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Abstract

We presenta new techniquecalled“t-SNE” that visualizeshigh-dimensionaldataby giving each
datapointa locationin a two or three-dimensionalmap.Thetechniqueis a variationof Stochastic
NeighborEmbedding(Hinton andRoweis, 2002) that is mucheasierto optimize,andproduces
signi�cantly bettervisualizationsby reducingthe tendency to crowd pointstogetherin thecenter
of themap. t-SNEis betterthanexisting techniquesat creatinga singlemapthatrevealsstructure
atmany differentscales.This is particularlyimportantfor high-dimensionaldatathatlie onseveral
different,but related,low-dimensionalmanifolds,suchasimagesof objectsfrom multiple classes
seenfrom multiple viewpoints.For visualizingthestructureof very largedatasets,we show how
t-SNEcanuserandomwalkson neighborhoodgraphsto allow the implicit structureof all of the
datato in�uencethewayin whichasubsetof thedatais displayed.Weillustratetheperformanceof
t-SNEon a wide varietyof datasetsandcompareit with many othernon-parametricvisualization
techniques,includingSammonmapping,Isomap,andLocally LinearEmbedding.Thevisualiza-
tions producedby t-SNE aresigni�cantly betterthanthoseproducedby the othertechniqueson
almostall of thedatasets.

Keywords: visualization,dimensionalityreduction,manifold learning,embeddingalgorithms,
multidimensionalscaling

1. Intr oduction

Visualizationof high-dimensionaldatais an importantproblemin many different domains,and
dealswith dataof widely varying dimensionality. Cell nuclei that are relevant to breastcancer,
for example,aredescribedby approximately30 variables(Streetet al., 1993),whereasthe pixel
intensityvectorsusedto representimagesor the word-countvectorsusedto representdocuments
typically have thousandsof dimensions. Over the last few decades,a variety of techniquesfor
thevisualizationof suchhigh-dimensionaldatahave beenproposed,many of which arereviewed
by deOliveiraandLevkowitz (2003). Importanttechniquesincludeiconographicdisplayssuchas
Chernoff faces(Chernoff, 1973),pixel-basedtechniques(Keim, 2000),andtechniquesthat repre-
sentthedimensionsin thedataasverticesin agraph(Battistaetal.,1994).Mostof thesetechniques
simply provide tools to displaymorethantwo datadimensions,andleave the interpretationof the
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datato thehumanobserver. This severely limits theapplicabilityof thesetechniquesto real-world
datasetsthatcontainthousandsof high-dimensionaldatapoints.

In contrastto the visualizationtechniquesdiscussedabove, dimensionalityreductionmethods
convert thehigh-dimensionaldatasetX = f x1;x2; :::;xng into two or three-dimensionaldataY =
f y1;y2; :::;yng thatcanbedisplayedin a scatterplot.In thepaper, we refer to the low-dimensional
datarepresentationY as a map,and to the low-dimensionalrepresentationsyi of individual da-
tapointsas map points. The aim of dimensionalityreductionis to preserve as much of the sig-
ni�cant structureof the high-dimensionaldataaspossiblein the low-dimensionalmap. Various
techniquesfor this problemhave beenproposedthat differ in the type of structurethey preserve.
Traditional dimensionalityreductiontechniquessuch as Principal ComponentsAnalysis (PCA;
Hotelling, 1933)andclassicalmultidimensionalscaling(MDS; Torgerson,1952)are linear tech-
niquesthatfocusonkeepingthelow-dimensionalrepresentationsof dissimilardatapointsfarapart.
For high-dimensionaldatathat lies on or neara low-dimensional,non-linearmanifold it is usu-
ally moreimportantto keepthe low-dimensionalrepresentationsof very similar datapointsclose
together, which is typically notpossiblewith a linearmapping.

A largenumberof nonlineardimensionalityreductiontechniquesthataim to preserve thelocal
structureof datahave beenproposed,many of which arereviewed by Lee andVerleysen(2007).
In particular, we mentionthefollowing seventechniques:(1) Sammonmapping(Sammon,1969),
(2) curvilinearcomponentsanalysis(CCA; DemartinesandHérault,1997),(3) StochasticNeighbor
Embedding(SNE;Hinton andRoweis,2002),(4) Isomap(Tenenbaumet al., 2000),(5) Maximum
VarianceUnfolding (MVU; Weinbergeret al., 2004),(6) Locally LinearEmbedding(LLE; Roweis
andSaul,2000),and(7) LaplacianEigenmaps(Belkin andNiyogi, 2002). Despitethestrongper-
formanceof thesetechniquesonarti�cial datasets,they areoftennotverysuccessfulat visualizing
real,high-dimensionaldata.In particular, mostof thetechniquesarenot capableof retainingboth
the local andtheglobal structureof thedatain a singlemap. For instance,a recentstudyreveals
that even a semi-supervisedvariantof MVU is not capableof separatinghandwrittendigits into
their naturalclusters(Songetal., 2007).

In thispaper, wedescribeawayof convertingahigh-dimensionaldatasetinto amatrixof pair-
wise similaritiesandwe introducea new technique,called“t-SNE”, for visualizingthe resulting
similarity data. t-SNEis capableof capturingmuchof the local structureof thehigh-dimensional
dataverywell, while alsorevealingglobalstructuresuchasthepresenceof clustersatseveralscales.
We illustratetheperformanceof t-SNEby comparingit to thesevendimensionalityreductiontech-
niquesmentionedabove on � ve datasetsfrom a varietyof domains.Becauseof spacelimitations,
mostof the(7+ 1) � 5 = 40mapsarepresentedin thesupplementalmaterial,but themapsthatwe
presentin thepaperaresuf�cient to demonstratethesuperiorityof t-SNE.

Theoutlineof thepaperis asfollows. In Section2, weoutlineSNEaspresentedby Hintonand
Roweis (2002),which forms the basisfor t-SNE. In Section3, we presentt-SNE,which hastwo
importantdifferencesfrom SNE.In Section4, we describetheexperimentalsetupandthe results
of our experiments.Subsequently, Section5 shows how t-SNE canbemodi�ed to visualizereal-
world datasetsthatcontainmany morethan10;000datapoints.Theresultsof our experimentsare
discussedin moredetailin Section6. Ourconclusionsandsuggestionsfor futurework arepresented
in Section7.
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2. StochasticNeighbor Embedding

StochasticNeighborEmbedding(SNE) startsby converting the high-dimensionalEuclideandis-
tancesbetweendatapointsinto conditionalprobabilitiesthat representsimilarities.1 Thesimilarity
of datapointx j to datapointxi is theconditionalprobability, p j ji , thatxi wouldpick x j asits neighbor
if neighborswerepickedin proportionto their probabilitydensityundera Gaussiancenteredat xi .
For nearbydatapoints,p j ji is relatively high, whereasfor widely separateddatapoints,p j ji will be
almostin�nitesimal (for reasonablevaluesof thevarianceof theGaussian,s i). Mathematically, the
conditionalprobability p j ji is givenby

p j ji =
exp

�
�k xi � x jk2=2s2

i

�

å k6= i exp
�
�k xi � xkk2=2s2

i

� ; (1)

wheres i is thevarianceof theGaussianthatis centeredondatapointxi . Themethodfor determining
thevalueof s i is presentedlaterin thissection.Becauseweareonly interestedin modelingpairwise
similarities,we setthevalueof piji to zero. For the low-dimensionalcounterpartsyi andy j of the
high-dimensionaldatapointsxi andx j , it is possibleto computea similar conditionalprobability,
which we denoteby q j ji . We set2 thevarianceof theGaussianthat is employedin thecomputation
of theconditionalprobabilitiesq j ji to 1p

2
. Hence,we modelthesimilarity of mappoint y j to map

point yi by

q j ji =
exp

�
�k yi � y jk2

�

å k6= i exp(�k yi � ykk2)
:

