407  Let all variables be integer. Add recursive time. Using recursive construction, find a
fixed-point of

(a) skip = ifi=0 then i:=i—1. skip. i:=i+1 else ok fi

(b) inc = okv (i:=i+l. inc)

(©) sgr = ifi=0 then ok else s:=s + 2xi — 1. i:=i—1. sqrfi

(d) fac = ifi=0 then fi=1 else i:=i-1. fac. i:=i+1. fi=fxi fi

(e) chs = ifa=bthen c:=1else a:=a-1. chs. a:=a+1. c:=cxal(a-b) fi
® foo = ifi=0 then i:= 3 else foo fi

(2) bar = i:=i-1. if i=0 then i:=3 else bar. i:=3fi

After trying the question, scroll down to the solution.



(a)

(b)

skip if i>0 then i:= i—1. skip. i:=i+1 else ok fi

Adding recursive time,

skip = if i=0 then i:=i-1. t:=t+1. skip. i:=i+1 else ok fi

skipg = =t

skip,.1 = if i=n then ¢’ = t+n+1 else if O<i<n then r:= r+i+1 else ok fi fi
skip., = if i=0 then 7:= r+i+1 else ok fi

To show it's a fixed-point, start with the right side of the definition of skip , but substitute
skip., in place of skip ,

if i>0 then i:=i-1. .= t+1. if ;=0 then r.:= r+i+1 else ok fi. i:=i+1 else ok fi
distribute i:=i+1 into preceding if
if i>0 then i:=i-1. r:=r+1. if ;=0 then r.:= r+i+1. i:= i+1 else ok. i:= i+1 fi else ok fi
replace first i:=i+1 and ok is identity for .
if i=0 then i:= i—1. r:= t+1. if i=0 then r:=r+i+1. i'=i+1 A '=t else i:= i+1 fi else ok fi
substitution law in second then-part
if =0 then i:= i—1. := t+1. if =0 then i'=i+1 A f'=r+i+1 else i:= i+1 fi else ok fi
replace i:= i+1
if >0 then i:=i—1. ;= t+1. if ;=0 then i'=i+1 A '=r+i+1 else i'=i+1 A t'=t fi else ok fi
substitution law twice more
if i=0 then if i—1>0 then i'=i—1+1 A '=t+1+i-1+1 else i'=i—1+1 A t'=t+1 fi else ok fi
simplify
if >0 then if i>1 then i'=i A ¢'=t+i+1 else i'=i A t'=r+1 fi else ok fi use := twice
if ;=0 then if i>1 then ¢:= t+i+1 else #:= t+1 fi else ok fi
In the first else-part the context is i=0 A =(i=1) which is =0
if i=0 then if i>1 then 7.= t+i+1 else ;= r+i+1 fi else ok fi case idempotent
if =0 then r:= r+i+1 else ok fi

and we get skip,, again, so it is a fixed-point.

inc ok v (i:=i+1. inc)

Adding recursive time,

inc = okv (i:=i+1. t:=1+1. inc)
Now recursive construction. Starting with T,
inc, = T
inc, = ok v (i:=i+l. t=1t+1. incg)
= ok v T
= 7T

We have converged, and found that T is a fixed-point. Perhaps we'll get something
more interesting if we start with 7>z .

incg = t'=t

inc, = ok v (i:=i+l. t=1t+1. incg)
= i'=int'=t v t'zt+1

inc, = ok v (ir=i+l. t=t+1. inc;)

i'=int'=t v i'=i+l At'=t+1 v =t+2

I'm ready to guess

inc, Am: 0,..n i'=i+m A '=t+m) v '=t+n
inc,, = Am: nat i'=i+m A '=t+m) v =0

Now I must test inc,, to see if it's a fixed-point.

ok v (i:=i+l. t:=t+1. inc,)

i'=i A=t v (@m: nat i'=i+14m A {'=t+1+m) v {'= arithmetic identity
i'=i40 A '=t+0 v (@m: nat i'=i+14+m A t'=t+1+m) v t'= change of variable
iI'=i+0 A '=t+0 v (3m: nat+1- i'=i+m A '=t+m) v {'=0 basic quantifier law

