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Abstract

We shawv how to visualizea setof pairwisesim-
ilarities betweenobjectsby using several differ-
ent two-dimensionalmaps,eachof which cap-
turesdifferentaspect®of the similarity structure.
Whenthe objectsare ambiguouswords, for ex-
ample, different sensef a word occurin dif-
ferentmaps,so “river” and“loan” canboth be
closeto “bank” withoutbeingatall closeto each
other Aspectmapsresembleclusteringbecause
they model pairwise similarities as a mixture
of differenttypesof similarity, but they alsore-
semblelocal multi-dimensionalscalingbecause
they model eachtype of similarity by a two-
dimensionalmap. We demonstrateur method
on a toy example, a databaseof humanword-
associatiordata,a large setof imagesof hand-
written digits, and a set of featurevectorsthat
representvords.

1 Intr oduction

Given a large set of objectsand the pairwise similarities
betweenthem, it is often useful to visualize the similar-
ity structureby arrangingthe objectsin atwo-dimensional
spacein sucha way that similar pairslie closetogether
Methodslik e principalcomponentganalysigPCA) or met-
ric multi-dimensionalscaling (MDS) [2] are simple and
fast, but they minimize a cost function that is far more
concernedvith modelingthe large dissimilaritiesthanthe
small ones. Consequentlythey do not provide good vi-
sualizationof datathatlies on a curved low-dimensional
manifoldin a high dimensionakpacebecausehey do not
re ect the distancesalong the manifold [8]. Local MDS
[7] and somemore recentmethodssuch as local linear
embedding(LLE) [6], maximumvarianceunfolding [9],
or stochasticneighbourembedding(SNE) [3] attemptto
modellocal distancegstrongsimilarities)accuratelyin the
two-dimensionalisualizationat the expenseof modeling

largerdistancegsmallsimilarities)inaccurately

The SNE objective function is dif cult to optimize ef -
ciently, but it leadsto muchbettersolutionsthanmethods
suchasLLE, andbecauseSNE is basedon a probabilis-
tic model, it suggests new approachto producingbetter
visualizations:Insteadof usingjust one two-dimensional
map as a model of the similarities betweenobjects, use
mary differenttwo-dimensionaimapsand combinethem
into a singlemodelof the similarity databy treatingthem
asa mixture model. This is not at all the sameas nd-
ing, say a four-dimensionaimapandthendisplayingtwo
orthogonaltwo-dimensionaprojections[6]. In thatcase,
the four-dimensionalmap is the product of the two two-
dimensionamapsanda projectioncanbe very misleading
becausét canput pointsthatarefar apartin 4-D closeto-
getherin 2-D. In a mixture of maps,being closetogether
in any mapmeanghattwo objectsreally aresimilarin the
mixture model.

2 StochasticNeighbor Embedding

SNEstartsby corvertinghigh-dimensionatlistanceor sim-
ilarity datainto asetof conditionalprobabilitiesof theform

P ji» eachof which is the probability that one object, i,

would stochasticallypick anotherobjectj asits neighbor
if it wasonly allowedto pick oneneighbor Thesecondi-
tional probabilitiescanbe producedn mary ways. In the
word associatiordatawe describdater, subjectsareasled
to pick an associatedvord, so p; i is simply the fraction
of the subjectswho pick word j whengivenwordi. If

the dataconsistsof the coordinatesf objectsin a high-
dimensionaEuclidearspaceit canbecorvertedinto aset
of conditionalprobabilitiesof theform p; ; for eachobject
i by usinga sphericalGaussiardistribution centeredatthe
high-dimensionaposition of i, x;, asshovn in gure 1.
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High-D space

Figurel: A sphericalGaussiardistribution centeredht x;
de nes a probability density at eachof the other points.
Whenthesedensitiesarenormalized we geta probability
distribution, P;, over all of the otherpointsthatrepresents
their similarity to .

The sameequationcan be usedif we are only given the
pairwisedistancesdetweerobjects,||x; — x; ||. Thevari-
anceof the Gaussian, ?, canbe adjustedto vary the en-
tropy of thedistribution P; whichhasp; ; asatypicalterm.
If 2 isverysmalltheentropy will becloseto 0 andif it is
very largetheentropy will beclosetolog,(N — 1), where
N is the numberof objects. We typically pick a number
M < N andadjust ? by binary searchuntil the entroy
of P; is within somesmalltoleranceof log, M .

