe moreappropriate.

Figure 7 shaws the resultsof an experiment,in which we appliedthe randomwalk version
of t-SNE to 6,000 randomlyselecteddigits from the MNIST dataset, using all 60,000digits to
computethe pairwiseafnities pj;i. In the experiment,we useda neighborhoodgraphthat was
constructedusing a value of k = 20 nearesneighbors’® The insetof the gure shavs the same
visualizationas a scatterplotin which the colorsrepresenthe labelsof the digits. In the t-SNE
map, all classesare clearly separate@ndthe “continental” sevensform a small separatecluster
Moreover, t-SNErevealsthe maindimension®f variationwithin eachclass suchastheorientation
of the ones,fours, sevens,and nines,or the “loopiness” of the twos. The strongperformanceof
t-SNEis alsore ectedin the generalizatiorerror of nearesneighborclassi ersthataretrainedon
thelow-dimensionatepresentationWhereashegeneralizatiorrror(measuredising10-fold cross
validation) of a 1-nearesheighborclassi er trainedon the original 784-dimensionatiatapointss
5.75%,the generalizatiorerror of a 1-nearesnheighborclassi er trainedon the two-dimensional
datarepresentatioproducedby t-SNEis only 5.13%. The computationatequirement®f random
walk t-SNE arereasonableit took only onehourof CPUtime to constructhemapin Figure?7.

6. Discussion

Theresultsin the previous two sectiongandthosein the supplementaimaterial)demonstrat¢éhe
performanceof t-SNE on a wide variety of datasets. In this section,we discussthe differences
betweert-SNEandothernon-parametritechniquegSection6.1),andwe alsodiscussa numberof
weaknesseandpossibleémprovementsof t-SNE (Section6.2).

6.1 Comparisonwith Related Techniques

Classicakcaling(Torgerson1952),whichis closelyrelatedto PCA (Mardiaetal., 1979;Williams,

2002), nds alineartransformatiorof thedatathatminimizesthesumof thesquarecerrorsbetween
high-dimensionapairwisedistancesand their low-dimensionalrepresentages. A linear method
suchas classicalscalingis not good at modelingcurved manifoldsandit focuseson preserving
the distancedetweernwidely separatediatapointgatherthanon preservinghe distancedetween
nearbydatapointsAn importantapproacthatattemptgo addresshe problemsof classicakcaling
is the Sammonmapping(Sammon,1969) which altersthe cost function of classicalscalingby

dividing the squarecerrorin the representationf eachpairwiseEuclideandistanceby the original

Euclideandistancan the high-dimensionaspace.Theresultingcostfunctionis givenby

1 o (kXi Xjk kyi yjk)z_

_éoliiji Xjki@j kX@ Xjk

9. In preliminaryexperimentswe foundthe performancef randomwalk t-SNEto bevery robustunderchange®f k.
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Figure7: Visualizationof 6,000digits from the MNIST dataset producedby the randomwalk
versionof t-SNE (employing all 60,000digit images).
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wherethe constanbutsideof the sumis addedin orderto simplify the derivation of the gradient.
Themainweaknes®f the Sammorcostfunctionis thattheimportanceof retainingsmall pairwise
distancesn the mapis largely dependenbn small differencesn thesepairwisedistancesIn par
ticular, asmallerrorin the modelof two high-dimensionapointsthatareextremelyclosetogether
resultsin alarge contritution to the costfunction. Sinceall smallpairwisedistancesonstitutethe
local structureof the data,it seemsanmoreappropriatdo aim to assignapproximatelyequalimpor
tanceto all smallpairwisedistances.

In contrastto Sammormapping.the Gaussiarkernelemplosedin the high-dimensionaspace
by t-SNE de nes a soft borderbetweenthe local and global structureof the dataand for pairs
of datapointghat are closetogetherrelative to the standarddeviation of the Gaussianthe impor
tanceof modelingtheir separationss almostindependenbf the magnitudewf thoseseparations.
Moreover, t-SNE determineshelocal neighborhoodizefor eachdatapointseparatelpasecnthe
local densityof the data(by forcing eachconditionalprobability distribution P, to have the same
perpleity).