Again,sinceweareonly interestedin modelingpairwisesimilarities,wesetqiji = 0.
If the mappointsyi andy j correctlymodelthe similarity betweenthe high-dimensionaldata-

pointsxi andx j , theconditionalprobabilitiesp j ji andq j ji will beequal.Motivatedby this observa-
tion, SNEaimsto �nd a low-dimensionaldatarepresentationthatminimizesthemismatchbetween
p j ji andq j ji . A naturalmeasureof the faithfulnesswith which q j ji modelsp j ji is the Kullback-
Leiblerdivergence(which is in thiscaseequalto thecross-entropy upto anadditiveconstant).SNE
minimizesthe sum of Kullback-Leiblerdivergencesover all datapointsusinga gradientdescent
method.ThecostfunctionC is givenby

C = å
i

KL(Pi jjQi) = å
i
å

j
p j ji log

p j ji

q j ji
; (2)

in which Pi representstheconditionalprobabilitydistribution over all otherdatapointsgivendata-
point xi , andQi representstheconditionalprobabilitydistribution over all othermappointsgiven
mappoint yi . Becausethe Kullback-Leiblerdivergenceis not symmetric,differenttypesof error
in thepairwisedistancesin thelow-dimensionalmaparenot weightedequally. In particular, there
is a largecostfor usingwidely separatedmappointsto representnearbydatapoints(i.e., for using

1. SNEcanalsobeappliedto datasetsthatconsistof pairwisesimilaritiesbetweenobjectsratherthanhigh-dimensional
vectorrepresentationsof eachobject,providedthesesimiaritiescanbe interpretedasconditionalprobabilities.For
example,humanword associationdataconsistsof theprobabilityof producingeachpossibleword in responseto a
givenword,asa resultof which it is alreadyin theform requiredby SNE.

2. Settingthevariancein thelow-dimensionalGaussiansto anothervalueonly resultsin a rescaledversionof the�nal
map. Note that by usingthe samevariancefor every datapointin the low-dimensionalmap,we losethe property
that thedatais a perfectmodelof itself if we embedit in a spaceof thesamedimensionality, becausein thehigh-
dimensionalspace,weusedadifferentvariances i in eachGaussian.
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a small q j ji to modela large p j ji), but thereis only a small cost for usingnearbymappoints to
representwidely separateddatapoints.This smallcostcomesfrom wastingsomeof theprobability
massin therelevantQ distributions.In otherwords,theSNEcostfunctionfocuseson retainingthe
local structureof thedatain themap(for reasonablevaluesof thevarianceof theGaussianin the
high-dimensionalspace,s i).

Theremainingparameterto beselectedis thevariances i of theGaussianthat is centeredover
eachhigh-dimensionaldatapoint,xi . It is not likely that thereis a singlevalueof s i that is optimal
for all datapointsin thedatasetbecausethedensityof thedatais likely to vary. In denseregions,
a smallervalueof s i is usuallymoreappropriatethanin sparserregions. Any particularvalueof
s i inducesa probability distribution, Pi , over all of the otherdatapoints.This distribution hasan
entropy which increasesass i increases.SNE performsa binary searchfor the valueof s i that
producesaPi with a �x edperplexity thatis speci�edby theuser.3 Theperplexity is de�ned as

Perp(Pi) = 2H(Pi ) ;

whereH(Pi) is theShannonentropy of Pi measuredin bits

H(Pi) = � å
j

p j ji log2 p j ji :

Theperplexity canbe interpretedasa smoothmeasureof theeffective numberof neighbors.The
performanceof SNEis fairly robust to changesin theperplexity, andtypical valuesarebetween5
and50.

The minimization of the cost function in Equation2 is performedusing a gradientdescent
method.Thegradienthasasurprisinglysimpleform

dC
dyi

= 2å
j

(p j ji � q j ji + pij j � qij j )(yi � y j ):

Physically, thegradientmaybeinterpretedastheresultantforcecreatedby asetof springsbetween
themappoint yi andall othermappointsy j . All springsexert a forcealongthedirection(yi � y j ).
Thespringbetweenyi andy j repelsor attractsthemappointsdependingon whetherthedistance
betweenthe two in themapis too small or too large to representthesimilaritiesbetweenthe two
high-dimensionaldatapoints.Theforceexertedby thespringbetweenyi andy j is proportionalto its
length,andalsoproportionalto its stiffness,which is themismatch(p j ji � q j ji + pij j � qij j ) between
thepairwisesimilaritiesof thedatapointsandthemappoints.

Thegradientdescentis initializedby samplingmappointsrandomlyfrom anisotropicGaussian
with smallvariancethat is centeredaroundtheorigin. In orderto speedup theoptimizationandto
avoid poorlocalminima,arelatively largemomentumtermis addedto thegradient.In otherwords,
the currentgradientis addedto an exponentiallydecayingsumof previous gradientsin order to
determinethechangesin thecoordinatesof themappointsat eachiterationof thegradientsearch.
Mathematically, thegradientupdatewith amomentumtermis givenby

Y (t) = Y (t� 1) + h
dC
dY

+ a(t)
�
Y (t� 1) � Y (t� 2)

�
;

3. Notethattheperplexity increasesmonotonicallywith thevariances i .
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whereY (t) indicatesthesolutionat iterationt, h indicatesthelearningrate,anda(t) representsthe
momentumat iterationt.

In addition,in theearlystagesof theoptimization,Gaussiannoiseis addedto themappoints
after eachiteration. Graduallyreducingthe varianceof this noiseperformsa type of simulated
annealingthathelpstheoptimizationto escapefrom poor local minimain thecostfunction. If the
varianceof thenoisechangesvery slowly at thecritical point at which theglobal structureof the
mapstartsto form, SNE tendsto �nd mapswith a betterglobal organization.Unfortunately, this
requiressensiblechoicesof the initial amountof Gaussiannoiseandthe rateat which it decays.
Moreover, thesechoicesinteractwith theamountof momentumandthestepsizethatareemployed
in thegradientdescent.It is thereforecommonto run theoptimizationseveral timeson a dataset
to �nd appropriatevaluesfor theparameters.4 In this respect,SNEis inferior to methodsthatallow
convex optimizationandit would beusefulto �nd anoptimizationmethodthatgivesgoodresults
without requiringthe extra computationtime andparameterchoicesintroducedby the simulated
annealing.

3. t-Distrib uted StochasticNeighbor Embedding

Section2 discussedSNE asit waspresentedby Hinton andRoweis (2002). Although SNE con-
structsreasonablygoodvisualizations,it is hamperedby acostfunctionthatis dif�cult to optimize
andby aproblemwereferto asthe“crowdingproblem”.In thissection,wepresentanew technique
called“t-DistributedStochasticNeighborEmbedding”or “t-SNE” thataimsto alleviatetheseprob-
lems.Thecostfunctionusedby t-SNEdiffersfrom theoneusedby SNEin two ways:(1) it usesa
symmetrizedversionof theSNEcostfunctionwith simplergradientsthatwasbrie�y introducedby
Cooketal. (2007)and(2) it usesaStudent-tdistributionratherthanaGaussianto computethesim-
ilarity betweentwo pointsin thelow-dimensionalspace. t-SNEemploysaheavy-taileddistribution
in thelow-dimensionalspaceto alleviateboththecrowdingproblemandtheoptimizationproblems
of SNE.

In this section,we �rst discussthesymmetricversionof SNE(Section3.1). Subsequently, we
discussthecrowdingproblem(Section3.2),andtheuseof heavy-taileddistributionsto addressthis
problem(Section3.3). We concludethesectionby describingour approachto theoptimizationof
thet-SNEcostfunction(Section3.4).

