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114 Laws
11.4.0 Binary
Let a, b, c, d,and e be binary.

Binary Laws
T
-1

Law of Excluded Middle (Tertium non Datur)
av -a

Law of Noncontradiction
=(a A -a)

Base Laws
=(anl)
avT
a=T
l=a

Identity Laws
TAa a
lva a
T=a =a
T=a = a

Idempotent Laws
ana = a
ava = a

Reflexive Laws
a=a

a=da

Laws of Indirect Proof

-a= 1 = a (Reductio ad Absurdum)

—a=a = a

Law of Specialization
anb=a

Associative Laws
anbac) =(@ab)ac
avbve) =((@vbvc
a=(b=c) = (a=b)=c
ax(b+c)=(a=*bh)*c
a=(b=*c) = (a=b)*c

Mirror Law
a<=b =b=a
Law of Double Negation

Duality Laws (deMorgan)
-(anb) = =av -b
-(avb) = =an-b

Laws of Exclusion
a=-b = b= -a
a=-b=a*b = -a=b

Laws of Inclusion
a=b = -av b (Material Implication)
a=b = (anb = a)
a=b = (avb = Db

Absorption Laws
an(avb) =a
av(anb) = a

Laws of Direct Proof
(a=b)yrna=b (Modus Ponens)
(a=b) A =-b=-a (Modus Tollens)
(a v b) A =a = b(Disjunctive Syllogism)

Transitive Laws
(anb)yan(bnarc)=(anc)
(a=b)rn(b=c)=(a=c¢)
(a=b)an(b=c)=(a=c)
(a=b)rab=c)=(a=r0¢)
(a=b)n(b=c)=(a=c¢)

Distributive Laws (Factoring)

an(bac) =(anb)yar(anc
anbvec) =(@ab)yv(anc
avbac)=(@vbya(aveo
avibve) =(@vbyv(avc)
avib=c) = (@vb)=(@avc
avib=c) = (avb)y=(avrc)
a=bnarc) = (a=b)r(a=0)
a=bvec) = (a=b)v(a=rc
a=b=c) = (a@a=b)=(@=r0)
a=(b=c) = (a=b)=(a=c¢)
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Symmetry Laws (Commutative Laws) Law of Generalization
anb =bna a=avb
avb =bva
a=b =b=a Antidistributive Laws
a*b =>b+a anb=c = (a=c)v(b=rc)
avb=c = (@a@=c)an(b=0)
Antisymmetry Law (Double Implication)
(a=b)an(b=a) = a=b Laws of Portation
anb=c =a=(b=2o0)
Laws of Discharge anb=c =a=-bvc
an(a=b) =anb
a=((@nb) =a=b Laws of Conflation
(a=b)A(c=>d) = anc=bnrd
Antimonotonic Law (@a=b)A(c=d) = avc=bvd

a=b = (b=c)=(a=0)
Contrapositive Law

Monotonic Laws a=b = -b= -a
a=b = chna=cAb
a=b = cva=cvb Laws of Equality and Difference
a=>b = (c=a)=(c=D) a=b = (aAb)v (—ma A =b)

a*b = (an=b)v (-=anrb)
Law of Resolution
anc = (avb)an(=bvc) = (an-b)v(brac) = avc

Case Creation Laws Case Analysis Laws
a = if b then b=a else -b = a fi ifathenbelsecfi = (anb)v(-anc)
a = if b then baa else =b A a fi if a then b else ¢ fi = (a=b) A (ma=0¢)
a = if b then b=a else b=+a fi

One Case Laws

Case Absorption Laws ifathenTelsebfi = avb
ifathenbelsecfi = ifathenanbelsecfi ifathen Lelsebfi = -anb
ifathenbelsecfi = ifathena=belsecfi ifathenbelseTfi = a=b
ifathenbelsecfi = ifathena=belsecfi ifathenbelse Lfi = anb

if a then b else c fi = if a then b else —a A ¢ fi
if a then b else ¢ fi = if a then b else avc fi
if a then b else ¢ fi = if a then b else a=+c fi

Case Distributive Laws (Case Factoring)
- if a then b else c fi = if a then -b else —~c fi
ifa then b else c fi A d = if a then bad else cad fi
and similarly replacing A by anyof v = + = <«
ifathenb A celsed A efi = if a then b else d fi A if a then c else e fi
and similarly replacing A byanyof v = + = <=

