165 (mod4) Let n be anatural variable. Here is a refinement.
n'=modn4 <= if n<dthen okelse n:=n-4. n'=modn4fi

(a) Prove it.
(b) Insert time increments according to the recursive time measure, and write a timing

specification.
(©) Prove the timing refinement.

After trying the question, scroll down to the solution.



(a)

(b)

©)

Prove it.
Proof uses refinement by cases.

n=modnd4 < n<4 Aok expand ok
n=modnd4 < n<4 An'=n context and arithmetic
n'=n < n<4 An'=n specialization
T

n=modnd4 < n=4 A (ni=n-4. n"=modn4) substitution law
n=modnd4 < n=4 An" =mod(n-4)4 context and arithmetic
n=modn4 < n=4 an =modné specialization
T

Insert time increments according to the recursive time measure, and write a timing
specification.

' =t+divnd < ifn<dthenokelseni=n-4. r=t+1. f =t+divndfi

Prove the timing refinement.
Proof uses refinement by cases.

'=t+divhd < n<d Aok expand ok
'=t+divnd <= n<dan'=nnt=t context and arithmetic
'=t+0 < n<d an'=nnt=t simplify and specialize
T

'=t+divnd <= nz4 A (n=n4. t=t+l. t' =t+divn4)

substitution law twice
'=t+divnd <= n=4 A ' =t+1+div(in4)4 arithmetic
'=t+divhnd <= nz4 A '=t+divn4é specialization
T