The strongperformancef t-SNE comparedo Isomapis partly explainedby Isomaps suscep-
tibility to “short-circuiting”. Also, Isomapmainly focuseson modelinglarge geodesidistances
ratherthansmallones.

The strongperformancef t-SNE comparedo LLE is mainly dueto a basicweaknes®f LLE:
the only thing that preventsall datapointdrom collapsingontoa singlepointis a constrainton the
covarianceof the low-dimensionakepresentationln practice,this constraintis often satis ed by
placingmostof the mappointsnearthe centerof the mapandusinga few widely scatteregoints
to createlarge covariance(seeFigure 3(b) and 4(d)). For neighborhoodgraphsthat are almost
disconnectedthe covarianceconstraintcanalsobe satis ed by a “curdled” mapin which thereare
a few widely separatedgollapsedsubsetsorrespondingo the almostdisconnectedomponents.
Furthermoreneighborhood-grapbasedechniquegsuchasisomapandLLE) arenot capableof
visualizing datathat consistsof two or more widely separatedubmanifolds becausesuchdata
doesnot give riseto a connectedheighborhoodyraph. It is possibleto producea separatenapfor
eachconnectedcomponentput this losesinformationaboutthe relative similaritiesof the separate
components.

LikelsomapandLLE, therandomwalk versionof t-SNE employs neighborhoodjraphs put it
doesnot suffer from short-circuitingproblemsbecausehe pairwisesimilaritiesbetweerthe high-
dimensionabatapointsarecomputeddy integratingover all pathsthroughthe neighborhoodyraph.
Becausef thediffusion-basedhterpretatiorof theconditionalprobabilitiesunderlyingtherandom
walk versionof t-SNE, it is usefulto comparet-SNE to diffusion maps. Diffusion mapsde ne a
“dif fusiondistance”on the high-dimensionatiatapointghatis givenby

Vv
v © 2
D(t)(X"X')_P o pik ka )
B AT R

()

where Pij representshe probability of a particletraveling from x; to x; in t timestepghrougha

graphonthedatawith Gaussiaremissiorprobabilities. Thetermy (x,)(© is ameasurdor thelocal
densityof the points,andsenesasimilar purposedo the x edperplity Gaussiarkernelthatis em-
ployedin SNE.Thediffusionmapis formedby theprincipalnon-triial eigervectorsof the Markov
matrix of therandomwalks of lengtht. It canbe shavn thatwhenall (n 1) non-trivial eigervec-
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torsareemployed, the Euclideandistancesn the diffusionmapareequalto thediffusiondistances
in the high-dimensionatlatarepresentatiofLafon andLee,2006). Mathematicallydiffusionmaps
minimize
2
C=aa DY0x) kyi yik

J

As a result, diffusion mapsare susceptibldo the sameproblemsas classicalscaling: they assign
muchhigherimportanceo modelingthe large pairwisediffusiondistanceshanthe smallonesand
asaresult,they arenotgoodatretainingthelocal structureof thedata.Moreover, in contrasto the
randomwalk versionof t-SNE, diffusion mapsdo not have a naturalway of selectingthelength,t,

of therandomwalks.

In the supplementammaterial,we presentesultsthat reveal thatt-SNE outperformsCCA (De-
martinesandHérault,1997),MVU (Weinbegeretal.,2004),andLaplacianEigenmapgBelkin and
Niyogi, 2002)aswell. For CCA andthe closelyrelatedCDA (Lee et al., 2000),theseresultscan
be partially explainedby the hardborderl thatthesetechniquesie ne betweenocal andglobal
structure asopposedo the soft borderof t-SNE. Moreover, within therangel , CCA suffersfrom
the sameweaknessas Sammonmapping: it assignsextremely high importanceto modelingthe
distancebetweertwo datapointghatareextremelyclose.