End of Binary
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11.4.1 Generic

The operators = =+ if then else fi apply to every type of expression (but the first operand of
if then else fi must be binary), with the laws

X=X reflexivity if Tthen xelse yfi = x case base

xX=y = y=x symmetry if Lthenxelseyfi =y case base

X=y A y=z = x=z transitivity if a then xelse x fi = x case idempotent
x=y = fx=fy transparency if a then x else y fi = if —a then y else x fi
xFy = =(x=y) unequality case reversal

The operators < <> = apply to numbers, characters, strings, and lists, with the laws

X<X reflexivity

- Xx<x irreflexivity
=(x<y A x>Y) exclusivity
=(x<y A x=y) exclusivity
XSy A ysX = x=y antisymmetry
XSy A y<Z => X<7 transitivity
X<y A y<Z = x<7 transitivity
X<y = X<y Vv x=y inclusivity
x>y = y<x mirror

xzy = y=<x mirror

X<y V X=y V X>y totality, trichotomy

End of Generic

11.4.2 Numbers

Let d be a sequence of (zero or more) digits, and let x, y ,and z be numbers.

dO+1 =d1 counting

dl+1 =d2 counting

d2+1 =d3 counting

d3+1 =d4 counting

did+1 =d5 counting

d5+1 =d6 counting

d6+1 =d7 counting

d7+1 =d8 counting

d8+1 =d9 counting

d9+1 = (d+1)0 counting (see Exercise 32)
x+0=x identity

xX+y = y+x symmetry
xX+(y+2) = (x+y)+z associativity
—00<X<0 => (X+y = x+7 = y=7) cancellation
—00<LX => 004X = © absorption

X< = —00 4 )x = —0© absorption

—x =0-x negation

——Xx=X self-inverse
—(x+y)=—x+ -y distributivity
—(x—=y) =y—x antisymmetry
—(xxy)=—-xxy semi-distributivity
—(xlyy==x/y semi-distributivity

x0=x identity
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Xy = xX+-y

x+(y-2 = x+y) -z
—00Y<®0 = (x—y=x-7 = y=7)
—oo<y<w = x—x =0

X< => 00—x =

—0<LX = —00 — X = —0
—co<x<oo = xx0 =0

xx1l=x

XXY = yxX

Xx(y+2) = Xxy + XxZ

xx(yxz) = (xxy)xz

—00<x<® A XxF0 = (xxy =xxz = y=7)
O<x = xx% =

O<x = xx—% = —©

x/1=x

—oo<x<o A X0 = x/x=1
xx(y/z) = (xxy)/z = x/(z/y)

y+H0 = (x/y)/z = x/(yxz)
—00<x<0 => x/o =0 = x/—0
—oo<xy<o = x0=1

xl=x

XY+ = XY x X%

xXyxz = (XY)2

—00<(0<] <00

A<y = —y<—=x

—o<x<® = (x+y <x+z = y<7)
O<x<o0 = (xxy < xxz = y<z)
X<y V X=y V X>y

—0V <X <

234

subtraction
associativity
cancellation

inverse

absorption

absorption

base

identity

symmetry
distributivity
associativity
cancellation
absorption

absorption

identity

inverse
multiplication-division
multiplication-division
annihilation

base

identity

exponents

exponents

direction

reflection

cancellation, translation
cancellation, scale
trichotomy

extremes

End of Numbers

11.4.3 Bunches

Xiy = x=y

xAB = xxAv xB
AA=A

AB=BA
A(BC)=(AB)C
AA=A

A‘B=B‘A

A‘(B‘C)=(A‘B)‘C
AB:C = A:C A B: C
A:B‘C = A:B A A:C
A:AB

A‘B: A

A A

A:B A BA = A=B
A:B A B:C = A:.C
¢null=0

Let x and y be elements (binary values, numbers, characters, sets, strings and lists of elements).

