


The successes of structural linguistics inspired an alternativ e approac h to pattern

recognition in whic h the paradigm problem w as to parse an image using a hierarc hi-

cal grammar of scenes and ob jects. Within linguistics, the structural approac h w as

seen as an adv ance o v er earlier statistical approac hes and for man y y ears linguist-

s esc hew ed probabilities, ev en though it had b een kno wn since the 1970's that a

v ersion of the EM algorithm could b e used to �t sto c hastic con text free grammars.

Structural pattern recognition inherited the linguists a v ersion to probabilities and

as a result it nev er w ork ed v ery w ell for real data. With the adv en t of graphical

mo dels it has b ecome clear that structure and probabilities can co exist. Moreo v er,

the \explaining a w a y" phenomenon that is cen tral to inference in directed acyclic

graphical mo dels is exactly what is needed for p erforming inferences ab out p ossible

segmen tations of an image.

In this pap er w e describ e an image in terpretation system whic h com bines segmen ta-

tion and recognition in to the same inference pro cess. The cen tral idea is the use of

parse trees of images. Graphical mo dels called credibilit y net w orks whic h describ e

the join t distribution o v er the laten t v ariables and o v er the p ossible parse trees

are used. In section 2 w e describ e some curren t statistical mo dels of image in ter-

pretation. In section 3 w e dev elop credibilit y net w orks and in section 4 w e deriv e

useful learning and inference rules for binary credibilit y net w orks. In section 5 w e

demonstrate that binary credibilit y net w orks are useful in solving the problem of

classifying and segmen ting binary handwritten digits. Finally in section 6 w e end

with a discussion and directions for future researc h.

2 Related w ork

Neal [4 ] in tro duced generativ e mo dels comp osed of m ultiple la y ers of sto c hastic l-

ogistic units connected in a directed acyclic graph. In general, as eac h unit has

m ultiple paren ts, it is in tractable to compute the p osterior distribution o v er hidden

v ariables when certain v ariables are observ ed. Ho w ev er, Neal sho w ed that Gibbs

sampling can b e used e�ectiv ely for inference [4 ]. E�cien t metho ds of appro ximat-

ing the p osterior distribution w ere in tro duced later [5 , 6 , 7] and these approac hes

w ere sho wn to yield go o d densit y mo dels for binary images of handwritten digits

[8]. The problem with these mo dels whic h mak e them inappropriate for mo deling

images is that they fail to resp ect the 'single-paren t' constrain t : in the correct

in terpretation of an image of opaque ob jects eac h ob ject-part b elongs to at most

one ob ject { images need parse trees, not parse D A Gs.

Multiscale mo dels [9 ] are in teresting generativ e mo dels for images that use a �xed

tree structure. No des high up in the tree con trol large blo c ks of the image while

b ottom lev el lea v es corresp ond to individual pixels. Because a tree structure is used,

it is easy to compute the exact p osterior distribution o v er the laten t (non-terminal)

no des giv en an image. As a result, the approac h has w ork ed m uc h b etter than

Mark o v random �elds whic h generally in v olv e an in tractable partition function. A

disadv an tage is that there are serious blo c k b oundary artifacts, though o v erlapping

trees can b e used to smo oth the transition from one blo c k to another [10 ]. A more

serious disadv an tage is that the tree cannot p ossibly corresp ond to a parse tree

b ecause it is the same for ev ery image.

Zemel, Mozer and Hin ton [11] prop osed a neural net w ork mo del in whic h the ac-

tivities of neurons are used to represen t the instan tiation parameters of ob jects or

their parts, i.e. the viewp oin t-dep enden t co ordinate transformation b et w een an ob-

ject's in trinsic co ordinate system and the image co ordinate system. The w eigh ts on

connections are then used to represen t the viewp oin t-in v arian t relationship b et w een

the instan tiation parameters of a whole, rigid ob ject and the instan tiation parame-



ters of its parts. This mo del captures viewp oin t in v ariance nicely and corresp onds

to the w a y viewp oin t e�ects are handled in computer graphics, but there w as no

go o d inference pro cedure for hierarc hical mo dels and no systematic w a y of sharing

mo dules that recognize parts of ob jects among m ultiple comp eting ob ject mo dels.

Simard et al [12 ] noted that small c hanges in ob ject instan tiation parameters result

in appro ximately linear c hanges in (real-v alued) pixel in tensities. These can b e

captured successfully b y linear mo dels. T o mo del larger c hanges, man y lo cally linear

mo dels can b e pieced together. Hin ton, Da y an and Rev o w [13 ] prop osed a mixture

of factor analyzers for this. Tipping and Bishop ha v e recen tly sho wn ho w to mak e

this approac h m uc h more computationally e�cien t [14 ]. T o mak e the approac h

really e�cien t, ho w ev er, it is necessary to ha v e m ultiple lev els of factor analyzers

and to allo w an analyzer at one lev el to b e shared b y sev eral comp eting analyzers

at the next lev el up. Deciding whic h subset of the analyzers at one lev el should b e

con trolled b y one analyzer at the lev el ab o v e is equiv alen t to image segmen tation or

the construction of part of a parse tree and the literature on linear mo dels con tains

no prop osals on ho w to ac hiev e this.

