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Abstract

Boostingalgorithmsandsuccessfulapplicationsthereofaboundfor clas-
si�cation and regressionlearning problems,but not for unsupervised
learning.We proposea sequentialapproachto addingfeaturesto a ran-
dom�eld modelby trainingthemto improveclassi�cationperformance
betweenthedataandanequal-sizedsampleof “negativeexamples”gen-
eratedfrom themodel's currentestimateof thedatadensity. Trainingin
eachboostingroundproceedsin threestages:�rst we samplenegative
examplesfrom themodel's currentBoltzmanndistribution. Next, a fea-
ture is trainedto improve classi�cation performancebetweendataand
negativeexamples.Finally, a coef�cient is learnedwhichdeterminesthe
importanceof this featurerelative to onesalreadyin thepool. Negative
examplesonly needto begeneratedonceto learneachnew feature.The
validity of theapproachis demonstratedonbinarydigits andcontinuous
syntheticdata.

1 Intr oduction

While researchershavedevelopedandsuccessfullyappliedamyriadof boostingalgorithms
for classi�cationandregressionproblems,boostingfor densityestimationhasreceivedrel-
atively scantattention.Yet incremental,stage-wise�tting is anattractivemodelfor density
estimation.Onecanimaginethat the initial features, or weaklearners, could model the
roughoutlinesof thedatadensity, andmoredetailedcarvingof thedensitylandscapecould
occuroneachsuccessive round.Ideally, thealgorithmwouldachieveautomaticmodelse-
lection,determiningtherequisitenumberof weaklearnersonits own. It hasprovendif�cult
to formulateanobjective for sucha system,underwhich theweightsonexamples,andthe
objectivefor trainingaweaklearnerateachroundhaveanaturalgradient-descentinterpre-
tationasin standardboostingalgorithms[10] [7]. In this paperwe proposeanalgorithm
thatprovidessomeprogresstowardsthis goal.

A key ideain our algorithmis thatunsupervisedlearningcanbeconvertedinto supervised
learningby usingthe model's imperfectcurrentestimateof thedatato generatenegative
examples.A form of this ideawaspreviouslyexploitedin thecontrastivedivergencealgo-
rithm [4]. We take the ideaa stepfurtherhereby traininga weaklearnerto discriminate
betweenthepositiveexamplesfrom theoriginal dataandthenegativeexamplesgenerated
by samplingfrom thecurrentdensityestimate.This new weaklearnerminimizesa simple
additive logistic lossfunction[2].



Ouralgorithmobtainsanimportantadvantageoversampling-based,unsupervisedmethods
that learn featuresin parallel. Parallel-updatemethodsrequirea new sampleafter each
iterationof parameterchanges,in orderto re�ect thecurrentmodel's estimateof thedata
density. We improve on this by using one sampleper boostinground, to �t one weak
learner. The justi�cation for this approachcomesfrom the proposalthat, for stagewise
additive models,boostingcanbeconsideredasgradient-descentin functionspace,so the
new learnercan simply optimize its inner productwith the gradientof the objective in
functionspace[3].

Unlike other attemptsat “unsupervisedboosting” [9], whereat eachrounda new com-
ponentdistribution is addedto a mixture model, our approachwill add featuresin the
log-domainandassuchlearnsa productmodel.

Our algorithmincrementallyconstructsrandom�elds from examples. As such,it bears
somerelation to maximumentropy models,which arepopularin naturallanguagepro-
cessing[8]. In theseapplications,the featuresare typically not learned;insteadthe al-
gorithmsgreedily selectat eachround the most informative featurefrom a large set of
pre-enumeratedfeatures.

2 The Model

Let the input, or state
���

be a vectorof � randomvariablestaking valuesin some�nite
domain ��� . The probability of � is de�ned by assigningit an energy, �
	��
� , which is
convertedinto a probabilityusingtheBoltzmanndistribution,
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We furthermoreassumethattheenergy is additive. More explicitly, it will bemodelledas
a weightedsumof features,
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aretheweights, 3
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thefeaturesandeachfeaturemaydependon its own
setof parameters1

)

.

