7 Prove each of the following laws of Binary Theory using the proof format given in
Subsection 1.0.1, and any laws listed in Section 11.3. Do not use the Completion Rule.
(a) if a then a else —a fi

(b) if b then c else —c fi = if c then b else -b fi
(©) if bac then Pelse O fi = if b then if c then P else QO fi else O fi
(d) if bvc then Pelse Q fi = if b then P else if ¢ then P else Q fi fi
(e) if b then P else if bthen Qelse Rfifi = if b then P else R fi
) if if b then c else d fi then P else QO fi

= if b then if c then P else QO fi else if d then P else QO fi fi
(2) if b then if c then P else R fi else if c then Q else R fi fi

= ifcthenif b then P else O fielse R fi
(h) if b then if c then P else R fi else if d then Q else R fi fi

= ifif b then c else d fi then if b then P else Q fi else R fi

After trying the question, scroll down to the solution.



§(a)

if a then a else —a fi
a=a
T

Here is another solution.

if a then a else —a fi
ana v naAN—a
av -a

-

Here is another solution.

§(b)

§(c)

§(d)

§(e)

§(H)

if a then a else —a fi
if a then T else - L fi
if a then T else T fi
T

if b then c else —c fi
bac v =ba-c
cAb v =cA-b
if ¢ then b else -b fi

if b then if c then P else Q fi else QO fi
b A(cAP vV —cAQ) vV =bAQO

bacAP v ba=cAQ v =bAaQO

bacAP v (ba=c v =b) A Q

baeAP v (=b v ba=c) A Q

bacAP v (=b v D)A(=b Vv =c)AQ
bAacAP v TA=(bAc)AQ

bacAP v =(bAac)AQ

if bac then P else O fi

if b then P else if ¢ then P else QO fi fi
bAP v =bA(cAP v =cAQ)

bAP v =bAcAP v =ba=cAQ

(bv =bAc)AP v =bAa=cAQ

(bv =b)A(bV c)AP v =(b Vv c)AQ
(bvc)AP v =(bv c)AQ

if bvc then P else Q fi

if b then P else if b then Q else R fi fi
if b then P else if L then Q else R fi fi
if b then P else R fi

if if b then c else d fi then P else O fi

ifbthencelsedfin P v —if bthencelsedfin QO
if b then cAP else dAP fi v if b then —cAQ else —dAQ fi
if b then cAP v —cAQ else dAP v =dAQ fi

one-case
reflexive

case analysis
idempotence twice
excluded middle

context
binary law
generic case idempotent law

case analysis
symmetry twice
case analysis

case analysis, twice
distribution

distribution

symmetry

distribution

excluded middle, duality
identity

case analysis

case analysis twice
distribute

factor (undistribute)
distribute, duality

excluded middle and identity
case analysis

context
case base

case analysis
distribute
distribute
case analysis

if b then if c then P else Q fi else if d then P else QO fi fi



§(2)

§(h)

if b then if c then P else R fi else if c then Q else R fi fi case idempotent
if ¢ then if b then if ¢ then P else R fi else if ¢ then O else R fi

else if b then if c then P else R fi else if ¢ then Q else R fi fi fi context
if ¢ then if b then if T then P else R fi else if T then Q else R fi

else if b then if | then P else R fi else if | then QO else R fifi fi case base
if ¢ then if b then P else Q fi else if b then R else R fi fi case idempotent

if ¢ then if b then P else Q fi else R fi

if if b then c else d fi then if b then P else Q fi else R fi case analysis law
if b then c else d fi A if bthen Pelse Ofi v —if bthencelsedfi A R

four case distributive laws
if b then cAP v —=cAR else dAQ v —=dAR fi case analysis law twice
if b then if c then P else R fi else if d then Q else R fi fi