3 A new approac h to image in terpretation

W e dev elop ed a class of graphical mo dels called credibilit y net w orks in whic h the

p ossible in terpretations of an image are parse trees, with no des represen ting ob ject-

parts and con taining laten t v ariables. Giv en a D A G, the p ossible parse trees of an

image are constrained to b e individual or collections of trees where eac h unit satis�es

the single-paren t constrain t, with the lea v es b eing the pixels of an image. Credibilit y

net w orks describ e a join t distribution o v er the laten t v ariables and p ossible tree

structures. The EM algorithm [15] can b e used to �t credibilit y net w orks to data.

Let i 2 I b e a no de in the graph. There are three random v ariables asso ciated with

i. The �rst is a m ultinomial v ariate �i = f �ij g j2pa(i) whic h describ es the paren t of

i from among the p oten tial paren ts pa( i) :

�ij =

�
1 if paren t of i is j;

0 if paren t of i is not j:
(1)

The second is a binary v ariate si whic h determines whether the ob ject i1 is presen t

( si = 1) or not ( si = 0). The third is the laten t v ariables xi that describ e the

p ose and deformation of the ob ject. Let � = f �i : i 2 I g ; S = f si : i 2 I g and

X = f xi : i 2 I g .

Eac h connection j ! i has three parameters also. The �rst, cij is an unnormalized

prior probabilit y that j is i's paren t giv en that ob ject j is presen t. The actual prior

probabilit y is

�ij =

cijsjP
k2pa(i) ciksk

(2)

W e assume there is alw a ys a unit 1 2 pa( i) suc h that s1 = 1. This acts as a default

paren t when no other p oten tial paren t is presen t and mak es sure the denominator in

(2) is nev er 0. The second parameter, pij , is the conditional probabilit y that ob ject

i is presen t giv en that j is i's paren t ( �ij = 1). The third parameter tij c haracterizes

the distribution of xi giv en �ij = 1 and xj . Let � = f cij ; pij ; tij : i 2 I; j 2 pa( i) g .

Using Ba y es' rule the join t distribution o v er � ; S and X giv en � is p(� ; S;X j � ) =

p(� ; S j � ) p( X j � ; S; � ). Note that � and S together de�ne a parse tree for the im-

age. Giv en the parse tree the distribution o v er laten t v ariables p( X j � ; S; � ) can b e

1Technically this should be the object represented by node i.



e�cien tly inferred from the image. The actual form of p( X j � ; S; � ) is unimp ortan t.

The join t distribution o v er � and S is

P (� ; S j � ) =

Y
i2I

Y
j2pa(i)

�
�ijp

si
ij (1 � pij )

1�si
��ij

(3)

4 Binary credibilit y net w orks

The sim ulation results in section 5 are based on a simpli�ed v ersion of credibilit y

net w orks in whic h the laten t v ariables X are ignored. Notice that w e can sum out

� from the join t distribution (3), so that

P ( S j � ) =

Y
i2I

X
j2pa(i)

�ijp
si
ij (1 � pij )

1�si
(4)

Using Ba y es' rule and dividing (3) b y (4), w e ha v e

P (� j S; � ) =

Y
i2I

Y
j2pa(i)

 
cijsjp

si
ij (1 � pij )

1�siP
k2pa(i) cikskp

si
ik (1 � pik )

1�si

!�ij

(5)

Let rij = cijp
si
ij (1 � pij )

1�si
. W e can view rij as the unnormalized p osterior proba-

bilit y that j is i's paren t giv en that ob ject j is presen t. The actual p osterior is the

fraction in (5) :

!ij =

rijsjP
k2pa(i) riksk

(6)

Giv en some observ ations O � S , let H = S n O b e the hidden v ariables. W e

appro ximate the p osterior distribution for H using a factored distribution

Q( H ) =

Y
i2I

�sii (1 � �i )

1�si
(7)

The v ariational free energy , F ( Q; � ) = EQ [ � log P ( S j � ) + log Q( S )] is

F ( Q; � ) =

X
i2I

�
EQ

h
log

X
j2pa(i)

cijsj � log

X
j2pa(i)

cijsjp
si
ij (1 � pij )

1�si
i�

+

X
i2I

�
�i log �i + (1 � �i ) log (1 � �i )

�
(8)

The negativ e of the free energy �F is a lo w er b ound on the log lik eliho o d of gen-

erating the observ ations O . The v ariational EM algorithm impro v es this b ound b y

iterativ ely impro ving �F with resp ect to Q (E-step) and to � (M-step). Let ch( i)

b e the p ossible c hildren of i. The inference rules can b e deriv ed from (8) :

�i = sigmoid

0
BBBB@

EQ

h
log

X
j2pa(i)

cijsjpij � log

X
j2pa(i)

cijsj (1 � pij )

i

+

X
l2ch(i)