Thegoalof SNEis to modelthe p;|; by usingconditional
probabilities,q, |, thatare determinedby the locationsy;
of pointsin alow-dimensionakpaceasshovnin gure 2:
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For eachobject, i, we can associatea costwith a setof
low-dimensionaj locationsby usingthe Kullback-Liebler
divergenceto measurénon well thedistribution Q; models
thedistribution P;

X Bj i
C= KL(RiQ)= pjilog— (3)
i i 7 Gii

To improve the model,we canmove eachy; in thedirec-
tion of steepestlescenf C. It is shovn in [3] thatthis
gradientoptimizationhasa very simple physical interpre-
tation (see gure 3). y; is attachedo eachy; by aspring
which exertsaforcein thedirectiony; — y;. The magni-
tudeof thisforceis proportionalo thelengthof the spring,
llyi — y;ll, andit is also proportionalto the spring stiff-

nesswhich equalsghemismatch(p; i — ¢ i) + (Pij — G )-

Steepestiescenin thecostfunctioncorrespondso follow-

ing the dynamicsde ned by thesesprings,but noticethat
the spring stiffnessekeepchanging. Startingfrom small
randomy values,steepestlescentnds alocal minimum
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Figure 2: A circular Gaussiardistribution centeredat y;

de nes a probability density at eachof the other points.
When thesedensitiesare normalized,we get a probabil-
ity distribution over all of the otherpointsthatis our low-
dimensionamodel,Q; of the high-dimensionaP; .

of C. Betterlocal minima canbe found by addingGaus-
siannoiseto the y valuesafter eachupdate.Startingwith
ahigh noiselevel, we decaythe noisefairly rapidly to nd
theapproximatenoiselevel atwhichstructurestartsto form
in thelow-dimensionamap.A goodindicatorof theemer
genceof structures thata smalldecreasén thenoiselevel
leadsto alarge decreasén the costfunction. Thenwe re-
peattheprocessstartingthenoiselevel justabore thelevel
atwhich structureemepgesandanealingt muchmoregen-
tly. Thisallows nding low-dimensionamapsthataresig-
ni cantly betterminimaof C.

2.1 Symmetric SNE

Theversionof SNEintroducedoy [3] is basedn minimiz-
ing the divergencesdetweenconditionaldistributions. An
alternatve is to de ne a singlejoint distribution over all
non-identicabrderedpairs:

exp(—|[x —x[[*=2 ?)
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This leadsto simpler derivatives, but if one of the high-
dimensionapoints,j , isfarfromall theothersall of thep,;
will bevery small. To overcomethis problemit is possible
to replaceEq. 4 by p;j = 0:5(p; i + pij ) wherep;); and
pi; arede ned usingEq. 1. Whenj is far from all the
otherpoints,all of thep; ; will bevery small, but the p,;
will sumto 1. Evenwhenp; is de ned by averagingthe
conditionalprobabilitieswe still getgoodlow-dimensional
mapsusingthederivativesgivenby Egs.5 and6.



Figure 3: The gradientof the cost function in Eq. 3
with respecty; hasa physical interpretationasthe resul-
tantforce producedby springsattachingy; to eachof the
other points. The spring betweeni andj exerts a force
thatis proportionatto its lengthandis alsoproportionalto

P —Gi) + (P — Gy )-

3 AspectMaps

Insteadof using a single two-dimensionalmap to de ne
G i we canallow i andj to occurin several differenttwo-
dimensionamaps.Eachobject,i, hasa mixing proportion

M in eachmap, m, andthe mixing qgoportionsarecon-

strainedto addto 1 for eachobject: | ™ = 1. The
differentmapscombineto de ne ¢ ; asfollows:
P Im jme—dg
m
j=— 4 7
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Provided thereis at leastonemapin whichi is closeto |
andprovidedtheversionsof i andj in thatmaphave high
mixing proportionsit is possiblefor g |; to be quite large
evenif i andj arefar apartin all the othermaps. In this
respectusinga mixture modelis very differentfrom sim-
ply usingasinglespacehathasextradimensionsbecause
pointsthat are far aparton one dimensioncannothave a
highg;; nomatterhow closetogethetthey areontheother
dimensions.

