300  Let all variables be integer except L 1is a list of integers. What is the exact precondition
(a) for x'+y" > 8 to be refined by x:=1

(b) for x'=1 to be refined by x:=1

(c) for x'=2 to be refined by x:=1

(d) for x'=y to be refined by y:=1

(e) for x'=y" to be refined by x:= y+z

) for y'+z' =0 to be refined by x:= y+z

(2) for x'<1 v x'=5 to be refined by x:=x+1

(h) for x'<y’ A dx- Lx <y’ to be refined by x:=1

(1) for 3y- Ly <x’ to be refined by x:= y+1

()  for L'3=4 tobe refined by L:=i—4|L

k) for x'=a to be refined by if a > b then x:= a else ok fi

@ for x'=y A y'=x to be refined by (z:=x. x:=y. y:=2)

(m)  for axx' 2+ bxx' + ¢ =0 to be refined by (x:=axx + b. x:=—x/a)

(n) for f'=n'! to be refined by (n:=n+l1.f:=fxn) where n is natural and ! is factorial.
(0) for 7=c'<28 A odd ¢' to be refined by (a:=b-1. b:=a+3. c:=a+b)

(p) for s' = £ L[0;..i'] toberefined by (s:=s+ Li. i:=i+1)

(q) for x'>5 to be refined by x": x+(1,2)

(r) for x>0 to be refined by x': x+(-1, 1)

After trying the question, scroll down to the solution.
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x'+y' > 8 to be refined by x:=1
Vx',y-x'+y >8 <= (x:=1)
Vx',y x'+y'>8 <« x'=1 Ay'=y
I+y>8
y>7

x'=1 to be refined by x:=1
Vx',y - x'=1<=@x=1)
Vx',y-x'=1 <« x'=1
1=1
-

x'=2 to be refined by x:=1
Vx',y-xX'=2 <= (x:=1)
Vx',y-x'=2 <= x'=1
1=2
L

x'=y to be refined by y:=1
Vx',y: x'=y<=(y:=1)
Vx',y x'=y < x'=x ay'=1
A=Y

x'zy" to be refined by x:= y+z
Vx',y, 7" x'zy < (x:= y+2)
V)C’, y’, 7' )C,Zy' =x = y+z A y':y A 7=z
ytzzy
720

y'+z' =0 to be refined by x:= y+z
Vx',y', 7" y'+7' =20 <= (x:= y+2)
VxX',y,7"y+7 20 <= x'=y+z A y'=y A 7'=2
y+z=0

x'<1l v x'=5 to be refined by x:=x+1
Vx'- (xX'<l vxX'25 < xi=x+1)
V' (X<l vx'=5 <= x'=x+1)
x+1=<1 v x+1=5
x<0 v x=4
-x:1,.4

xX'<y’ A dx Lx<y'" tobe refined by x:= 1

Vx',y, L' X<y’ A (QAx Lx<y') <= (xi=1)
Vx’,y’,L,’ X,<y’ A (H)C Lx <y,) = x'=1na y’:y A L=L

I<yAadx Lx<y

dy- Ly <x' to be refined by x:= y+1
Vx',y',L'- Ay Ly <x') < (x:= y+1)

Vx',y', L' Ay Ly<x') =x'=y+1 Ay'=ya L'=L
Vx',y',L' 3z Lz<x)<=x'=y+1 A y'=y A L'=L

dz: Lz < y+1

one-point twice

one-point

one-point

one-point twice

expand assignment
one-point, three times
arithmetic

One-point, 3 times

one-point

one-point three times

expand assignment
rename
one-point three times
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for L'3=4 toberefinedby L:i=i—4|L

VL,i"L'3=4< (L=i—4]|L)

VL ,i"L'3=4<L =i—=4|L ni'=i one-point twice
(i—4|1)3=4
i=3 v L3=4

for x'=a to be refined by if a > b then x:= a else ok fi

Vx',a', b x'=a < if a > b then x:= a else ok fi replace if , :=,and ok
Vx',a',b'- x'=a <= (a>b A x'=a A a'=a A b'=b) v (a<b A xX'=x A a'=a A b'=b) antidist
Vx',a',b' (x'=a <= a>b A x'=a A a'=a A b'=b) A (x'=a <= a<b A X'=x A a'=a A b'=b)
splitting