EQ

h
log

X
j2pa(l)

rljsj � log

X
j2pa(l)

cljsj

i�i=1

�i=0

1
CCCCA (9)

Let D b e the training set and Qd b e the mean �eld appro ximation to the p osterior

distribution o v er H giv en the training data (observ ation) d 2 D . Then the learning
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Figure 1: Sample images from the test set. The classes of the t w o digits in eac h

image in a ro w are giv en to the left.

rules are

@ �

P
d F ( Qd; � )

@ log cij
=

X
d2D

EQd
[ !ij � �ij ] (10)

pnewij =

P
d2D EQd

[ !ijsi ]P
d2D EQd

[ !ij ]

(11)

F or an e�cien t implemen tation of credibilit y net w orks using mean �eld appro xima-

tions, w e still need to ev aluate terms of the form E [log x] and E [1 =x] where x is a

w eigh ted sum of binary random v ariates. In our implemen tation w e used the sim-

plest appro ximations : E [log x] � log E [ x] and E [1 =x] � 1 =E [ x]. Although biased

the implemen tation w orks w ell enough in general.

5 Segmen ting handwritten digits

Hin ton and Rev o w [16 ] used a mixture of factor analyzers mo del to segmen t and

estimate the p ose of digit strings. When the digits do not o v erlap, the mo del w as

able to iden tify the digits presen t and segmen t the image easily . The hard cases

are those in whic h t w o or more digits o v erlap signi�can tly . T o assess the abilit y

of credibilit y net w orks at segmen ting handwritten digits, w e used sup erp ositions of

digits at exactly the same lo cation. This problem is m uc h harder than segmen ting

digit strings in whic h digits partially o v erlap.

The data used is a set of 4400 images of single digits from the classes 2, 3, 4 and

5 deriv ed from the CED AR CDR OM 1 database [17 ]. Eac h image has size 16x16.

The size of the credibilit y net w ork is 256-64-4. The 64 middle la y er units are mean t

to enco de lo w lev el features, while eac h of the 4 top lev el units are mean t to enco de

a digit class. W e used 700 images of single digits from eac h class to train the

net w ork. So it w as not trained to segmen t images. During training w e clamp ed at

1 the activ ation of the top la y er unit corresp onding to the class of the digit in the

curren t image while �xing the rest at 0.

After training, the net w ork w as �rst tested on the 1600 images of single digits

not in the training set. The predicted class of eac h image w as tak en to b e the
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Figure 2: Segmen tations of pairs of digits. (T o mak e comparisons easier w e sho w

the o v erlapping image in b oth columns of a)-l).)

class corresp onding to the top la y er unit with the highest activ ation. The error

rate w as 5.5%. W e then sho w ed the net w ork 120 images of t w o o v erlapping digits

from distinct classes. There w ere 20 images p er com bination of t w o classes. Some

examples are giv en in Figure 1. The predicted classes of the t w o digits are c hosen

to b e the corresp onding classes of the 2 top la y er units with the highest activ ations.

A h uman sub ject (namely the third author) w as tested on the same test set. The

net w ork ac hiev ed an error rate of 21.7% while the author erred on 19.2% of the

images.

W e can in fact pro duce a segmen tation of eac h image in to an image for eac h class

presen t. Recall that giv en the v alues of S the p osterior probabilit y of unit j b eing

pixel i's paren t is !ij . Then the p osterior probabilit y of pixel i b elonging to digit

class k is

P
j EQ [ !ij!jk ].

This giv es a simple w a y to segmen t the image. Figure 2 sho ws a n um b er of segmen-

tations. Note that for eac h pixel, the sum of the probabilities of the pixel b elonging

to eac h digit class is 1. T o mak e the picture clearer, a white pixel means a proba-

bilit y of � :1 of b elonging to a class, while blac k means � :6 probabilit y , and the

in tensit y of a gra y pixel describ es the size of the probabilit y if it is b et w een :1 and

:6. Figures 2a) to 2f ) sho ws successful segmen tations, while Figure 2g) to 2l) sho ws

unsuccessful segmen tations.

6 Discussion

Using parse trees as the in ternal represen tations of images, credibilit y net w orks

a v oid the usual problems asso ciated with a b ottom-up approac h to image in terpre-

tation. Segmen tation can b e carried out in a statistically sound manner, remo ving

the need for hand crafted ad ho c segmen tation heuristics. The gran ularit y problem

for segmen tation is also resolv ed since credibilit y net w orks use parse trees as in ter-

nal represen tations of images. The parse trees describ e the segmen tations of the

image at ev ery lev el of gran ularit y , from individual pixels to the whole image.

W e plan to dev elop and implemen t credibilit y net w orks in whic h eac h laten t v ariable

xi is a m ultiv ariate Gaussian, so that a no de can represen t the p osition, orien tation

and scale of a 2 or 3D ob ject, and the conditional probabilit y mo dels on the links can

represen t the relationship b et w een a mo derately deformable ob ject and its parts.
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