476  Let b: bin be the user's variable, and let n: nat be the implementer's variable, and let the
operations be
step = if n>0 then n:= n—1 else ok fi
done = b:=n=0
Show that there is no transformer to get rid of n so that
step is transformed to ok
done is transformed to b=1
even though the user cannot detect the difference.

After trying the question, scroll down to the solution.
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Suppose a user is imagining that there is a variable n with some natural value, and step
decreases it until itis O , and done says whether n is 0 . But actually there is no
variable n ,and step does nothing, and done always says “ n is not yet 0 ”. The user
will never know that there is no variable n . That's why the question says “the user
cannot detect the difference”.

The transformer would have to be a binary expression D in variables b and n such that
dn- D
Vn- D= 3n'"- D' A if n>0 then n:=n-1else ok fi < ok
Vn-D=3dn- D' A (b:=n=0) < b:=1

Instead of a binary expression, let D be a relation between a binary and a natural. Then
An-Dbn
Vn-Dbn= 3n"- D b'n' Aif n>0 then n:=n-1else ok fi < ok
Von-Dbn=3An-Db'n' A (b:=n=0) < b=1

Now calculate, starting with the left side of 1.
Vn-Dbn= 3n'- Db'n' A if n>0 then n:= n—1 else ok fi replace if and := and ok
= VaDbn=3n-Dbn A1m>0 An'=n-1 Ab'=b)v (n=0 A n'=n A b'=b)
distribute D b'n’
VYn-Dbn=3aAn- (Db'n" An>0 An'=n-1Ab'=b)v (Dbn'" Ann=0 A n'=n n b'=b)

splitting
= VnDbn= @n""Db'n An>0An'=n-1nab'=b)v (3An"-Db'n" An=0An"=nnb'=b)
one-point
= VanDbn= Db (n-1)An>0nab=b)v(Dbnnan=0nb'=b) context
= VnDbn=Dbm-1)An>0nab=b)v (Dbnnan=0n b'=b) factor out b'=b
= b=bAaVunDbn= (Db (n-1)an>0)v (Dbn A n=0) context
= b=bAaVnDbn= (Db (n-1)An>0)v (T An=0) identity
= b=bAVnDbn= (Db (n-1)An>0)v n=0 basic V law
= b=bA(Vn:0-Dbn= (Db (n-1)An>0)v n=0) The O caseis T .
A (Vn: nat+1- D b n = (D b (n-1) A n>0) v n=0)
= b'=baVn nat+1-Dbn= Db (n-1) change of variable
= b=baVn:nar Db(n+l)=Dbn mirror
= b=bAaVnDbn<Db(n+l)
According to (1), this is refined by ok (in a context without n ). So
b=bAn(VNnDbn<Dbn+l)) <= b=b context
= TANnmDbn<=Db(n+l) <= b=b identity and mirror
= b=b=VnDbn<=Db[n+l) one-point b’
= VunDbn<Db(n+l)
= D b n is antimonotonic in 7 ; in other words, an initial (possibly empty,
possibly infinite) segmentof Db 0; Db 1; ... is T ,and after that it's L .
Now calculate, starting with the left side of 2.
= Vn-Dbn=3An-Db'n A (b:=n=0) replace =
= VaDbn=3In-Db'n Ab=n=0)An'=n factor out b'=(n=0)
= VanDbn=>b=(n=0)AIn"-Dbn' An'=n one-point 7'
= VnDbn=b=n=0)ADbn splitting

(Vn-Dbn=b'=n=0)) A (VY\n-Dbn=Db'n)
According to (2), this is refined by b:= L (in a context without n ). So, explicitly
quantifying over b and 2’

Vb,b' (VYn"Dbn=b'=n=0)) A NnDbn=Db'n) <« (b:i=1) expand :=
= Vbb-VunDbn=b=n=0)) A(N\u"Dbn=Dbn) <« b=1L one-point b’
= Vbo(VuDbn=n>0)A(NnDbn=D Ln) contrapositive



Vb (Vn-n=0=-Dbn)rn(Nn-Dbn=D 1 n) one-point n
Vb = DbOA(NnDbn= D 1 n)

“)

From (4) we have =D b0 . So from (3) we have Vn- = D b n . And this contradicts (0).
Hence there is no data transformer to do the job.

If the user is willing to test done to see if n=0 before each use of step , then we can
weaken step to n>0 = (n:=n-1) , and perhaps find a transformer to transform step to
ok and transform done to b= 1.