Themodeldescribedaboveis verysimilar to an“additiverandom�eld”, otherwiseknown
as “maximum entropy model”. The key differenceis that we allow eachfeatureto be
�e xible throughits dependenceon theparameters1

)

.

Learning in random �elds may proceedby performing gradient ascenton the log-
likelihood: 8:9
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where B

> is a data-vectorand
;

is somearbitraryparameterthatwe want to learn. This
equationmakesexplicit themainphilosophybehindlearningin random�elds: theenergy
of states“occupied” by data is lowered(weightedby

A

=

) while theenergy of all statesis
raised(weightedby

�

	��
� ). Sincethereareusuallyanexponentialnumberof statesin the
system,thesecondtermis oftenapproximatedby asamplefrom

�

	��
� . To reducesampling
noisea relatively largesampleis necessaryandmoreover, it mustbedrawn eachtime we
computegradients.Theseconsiderationsmake learningin random�elds generallyvery
inef�cient.

Iterative scalingmethodshave beendevelopedfor modelsthat do not include adaptive
featureparameters3J1

)
4

but insteadtrain only the coef�cients 3
*

)
4

[8]. Thesemethods
make more ef�cient useof the samplesthan gradientascent,but they only minimize a
looseboundon thecostfunctionandtheir terminalconvergencecanbeslow.



3 An Algorithm for SelfSupervisedBoosting

Boostingalgorithmstypically implement� phases:a feature(or weaklearner)is trained,
the relative weightof this featurewith respectto theotherfeaturesalreadyin thepool is
determined,and�nally thedatavectorsarereweighted.In thefollowing we will discussa
similar strategy in anunsupervisedsetting.

3.1 Finding New Features

In [7], boostingis reinterpretedasfunctionalgradientdescentona lossfunction.Usingthe
log-likelihoodasa negative lossfunctionthis ideacanbeusedto �nd featuresfor additive
random�eld models.Considera changein theenergy by addinganin�nitesimal multiple
of a feature. The optimal featureis then the one that provides the maximal increasein
log-likelihood,i.e. thefeaturethatmaximizesthesecondtermof
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UsingEqn.3 with
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werewrite thesecondtermas,
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where
�

	��
� is our currentestimateof the datadistribution. In order to maximizethis
derivative,thefeatureshouldthereforebesmallat thedataandlargeatall otherstates.It is
howeverimportantto realizethatthenormof thefeaturemustbebounded,sinceotherwise
thederivativecanbemadearbitrarily largeby simply increasingthelengthof

,
)

	��
� .

Becausethe total numberof possiblestatesof a model is often exponentiallylarge, the
secondtermof Eqn.5 mustbeapproximatedusingsamples��� from

�

	��
� ,
8:9
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Thesesamples,or “negative examples”,inform us aboutthe statesthat are likely under
thecurrentmodel. Intuitively, becausethemodelis imperfect,we would like to move its
densityestimateaway from thesesamplesandtowardsthe actualdata. By labelling the
datawith � �

�

�

andthenegativeexampleswith � �

C

�

, wecanmapthis to asupervised
problemwherea new featureis a classi�er. Sincea goodclassi�er is negative at thedata
andpositiveat thenegativeexamples(sowe canuseits signto discriminatethem),adding
its outputto thetotalenergy will lower theenergy atstateswheretherearedataandraiseit
at stateswheretherearenegativeexamples.Themaindifferencewith supervisedboosting
is thatthenegativeexampleschangeatevery round.

3.2 Weighting the Data

It hasbeenobserved[6] thatboostingalgorithmscanoutperformclassi�cationsalgorithms
thatmaximizelog-likelihood.This hasmotivatedusto usethelogistic lossfunctionfrom
theboostingliteraturefor trainingnew features.

