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Abstract

Boostingalgorithmsandsuccessfuhpplicationghereofaboundor clas-
si cation and regressionlearning problems,but not for unsupervised
learning. We proposea sequentiahpproactto addingfeatureso aran-
dom eld modelby trainingthemto improve classi cationperformance
betweerthedataandanequal-sizedampleof “negative examples’gen-
eratedfrom the model's currentestimateof the datadensity Trainingin
eachboostinground proceedsn threestages: rst we samplenegative
examplesfrom the model's currentBoltzmanndistribution. Next, afea-
ture is trainedto improve classi cation performancebetweendataand
negative examples Finally, a coefcient is learnedwhich determineshe
importanceof this featurerelative to onesalreadyin the pool. Negative
examplesonly needto be generateanceto learneachnew feature.The
validity of theapproachs demonstratedn binarydigits andcontinuous
syntheticdata.

1 Intr oduction

While researchersave developedandsuccessfullyapplieda myriadof boostingalgorithms
for classi cationandregressiorproblemspoostingfor densityestimatiorhasrecevedrel-
atively scantattention.Yetincrementalstage-wisetting is anattractve modelfor density
estimation. One canimaginethat the initial featues or weaklearners, could modelthe
roughoutlinesof thedatadensity andmoredetailedcarvingof thedensitylandscapeould
occuron eachsuccessie round. Ideally, the algorithmwould achieve automatiomodelse-
lection,determiningherequisitenumberof weaklearneronits own. It hasprovendif cult
to formulateanobjectve for sucha systemunderwhich theweightson examplesandthe
objectivefor trainingaweaklearnerateachroundhave a naturalgradient-desceriterpre-
tation asin standardoostingalgorithms[10] [7]. In this paperwe proposean algorithm
thatprovidessomeprogressowardsthis goal.

A key ideain our algorithmis thatunsupervisetearningcanbe corvertedinto supervised
learningby usingthe model's imperfectcurrentestimateof the datato generatenegative
examples.A form of thisideawaspreviously exploitedin the contrastivedivemgencealgo-
rithm [4]. We take the ideaa stepfurther hereby training a weaklearnerto discriminate
betweerthe positive examplesfrom the original dataandthe negative examplesgenerated
by samplingfrom the currentdensityestimate This new weaklearneminimizesa simple
additive logistic lossfunction[2].



Ouralgorithmobtainsanimportantadvantageover sampling-basedinsupervisethethods
thatlearnfeaturesin parallel. Parallel-updatemethodsrequirea new sampleafter each
iterationof parametechangesin orderto re ect the currentmodel's estimateof the data
density We improve on this by using one sampleper boostinground,to t one weak
learner The justi cation for this approachcomesfrom the proposalthat, for stagevise
additive models,boostingcanbe consideredasgradient-descerih function spacesothe
new learnercan simply optimize its inner productwith the gradientof the objectie in

functionspacd3].

Unlike other attemptsat “unsupervisedboosting”[9], whereat eachrounda new com-
ponentdistribution is addedto a mixture model, our approachwill add featuresin the
log-domainandassuchlearnsa productmodel

Our algorithmincrementallyconstructsandom elds from examples. As such,it bears
somerelationto maximumentropy models,which are popularin naturallanguagepro-
cessing[8]. In theseapplications.the featuresare typically not learned;insteadthe al-
gorithmsgreedily selectat eachround the mostinformative featurefrom a large set of
pre-enumeratefiatures.

2 The Model

Let theinput, or state beavectorof randomvariablestaking valuesin some nite
domain . The probability of is de ned by assigningit an enegy, , Which is
convertedinto a probability usingthe Boltzmanndistribution,
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We furthermoreassumehatthe enegy is additive More explicitly, it will be modelledas
aweightedsumof features,

)

where arethe weights, thefeaturesandeachfeaturemay dependon its own
setof parameters .

Themodeldescribedhboreis very similarto an“additive random eld”, otherwiseknown
as “maximum entropy model”. The key differenceis that we allow eachfeatureto be
e xible throughits dependencen the parameters .

Learning in random elds may proceedby performing gradient ascenton the log-
likelihood:
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where  is adata-\ectorand is somearbitraryparametethatwe wantto learn. This
equationmakesexplicit the main philosophybehindlearningin random elds: theenegy
of states‘occupied” by datais lowered (weightedby —) while the enegy of all statesis
raised(weightedby ). Sincethereareusuallyan exponentialnumberof statesn the
systemthesecondermis oftenapproximatedby asamplefrom . Toreducesampling
noisea relatively large sampleis necessanandmoreover, it mustbe drawvn eachtime we
computegradients. Theseconsiderationsnake learningin random elds generallyvery
inef cient.