Liket-SNE,MVU (Weinbegeretal., 2004)triesto modelall of the smallseparationsvell but
MVU insistson modelingthemperfectly(i.e., it treatsthemasconstraintshnda singleerroneous
constraintmayseverelyaffectthe performancef MVU. Thiscanoccurwhenthereis ashort-circuit
betweertwo partsof acurvedmanifoldthatarefarapartin theintrinsic manifoldcoordinatesAlso,
MVU makesno attemptto modellongerrangestructure:lt simply pulls the mappointsasfar apart
aspossiblesubjecto thehardconstraintso,unlike t-SNE, it cannotbeexpectedo producesensible
large-scalestructurein themap.

For LaplacianEigenmapsthe poorresultsrelative to t-SNE may be explainedby the factthat
LaplacianEigenmapsave the samecovarianceconstraintasLLE, andit is easyto cheaton this
constraint.

6.2 Weaknesses

Althoughwe have shavn thatt-SNEcompares$avorablyto othertechnique$or datavisualization-
SNEhasthreepotentialweaknessegl) it is uncleathow t-SNEperformsongenerabdimensionality
reductiontasks2) therelatively local natureof t-SNEmalkesit sensitie to thecurseof theintrinsic
dimensionalityof the data,and(3) t-SNE is not guaranteedio corverge to a global optimumof its
costfunction. Below, we discusghethreeweaknesseim moredetail.

1) Dimensionalityreductionfor other purposes.It is not obvious how t-SNE will performon
the moregeneraltaskof dimensionalityreduction(i.e., whenthe dimensionalityof the datais not
reducedto two or three,but to d > 3 dimensions).To simplify evaluationissuesthis paperonly
considergheuseof t-SNEfor datavisualization.Thebehaior of t-SNEwhenreducingdatato two
or threedimensionscannotreadily be extrapolatedo d > 3 dimensiondecausef the heavy tails
of the Student-distribution. In high-dimensionaspacesthe heavy tails comprisearelatively large
portionof the probabilitymassunderthe Student-distribution, which might leadto d-dimensional
datarepresentationthat do not presere the local structureof the dataaswell. Hence,for tasks
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in which the dimensionalityof the dataneedgto be reducedo a dimensionalityhigherthanthree,
Student-distributionswith morethanonedegreeof freedont® arelik ely to be moreappropriate.

2) Curseof intrinsic dimensionalityt-SNE reduceghe dimensionalityof datamainly basedon
local propertiesof the data,which makest-SNE sensitve to the curseof theintrinsic dimensional-
ity of the data(Bengio,2007). In datasetswith a high intrinsic dimensionalityandan underlying
manifoldthatis highly varying,thelocallinearity assumptioron themanifoldthatt-SNE implicitly
makes (by emplgying Euclideandistancesetweemearneighbors)may be violated. As a result,
t-SNE might be lesssuccessfulf it is appliedon datasetswith a very high intrinsic dimensional-
ity (for instance a recentstudy by Meytlis and Sirovich (2007) estimateshe spaceof imagesof
facesto be constitutedof approximatelyl00 dimensions).Manifold learnerssuchasIsomapand
LLE suffer from exactly the sameproblems(see,e.g.,Bengio,2007;vander Maatenet al., 2008).
A possibleway to (partially) addresghis issueis by performingt-SNE on a datarepresentation
obtainedfrom a modelthatrepresentshe highly varying datamanifold ef ciently in a numberof
nonlinearnayerssuchasanautoencodefHinton and Salakhutding, 2006). Suchdeep-layearchi-
tecturescanrepresentomplex nonlinearfunctionsin a muchsimplerway, andasa result,require
fewer datapointgo learnanappropriatesolution(asis illustratedfor a d-bits parity taskby Bengio
2007). Performingt-SNE on a datarepresentatioproducedby, for example,an autoencodeis
likely to improve the quality of the constructedvisualizations pecauseutoencodersanidentify
highly-varyingmanifoldsbetterthanalocal methodsuchast-SNE.However, thereadeishouldnote
thatit is by de nition impossibleto fully representhe structureof intrinsically high-dimensional
datain two or threedimensions.