Loss �+�����������
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where # runs over data( �
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�

�

C

�

). Perturbingthe
energy of thenegative lossfunctionby addingan in�nitesimal multiple of a new feature:
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andcomputingthederivativew.r.t. � we derive thefollowing costfunction
for addinga new feature,
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Themaindifferencewith Eqn.6 is theweights�

�

ondataandnegativeexamples,thatgive
poorly “classi�ed” examples(datawith veryhighenergy andnegativeexampleswith very
low energy) astrongervotein changesto theenergy surface.Theextraweights(whichare
boundedbetween[0,1]) will incur a certainbiasw.r.t. the maximumlikelihoodsolution.
However, it is expectedthat the extra effort on “hard cases”will causethe algorithmto
convergefasterto gooddensitymodels.

It is importantto realizethatthelossfunctionEqn.7 is a valid costfunctiononlywhenthe
negative examplesare�x ed. The reasonis that after a changeof the energy surface,the
negativeexamplesarenolongerarepresentativesamplefrom theBoltzmanndistributionin
Eqn.1. However, aslong aswe re-samplethenegativeexamplesaftereverychangein the
energy we mayuseEqn.8 asanobjective to decidewhat featureto addto theenergy, i.e.
we mayconsiderit asthederivativeof some(possiblyunknown) weightedlog-likelihood:
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By analogy, we caninterpret� 	 � �
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�%	&�'�2� astheprobability thata certain
state � is occupiedby a data-vectorandconsequently�

�%	&�'� asthe “margin”. Note that
theintroductionof theweightshasgivenmeaningto the“height” of theenergy surface,in
contrastto theBoltzmanndistribution for which only relative energy differencescount.In
fact,aswe will furtherexplain in thenext section,theheightof theenergy will bechosen
suchthatthetotal weightondatais equalto thetotalweighton thenegativeexamples.

3.3 Adding the NewFeature to the Pool

Accordingto thefunctionalgradientinterpretation,thenew featurecomputedasdescribed
aboverepresentsthein�nitesimal changein energy thatmaximallyincreasesthe(weighted)
log-likelihood.Consistentwith thatinterpretationwewill determine*

)

via a line searchin
thedirectionof this “gradient”. In fact,we will proposea slightly moregeneralchangein
energy givenby,
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As mentionedin theprevioussection,theconstant�
)

will havenoeffecton theBoltzmann
distribution in Eqn.1. However, it doesin�uence therelative total weighton dataversus
negativeexamples.Usingtheinterpretationof

�

in Eqn.8 as
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Therefore,at a stationarypoint of
9

� w.r.t. �

)

thetotal weightondataandnegativeexam-
plespreciselybalancesout.

Wheniteratively updating
*

)

we not only changetheweights �

�

but alsotheBoltzmann
distribution, which makes the negative examplesno longer representative of the current

1Since ������� is independentof ��� , it is easyto computethesecondderivative ��� �
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andwecandoNewton updatesto computethestationarypoint.
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Figure1: (a – left). Trainingerror(lower � curves)andtesterror(higher � curves)for the
weightedboostingalgorithm(solidcurves)andtheun-weightedalgorithm(dashedcurves).
(b – right). Features�

)

foundby thelearningalgorithm.

estimateddatadistribution. To correctfor this we includeimportanceweights �
� on the

negative examplesthat are all
�

	

�

at *

)

��� . It is very easyto updatetheseweights
from iterationto iterationusing � � �����
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	&� �.�2� andrenormalizing.It is well
known thatin highdimensionstheeffectivesamplesizeof theweightedsamplecanrapidly
becometoo small to be useful. We thereforemonitor the effective samplesize,givenby
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, wherethesumrunsover thenegativeexamplesonly. If it dropsbelow a thresh-
old we have two choices.We canobtaina new setof negativeexamplesfrom theupdated
Boltzmanndistribution, resettheimportanceweightsto

�

	

�

andresume�tting
*

)

. Alter-
natively, wesimplyacceptthecurrentvalueof *

)

andproceedto thenext roundof boosting.
Becausewe initialize *

)

��� in the �tting procedure,the latterapproachunderestimates
theimportanceof thisparticularfeature,which is notaproblemsinceasimilar featurecan
beaddedin thenext round.