3.1 Symmetric SNE

As an alternative to minimizing the sumof the Kullback-Leiblerdivergencesbetweenthe condi-
tionalprobabilitiesp j ji andq j ji , it is alsopossibleto minimizeasingleKullback-Leiblerdivergence
betweena joint probability distribution, P, in the high-dimensionalspaceanda joint probability
distribution,Q, in thelow-dimensionalspace:

C = KL(PjjQ) = å
i
å

j
pi j log

pi j

qi j
:

whereagain,we setpii andqii to zero.We referto this typeof SNEassymmetricSNE,becauseit
hasthepropertythat pi j = p j i andqi j = q j i for 8i; j. In symmetricSNE,thepairwisesimilaritiesin

4. Pickingthebestmapafterseveralrunsasavisualizationof thedatais notnearlyasproblematicaspickingthemodel
thatdoesbeston a testsetduringsupervisedlearning.In visualization,theaim is to seethestructurein thetraining
data,not to generalizeto heldout testdata.
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thelow-dimensionalmapqi j aregivenby

qi j =
exp

�
�k yi � y jk2

�

å k6= l exp(�k yk � yl k2)
; (3)

Theobviousway to de�ne thepairwisesimilaritiesin thehigh-dimensionalspacepi j is

pi j =
exp

�
�k xi � x jk2=2s2

�

å k6= l exp(�k xk � xl k2=2s2)
;

but this causesproblemswhena high-dimensionaldatapointxi is anoutlier (i.e., all pairwisedis-
tanceskxi � x jk2 are large for xi). For suchan outlier, the valuesof pi j areextremelysmall for
all j , sothelocationof its low-dimensionalmappoint yi hasvery little effect on thecostfunction.
As a result,thepositionof themappoint is not well determinedby thepositionsof theothermap
points. We circumvent this problemby de�ning the joint probabilitiespi j in thehigh-dimensional
spaceto bethesymmetrizedconditionalprobabilities,thatis, wesetpi j =

p j ji+ pij j
2n . Thisensuresthat

å j pi j > 1
2n for all datapointsxi , asa resultof which eachdatapointxi makesa signi�cant contri-

bution to thecostfunction. In thelow-dimensionalspace,symmetricSNEsimply usesEquation3.
Themainadvantageof thesymmetricversionof SNEis thesimplerform of its gradient,which is
fasterto compute.Thegradientof symmetricSNEis fairly similar to thatof asymmetricSNE,and
is givenby

dC
dyi

= 4å
j

(pi j � qi j )(yi � y j ):

In preliminaryexperiments,we observedthatsymmetricSNEseemsto producemapsthatarejust
asgoodasasymmetricSNE,andsometimesevena little better.

3.2 The Crowding Problem

Considera setof datapointsthatlie on a two-dimensionalcurvedmanifoldwhich is approximately
linearon a smallscale,andwhich is embeddedwithin a higher-dimensionalspace.It is possibleto
modelthesmallpairwisedistancesbetweendatapointsfairly well in a two-dimensionalmap,which
is often illustratedon toy examplessuchasthe“Swiss roll” dataset. Now supposethat themani-
fold hasten intrinsic dimensions5 andis embeddedwithin a spaceof muchhigherdimensionality.
Thereareseveral reasonswhy the pairwisedistancesin a two-dimensionalmapcannotfaithfully
modeldistancesbetweenpointson theten-dimensionalmanifold. For instance,in tendimensions,
it is possibleto have 11 datapointsthataremutuallyequidistantandthereis no way to modelthis
faithfully in a two-dimensionalmap.A relatedproblemis theverydifferentdistributionof pairwise
distancesin thetwo spaces.Thevolumeof aspherecenteredondatapointi scalesasr m, wherer is
theradiusandmthedimensionalityof thesphere.Soif thedatapointsareapproximatelyuniformly
distributed in the region aroundi on the ten-dimensionalmanifold, andwe try to model the dis-
tancesfrom i to theotherdatapointsin the two-dimensionalmap,we get the following “crowding
problem”: theareaof thetwo-dimensionalmapthatis availableto accommodatemoderatelydistant
datapointswill notbenearlylargeenoughcomparedwith theareaavailableto accommodatenearby
datapoints.Hence,if wewantto modelthesmalldistancesaccuratelyin themap,mostof thepoints

5. This is approximatelycorrectfor theimagesof handwrittendigitsweusein ourexperimentsin Section4.
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that areat a moderatedistancefrom datapointi will have to be placedmuchtoo far away in the
two-dimensionalmap. In SNE,thespringconnectingdatapointi to eachof thesetoo-distantmap
pointswill thusexert a very smallattractive force. Althoughtheseattractive forcesarevery small,
the very large numberof suchforcescrushestogetherthe points in the centerof the map,which
preventsgapsfrom forming betweenthe naturalclusters. Note that the crowding problemis not
speci�c to SNE,but that it alsooccursin otherlocal techniquesfor multidimensionalscalingsuch
asSammonmapping.

An attemptto addressthecrowdingproblemby addingaslight repulsionto all springswaspre-
sentedby Cooket al. (2007).Theslight repulsionis createdby introducinga uniform background
modelwith asmallmixing proportion,r . Sohoweverfaraparttwo mappointsare,qi j canneverfall
below 2r

n(n� 1) (becausetheuniformbackgrounddistributionis overn(n� 1)=2 pairs).As aresult,for
datapointsthatarefarapartin thehigh-dimensionalspace,qi j will alwaysbelargerthanpi j , leading
to a slight repulsion.This techniqueis calledUNI-SNE andalthoughit usuallyoutperformsstan-
dardSNE,theoptimizationof theUNI-SNEcostfunctionis tedious.Thebestoptimizationmethod
known is to startby settingthebackgroundmixing proportionto zero(i.e.,by performingstandard
SNE).OncetheSNEcostfunctionhasbeenoptimizedusingsimulatedannealing,thebackground
mixing proportioncanbeincreasedto allow somegapsto form betweennaturalclustersasshown
by Cooket al. (2007).OptimizingtheUNI-SNE costfunctiondirectly doesnot work becausetwo
mappointsthatarefar apartwill getalmostall of their qi j from theuniform background.Soeven
if their pi j is large,therewill beno attractive forcebetweenthem,becausea smallchangein their
separationwill have a vanishinglysmallproportionaleffect on qi j . This meansthat if two partsof
aclustergetseparatedearlyon in theoptimization,thereis no forceto pull thembacktogether.

3.3 MismatchedTails canCompensatefor MismatchedDimensionalities

SincesymmetricSNEis actuallymatchingthejoint probabilitiesof pairsof datapointsin thehigh-
dimensionaland the low-dimensionalspacesratherthan their distances,we have a naturalway
of alleviating the crowding problemthat works as follows. In the high-dimensionalspace,we
convert distancesinto probabilitiesusinga Gaussiandistribution. In thelow-dimensionalmap,we
canusea probabilitydistribution thathasmuchheavier tails thana Gaussianto convert distances
into probabilities. This allows a moderatedistancein the high-dimensionalspaceto be faithfully
modeledby amuchlargerdistancein themapand,asa result,it eliminatestheunwantedattractive
forcesbetweenmappointsthatrepresentmoderatelydissimilardatapoints.

In t-SNE,we employ a Studentt-distribution with onedegreeof freedom(which is the same
asa Cauchy distribution) asthe heavy-tailed distribution in the low-dimensionalmap. Using this
distribution, thejoint probabilitiesqi j arede�ned as

qi j =

�
1+ kyi � y jk2

� � 1

å k6= l (1+ kyk � yl k2)� 1 : (4)

We usea Studentt-distribution with a single degreeof freedom,becauseit hasthe particularly
nicepropertythat

�
1+ kyi � y jk2

� � 1 approachesaninversesquarelaw for largepairwisedistances
kyi � y jk in the low-dimensionalmap. This makesthe map's representationof joint probabilities
(almost)invariantto changesin thescaleof themapfor mappointsthatarefarapart.It alsomeans
thatlargeclustersof pointsthatarefarapartinteractin just thesamewayasindividualpoints,sothe
optimizationoperatesin thesameway at all but the�nest scales.A theoreticaljusti�cation for our
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(a) Gradientof SNE.
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(b) Gradientof UNI-SNE.
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(c) Gradientof t-SNE.

Figure1: Gradientsof threetypesof SNEasafunctionof thepairwiseEuclideandistancebetween
two pointsin the high-dimensionalandthe pairwisedistancebetweenthe pointsin the
low-dimensionaldatarepresentation.

selectionof theStudentt-distribution is that it is closelyrelatedto theGaussiandistribution,asthe
Studentt-distribution is an in�nite mixture of Gaussians.A computationallyconvenientproperty
is that it is muchfasterto evaluatethedensityof a point undera Studentt-distribution thanunder
a Gaussianbecauseit doesnot involve an exponential,even thoughthe Studentt-distribution is
equivalentto anin�nite mixtureof Gaussianswith differentvariances.