Iterative scalingmethodshave beendevelopedfor modelsthat do not include adaptve
featureparameters but insteadtrain only the coefcients [8]. Thesemethods
male more ef cient useof the samplesthan gradientascent,but they only minimize a
looseboundon the costfunctionandtheir terminalcornvergencecanbe slow.



3 An Algorithm for Self Superised Boosting

Boostingalgorithmstypically implement phasesa feature(or weaklearner)is trained,
therelative weight of this featurewith respecto the otherfeaturesalreadyin the pool is
determinedand nally the datavectorsarereweighted.In thefollowing we will discussa
similar stratgy in anunsupervisedetting.

3.1 Finding New Features

In [7], boostings reinterpretedsfunctionalgradientdescenbnalossfunction. Usingthe
log-likelihoodasa negative lossfunctionthisideacanbeusedto nd featuredor additive
random eld models.Considera changen theenegy by addinganin nitesimal multiple
of a feature. The optimal featureis thenthe onethat providesthe maximal increasen
log-likelihood,i.e. the featurethatmaximizesthe seconderm of
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Using Egn. 3 with we rewrite the secondermas,
— — (5)
where is our currentestimateof the datadistribution. In orderto maximizethis

derivative, thefeatureshouldthereforebe smallatthedataandlargeat all otherstateslt is
howeverimportantto realizethatthenormof thefeaturemustbeboundedsinceotherwise
thederivative canbe madearbitrarily large by simply increasinghe lengthof

Becausehe total numberof possiblestatesof a modelis often exponentiallylarge, the
secondermof Eqn.5 mustbeapproximatedisingsamples from ,

— — - (©)

Thesesamplesor “negative examples”,inform us aboutthe statesthat are likely under
the currentmodel. Intuitively, becausehe modelis imperfect,we would like to move its
densityestimateaway from thesesamplesandtowardsthe actualdata. By labelling the
datawith andthe negative exampleswith , we canmapthisto asupervised
problemwherea new featureis a classi er. Sincea goodclassi er is negative at the data
andpositive atthe negative examplegsowe canuseits signto discriminatethem),adding
its outputto thetotal enegy will lowertheenengy at statesvheretherearedataandraiseit
at statesvheretherearenegative examples.The maindifferencewith supervisedoosting
is thatthe negative exampleschangeat every round.

3.2 Weighting the Data

It hasbeenobsenred[6] thatboostingalgorithmscanoutperformclassi cationsalgorithms
that maximizelog-likelihood. This hasmotivatedusto usethe logistic lossfunctionfrom
theboostingliteraturefor trainingnew features.

Loss (7)

where runsover data( ) and negative examples( ). Perturbingthe
enegy of the negative lossfunction by addinganin nitesimal multiple of a new feature:



andcomputingthederivativew.r.t.  we derive the following costfunction
for addinga new feature,

(8)

Themaindifferencewith Eqn.6istheweights  ondataandnegative examplesthatgive
poorly “classi ed” exampleqdatawith very high enegy andnegative exampleswith very
low enegy) astrongevotein changeso theenepgy surface.Theextraweights(which are
boundedbetween0,1]) will incur a certainbiasw.r.t. the maximumlikelihoodsolution.
However, it is expectedthat the extra effort on “hard cases'will causethe algorithmto
convergefasterto gooddensitymodels.

It is importantto realizethatthelossfunctionEqn.7 is avalid costfunctiononly whenthe
negative examplesare x ed. The reasonis that after a changeof the enegy surface,the
negative examplesarenolongerarepresentatie samplefrom theBoltzmanndistributionin
Eqgn.1. However, aslong aswe re-samplehe negative examplesafterevery changean the
enegy we may useEqgn.8 asanobjectie to decidewhatfeatureto addto theenegy, i.e.
we may consideiit asthederivative of some(possiblyunknavn) weightedlog-likelihood:

By analogy we caninterpret asthe probability that a certain
state is occupiedby a data-vectorandconsequently asthe “margin”. Notethat
theintroductionof the weightshasgivenmeaningto the “height” of the enegy surface,in
contrasto the Boltzmanndistribution for which only relative enegy differencesount. In
fact,aswe will furtherexplainin the next section the heightof the enegy will be chosen
suchthatthetotal weighton datais equalto the total weight on the negative examples.

3.3 Adding the New Featureto the Pool

Accordingto thefunctionalgradientinterpretationthe new featurecomputedasdescribed
aborverepresentthein nitesimal changeén enegy thatmaximallyincreasethe (weighted)
log-likelihood.Consistentvith thatinterpretatiorwe will determine viaaline searchn
thedirectionof this “gradient”. In fact,we will proposea slightly moregeneralkchangan
enegy givenby;,
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As mentionedn the previoussectiontheconstant will have no effectontheBoltzmann
distribution in Eqn. 1. However, it doesin uence therelative total weight on dataversus

negative examples.Usingtheinterpretatiorof in Eqn.8 as it is nothardto
seethatthederivativesof ~ w.rt.to and  aregivenby,

— (10)

— (11)
Thereforeatastationarypointof ~ w.r.t.  thetotal weighton dataandnegative exam-

plespreciselybalancesut.