elementary law
compound law
idempotence
symmetry
associativity
idempotence
symmetry
associativity
antidistributivity
distributivity
generalization
specialization
reflexivity
antisymmetry
transitivity

size
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¢x=1

¢(A,B) + ¢(A'B) = ¢A +¢B
- x:A = ¢(A'x)=0

A:B = ¢A<¢B

A(A'B) = A

A‘(AB) = A

A:B = AB=B = A=A‘B
A(B,C) = (A,B)(A,0)
A(B°C) = (A,B)'(A,0)
A‘(B,C) = (A‘B),(A°O)
A‘BC) = (A‘B)'(A°O)
A-BANC:D = AC:B,D
A:B A C:D = A‘C:B‘D

null: A
A,null=A
A null = null

¢A=0 = A=null

x.int A y:xint A x<y = (i:x,.y = iiint A

xX:iint A y:xint A x<sy = ¢(x,.y) = y—x
—null = null

—(A,B) = -A,-B

A+null = null+A = null

(A, B)+(C,D) = A+C,A+D, B+C,B+D

size

size

size

size

absorption

absorption

inclusion

distributivity
distributivity
distributivity
distributivity

conflation, monotonicity
conflation, monotonicity
induction

identity

base

size

X<i<y)

distribution
distribution
distribution
distribution

and similarly for many other operators (see the final page of the book)

End of Bunches

11.4.4 Sets

{AY<{B}) = A:B

{A}: /B = A:B
${A} =¢A

{A} u{B} = {A,B}
{A}n{B} = {A°B}
{A}={B} = A=B
{A} #{B} = A+B

End of Sets

11.4.5 Strings

Let S, T,and U be strings; let i and j be items (binary values, numbers, characters, sets, lists,
functions); let n be extended natural; let x, y,and z be integers.

nil; S = S;nil =S
$;(T;U) = (§; 1)U

<nil =0

i =1

(S:T) = =S+ <T

Sui = nil

<>S5<0 = (S DNy =1
St,u = 813 Su

Sy = Spu

Siay = {Sa}

S<o = nil =S <80, T
<8< = (i = ST < 855, 0)
<>S<0 = (5 = ST = 85T
0*S = nil

(n+1)*S = n*S; S

<S<0 = SiiTa<=S>j= 8T
x;.x = nil

x;.x+1 = x
(.9 5 (13.2) = x3.2
<>(x;..y) = y=x

End of Strings
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Let S and T be strings; let i and j be items (binary values, numbers, characters, sets, lists,

functions); let L, M ,and N be lists.
[ST = S

[S]<
nil—i|L = i

n—i|[S] = [Swnpi]

(S;T) = i|L = S—>(T—i|LeS) | L

#[S] = «S

St = [S7]

[S1[T] = [S7]
L{A} = {LA}
L[S] = [LS]
(LM)N = L(MN)
Lenil = L

Lei = Li

Le(S;T) = LeSeT

11.4.7 Functions

End of Lists

Renaming Law — if v and w do not appear in D and w does not appear in b

(vi D—b) = (w: D—(v: D—b)w)

Application Law: if element x: D

(v: D—b)x = (substitute x for v in b)

Function Composition Laws: If - f: Og

0(gf) = §x: Of fi: 0g

gHx=g({x
Domain Law fgh) =((gh
o(v: D—b) = D
Laws of Functional Intersection
Law of Extension o(f‘g) = of,og
f= (of=fv) Fox=(flox(lHx
Function Inclusion Law Laws of Selective Union
f-g = Dg:Of AVax:Og fx:gx 0(f| ¢) = 0f.0g
(f| g x = if x: Of then f x else g x fi
Function Equality Law flf=r
f=8 = Of=0g A Vx:Of fr=gx flglh = (fl9|h
(g|hf = gf|hf
Laws of Functional Union
o(f,g) = Of ‘ Og Arrow Laws
f,e)x = fx,gx [ null—A
A—B: (A°'C) — (B,D)
Distributive Laws ffA—=B = A:0f A VYa: A fa: B
frull = null
f(A,B) = fA,fB
S (88 = §y:f(0g) Ax: Dg- fx=y A gx
fifbthen xelseyfi = if b then fxelse fy fi
if b then felse g fix = if b then fx else g x fi

End of Functions
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11.4.8 Quantifiers

Let x be an element, let a, b and c¢ be binary, let n and m be numeric, let f and g be
functions, and let p be a predicate.