Thegradientof theKullback-LeiblerdivergencebetweenP andtheStudent-tbasedjoint prob-
ability distributionQ (computedusingEquation4) is derivedin AppendixA, andis givenby

dC
dyi

= 4å
j

(pi j � qi j )(yi � y j )
�
1+ kyi � y jk2� � 1

: (5)

In Figure1(a)to 1(c),we show thegradientsbetweentwo low-dimensionaldatapointsyi andy j as
a functionof their pairwiseEuclideandistancesin the high-dimensionalandthe low-dimensional
space(i.e.,asa functionof kxi � x jk andkyi � y jk) for thesymmetricversionsof SNE,UNI-SNE,
andt-SNE. In the �gures, positive valuesof thegradientrepresentan attractionbetweenthe low-
dimensionaldatapointsyi andy j , whereasnegative valuesrepresenta repulsionbetweenthe two
datapoints. From the �gures, we observe two main advantagesof the t-SNE gradientover the
gradientsof SNEandUNI-SNE.

First, thet-SNEgradientstronglyrepelsdissimilardatapointsthataremodeledby a smallpair-
wisedistancein thelow-dimensionalrepresentation.SNEhassucharepulsionaswell, but its effect
is minimalcomparedto thestrongattractionselsewherein thegradient(thelargestattractionin our
graphicalrepresentationof thegradientis approximately19,whereasthelargestrepulsionisapprox-
imately1). In UNI-SNE, theamountof repulsionbetweendissimilardatapointsis slightly larger,
however, this repulsionis only strongwhenthe pairwisedistancebetweenthe points in the low-
dimensionalrepresentationis alreadylarge(which is oftennot thecase,sincethelow-dimensional
representationis initializedby samplingfrom aGaussianwith averysmallvariancethatis centered
aroundtheorigin).

Second,althought-SNE introducesstrongrepulsionsbetweendissimilar datapointsthat are
modeledby smallpairwisedistances,theserepulsionsdo not go to in�nity . In this respect,t-SNE
differs from UNI-SNE, in which the strengthof the repulsionbetweenvery dissimilardatapoints
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Algorithm 1: Simpleversionof t-DistributedStochasticNeighborEmbedding.
Data: datasetX = f x1;x2; :::;xng,
costfunctionparameters:perplexity Perp,
optimizationparameters:numberof iterationsT, learningrateh, momentuma(t).
Result: low-dimensionaldatarepresentationY (T) = f y1;y2; :::;yng.
begin

computepairwiseaf�nities p j ji with perplexity Perp (usingEquation1)

setpi j =
p j ji+ pij j

2n
sampleinitial solutionY (0) = f y1;y2; :::;yng from N (0;10� 4I )
for t=1 to T do

computelow-dimensionalaf�nities qi j (usingEquation4)
computegradientdC

dY (usingEquation5)

setY (t) = Y (t� 1) + h dC
dY + a(t)

�
Y (t� 1) � Y (t� 2)

�

end
end

is proportionalto their pairwisedistancein the low-dimensionalmap,which maycausedissimilar
datapointsto movemuchtoo faraway from eachother.

Taken together, t-SNEputsemphasison (1) modelingdissimilardatapointsby meansof large
pairwisedistances,and(2) modelingsimilardatapointsbymeansof smallpairwisedistances.More-
over, asaresultof thesecharacteristicsof thet-SNEcostfunction(andasaresultof theapproximate
scaleinvarianceof theStudentt-distribution), theoptimizationof thet-SNEcostfunctionis much
easierthan the optimizationof the cost functionsof SNE andUNI-SNE. Speci�cally, t-SNE in-
troduceslong-rangeforcesin the low-dimensionalmapthat canpull back togethertwo (clusters
of) similar pointsthatgetseparatedearlyon in theoptimization. SNEandUNI-SNE do not have
suchlong-rangeforces,asa resultof which SNEandUNI-SNE needto usesimulatedannealingto
obtainreasonablesolutions.Instead,the long-rangeforcesin t-SNEfacilitatethe identi�cation of
goodlocaloptimawithout resortingto simulatedannealing.

3.4 Optimization Methods for t-SNE

Westartby presentingarelatively simple,gradientdescentprocedurefor optimizingthet-SNEcost
function.Thissimpleprocedureusesamomentumtermto reducethenumberof iterationsrequired
andit worksbestif themomentumtermis smalluntil themappointshavebecomemoderatelywell
organized.Pseudocodefor thissimplealgorithmis presentedin Algorithm 1. Thesimplealgorithm
canbespedup usingtheadaptive learningrateschemethat is describedby Jacobs(1988),which
graduallyincreasesthelearningratein directionsin which thegradientis stable.

Although the simplealgorithmproducesvisualizationsthat areoften muchbetterthan those
producedby othernon-parametricdimensionalityreductiontechniques,theresultscanbeimproved
furtherby usingeitherof two tricks. The�rst trick, which we call “early compression”,is to force
themappointsto stayclosetogetherat thestartof theoptimization.Whenthedistancesbetween
mappointsaresmall, it is easyfor clustersto move throughoneanotherso it is mucheasierto
explore thespaceof possibleglobalorganizationsof thedata. Early compressionis implemented
by addinganadditionalL2-penaltyto thecostfunction that is proportionalto thesumof squared
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distancesof themappointsfrom theorigin. Themagnitudeof this penaltytermandtheiterationat
which it is removedaresetby hand,but thebehavior is fairly robustacrossvariationsin thesetwo
additionaloptimizationparameters.

A lessobvious way to improve the optimization,which we call “early exaggeration”,is to
multiply all of the pi j 's by, for example,4, in theinitial stagesof theoptimization.This meansthat
almostall of theqi j 's,whichstill addupto 1, aremuchtoosmallto modeltheircorrespondingpi j 's.
As a result,theoptimizationis encouragedto focusonmodelingthelarge pi j 'sby fairly largeqi j 's.
Theeffect is that thenaturalclustersin thedatatendto form tight widely separatedclustersin the
map. This createsa lot of relatively emptyspacein the map,which makesit mucheasierfor the
clustersto movearoundrelative to oneanotherin orderto �nd agoodglobalorganization.

In all thevisualizationspresentedin this paperandin thesupportingmaterial,we usedexactly
the sameoptimizationprocedure.We usedthe early exaggerationmethodwith an exaggeration
of 4 for the �rst 50 iterations(note that early exaggerationis not includedin the pseudocodein
Algorithm 1). Thenumberof gradientdescentiterationsT wasset1000,andthemomentumterm
wassetto a (t) = 0:5 for t < 250anda (t) = 0:8 for t � 250.Thelearningrateh is initially setto 100
andit is updatedafterevery iterationby meansof theadaptive learningrateschemedescribedby
Jacobs(1988). A Matlab implementationof theresultingalgorithmis availableat http://ticc.
uvt.nl/ ˜ lvdrmaaten/tsne .

4. Experiments

Toevaluatet-SNE,wepresentexperimentsin whicht-SNEiscomparedtosevenothernon-parametric
techniquesfor dimensionalityreduction.Becauseof spacelimitations, in thepaper, we only com-
paret-SNEwith: (1) Sammonmapping,(2) Isomap,and(3) LLE. In thesupportingmaterial,we
alsocomparet-SNE with: (4) CCA, (5) SNE, (6) MVU, and(7) LaplacianEigenmaps.We per-
formedexperimentson � vedatasetsthatrepresentavarietyof applicationdomains.Againbecause
of spacelimitations,we restrictourselvesto threedatasetsin thepaper. Theresultsof our experi-
mentson theremainingtwo datasetsarepresentedin thesupplementalmaterial.

In Section4.1, thedatasetsthatwe employedin our experimentsareintroduced.Thesetupof
theexperimentsispresentedin Section4.2. In Section4.3,wepresenttheresultsof ourexperiments.

4.1 Data Sets

The � ve datasetswe employed in our experimentsare: (1) the MNIST dataset, (2) the Olivetti
facesdataset,(3) theCOIL-20 dataset,(4) theword-featuresdataset,and(5) theNet�ix dataset.
We only presentresultson the�rst threedatasetsin this section.Theresultson theremainingtwo
datasetsarepresentedin thesupportingmaterial.The�rst threedatasetsareintroducedbelow.