@Am: 0- i'=i+m A '=t+m) v (Am: nat+1- i'=i+m A '=t+m) v '=0
basic quantifier law



©)

(Am: 0, nat+1- i'=i+m A t'=t+m) v '=o fixed-point nat construction
(Am: nat- i'=i+m A t'=t+m) v t'=0

INcy,
Starting with L we get

inc, = 1

inc, = ok v (i:=i+l. t=1t+1. incg)
= i'=i A t'=t

inc, = ok v (i:=i+l. t=t+1. inc;)
= i'=sint'=t v i'=i+] A f'=t+]

inc, = Am: 0,..n i'=i+m A t'=t+m)

Inc, = Am: nat- i'=i+m A t'=t+m)

This is a fixed-point (not proven here), and it's implementable too (also not proven here)!

sqry
sqry

sqry

sqrs

sqry
$qro,

=

= if i=0 then ok else s:= s + 2xi — 1. i:=i-1. sqrfi
t'=t
if i=0 then ok else s:= s + 2xi — 1. it=i-1. t:=t+1. sqryfi
if i=0 then ok else t' > r+1
if i=0 then ok else s:= 5 + 2xi — 1. i:=i-1. tt=t+1. sqr fi
if i=0 then ok else  s:=s+2xi— 1. i:=i-1. t:=1+1.

if i=0 then ok else t' > r+1 fi fi

I nmninsg

if (=0 then ok
else if i-1=0 then s:=s + 2xi — 1. i:=i-1. t:=t+1

elser/ >+2fifi
if i=0 then s:= s+0. i:=0. .= +0
else if i=1 then s:=s+1. i:=0. t:=r+1

elser/ >+2fifi
= if (=0 then ok

else si=s5+2xi—1. i:=i-1. t:=1+1.
if i=0 then s:= s+0. i:=0. ;= +0
else if i=1 then s:=s+1. i:=0. r:=r+1
else ' >r+2fififi
= if i=0 then ok
elseif i=1 then s:=s5+2xi—1. i:=i-1. t:=t+1.
s:=5+0. i:=0. t:=1+0
else if i=1 then s:=s + 2xi — 1. i=i-1.t:= r+1.
si=s5+1. :=0. r=1+1
else si=s+2xi— 1. ii=i-1. t:=r+1. ' = +2fififi

if i=0 then s:= s+0. i:=0. ;= +0
else if i=1 then s:=s+1. i:=0. r:=r+1

else if ;=2 then s:= s+4. i:=0. t:=1+2

elser/ =3 fififi

if O<i<n then s:= s+i2. t:=t+i. i:=0else t > t+n fi
if O<i then s:= s+i2. t:=t+i. i:=0 else '== fi

Now we test to see if sqgr,, is a fixed-point.

if i=0 then ok else s:=s+2xi—1. i:=i—1. r:=t+1.
if O<i then s:= s+i2. t:=t+i. i:=0 else t'== fi fi
if i=0 then ok
else if O<i—1 then s:=s+2xi—1. i:=i—1. r:=r+1.
s:=s+i2. ti=t+i. i:=0
else si=s+2xi— 1. i:=i—1. t:=t+1. t'=cfifi
if i=0 then ok
else if 1<i then s:= s + 2xi — 1 + (i-1)2. = t+1+i-1. i:=0



(d)

(e)

else /'=co fi fi
= if i=0 then s:= s+i2. i=t+i. i:=0
else if 1<i then s:= s+i2. :=1+i. i:=0

else '=x fi fi
=  8qre
fac = if i=0 then fi=1else i:=i—1. fac. i:=i+1. fi=fxifi
Adding time,

fac = ifi=0then fi=1 else i:=i-1. t:=r+1. fac. i:=i+l. fi=fxi fi
Recursive construction starting with #'=¢ produces

fac, = if O<i<n then f'=i! A i'=i A t'=t+i else t'=t+n fi
where i! is “i factorial”. Replacing n with o produces
fac,, = if O<ithen f'=i! A i'=i A '=t+i else t'=o° fi