Yvinullb =T VYv:AB-b = (Vv:A-b) A (Yv: B b)

Vv:x b = (v:ix—b)x Vv:@v:D-b)yc = VviDb=c

v:null-b = L v:ABb = (Av:A b)v (@Av:B b)

vix b = (vix—b)x v:§v:Db)yc = Iv:D-bac

2vinull n = 0 Cv:AB n)+Ev:A'B-n) = 2v: A n) + (Zv: B n)
Svixn = (vix—=n)x Sv: (§v: D' b)-n = Zv: D-if b then n else O fi

Iv: null- n = 1 (ITv: A,B- n) x (Ilv: A*B- n) = (Ilv: A- n) x (Ilv: B- n)
Iv:xn = (vix—=n)x Iv: (§v: D- by n = Tlv: D- if b then n else 1 fi
MINv: null n = o MINv:AB-n = min (MIN v: A- n) (MIN v: B- n)

MINv: x n = (v: x—>n) x MIN v: (§v: D- b): n = MIN v: D- if b then n else « fi

MAX v: null-n = —o0 MAXv:AB-n = max (MAXv: A- n) (MAX v: B- n)
MAXv:xn = (vix—=n)x MAX v:(§v: D* b) n = MAX v: D- if b then n else —o fi

Svinull- b = null

§v:x b = if (v: x—b) x then x else null fi
§viAB-b = (§v:A-b),§v: B-b)
SviA‘B-b = (§v:A-b) " (§v: B b)
Svi@@viD-b)yc = §viD-bac

Change of Variable Laws — if d does not appear in b Cardinality Law
Vr.fD-b = Yd: D-(r. fD—b) (fd) ¢A = Z(A—1)
Ar:fD- b = 3d: D- (r: fD—D) (fd)
MIN r:fD-n = MIN d: D- {r: fD—n) (fd) Identity Laws
MAX r:fDn = MAXd: D (r: fD—n) (fd) Vv T
-3 L
Bunch-Element Conversion Laws
Viw = Vv V- 3w: W-v=w Distributive Laws — if D=+null
fVigW = VYv: V-dw: W fo=gw and v does not appear in a
an¥v:D'b = YviD-anb
Idempotent Laws — if D+null andv:D-b = Av:D-anb
and v does not appear in b avVviD-b = VYviD-avb
VviD-b = b avadv:D-b = Av:D-avb
dv:D:b = b a=Yv:D'b = YviD-a=b

a=3v:D-b = Av:D-a=>b
Absorption Laws — if x: D
(viD—=b)x AIv: Db = (v: D—b)x Antidistributive Laws — if D+null
(viD—=byx v ¥v:D-b = (v: D—b)x and v does not appear in a
(viD—=byxAYv:D-b = Yv:D'b a<=3Iv:D-b = VYviDa<=b
(viD—=byxvIv:D-b = Iv:D'b a<=Vv:D'b = AviD-a<=b
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Specialization Law — if x: D
Yv:Db = (v:D—b)x

One-Point Laws — if x: D
and v does not appear in x
VYv:D-v=x=b = (v:D—b)x
Av:D-v=xab = (viD—b)x

Duality Laws
-Vv-b = 3Fv- =b (deMorgan)
-dv-b = Vv -b (deMorgan)
—~MAXv-n = MINv -n
—~MINvn = MAXv -n

Solution Laws

§v:D-T =D
§v:D-b): D
SviD- L = null

§v- b): (§v-¢) = Vv b=c
v b),§vc) = §vbvce

@§vb) §vie) = §vbnac
xXi8p = x:Op A px

Vi = §H=(9)

A = (§H)+null

Bounding Laws

if v does not appear in n
n>(MAXv: D- m) = (VYv: D n>m)
n<(MINv: D- m) = (VYv: D- n<m)
n=(MAXv: D-m) = (VYv: D n=m)
n < (MIN v: D- m) = (Yv: D- n=m)
n=(MINv: D- m) < (Av: D- n=m)
n<(MAXv:D-m) < (Av: D n=sm)
n>(MIN v: D m) = (3v: D- n>m)
n<(MAX v: D-m) = (3v: D- n<m)

Generalization Law — if x: D
(vi D—byx = Jv:D-b

Splitting Laws — for any fixed domain
Yvanb = (Vv-a) A~ (Vv b)
dv-anb = @Av-a) A Qv b)
Yvavb <= (Yv-a) v (Vv b)
dvvavb = @va) v v b)
Yva=b = (Vv-a) = (Vv b)
Vva=b = (Qv-a) = @vb)
Yva=b = (Vv-a) = (Vv b)
VYva=b = @Qv-a) = 3@v b)