3) Non-cowexity of the t-SNEcostfunction. A nice propertyof most state-of-the-artlimen-
sionality reductiontechniquegsuchasclassicalscaling,Isomap,LLE, anddiffusion maps)is the
corvexity of their costfunctions.A majorweaknes®f t-SNEis thatthe costfunctionis notconvex,
asa resultof which several optimizationparameterseedto be chosen.The constructedolutions
dependon thesechoicesof optimizationparametersand may be differenteachtime t-SNE is run
from aninitial randomcon guration of mappoints. We have demonstratethatthe samechoiceof
optimizationparametersanbeusedfor avariety of differentvisualizationtasks,andwe foundthat
thequality of theoptimadoesnotvary muchfrom runto run. Thereforewe think thattheweakness
of theoptimizationmethods insufcient reasorto rejectt-SNEin favor of methodghatleadto con-
vex optimizationproblemsbut producenoticeablyworsevisualizations A local optimumof a cost
function thataccuratelycapturesvhat we wantin a visualizationis often preferableto the global
optimumof a costfunctionthatfails to captureimportantaspectof whatwe want. Moreover, the
convexity of costfunctionscanbe misleadingbecauseheir optimizationis oftencomputationally
infeasiblefor large real-world datasets,promptingthe useof approximationtechniquegde Silva
andTenenbaum2003;Weinbeperetal., 2007).Evenfor LLE andLaplacianEigenmapsthe opti-
mizationis performedusingiterative Arnoldi (Arnoldi, 1951)or Jacobi-Daidson(Fokkemaetal.,
1999)methodswhich mayfail to nd theglobaloptimumdueto convergenceproblems.

7. Conclusions

Thepapempresentsnew techniqudor thevisualizationof similarity datathatis capableof retaining
thelocal structureof the datawhile alsorevealingsomeimportantglobal structure(suchasclusters

10. Increasinghe degreesof freedomof a Student-tistribution makesthetails of the distribution lighter. With in nite
degreesof freedom the Student-distribution is equalto the Gaussiardistribution.
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at multiple scales).Both the computationabnd the memorycompleity of t-SNE are O(n?), but
we presenta landmarkapproachthat makesit possibleto successfullyisualizelarge real-world
datasetswith limited computationaldemands. Our experimentson a variety of datasetsshov
that t-SNE outperformsexisting state-of-the-artechniquedor visualizing a variety of real-world
datasets. Matlab implementation®f both the normalandthe randomwalk versionof t-SNE are
availablefor downloadat http:/fticc.uvt.nl/ ~ lvdrmaaten/tsne

In future work we planto investicatethe optimizationof the numberof degreesof freedomof
the Student-tdistribution usedin t-SNE. This may be helpful for dimensionalityreductionwhen
thelow-dimensionalepresentatiohasmary dimensionsWe will alsoinvestigatethe extensionof
t-SNEto modelsin which eachhigh-dimensionatiatapoinis modeledby seserallow-dimensional
map pointsasin Cook et al. (2007). Also, we aim to develop a parametricversionof t-SNE that
allows for generalizatiorto held-outtestdataby usingthet-SNE objective functionto train a mul-
tilayer neuralnetwork thatprovidesanexplicit mappingto thelow-dimensionakpace.
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Appendix A. Derivation of the t-SNE gradient

t-SNE minimizesthe Kullback-Leiblerdivergencebetweerthe joint probabilitiesp;; in the high-
dimensionabpaceandthejoint probabilitiesg;; in thelow-dimensionabpace Thevaluesof pj; are
de ned to be the symmetrizedconditionalprobabilities,whereaghe valuesof g;; areobtainedby
meansof a Student-distribution with onedegreeof freedom

pij = ”I2n UIp

1+ kyi yj |(2 1 )

Bier (1+ kyk yik?d)

wherepj;; andp;; areeitherobtainedrom Equationl or from therandomwalk procedurealescribed
in Section5. Thevaluesof p; andg; aresetto zero. The Kullback-Leiblerdivergencebetweerthe
two joint probability distributionsP andQ is givenby

dij =

Pij
ijlog—
1 O Bij gq”

pijlogpi; pijlogq: (6)

C=KL(PjQ) =

Q_)o
Qo

1
_.QJo —
— Qo
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In orderto make thederwationlesscluttered we de ne two auxiliary variablesd;; andZ asfollows
dij = kyi ik