TheMNIST dataset6 contains60,000grayscaleimagesof handwrittendigits. For our experi-
ments,werandomlyselected6,000of theimagesfor computationalreasons.Thedigit imageshave
28� 28= 784pixels(i.e., dimensions).TheOlivetti facesdataset7 consistsof imagesof 40 indi-
vidualswith small variationsin viewpoint, largevariationsin expression,andoccasionaladdition
of glasses.Thedatasetconsistsof 400images(10perindividual)of size92� 112= 10;304pixels,
andis labeledaccordingto identity. TheCOIL-20dataset(Neneetal.,1996)containsimagesof 20

6. TheMNIST datasetis publicly availablefrom http://yann.lecun.com/exdb/mnist/index.html .
7. TheOlivetti facesdatasetis publicly availablefrom http://mambo.ucsc.edu/psl/olivetti.html .
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differentobjectsviewedfrom 72 equallyspacedorientations,yielding a total of 1,440images.The
imagescontain32� 32= 1;024pixels.

4.2 Experimental Setup

In all of our experiments,we startby usingPCA to reducethe dimensionalityof the datato 30.
This speedsup thecomputationof pairwisedistancesbetweenthedatapointsandsuppressessome
noisewithout severelydistortingthe interpointdistances.We thenuseeachof thedimensionality
reductiontechniquesto convert the 30-dimensionalrepresentationto a two-dimensionalmapand
we show theresultingmapasa scatterplot.For all of thedatasets,thereis informationaboutthe
classof eachdatapoint,but the classinformationis only usedto selecta color and/orsymbolfor
themappoints. Theclassinformationis not usedto determinethespatialcoordinatesof themap
points.Thecoloringthusprovidesa way of evaluatinghow well themappreservesthesimilarities
within eachclass.

The cost function parametersettingswe employed in our experimentsare listed in Table 1.
In the table,Perp representsthe perplexity of the conditionalprobability distribution inducedby
a Gaussiankernelandk representsthe numberof nearestneighborsemployed in a neighborhood
graph. In the experimentswith IsomapandLLE, we only visualizedatapointsthat correspondto
verticesin thelargestconnectedcomponentof theneighborhoodgraph.8 For theSammonmapping
optimization,weperformedNewton'smethodfor 500iterations.

Technique Costfunctionparameters
t-SNE Perp = 40
Sammonmapping none
Isomap k = 12
LLE k = 12

Table1: Costfunctionparametersettingsfor theexperiments.

4.3 Results

In Figures2 and3, weshow theresultsof ourexperimentswith t-SNE,Sammonmapping,Isomap,
andLLE on theMNIST dataset. Theresultsreveal thestrongperformanceof t-SNEcomparedto
theothertechniques.In particular, Sammonmappingconstructsa“ball” in whichonly threeclasses
(representingthe digits 0, 1, and7) aresomewhat separatedfrom the otherclasses.Isomapand
LLE producesolutionsin which therearelarge overlapsbetweenthe digit classes.In contrast,t-
SNEconstructsamapin whichtheseparationbetweenthedigit classesis almostperfect.Moreover,
detailedinspectionof the t-SNE maprevealsthat muchof the local structureof the data(suchas
theorientationof theones)is capturedaswell. This is illustratedin moredetail in Section5 (see
Figure7). The mapproducedby t-SNE containssomepoints that areclusteredwith the wrong
class,but mostof thesepointscorrespondto distorteddigitsmany of whicharedif�cult to identify.
Figure4 shows theresultsof applyingt-SNE,Sammonmapping,Isomap,andLLE to theOlivetti

facesdataset. Again, IsomapandLLE producesolutionsthat provide little insight into the class

8. IsomapandLLE requiredatathatgivesriseto aneighborhoodgraphthatis connected.
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(a) Visualizationby t-SNE.

 

 

(b) Visualizationby Sammonmapping.

Figure2: Visualizationsof 6,000handwrittendigits from theMNIST dataset.
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(a) Visualizationby Isomap.

 

 

(b) Visualizationby LLE.

Figure3: Visualizationsof 6,000handwrittendigits from theMNIST dataset.
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(a) Visualizationby t-SNE.

 

 

(b) Visualizationby Sammonmapping.

 

 

(c) Visualizationby Isomap.

 

 

(d) Visualizationby LLE.

Figure4: Visualizationsof theOlivetti facesdataset.

structureof the data. The map constructedby Sammonmappingis signi�cantly better, sinceit
modelsmany of themembersof eachclassfairly closetogether, but noneof theclassesareclearly
separatedin theSammonmap. In contrast,t-SNEdoesa muchbetterjob of revealingthenatural
classesin thedata.Someindividualshave their tenimagessplit into two clusters,usuallybecausea
subsetof theimageshave theheadfacingin asigni�cantly differentdirection,or becausethey have
averydifferentexpressionor glasses.For theseindividuals,it is notclearthattheir tenimagesform
anaturalclasswhenusingEuclideandistancein pixel space.

Figure5 showstheresultsof applyingt-SNE,Sammonmapping,Isomap,andLLE to theCOIL-
20 dataset.For many of the20 objects,t-SNEaccuratelyrepresentstheone-dimensionalmanifold
of viewpointsasa closedloop. For objectswhich look similar from thefront andtheback,t-SNE
distortsthe loop so that the imagesof front andbackaremappedto nearbypoints. For the four
typesof toy car in the COIL-20 dataset(the four aligned“sausages”in the bottom-leftof the t-
SNEmap),thefour rotationmanifoldsarealignedby theorientationof thecarsto capturethehigh
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(a) Visualizationby t-SNE.

 

 

(b) Visualizationby Sammonmapping.

 

 

(c) Visualizationby Isomap.

 

 

(d) Visualizationby LLE.

Figure5: Visualizationsof theCOIL-20dataset.

similarity betweendifferentcarsat the sameorientation. This preventst-SNE from keepingthe
four manifoldsclearlyseparate.Figure5 alsorevealsthattheotherthreetechniquesarenot nearly
asgoodat cleanlyseparatingthemanifoldsthat correspondto very differentobjects. In addition,
IsomapandLLE only visualizea smallnumberof classesfrom theCOIL-20 dataset,becausethe
datasetcomprisesalargenumberof widelyseparatedsubmanifoldsthatgiveriseto smallconnected
componentsin theneighborhoodgraph.

5. Applying t-SNE to Lar geData Sets

Like many othervisualizationtechniques,t-SNEhasa computationalandmemorycomplexity that
is quadraticin thenumberof datapoints.This makesit infeasibleto apply thestandardversionof
t-SNE to datasetsthat containmany more than,say, 10,000points. Obviously, it is possibleto
pick a randomsubsetof thedatapointsanddisplaythemusingt-SNE,but suchanapproachfails to
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� �
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Figure6: An illustration of the advantageof the randomwalk versionof t-SNE over a standard
landmarkapproach.TheshadedpointsA, B, andC arethree(almost)equidistantland-
mark points,whereasthe non-shadeddatapointsarenon-landmarkpoints. The arrows
representa directedneighborhoodgraphwherek = 3. In a standardlandmarkapproach,
thepairwiseaf�nity betweenA andB is approximatelyequalto thepairwiseaf�nity be-
tweenA andC. In the randomwalk versionof t-SNE, the pairwiseaf�nity betweenA
andB is muchlargerthanthepairwiseaf�nity betweenA andC, andtherefore,it re�ects
thestructureof thedatamuchbetter.

makeuseof theinformationthattheundisplayeddatapointsprovideabouttheunderlyingmanifolds.
Suppose,for example,thatA, B, andC areall equidistantin thehigh-dimensionalspace.If there
aremany undisplayeddatapointsbetweenA andB andnonebetweenA andC, it is muchmore
likely thatA andB arepartof thesameclusterthanA andC. This is illustratedin Figure6. In this
section,weshow how t-SNEcanbemodi�ed to displayarandomsubsetof thedatapoints(so-called
landmarkpoints)in away thatusesinformationfrom theentire(possiblyvery large)dataset.