(Vx',a',b'" x'=a <= a>b A xX'=a A a’=a A b'=b)

A(Vx',a' b x'=a <= a<b A X'=x A a'=a A b'=b)
specialization and identity; one-point

x=a < a<b

for x'=y A y'=x to be refined by (z:=x. x:=y. y:=2)

Vx',y, 7 xX'=yAy=x « (z=x. xi=y. y:=2)

VX', ¥,z x'=yay=x <= (z=x. xi=y. xX'=x AY'=zA7=z) Substitution Law
VX', ¥,z x'=y Ay=x <= (z=x. X'=y Ay'=zAZ7=2) Substitution Law
VX', ¥,z x'=y Ay=x <= x'=y A y'=xnaz=x One-point, 3 times
y=y A x=x

T

for axx' 2+ bxx' + ¢ =0 to be refined by (x:=axx + b. x:=—x/a)

Vx'axx'2+bxx' +c=0 <= (xi=axx+b. x:=—x/a) replace final assignment
Vx' axx'2+bxx' +c=0 <= (x:=axx+b. x' =—x/a) substitution law
Vx'saxx' 2+ bxx'+ ¢ =0 <= x' =—(axx + b)la one point
ax(—(axx + b)la)? + bx(—(axx + b)la) + c =0 This is the exact precondition.

But we can simplify it if we allow a sufficient precondition answer:

< a+0 A axx2+bxx+c=0

for f'=n'! tobe refined by (n:=n+1. fi=fxn) where n is natural and ! is factorial.

Yf',n f'=n'"! « (m:=n+l. fi=fxn) expand last assignment
Vi',n' f'=n"! <« (m=n+l. f'=fxn A n'=n) substitution law
Vi',n' f'=n"! < f'=fx(n+l) A n'=n+1 one-point twice
fx(n+1) = (n+1)! definition of !
fx(n+1) = n!x(n+l) cancellation
f=n!

for 7=c'<28 A odd c¢' to be refined by (a:=b-1. b:=a+3. c:=a+b)

Ya',b',c'7=c'<28 Aoddc < (a:=b-1. b:=a+3. c:=a+b) expand last asmt

Ya',b',c'-7=c'<28 A oddc' <= (a:=b-1. b:=a+3. a'=a A b'=b A c'=a+b)
substitution law twice

Ya',b',c' - 7=<c'<28 A oddc <= a'=b—1 A b'=b+2 A ¢'=2xb+1 one-pt 3 times

7 < 2xb+1 <28 A odd (2xb+1)

3<b< 14

for s = £ L[0;..i'] toberefined by (s:=s+ Li. i:=i+l)

Vs',i',) L' (s'=2L[0;..i0')) = s'=s+Lini=i+]l A L'=L
s+ Li=2L][0;..i+1]
s =2 L10;..0]
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for x'>5 to be refined by x": x+(1,2)

VX' x>5 <= x:x+(12) + distributes over
VX' x>5 <= x":x+1,x+2 compound axiom
VX' x>5 <= x"x+lvx':x+2 elementary axiom twice
VX" x'>5 <« xX'=x+1 v X' =x+2 antidistribution
V" (xX'>5 <= X'=x+1)A(>5 <= X' =x+2) distribution
(VX' x'>5 <= xX'=x+1) A (VX xX'>5 <= x'=x+2) one-point twice
x+1>5 A x+2>5 arithmetic, inclusion because x>4 = x>3
x>4

for x>0 to be refined by x": x+(-1, 1)

Vi x>0 < x":x+(-1,1) + distributes over
Vx' x>0 <= x':x-1,x+1 compound axiom
Vx' x>0 <= x":x-1vx':x+1 elementary axiom twice
Vx>0 <= x'=x-1 v X' =x+1 antidistribution
V" (x>0 = xX'=x-1)A (x>0 <= x'=x+1) distribution
(Vx'" x>0 = X'=x-1) A (VX x>0 <= x'=x+1) one-point twice
x1>0 A x+1>0 arithmetic
x>1 A x>—1 inclusion because x>1 = x>-1

x>1