Now we see if fac,, is a fixed-point. Starting with the right side of the fac equation,
if i=0 then fi= 1 else i:=i—1. t:=t+1. fac. i:=i+1. fi=fxifi replace fac with fac,,
= ifi=0 then fi=1 expand assignment
else i:=i—1. ri=1t+1. ifO<i then f'=i! A i'=i A '=t+ielse = fi. i:=i+]. fi=fxi fi
combine and expand the final two assignments

= ifi=0thenf'=1 A i'=i A t'=t use if-context in then-part
else i:=i-1. r:=t+1. if O<i then f'=i! A i'=i A t'=1+i else t'=c° fi.
=i+l Af =fx(i+]) A f'=tfi distribute this line into then and else parts

= if ;=0 then f'=i! A i'=i A '=t+i
else i:=i-1. =r+1. if O<i then f'=i! A i'=i A '=t+i. §' = i+1 A f =fx(i+]1) A 1'=t
else '=. i' =i+1 A f =fx(i+1) A '=tfi fi dep't comp.
= if ;=0 then f'=i! A i'=i A '=t+i
else i:=i-1. r:=t+1. if O<i then f'=(i+1)! A i'=i+1 A t'=t+i else t'=2 fi fi
substitution law twice
= if ;=0 then f'=i! A i'=i A '=t+i
else if 1<i then f'=i! A i'=i A '=t+i else '=x fi fi combine i=0 and 1<i cases
= if O<i then f'=i! A i'=i A '=t+i else '== fi
Therefore fac,, is a fixed-point.

chs = ifa=bthenc:=1else a:=a-1. chs. a:=a+l. c:=cxal(a-b) fi
chsy = 'zt

chs; = ifa=bthen c:=1else a:=a-1. t:=t+1. chsy. a:=a+l. c:=cxal(a-b) fi
At this point we need to know that cxa/(a—b): int and we don't.
But this whole procedure just generates a candidate that needs to be tested.
So we carry on as if cxa/(a—b): int

= ifa=bthenc:=1elset =t+1fi
chs, = ifa=bthenc:=1else a:=a-1. t:=t+1. chs|. a:=a+l. c:=cxal(a-b) fi

if a=b then c:= 1
else a:=a-1. t:=r+1. if a=b then c:= 1 else ¢ > r+1 fi.
a:=a+l. c:=cxal(a-b) fi
if a=b then c:= 1
else if a—1=b then a:=a-1. t:=t+1. c:=1. a:=a+1. c:= cxal(a-b)
else a:=a-1. tt=t+1. ' = t+1. a:= a+1. c:=cxal(a-b) fifi
= ifa=bthenc:=1
else if a—1=b then r.=rt+1. c:=a
elser >r+2 fifi
chsy; = if a=bthen c:=1
else a=a-1. t:=1r+1.
if a=b then c:= 1



chsy

chs,
chs,

else if a—1=b then r:=r+1. c:=a
else ¢ > t+2 fi fi.
a:=a+l. c:=cxal(a-b) fi
= ifa=bthenc:=1
else if a—1=b then a:=a-1. t:=1+1. c:=1. a:=a+1. c:= cxal(a-b)

else if a-2=b then a:= a—-1.t:=t+1. t:=t+1. c:= a. a:= a+1. c:= cxal(a-b)

else a:=a-1. tt=t+1. ' =2 t+2. a:= a+1. c:=cxal(a-b) fififi
= ifa=bthenc:=1
else if a—1=b then r.=t+1. c:=a
else if a—2=b then t:= r+2. c:= ax(a—1)/2
else /' >r+3fififi
= ifa=bthenc:=1
else a=a-1. r=r+1.
if a=b then c:= 1
else if a—1=b then r.=r+1. c:=a
else if a—2=b then t:= +2. c:= ax(a—1)/2
else r' > r+3 fifi fi.
a:=a+1. c:=cxal(a-b) fi
= ifa=bthenc:=1
else if a—1=b then r:.=t+1. c:=a
else if a—-2=b then t:= t+2. c:= ax(a—1)/2
else if a—3=b then r:= +3. c:= ax(a—1)x(a-2)/(2x3)
elset >r+4fifififi