We startby choosinga desirednumberof neighborsandcreatinga neighborhoodgraphfor all
of thedatapoints.Althoughthis is computationallyintensive, it is only doneonce.Then,for each
of the landmarkpoints,we de�ne a randomwalk startingat that landmarkpoint andterminating
assoonasit landson anotherlandmarkpoint. During a randomwalk, theprobabilityof choosing
an edgeemanatingfrom nodexi to nodex j is proportionalto e�k xi � x jk2

. We de�ne p j ji to be the
fractionof randomwalksstartingat landmarkpoint xi thatterminateat landmarkpoint x j . Thishas
someresemblanceto theway Isomapmeasurespairwisedistancesbetweenpoints.However, asin
diffusionmaps(Lafon andLee,2006;Nadleret al., 2006),ratherthanlooking for theshortestpath
throughtheneighborhoodgraph,therandomwalk-basedaf�nity measureintegratesover all paths
throughtheneighborhoodgraph.As a result,therandomwalk-basedaf�nity measureis muchless
sensitive to “short-circuits” (LeeandVerleysen,2005),in which a singlenoisydatapointprovides
a bridgebetweentwo regionsof dataspacethatshouldbefar apartin themap.Similar approaches
usingrandomwalkshave alsobeensuccessfullyappliedto, for example,semi-supervisedlearning
(SzummerandJaakkola,2001;Zhuetal., 2003)andimagesegmentation(Grady,2006).
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Themostobviousway to computetherandomwalk-basedsimilarities p j ji is to explicitly per-
form the randomwalkson theneighborhoodgraph,which worksvery well in practice,given that
onecaneasilyperformonemillion randomwalkspersecond.Alternatively, Grady(2006)presents
ananalyticalsolutionto computethepairwisesimilaritiesp j ji that involvessolvinga sparselinear
system.Theanalyticalsolutionto computethesimilaritiesp j ji is sketchedin AppendixB. In pre-
liminary experiments,wedid not �nd signi�cant differencesbetweenperformingtherandomwalks
explicitly andtheanalyticalsolution.In theexperimentwe presentbelow, we explicitly performed
therandomwalksbecausethis is computationallylessexpensive. However, for very largedatasets
in which thelandmarkpointsareverysparse,theanalyticalsolutionmaybemoreappropriate.

Figure 7 shows the resultsof an experiment,in which we appliedthe randomwalk version
of t-SNE to 6,000randomlyselecteddigits from the MNIST dataset,usingall 60,000digits to
computethe pairwiseaf�nities p j ji . In the experiment,we useda neighborhoodgraphthat was
constructedusinga valueof k = 20 nearestneighbors.9 The insetof the �gure shows the same
visualizationasa scatterplotin which the colors representthe labelsof the digits. In the t-SNE
map,all classesareclearly separatedandthe “continental” sevensform a small separatecluster.
Moreover, t-SNErevealsthemaindimensionsof variationwithin eachclass,suchastheorientation
of the ones,fours, sevens,andnines,or the “loopiness”of the twos. The strongperformanceof
t-SNEis alsore�ected in thegeneralizationerrorof nearestneighborclassi�ersthataretrainedon
thelow-dimensionalrepresentation.Whereasthegeneralizationerror(measuredusing10-foldcross
validation)of a 1-nearestneighborclassi�er trainedon theoriginal 784-dimensionaldatapointsis
5.75%,the generalizationerror of a 1-nearestneighborclassi�er trainedon the two-dimensional
datarepresentationproducedby t-SNEis only 5.13%.Thecomputationalrequirementsof random
walk t-SNEarereasonable:it tookonly onehourof CPUtime to constructthemapin Figure7.

6. Discussion

The resultsin the previous two sections(andthosein the supplementalmaterial)demonstratethe
performanceof t-SNE on a wide variety of datasets. In this section,we discussthe differences
betweent-SNEandothernon-parametrictechniques(Section6.1),andwealsodiscussanumberof
weaknessesandpossibleimprovementsof t-SNE(Section6.2).

6.1 Comparisonwith RelatedTechniques

Classicalscaling(Torgerson,1952),which is closelyrelatedto PCA(Mardiaetal.,1979;Williams,
2002),�nds alineartransformationof thedatathatminimizesthesumof thesquarederrorsbetween
high-dimensionalpairwisedistancesandtheir low-dimensionalrepresentatives. A linear method
suchasclassicalscalingis not goodat modelingcurved manifoldsand it focuseson preserving
thedistancesbetweenwidely separateddatapointsratherthanon preservingthedistancesbetween
nearbydatapoints.An importantapproachthatattemptsto addresstheproblemsof classicalscaling
is the Sammonmapping(Sammon,1969) which altersthe cost function of classicalscalingby
dividing thesquarederrorin therepresentationof eachpairwiseEuclideandistanceby theoriginal
Euclideandistancein thehigh-dimensionalspace.Theresultingcostfunctionis givenby

C =
1

å i jkxi � x jk
å
i6= j

(kxi � x jk � kyi � y jk)2

kxi � x jk
;

9. In preliminaryexperiments,we foundtheperformanceof randomwalk t-SNEto bevery robustunderchangesof k.
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Figure7: Visualizationof 6,000digits from the MNIST dataset producedby the randomwalk
versionof t-SNE(employing all 60,000digit images).
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wheretheconstantoutsideof thesumis addedin orderto simplify thederivationof thegradient.
Themainweaknessof theSammoncostfunctionis thattheimportanceof retainingsmallpairwise
distancesin themapis largely dependenton smalldifferencesin thesepairwisedistances.In par-
ticular, a smallerror in themodelof two high-dimensionalpointsthatareextremelyclosetogether
resultsin a largecontribution to thecostfunction. Sinceall smallpairwisedistancesconstitutethe
local structureof thedata,it seemsmoreappropriateto aim to assignapproximatelyequalimpor-
tanceto all smallpairwisedistances.

In contrastto Sammonmapping,theGaussiankernelemployed in thehigh-dimensionalspace
by t-SNE de�nes a soft borderbetweenthe local and global structureof the dataand for pairs
of datapointsthat areclosetogetherrelative to the standarddeviation of the Gaussian,the impor-
tanceof modelingtheir separationsis almostindependentof themagnitudesof thoseseparations.
Moreover, t-SNEdeterminesthelocalneighborhoodsizefor eachdatapointseparatelybasedonthe
local densityof the data(by forcing eachconditionalprobability distribution Pi to have the same
perplexity).

Thestrongperformanceof t-SNEcomparedto Isomapis partly explainedby Isomap's suscep-
tibility to “short-circuiting”. Also, Isomapmainly focuseson modelinglarge geodesicdistances
ratherthansmallones.

Thestrongperformanceof t-SNEcomparedto LLE is mainly dueto a basicweaknessof LLE:
theonly thing thatpreventsall datapointsfrom collapsingontoa singlepoint is a constrainton the
covarianceof the low-dimensionalrepresentation.In practice,this constraintis often satis�ed by
placingmostof themappointsnearthecenterof themapandusinga few widely scatteredpoints
to createlarge covariance(seeFigure 3(b) and 4(d)). For neighborhoodgraphsthat are almost
disconnected,thecovarianceconstraintcanalsobesatis�edby a “curdled” mapin which thereare
a few widely separated,collapsedsubsetscorrespondingto the almostdisconnectedcomponents.
Furthermore,neighborhood-graphbasedtechniques(suchasIsomapandLLE) arenot capableof
visualizing datathat consistsof two or more widely separatedsubmanifolds,becausesuchdata
doesnot give riseto a connectedneighborhoodgraph.It is possibleto producea separatemapfor
eachconnectedcomponent,but this losesinformationabouttherelative similaritiesof theseparate
components.