Wheniteratively updating  we not only changetheweights  but alsothe Boltzmann
distribution, which makes the negative examplesno longer representatie of the current

!Since is independenof , it is easyto computethe secondderivative
andwe cando Newton updateso computethe stationarypoint.
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Figurel: (a—left). Trainingerror(lower curves)andtesterror(higher curves)for the
weightedboostingalgorithm(solid curves)andtheun-weightedalgorithm(dasheaurves).
(b —right). Features foundby thelearningalgorithm.

estimateddatadistribution. To correctfor this we includeimportanceweights  on the
negative examplesthat are all at . It is very easyto updatetheseweights
from iterationto iterationusing andrenormalizing.lt is well
known thatin highdimensiongheeffective samplesizeof theweightedsamplecanrapidly
becometoo smallto be useful. We thereforemonitor the effective samplesize, given by

, Wherethe sumrunsover the negative examplesonly. If it dropsbelow athresh-
old we have two choices.We canobtaina new setof negative examplesfrom the updated
Boltzmanndistribution, resettheimportanceweightsto andresumetting . Alter-
natively, we simplyaccepthecurrentvalueof — andproceedo thenext roundof boosting.
Becauseawe initialize in the tting procedurethe latter approachunderestimates
theimportanceof this particularfeature whichis not a problemsincea similar featurecan
beaddedn thenext round.

4 A Binary Example: The GeneralizedRBM

We proposea simple extensionof the "restrictedBoltzmannmachine”(RBM) with (+1,-
1)-units[1] asa modelfor binary data. Eachfeatureis parametrizedy weights anda
bias

(12)
wherethe RBM is obtainedby settingall . One cansamplefrom the summed
enegy modelusingstraightforvard Gibbs sampling,whereevery visible unit is sampled
givenall the others. Alternatively, one candesigna muchfastermixing Markov chainby
introducinghiddenvariablesandsamplingall hiddenunitsindependentlygiventhevisible
unitsandvice versa.Unfortunately by includingthe coefcients  thistrick is nolonger
valid. But anapproximateMarkov chaincanbeused

(13)

This approximateGibbs sampling thus involves sampling from an RBM with scaled
weightsandbiases,

(14)
Whenusingthe above Markov chain,we will notwait until it hasreachedequilibrium but

initialize it atthedata-vectorsanduseit for a x ednumberof stepsasis donein contrastve
divergencdearning[4].



Whenwe t anew featurewe needto make sureits normis controlled. The appropriate
valuedependsn the numberof dimensiondn the problem;in the experimentdescribed

belon we boundedthe norm of the vector to benolargerthan . Theupdates
arethusgivenby and with,

(15)
wheretheweights  areproportionalto . Thecoefcients aredetermined

usingthe procedureof Section3.3.

To testwhethemwe canlearngoodmodelsof (fairly) high-dimensionalreal-world data,we
usedthe real-valueddigitsfromthe“br” setonthe CEDAR cdrom# . Welearned
completelyseparatenodelson binarized“2”s and“3”"s. The rst datacaseof each
classwereusedfor trainingwhile theremaining  digits of eachclasswereusedfor test-
ing. Theminimumeffective samplesizefor thecoefcients  wassetto . We used
differentsetsof negativeexamples, examplesachto t and . After anew fea-
turewasadded the total enegiesof all “2"s and“3"s werecomputedunderbothmodels.
The enegiesof the training data(underboth models)were usedastwo-dimensionafea-
turesto computea separatiorboundaryusinglogistic regressionwhich wassubsequently
appliedto thetestdatato computethetotal misclassi cation.In Figurelawe show thetotal
erroronbothtrainingdataandtestdataasafunctionof thenumberof featuresn themodel.
For comparisorwe alsoplot the trainingandtesterrorfor the un-weightedversionof the
algorithm ( ). The classi cation error after roundsof boostingfor the
weightedalgorithmis about , andonly very graduallyincreases$o about after

roundsof boosting.This is goodascomparedo logistic regression ), k-nearest
neighborg is optimal),while a parallel-trainedRBM with hidden
units achieves respectiely. The un-weightedearningalgorithmcon-
vergesmuchmoreslowly to a goodsolution,both on trainingandtestdata. In Figure1b
we show every feature betweerrounds and  for bothdigits.