Z=3(+dy) -
k61

Note thatif y; changesthe only pairwisedistanceshatchangeared;j andd;; for 8j. Hence,the
gradientof the costfunctionC with respectoy; is givenby

- yp): (7)

Thegradient%i, is computedrom thede nition of the Kullback-Leiblerdivergencein Equation6
(notethatthe rst partof this equationis a constant).

dc o  d(logau)
Pk ———

Wij ) k6| dd
o d(loggwZ logZ)
= abu
k6| ddi
1 d((1+d3) H 14z
- & (1+dd) H 1
&l 0w Z dd; Z dd;;
Thegradient(’((hT‘jik?)l) is only nonzerovhenk = i andl = j. Hence,thegradient%ij is givenby
dc Pij 2y 2 g o (1+df) 2
—— =2 1+ d5 2 .

Notingthatd g px = 1, we seethatthegradientsimpli es to

dc
——=2pj(A+d3) ' 2g5(1+df) *
ddi,

= 2(pj Gj(1+dd)

Substitutingthis terminto Equation?7, we obtainthe gradient

dC °
ay - ra(pi a(ky yik%) My yi):
' j
Appendix B. Analytical Solutionto RandomWalk Probabilities

Below, we describegheanalyticalsolutionto therandonmwalk probabilitiesthatareemployedin the
randomwalk versionof t-SNE (seeSection5). The solutionis describedn moredetail by Grady
(2006).
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It canbeshavn thatcomputingheprobabilitythatarandomwalk initiatedfrom anon-landmark
point (on a graphthatis speci ed by adjaceng matrix W) rst reachesa speci ¢ landmarkpoint
is equalto computingthe solutionto the combinatorialDirichlet problemin which the boundary
conditionsare at the locationsof the landmarkpoints, the consideredandmarkpointis x edto
unity, and the other landmarkspoints are setto zero (Kakutani, 1945; Doyle and Snell, 1984).
In practice,the solutioncanthusbe obtainedby minimizing the combinatoriaformulationof the
Dirichlet integral

D[x] = %XT Lx;

wherelL representshe graphLaplacian. Mathematically the graph Laplacianis given by L =

landmarkpointssuchthatthe landmarkpointscome rst. As a result,the combinatorialDirichlet
integral decomposemto

L N BT L N XN

= NIl

Dxn]

= Z X Lix + 24U BT xm + XULnxn

N

wherewe usethe subscript | to indicatethe landmarkpoints,andthe subscript y to indicatethe
non-landmarlpoints. DifferentiatingD[xy] with respecto xy and nding its critical pointsamounts
to solvingthelinearsystems

LnXn = BTI (8)

Pleasenotethatin this linearsystemB' is a matrix containingthe columnsfrom the graphLapla-
cian L that correspondo the landmarkpoints (excluding the rows that correspondo landmark
points). After normalizationof the solutionsto the systemsXy;, the columnvectorsof Xy contain
the probability that a randomwalk initiated from a non-landmarkpoint terminatesn a landmark
point. Oneshouldnotethatthe linearsystemin Equation8 is only nonsingulaif thegraphis com-
pletelyconnectedor if eachconnectedomponentin thegraphcontainsatleastonelandmarkpoint
(Biggs,1974).

Becausave areinterestedn the probability of a randomwalk initiated from a landmarkpoint
terminatingat anothedandmarkpoint, we duplicateall landmarkpointsin theneighborhoodjyraph,
andinitiate the randomwalks from the duplicatelandmarks.Becauseof memoryconstraintsit is
not possibleto storethe entirematrix Xy into memory(notethatwe areonly interestedn a small
numberof rows from this matrix, viz., in therows correspondindo the duplicatelandmarkpoints).
Hence we solve the linear systemsie ned by thecolumnsof BT one-by-oneandstoreonly the
partsof the solutionsthat correspondo the duplicatelandmarkpoints. For computationateasons,
we rst performa Cholesly factorizatiorof Ly, suchthatLy = CCT, whereC is anuppettriangular
matrix. Subsequentlythe solutionto the linear systemin Equation8 is obtainedby solving the
linearsystem&Cy= BT andCxy = y usinga fastbacksubstitutiomethod.
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