To optimize the aspect maps model, we used Carl
Rasmusses' “minimize” function which is available at

www.kyb.tuebingen.mpg.de/bs/people/carl/code/minimize/. =

Thegradientsarederivedbelow.
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Ratherthanusingthemixing proportions " themselesas
parameter®f the model, we de ned paramatersv", and
de ned
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The distancebetweenpointsi andj in mapm appearsas
bothdf] anddf";. If yi denoteshecth coordinateof yi",
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4 Reconstructingtwo mapsfrom onesetof
similarities

As a simpleillustration of aspectmaps,we constructeca
toy problemin which the assumptionsinderlyingthe use
of aspectmapsare correct. For this toy problem,the low-
dimensionalspacehas as mary dimensionsas the high-
dimensionalspace. Considerthe two mapsshown in g-
ure 4. We gave eachobjecta mixing proportionof 0:5 in
eachmapandthenusedEq. 7 to de ne a setof conditional
probabilitiesp; ; which can be modeledperfectly by the
two maps.Thequestionis whetherour optimizationproce-
durecanreconstrucbothmapsfrom onesetof conditional
probabilitiesif theobjectsstartwith randomcoordinatesn
eachmap.Figure4 shavs thatbothmapscanberecovered
upto re ection, translatiorandrotation.

5 Modeling human word associationdata

The University of SouthFlorida hasmadea databasef
humanword associationsvailable on the weh Partici-
pantswerepresentedvith alist of Englishwordsascues,
and asled to respondto eachword with a word which
was“meaningfullyrelatedor stronglyassociated[5]. The
databaseontains5018cuewords,with anaverageof 122
responseto each.This datalendsitself naturallyto SNE:
simply de ne the probability p; ; asthe fraction of times
wordj waspickedin responsé¢o wordi.

Ambiguouswordsin the datasetausea problem. For ex-
ample, SNE might want to put “re” closeto the words
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Figure4: Thetwo mapsin thetoprow canbereconstructed
correctlyfrom a single setof pairwisesimilarities. Using
arandomlychosernone-to-onenappingbetweenpointsin
the top two maps,the similaritiesarede ned usingEq. 7
with all mixing proportionsx edat0:5.

“wood” and“job”, eventhough“wood” and“job” should
not be put closeto oneanother A solutionis to usetheas-
pectmapsversion,AMSNE, andconsiderthe word “ re”
asa mixture of two differentmeanings.In onemap* re”
is a sourceof heatandshouldbe put near“wood”, andin
theother“ re” is somethingloneto employeesandshould
becloseto “job”. Ambiguity is nottheonly reasoraword
might belongin two differentplaces:asanotherexample,
“death” might be similar to wordslike “sad” and“cancer”
but alsoto “destruction”and“military”, eventhough“can-
cer” is not usuallyseemasbeingsimilar to “military”.

When modelling the free associatiordata, we found that
AMSNE would putmary unrelatecclustersof wordsin the
samemapfar apart.To make theindividual mapsmoreco-
herent,we addeda penaltythatkepteachmapsmall, thus
discouragingary one map from cwtqywingsa/eral unre-
latedclusters. The penaltyterm 5 ;. [ly[" || is sim-
ply addedo the costfunctionin Eq. 3.

We tted the free associationdatawith the aspectmaps
modelusing50 mapswith  setto 0:48. In orderto speed
the optimization, we only usedthe 1000 cue words that
were most often given as responses.Four of the result-
ing mapsare shovn in gures 5 and6. In gure 5 the
two differentmapsmodelthe very differentsimilaritiesin-
ducedby two different meaningsof the word “can”. In
gure 6 we seetwo differentcontets in which the word
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Figure5: Two of the 50 aspectmapsfor the word associ-
ation data. Eachmap modelsa different senseof “can”.
Eachword is representetly a circle whoseareais propor
tionalto its mixing proportion.

“eld” is used. Whethertheseshouldbe called different
meaningof theword “ eld” is anopenquestionthatcan
be answeredby linguistic intuitions of lexicographersor
by looking at whethertwo “meanings”’modelthe obsened
similarity judgementdbetterthanone.

6 UNI-SNE: A degenerateversion of aspect
maps

Onsomedatasetsye foundthat tting two aspectnapsed
to solutionsthat seemedstrange.One of the aspectmaps
would keepall of the objectsvery closetogetherwhile the
otheraspectmapwould createwidely separatedlustersof
objects. This behaiour can be understoodas a sensible
way of dealingwith a problemthatariseswhenusinga 2-
D spaceto modela setof high-dimensionatlistanceghat
have anintrinsic dimensionalitygreaterthan2. In the best
2-D modelof thehigh-dimensionatlistancestheobjectsn
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Figure6: Two of the 50 aspecmapsfor the word associa-
tion data.Eachmapmodelsa differentsenseof “ eld”.