Like IsomapandLLE, therandomwalk versionof t-SNEemploys neighborhoodgraphs,but it
doesnot suffer from short-circuitingproblemsbecausethepairwisesimilaritiesbetweenthehigh-
dimensionaldatapointsarecomputedby integratingoverall pathsthroughtheneighborhoodgraph.
Becauseof thediffusion-basedinterpretationof theconditionalprobabilitiesunderlyingtherandom
walk versionof t-SNE, it is usefulto comparet-SNE to diffusion maps. Diffusion mapsde�ne a
“dif fusiondistance”on thehigh-dimensionaldatapointsthatis givenby

D(t)(xi ;x j ) =

vu
u
u
t å

k

�
p(t)

ik � p(t)
jk

� 2

y (xk)(0)
;

wherep(t)
i j representsthe probability of a particletraveling from xi to x j in t timestepsthrougha

graphonthedatawith Gaussianemissionprobabilities.Thetermy (xk)(0) is ameasurefor thelocal
densityof thepoints,andservesasimilarpurposeto the�x edperplexity Gaussiankernelthatis em-
ployedin SNE.Thediffusionmapis formedby theprincipalnon-trivial eigenvectorsof theMarkov
matrix of therandomwalksof lengtht. It canbeshown thatwhenall (n� 1) non-trivial eigenvec-
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torsareemployed,theEuclideandistancesin thediffusionmapareequalto thediffusiondistances
in thehigh-dimensionaldatarepresentation(LafonandLee,2006).Mathematically, diffusionmaps
minimize

C = å
i
å

j

�
D(t)(xi ;x j ) � kyi � y jk

� 2
:

As a result,diffusion mapsaresusceptibleto the sameproblemsasclassicalscaling: they assign
muchhigherimportanceto modelingthelargepairwisediffusiondistancesthanthesmallonesand
asaresult,they arenotgoodat retainingthelocalstructureof thedata.Moreover, in contrastto the
randomwalk versionof t-SNE,diffusionmapsdo not have a naturalway of selectingthelength,t,
of therandomwalks.

In thesupplementalmaterial,we presentresultsthat reveal that t-SNEoutperformsCCA (De-
martinesandHérault,1997),MVU (Weinbergeretal.,2004),andLaplacianEigenmaps(Belkin and
Niyogi, 2002)aswell. For CCA andthecloselyrelatedCDA (Leeet al., 2000),theseresultscan
be partially explainedby the hardborderl that thesetechniquesde�ne betweenlocal andglobal
structure,asopposedto thesoft borderof t-SNE.Moreover, within therangel , CCA suffersfrom
the sameweaknessasSammonmapping: it assignsextremelyhigh importanceto modelingthe
distancebetweentwo datapointsthatareextremelyclose.

Like t-SNE,MVU (Weinbergeret al., 2004)triesto modelall of thesmallseparationswell but
MVU insistson modelingthemperfectly(i.e., it treatsthemasconstraints)anda singleerroneous
constraintmayseverelyaffecttheperformanceof MVU. Thiscanoccurwhenthereis ashort-circuit
betweentwo partsof acurvedmanifoldthatarefarapartin theintrinsicmanifoldcoordinates.Also,
MVU makesnoattemptto modellongerrangestructure:It simplypulls themappointsasfarapart
aspossiblesubjectto thehardconstraintsso,unliket-SNE,it cannotbeexpectedto producesensible
large-scalestructurein themap.

For LaplacianEigenmaps,thepoor resultsrelative to t-SNEmaybeexplainedby the fact that
LaplacianEigenmapshave the samecovarianceconstraintasLLE, andit is easyto cheaton this
constraint.

6.2 Weaknesses

Althoughwehaveshown thatt-SNEcomparesfavorablytoothertechniquesfor datavisualization,t-
SNEhasthreepotentialweaknesses:(1) it is unclearhow t-SNEperformsongeneraldimensionality
reductiontasks,(2) therelatively localnatureof t-SNEmakesit sensitiveto thecurseof theintrinsic
dimensionalityof thedata,and(3) t-SNEis not guaranteedto convergeto a globaloptimumof its
costfunction.Below, wediscussthethreeweaknessesin moredetail.

1) Dimensionalityreductionfor otherpurposes.It is not obvioushow t-SNEwill performon
themoregeneraltaskof dimensionalityreduction(i.e., whenthedimensionalityof thedatais not
reducedto two or three,but to d > 3 dimensions).To simplify evaluationissues,this paperonly
considerstheuseof t-SNEfor datavisualization.Thebehavior of t-SNEwhenreducingdatato two
or threedimensionscannotreadilybeextrapolatedto d > 3 dimensionsbecauseof theheavy tails
of theStudent-tdistribution. In high-dimensionalspaces,theheavy tailscomprisea relatively large
portionof theprobabilitymassundertheStudent-tdistribution,whichmight leadto d-dimensional
datarepresentationsthat do not preserve the local structureof the dataaswell. Hence,for tasks
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in which thedimensionalityof thedataneedsto bereducedto a dimensionalityhigherthanthree,
Studentt-distributionswith morethanonedegreeof freedom10 arelikely to bemoreappropriate.

2) Curseof intrinsic dimensionality. t-SNEreducesthedimensionalityof datamainlybasedon
local propertiesof thedata,which makest-SNEsensitive to thecurseof theintrinsic dimensional-
ity of thedata(Bengio,2007). In datasetswith a high intrinsic dimensionalityandanunderlying
manifoldthatis highly varying,thelocal linearityassumptiononthemanifoldthatt-SNEimplicitly
makes(by employing Euclideandistancesbetweennearneighbors)may be violated. As a result,
t-SNEmight be lesssuccessfulif it is appliedon datasetswith a very high intrinsic dimensional-
ity (for instance,a recentstudyby Meytlis andSirovich (2007)estimatesthe spaceof imagesof
facesto be constitutedof approximately100 dimensions).Manifold learnerssuchasIsomapand
LLE suffer from exactly thesameproblems(see,e.g.,Bengio,2007;vanderMaatenet al., 2008).
A possibleway to (partially) addressthis issueis by performingt-SNE on a datarepresentation
obtainedfrom a modelthat representsthehighly varyingdatamanifoldef�ciently in a numberof
nonlinearlayerssuchasanautoencoder(Hinton andSalakhutdinov, 2006).Suchdeep-layerarchi-
tecturescanrepresentcomplex nonlinearfunctionsin a muchsimplerway, andasa result,require
fewer datapointsto learnanappropriatesolution(asis illustratedfor a d-bits parity taskby Bengio
2007). Performingt-SNE on a datarepresentationproducedby, for example,an autoencoderis
likely to improve the quality of the constructedvisualizations,becauseautoencoderscanidentify
highly-varyingmanifoldsbetterthanalocalmethodsuchast-SNE.However, thereadershouldnote
that it is by de�nition impossibleto fully representthe structureof intrinsically high-dimensional
datain two or threedimensions.

3) Non-convexity of the t-SNEcost function. A nice propertyof moststate-of-the-artdimen-
sionality reductiontechniques(suchasclassicalscaling,Isomap,LLE, anddiffusionmaps)is the
convexity of theircostfunctions.A majorweaknessof t-SNEis thatthecostfunctionis notconvex,
asa resultof which severaloptimizationparametersneedto bechosen.Theconstructedsolutions
dependon thesechoicesof optimizationparametersandmay be differenteachtime t-SNE is run
from aninitial randomcon�gurationof mappoints.We have demonstratedthatthesamechoiceof
optimizationparameterscanbeusedfor avarietyof differentvisualizationtasks,andwefoundthat
thequalityof theoptimadoesnotvarymuchfrom runto run. Therefore,wethink thattheweakness
of theoptimizationmethodis insuf�cient reasonto rejectt-SNEin favor of methodsthatleadto con-
vex optimizationproblemsbut producenoticeablyworsevisualizations.A local optimumof a cost
function that accuratelycaptureswhat we want in a visualizationis often preferableto the global
optimumof a costfunctionthat fails to captureimportantaspectsof whatwe want. Moreover, the
convexity of costfunctionscanbemisleading,becausetheir optimizationis oftencomputationally
infeasiblefor large real-world datasets,promptingtheuseof approximationtechniques(deSilva
andTenenbaum,2003;Weinbergeret al., 2007).Evenfor LLE andLaplacianEigenmaps,theopti-
mizationis performedusingiterative Arnoldi (Arnoldi, 1951)or Jacobi-Davidson(Fokkemaet al.,
1999)methods,whichmayfail to �nd theglobaloptimumdueto convergenceproblems.