4 A Binary Example: The GeneralizedRBM

We proposea simpleextensionof the ”restrictedBoltzmannmachine”(RBM) with (+1,-
1)-units[1] asa modelfor binarydata.Eachfeatureis parametrizedby weights �
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wherethe RBM is obtainedby settingall *

)

�

�

. One can samplefrom the summed
energy modelusingstraightforwardGibbssampling,whereevery visible unit is sampled
givenall theothers.Alternatively, onecandesigna muchfastermixing Markov chainby
introducinghiddenvariablesandsamplingall hiddenunitsindependentlygiventhevisible
unitsandvice versa.Unfortunately, by includingthecoef�cients *

)

this trick is no longer
valid. But anapproximateMarkov chaincanbeused
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This approximateGibbs sampling thus involves sampling from an RBM with scaled
weightsandbiases,
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WhenusingtheaboveMarkov chain,we will not wait until it hasreachedequilibriumbut
initialize it atthedata-vectorsanduseit for a�x ednumberof steps,asis donein contrastive
divergencelearning[4].



Whenwe �t a new featurewe needto make sureits norm is controlled. The appropriate
valuedependson the numberof dimensionsin the problem;in theexperimentdescribed
below we boundedthenormof thevector � �
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wheretheweights �

� areproportionalto � 	 � � � � � � . Thecoef�cients *

)

aredetermined
usingtheprocedureof Section3.3.

To testwhetherwecanlearngoodmodelsof (fairly) high-dimensional,real-world data,we
usedthe

����
%���

real-valueddigits from the“br” setontheCEDAR cdrom#
�

. We learned
completelyseparatemodelson binarized“2”s and“3”s. The �rst

�

� � datacasesof each
classwereusedfor trainingwhile theremaining� � � digitsof eachclasswereusedfor test-
ing. Theminimumeffectivesamplesizefor thecoef�cients *

)

wassetto
�

��� . We used�

differentsetsof negativeexamples,
�

� � exampleseach,to �t
, )

	-6 � and
*

)

. After anew fea-
turewasadded,thetotal energiesof all “2”s and“3”s werecomputedunderbothmodels.
Theenergiesof the trainingdata(underbothmodels)wereusedastwo-dimensionalfea-
turesto computea separationboundaryusinglogistic regression,which wassubsequently
appliedto thetestdatato computethetotalmisclassi�cation.In Figure1aweshow thetotal
erroronbothtrainingdataandtestdataasafunctionof thenumberof featuresin themodel.
For comparisonwe alsoplot thetrainingandtesterror for theun-weightedversionof the
algorithm( �

�
�

�

����� ). The classi�cationerror after
�

� � roundsof boostingfor the
weightedalgorithmis about�

	

�

��� , andonly verygraduallyincreasesto about�

	��

��� after
�

��� roundsof boosting.This is goodascomparedto logistic regression( �
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� ), k-nearest
neighbors(
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is optimal),while aparallel-trainedRBM with � �
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� � � hidden
unitsachieves �
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��� respectively. Theun-weightedlearningalgorithmcon-
vergesmuchmoreslowly to a goodsolution,bothon trainingandtestdata. In Figure1b
we show every

�

�

)��

feature�

)

betweenrounds
�

and � � � for bothdigits.

5 A ContinuousExample: The Dimples Model

Forcontinuousdataweproposeadifferentform of feature,whichwetermadimplebecause
of its shapein theenergy domain.A dimpleis a mixtureof anarrow Gaussianandabroad
Gaussian,with a commonmean:
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wherethemixing proportionis constantandequal,and �




is �x edandlarge. Eachround
of thealgorithm�ts  and �

A for anew learner. A nicepropertyof dimplesis thatthey can
reducetheentropy of anexistingdistributionby placingthedimplein aregion thatalready
haslow energy, but they canalsoraisetheentropy by puttingthedimple in a high energy
region [5].