5 A Continuous Example: The Dimples Model

For continuousiatawe proposeadifferentform of feature whichwetermadimplebecause
of its shapen theenegy domain.A dimpleis a mixture of anarrov Gaussiaranda broad
Gaussianwith acommonmean:

(16)

wherethe mixing proportionis constantandequal,and is x edandlarge. Eachround
of thealgorithmts and for anew learner A nicepropertyof dimplesis thatthey can
reducetheentropy of anexisting distribution by placingthedimplein aregionthatalready
haslow enepy, but they canalsoraisethe entrogy by puttingthe dimplein a high enegy
region[5].

Samplingis againsimpleif all , sincein thatcasewe canusea Gibbschainwhich
rst picksanarrov or broadGaussiarior everyfeaturegiventhevisible variablesandthen

sampleghe visible variablesfrom the resultingmultivariate Gaussian.For general the

situationis lesstractable but usinga similar approximatiorasfor thegeneralizedRBM,

(17)

Thisapproximatiorwill beaccuratavhenoneGaussiaris dominatingthe other i.e.,when
the responsibilitiesare closeto zero and one. This is expectedto be the casein high-
dimensionalapplications. In the low-dimensionalexample discussedbelov we imple-
menteda simpleMCMC chainwith isotropic,normalproposaldensitywhich wasinitiated
atthedata-pointandrunfor a x ednumberof steps.



(@) ”

(b) .

! ﬁ?}?‘l
gl
i,
Pty

Figure2: (a). Plot of iso-enegy contoursafter roundsof boosting. The crossesep-
resentthe dataandthe dotsthe negative examplesgeneratedrom the model. (b). Three
dimensionalplot of the negative enegy surface. (c). Contourplot for a mixture of
GaussiantearnedusingeM. (d). Negative enegy surfacefor themixtureof  Gaussians.

The type of dimple we usedin the experimentbelov canadapta commonmean( ) and
theinverse-arianceof the smallGaussiar{ ) in eachdimensionseparately The update

rulesaregivenby, and with
(18)
(19)
where and aretheresponsibilitiesfor the narrov
andbroadGaussiamrespectiely andthe weightsare givenby . Finally,

thecombinationcoefcients  arecomputedasdescribedn Section3.3.

To illustratethe proposedhlgorithmwe t the dimplesmodelto thetwo-dimensionatlata
(crossesyhonn in Figure2a-c. The datawere syntheticallygeneratedy de ning angles

with  uniform between andaradius with  standard
normal,whichwerecorvertedto Euclideancoordinatesandmirroredandtranslatedo pro-
ducethe spirals. The rst featureis anisotropicGaussiarwith the meanandthe variance
of thedata,while laterfeaturesveredimplestrainedin theway describedibove. Figure2a
alsoshaws the contoursof equalenepy after roundsof boostingtogethemwith exam-
ples(dots)from themodel.A 3-dimensionaplot of thenegative enegy surfaceis shovnin
Figure2b. For comparisonsimilar plotsfor amixtureof — Gaussiangrainedin parallel
with EM, aredepictedn Figures2c and2d.

The main qualitative differencebetweerthe ts in Figures2a-b(productof dimples)and



2c-d (mixture of Gaussians)is thatthe rst seemgo producesmootherenepgy surfaces,
only creatingstructurewherethereis structurein the data. This canbe understoocby
recallingthattherole of the negative exampleds preciselyto remove “dips” in the enegy
surfacewherethereis no data. The philosophyof avoiding structurein the modelthatis
not dictatedby the datais consistentwith the ideasbehindmaximumentrogy modelling
[11] andis thoughtto improve generalization.

6 Discussion

This paperdiscusses: boostingapproacito densityestimation which we formulateasa

sequentiahpproachto training additive random eld models. The philosophyis to view

unsupervisetbarningasa sequencef classi cationproblemswvheretheaimis to discrim-

inate betweendata-\ectorsand negative examplesgeneratedrom the currentmodel. The

samplingstepis usuallythemosttime consumingpperationutit is alsounavoidablesince
it informsthealgorithmof thestatesvhoseenepy is toolow. Theproposedlgorithmuses
just one sampleof negative examplesto t a new feature,which is very economicalas
comparedo mostnon-sequentiadlgorithmswhich mustgenerat@anentirenew sampleor

every gradientupdate.

Therearemary interestingissuesandvariationsthatwe have not addressech this paper
Whatis the effect of usingapproximateg.g. variationaldistributionsfor ? Canwe
improve the accurag of the modelby tting the featureparameterandthe coefcients
together? Doesre-samplingthe negative examplesmore frequently during learning
improvethe nal model?Whatis the effect of usingdifferentfunctionsto weightthe data
andhow do theweightingschemesdnteractwith the dimensionalityof the problem?
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