7. Conclusions

Thepaperpresentsanew techniquefor thevisualizationof similaritydatathatis capableof retaining
thelocalstructureof thedatawhile alsorevealingsomeimportantglobalstructure(suchasclusters

10. Increasingthedegreesof freedomof a Student-tdistribution makesthetails of thedistribution lighter. With in�nite
degreesof freedom,theStudent-tdistribution is equalto theGaussiandistribution.
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at multiple scales).Both the computationalandthe memorycomplexity of t-SNE areO(n2), but
we presenta landmarkapproachthat makes it possibleto successfullyvisualizelarge real-world
datasetswith limited computationaldemands.Our experimentson a variety of datasetsshow
that t-SNE outperformsexisting state-of-the-arttechniquesfor visualizinga variety of real-world
datasets.Matlab implementationsof both the normalandthe randomwalk versionof t-SNE are
availablefor downloadat http://ticc.uvt.nl/ ˜ lvdrmaaten/tsne .

In futurework we planto investigatetheoptimizationof thenumberof degreesof freedomof
the Student-tdistribution usedin t-SNE. This may be helpful for dimensionalityreductionwhen
thelow-dimensionalrepresentationhasmany dimensions.Wewill alsoinvestigatetheextensionof
t-SNEto modelsin which eachhigh-dimensionaldatapointis modeledby severallow-dimensional
mappointsasin Cook et al. (2007). Also, we aim to develop a parametricversionof t-SNE that
allows for generalizationto held-outtestdataby usingthet-SNEobjective functionto train a mul-
tilayerneuralnetwork thatprovidesanexplicit mappingto thelow-dimensionalspace.
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Appendix A. Derivation of the t-SNE gradient

t-SNE minimizesthe Kullback-Leiblerdivergencebetweenthe joint probabilitiespi j in the high-
dimensionalspaceandthejoint probabilitiesqi j in thelow-dimensionalspace.Thevaluesof pi j are
de�ned to be thesymmetrizedconditionalprobabilities,whereasthevaluesof qi j areobtainedby
meansof aStudent-tdistributionwith onedegreeof freedom

pi j =
p j ji + pij j

2n
;

qi j =

�
1+ kyi � y jk2

� � 1

å k6= l (1+ kyk � yl k2)� 1 ;

wherep j ji andpij j areeitherobtainedfrom Equation1 or from therandomwalk proceduredescribed
in Section5. Thevaluesof pii andqii aresetto zero.TheKullback-Leiblerdivergencebetweenthe
two joint probabilitydistributionsP andQ is givenby

C = KL(PjjQ) = å
i
å

j
pi j log

pi j

qi j

= å
i
å

j
pi j logpi j � pi j logqi j : (6)
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In orderto make thederivationlesscluttered,wede�ne two auxiliaryvariablesdi j andZ asfollows

di j = kyi � y jk;

Z = å
k6= l

(1+ d2
kl )

� 1:

Note that if yi changes,theonly pairwisedistancesthat changearedi j andd j i for 8 j. Hence,the
gradientof thecostfunctionC with respectto yi is givenby

dC
dyi

= å
j

�
dC
ddi j

+
dC
dd j i

�
(yi � y j )

= 2å
j

dC
ddi j

(yi � y j ): (7)

Thegradient dC
ddi j

is computedfrom thede�nition of theKullback-Leiblerdivergencein Equation6
(notethatthe�rst partof thisequationis aconstant).

dC
ddi j

= � å
k6= l

pkl
d(logqkl )

ddi j

= � å
k6= l

pkl
d(logqkl Z � logZ)

ddi j

= � å
k6= l

pkl

�
1

qkl Z
d((1+ d2

kl )
� 1)

ddi j
�

1
Z

dZ
ddi j

�

Thegradientd((1+ d2
kl )

� 1)
ddi j

is only nonzerowhenk = i andl = j. Hence,thegradient dC
ddi j

is givenby

dC
ddi j

= 2
pi j

qi jZ
(1+ d2

i j )
� 2 � 2å

k6= l
pkl

(1+ d2
i j )

� 2

Z
:

Noting thatå k6= l pkl = 1, weseethatthegradientsimpli�es to

dC
ddi j

= 2pi j (1+ d2
i j )

� 1 � 2qi j (1+ d2
i j )

� 1

= 2(pi j � qi j )(1+ d2
i j )

� 1:

Substitutingthis terminto Equation7, weobtainthegradient

dC
dyi

= 4å
j

(pi j � qi j )(1+ kyi � y jk2) � 1(yi � y j ):

Appendix B. Analytical Solution to RandomWalk Probabilities

Below, wedescribetheanalyticalsolutionto therandomwalk probabilitiesthatareemployedin the
randomwalk versionof t-SNE(seeSection5). Thesolutionis describedin moredetailby Grady
(2006).
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It canbeshown thatcomputingtheprobabilitythatarandomwalk initiatedfromanon-landmark
point (on a graphthat is speci�ed by adjacency matrix W) �rst reachesa speci�c landmarkpoint
is equalto computingthe solutionto the combinatorialDirichlet problemin which the boundary
conditionsareat the locationsof the landmarkpoints, the consideredlandmarkpoint is �x ed to
unity, and the other landmarkspoints are set to zero (Kakutani,1945; Doyle and Snell, 1984).
In practice,thesolutioncanthusbeobtainedby minimizing thecombinatorialformulationof the
Dirichlet integral

D[x] =
1
2

xTLx;

whereL representsthe graphLaplacian. Mathematically, the graphLaplacianis given by L =
D � W, whereD = diag

�
å j w1j ;å j w2j ; :::;å j wnj

�
. Without lossof generality, we mayreorderthe

landmarkpointssuchthat the landmarkpointscome�rst. As a result,thecombinatorialDirichlet
integraldecomposesinto

D[xN] =
1
2

�
xT

L xT
N

�
�

LL B
BT LN

� �
xL

xN

�

=
1
2

�
xT

L LLxL + 2xT
NBTxM + xT

NLNxN
�

;

wherewe usethesubscript�L to indicatethe landmarkpoints,andthesubscript�N to indicatethe
non-landmarkpoints.DifferentiatingD[xN] with respectto xN and�nding its critical pointsamounts
to solvingthelinearsystems

LNxN = � BT : (8)

Pleasenotethat in this linearsystem,BT is a matrix containingthecolumnsfrom thegraphLapla-
cian L that correspondto the landmarkpoints (excluding the rows that correspondto landmark
points). After normalizationof thesolutionsto thesystemsXN, thecolumnvectorsof XN contain
the probability that a randomwalk initiated from a non-landmarkpoint terminatesin a landmark
point. Oneshouldnotethatthelinearsystemin Equation8 is only nonsingularif thegraphis com-
pletelyconnected,or if eachconnectedcomponentin thegraphcontainsat leastonelandmarkpoint
(Biggs,1974).

Becausewe areinterestedin theprobabilityof a randomwalk initiatedfrom a landmarkpoint
terminatingatanotherlandmarkpoint,weduplicateall landmarkpointsin theneighborhoodgraph,
andinitiate therandomwalks from theduplicatelandmarks.Becauseof memoryconstraints,it is
not possibleto storetheentirematrix XN into memory(notethatwe areonly interestedin a small
numberof rows from thismatrix,viz., in therowscorrespondingto theduplicatelandmarkpoints).
Hence,we solve thelinearsystemsde�ned by thecolumnsof � BT one-by-one,andstoreonly the
partsof thesolutionsthatcorrespondto theduplicatelandmarkpoints.For computationalreasons,
we�rst performaCholesky factorizationof LN, suchthatLN = CCT , whereC is anupper-triangular
matrix. Subsequently, the solution to the linear systemin Equation8 is obtainedby solving the
linearsystemsCy = � BT andCxN = y usinga fastbacksubstitutionmethod.

References

W.E.Arnoldi. Theprincipleof minimizediterationin thesolutionof thematrixeigenvalueproblem.
Quarterlyof AppliedMathematics, 9:17–25,1951.

2602



V ISUALIZING DATA USING T-SNE

G.D. Battista,P. Eades,R. Tamassia,andI.G. Tollis. Annotatedbibliography on graphdrawing.
ComputationalGeometry:TheoryandApplications, 4:235–282,1994.

M. Belkin andP. Niyogi. LaplacianEigenmapsandspectraltechniquesfor embeddingandcluster-
ing. In Advancesin Neural InformationProcessingSystems, volume14, pages585–591,Cam-
bridge,MA, USA, 2002.TheMIT Press.

Y. Bengio. Learningdeeparchitecturesfor AI. TechnicalReport1312,Universit́e de Montréal,
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