themiddlewill becrushedogethertoo closelyandtheob-
jectsaroundthe peripherywill be muchtoo far from other
peripheralobjecté. Using the physical analogyof gure
3, therewill be mary weakbut very stretchedspringsbe-
tweenobjectson oppositesidesof the 2-D spaceandthe
neteffect of all thesespringswill beto forceobjectsin the
middletogether

A “background”mapin which all of the objectsarevery
closetogethergives all of the ¢ ; a small positive con-
tribution. This is sufcient to ensurethat g;; is at least
as greatas p;|; for objectsthat are signi cantly further
apartthanthe averageseparation.Wheng;; > p;;, the
very stretchedspringsactually repel distant objectsand
this causeghe “foreground” mapto expand,thus provid-
ing enoughspaceto allow clustersof similar objectsto be
separatedrom eachother

If we simply constrainall of the objectsin the background

To atten a hemisphericathellinto a disk, for example,we
needto compresghe centerof the hemispherendstretchor tear
its periphery



Figure7: Theresultof applyingthe symmetricversionof
SNEto 5000digit imagesfrom theMNIST datasetThe10
digit classesrenot well separated.

mapto have identicallocationsandmixing proportionswe
geta degenerateversionof aspectmapsthatis equivalent
to combiningSNE with a uniform backgroundnodel. We
choseto implementthis idea for the simpler symmetric
versionof SNEsoEqQ. 5 becomes:
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We call this robust version“UNI-SNE” andit often gives
muchbettervisualizationghan SNE. We testedUNI-SNE
on the MNIST datasetof handwrittendigit images. It is
very dif cult to embedthis datainto a 2-D mapin sucha
way thatvery similarimagesare closeto oneanotherand
the classstructureof the datais apparent.Using the rst

two principalcomponentsfor example,producesa mapin

which the classesarehopelesslyscrambled4]. A nonlin-
earversionof PCA [4] doesmuch betterbut still fails to
separatéheindividual classewvithin the clusters4,7,9and
3,5,8.

We rst usedprincipal componentsnalysison all 60,000
MNIST trainingimagego reducesach28 x 28 pixelimage
to a 30-dimensionalector Thenwe appliedthe symmet-
ric versionof SNEto 50000f these30-dimensionabectors
with an equalnumberfrom eachclass. To getthe p; we
averagedp;; andp; ; eachof whichwascomputedisinga
perpleity of 30 (see[3] for details).We ran SNE with ex-
ponentiallydecayingjitter, stoppingafter 1100 parameter
updatesvhenthe KL divergencebetweerthe p; andthe

Figure 8: If 0:2 of the total probability massis usedto
provide a uniform backgroundorobability distribution, the
slight attractionbetweendissimilar objectsis replacedby
slight repulsion.This causegxpansionandrearrangement
of the mapwhich makesthe classboundariegar moreap-
parent.

g; waschangingby lessthan:0001 periteration. Figure7
shavsthatSNEis alsounableto separat¢he clusters4, 7,9
and3,5,8andit doesnot cleanlyseparatehe clustersfor O,
1, 2, and6 from therestof the data.Startingwith the solu-
tion producedby symmetricSNE, we ran UNI-SNE for a
further 1500 parameteupdateswith no jitter but with 0:2
of thetotal probabilitymassuniformly distributedbetween
all pairs. Figure8 shaws thatthis produceda dramaticim-
provementin revealingthetruestructureof thedata.lt also
reducedthe KL divergencein Eq. 6 from 2:47 to 1:48.
UNI-SNE is betterthanary othervisualizationmethodwe
know of for separatingheclassesn thisdatasetthoughwe
have not comparedt with the recentlydevelopedmethod
called“maximumvarianceunfolding” [9] which, like UNI-
SNE, triesto pushdissimilarobjectsfar apart.

We have also tried applying UNI-SNE to a set of 100-
dimensionateal-\aluedfeaturevectorseachof whichrep-
resentoneof the 500 mostcommonwordsor symbolsin

a datasebf AP newswire stories[]. The corpuscontains
16,000,000words and a featurevector was extractedfor
eachof the 18,000commonestwordsor symbolsby tting

a model (to be describedelsavhere)that tries to predict
the featuresof the currentword from the featuresof the
two previouswords. We usedUNI-SNE to seewhetherthe
learningprocedurevasextractingsensiblerepresentations



of the words. Figure9 shaws thatthe featurevectorscap-
turethe strongsimilaritiesquite well.
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Figure9: A mapproducedby applyingUNI-SNE to 100-dimensionaleaturevectorsthatwerelearnedfor the 500 com-
monestvordsin the AP news dataset.