Samplingis againsimpleif all
*

)

�

�

, sincein thatcasewe canusea Gibbschainwhich
�rst picksanarrow or broadGaussianfor everyfeaturegiventhevisiblevariablesandthen
samplesthevisible variablesfrom the resultingmultivariateGaussian.For general* the
situationis lesstractable,but usinga similarapproximationasfor thegeneralizedRBM,
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Thisapproximationwill beaccuratewhenoneGaussianis dominatingtheother, i.e.,when
the responsibilitiesare closeto zero and one. This is expectedto be the casein high-
dimensionalapplications. In the low-dimensionalexamplediscussedbelow we imple-
mentedasimpleMCMC chainwith isotropic,normalproposaldensitywhichwasinitiated
at thedata-pointsandrun for a �x ednumberof steps.
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Figure2: (a). Plot of iso-energy contoursafter ��� � roundsof boosting.The crossesrep-
resentthedataandthedotsthenegative examplesgeneratedfrom themodel. (b). Three
dimensionalplot of the negative energy surface. (c). Contourplot for a mixture of ���

GaussianslearnedusingEM. (d). Negativeenergy surfacefor themixtureof � � Gaussians.

The type of dimplewe usedin theexperimentbelow canadapta commonmean( � ) and
the inverse-varianceof thesmallGaussian( �

A ) in eachdimensionseparately. Theupdate
rulesaregivenby, � ���
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where �
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� aretheresponsibilitiesfor thenarrow
andbroadGaussianrespectively andtheweightsaregivenby �

�
� � 	

�
�

�
�

�
� . Finally,

thecombinationcoef�cients 


)

arecomputedasdescribedin Section3.3.

To illustratetheproposedalgorithmwe �t thedimplesmodelto thetwo-dimensionaldata
(crosses)shown in Figure2a-c. Thedataweresyntheticallygeneratedby de�ning angles

���

������� with � uniform between�
�

�

�

� anda radius �

�

�

�

�

C

�

��� with � standard
normal,whichwereconvertedto Euclideancoordinatesandmirroredandtranslatedto pro-
ducethespirals.The�rst featureis anisotropicGaussianwith themeanandthevariance
of thedata,while laterfeaturesweredimplestrainedin thewaydescribedabove.Figure2a
alsoshows thecontoursof equalenergy after ��� � roundsof boostingtogetherwith exam-
ples(dots)from themodel.A 3-dimensionalplot of thenegativeenergysurfaceis shown in
Figure2b. For comparison,similar plotsfor a mixtureof ��� Gaussians,trainedin parallel
with EM, aredepictedin Figures2cand2d.

Themainqualitative differencebetweenthe �ts in Figures2a-b(productof dimples)and



2c-d (mixture of Gaussians),is that the �rst seemsto producesmootherenergy surfaces,
only creatingstructurewherethereis structurein the data. This can be understoodby
recallingthat therole of thenegativeexamplesis preciselyto remove“dips” in theenergy
surfacewherethereis no data. The philosophyof avoiding structurein themodelthat is
not dictatedby the datais consistentwith the ideasbehindmaximumentropy modelling
[11] andis thoughtto improvegeneralization.

6 Discussion

This paperdiscussesa boostingapproachto densityestimation,which we formulateasa
sequentialapproachto trainingadditive random�eld models. The philosophyis to view
unsupervisedlearningasasequenceof classi�cationproblemswheretheaimis to discrim-
inatebetweendata-vectorsandnegative examplesgeneratedfrom thecurrentmodel. The
samplingstepis usuallythemosttimeconsumingoperation,but it is alsounavoidablesince
it informsthealgorithmof thestateswhoseenergy is toolow. Theproposedalgorithmuses
just onesampleof negative examplesto �t a new feature,which is very economicalas
comparedto mostnon-sequentialalgorithmswhichmustgenerateanentirenew samplefor
everygradientupdate.

Therearemany interestingissuesandvariationsthatwe have not addressedin this paper.
What is theeffect of usingapproximate,e.g. variationaldistributionsfor

�

	��
� ? Canwe
improve the accuracy of the modelby �tting the featureparametersandthe coef�cients

*

)

together? Doesre-samplingthe negative examplesmore frequentlyduring learning
improvethe�nal model?Whatis theeffect of usingdifferentfunctionsto weightthedata
andhow do theweightingschemesinteractwith thedimensionalityof theproblem?
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