= if b <a<b+nthen t:= t+a-b. c:=I1[b+1;..a+1]/11[1;..a-b+1]) else ' = t+n fi

= if a=b then .= t+a-b. c:=T1[b+1;..a+1]/T1[1;..a-b+1] else t'= fi

Now I test to see if chs,, is a fixed-point.

if a=b then c:=1 else a:= a-1. t:=t+1. chs,. a:=a+l. c:=cxal(a-b) fi
if a=b then c:= 1
else a:=a-1. r:=1r1+1.
if a=b then t:= t+a-b. c:=T1[b+1;..a+1]/11[1;..a—b+1] else = fi.
a:=a+l. c:=cxal(a-b) fi
if a=b then c:= 1
else if a—1=b then a:=a-1. t:=1t+1.
t.=t+a-b. c:=11[b+1;..a+1]/11[1;..a-b+1].
a:=a+1. c:= cxal(a—b)
else a:=a-1. t:=t+1. '=». a:=a+l. c:=cxal(a-b) fifi
if a=b then c:= 1
else if a>b then .= t+a—-b. c:=11|b+1;..a+1]/11[1;..a-b+1]
else r'= fi fi
if a=b then 1:= t+a-b. c:=I[b+1;..a+1)/I1[1;..a-b+1] else t'=c° fi
chs.,

So chs,, is a fixed-point. Note that for 1<b=<a , ¢’ is the number of ways of choosing b
things from a things.

Jooy

foo,

foo,

oo = ifi=0 then i:= 3 else foo fi

T

if =0 theni:=3elser:=r+1. T fi

if i=0 then i'=3 A f'=relse T fi

i=0 = i{'=3 A t'=t

if i=0 then i:=3 else r:=t+1. (=0 = i'=3 A {'=tfi
if i=0 then i'=3 A f'=relse i=0 = i'=3 A t'=t+1 fi
if i=0 then i'=3 A t'=telse T fi

L I I

context



i=0=i'=3 At'=t

foo,
The weakest fixed-point (solution) i=0 = i'=3 A t'=t has been found.
(2) bar = i:=i-1. if i=0 then i:=3 else bar. i:=3fi
§ baro, = T
bar, ir=i-1. if i=0 theni:=3 else:=r+1. T. i:=3fi

i:=i-1. if i=0 then i'=3 A f'=telse t:=t+1. T. i'=3 At'=thi

i:=i—1. if i=0 then i'=3 A f'=telse :=r+1. (Ai", ¢ T Ai'=3 A '=t") fi
i:=i—1. if i=0 then i'=3 A f'=relse r:=t+1. i'=3 fi

i:=i—1. if i=0 then i'=3 A f'=t else i'=3 fi

if i=1 then i'=3 A f'=t else i'=3 fi

i'=3 A if i=1 then f'=r else T fi

i'=3 A (i=1 = {'=1)

bar, i:=i—1. if i=0 then i:=3 else r:=t+1. i'=3 A (i=] = ¢'=1). i:=3fi
i:=i—1. if i=0 then i'=3 A r'=telse i'=3 A (i=1 = '=t+1) fi
if i=1 then i'=3 A t'=telse i'=3 A (i=2 = t'=r+1) fi
i'=3 A if i=1 then r'=f else i=2 = '=t+1 fi
i'=3 A (0<i<2 = '=t+i—1)
Now I guess
bar, = i'=3 A (O<isn = t'=t+i-1)

Replacing n with o produces
bar, = i'=3 A (0<i= t'=t+i-1)
For proof that this is a solution, see Exercise 406(b).