Commutative Laws
Yv-VYwb = VYw Vv b
Jv-Iw-b = Iw-Iv- b

Semicommutative Laws (Skolem)
- Vw-b = Vw-dv-b
Vx Ay pxy = 3f Vx px(fx)

Domain Change Laws
A:B = (Wv:A - b) <« (Vv:B b)
A:B = (Av: A-b) = (Av: B- b)
VviAviB=p = Vv:A‘B-p
dv:Av:Bap = Av:A'Bp

Extreme Laws
(MIN n: int- n) = (MIN n: real- n) = -
(MAX n: int n) = (MAX n: real- n) = o

Connection Laws (Galois)

nsm = Vk ksn= k=m
nsm = Vk k<n= k<m
nsm = Vk msk= n<k
nsm = Vk m<k= n<k

Distributive Laws — if D=+null and v does not appear in n
max n (MAX v: D- m) = (MAXv: D- max n m)

max n (MIN v: D- m)
minn (MAX v: D- m)
min n (MIN v: D- m)
n+ (MAX v: D- m)
n+ (MIN v: D- m)
n—(MAX v: D- m)
n— (MIN v: D- m)
(MAX v:D-m)—n

n=0 = nx(MAXv:D m)
n=0 = nx(MINv: D m)
ns0 = nx(MAXv:D m)
ns0 = nxMINv:D m)
nxXv:D-m) = (Zv: D nxm)
(ITv: D- m)n» = (Ilv: D- mn)

(MIN v: D- max n m)
(MAX v: D- min n m)

(MIN v: D- min n m)
(MAX v: D n+m)

(MIN v: D n+m)

(MIN v: D- n—m)

(MAX v: D- n—m)

(MAX v: D- m—n)

(MINv:D-m)—n = (MINv: D- m—n)

(MAX v: D- nxm)
(MIN v: D- nxm)
(MIN v: D- nxm)

(MAX v: D- nxm)

End of Quantifiers
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1149 Limits

(MAX m- MIN n- f(m+n)) < (LIM f) <= (MIN m- MAX n- f(m+n))
dm- Vn p(m+n) = LIMp = VYm dn- p(m+n)
(LIM n- n) =

End of Limits

11.4.10 Specifications and Programs

For specifications P, O, R,and §,and binary b,
ok = x'=x A y'=y A ...
xi=e = Xx'=e A y'=y A ..
P.Q = ',y .o (Y, .=PYX" Y A Xy, O XY
P|Q0 = 3T, 100 ({—=Phtp A ({—=0)t0 A { =maxtp1Q
ifbthenPelse Ofi = bAPv-bAQ
varx:T-P = 3Ax,x:T-P
framex- P = P A y=y A ..
while bdo Pod = ¢'=t A if bthen P. r:=r+1. while b do P od else ok fi
Vo,0 if bthen P. Welseokfi <« W = Vo,0 - whilebdoPod <= W
(Fmn < m=n A ok) A (Fik <= msi<j<k=n A (Fij. Fjk))
=  Fmn < fori:=m;..n do m=i<n = Fi(i+]) od
Im=I'n < for i:=m;..n do m=i<n A Ii = I'(i+1) od

wait untilw = r=maxtw

assert b = if b then ok else print “error”. wait until oo fi

ensure b = b A ok

P. (P result e)=e but do not double-prime or substitute in (P result ¢)

c? = ri=r+l

c = Mc re-1

cle = Mcyc=e AN Tcye=t N (Wc:=wce+l)

Ve = Tc .+ (transit time) < ¢

ivar x: T § = dx: time—T- S

chanc: - P = 3AMc: o*T- ATc: w*xreal- var rc ,wc: xnat :=0- P

ok.P = P.ok = P identity

P.(O.R) = (P.O).R associativity

PvQ.RvS = (P.RVv(P.S)V(Q.R)Vv(Q.S) distributivity

if bthen Pelse Qfi. R = if bthen P.Relse Q. R fi distributivity (unprimed b )
P.ifbthen Qelse Rfi = if P.bthen P. Q else P. R fi distributivity (unprimed b )
Plo = o] P symmetry

Pl Q|R) = (P|O|R associativity

P|f=t = P = ¢=t||P identity

P||OvVR = (P||O) Vv (P|R) distributivity

P||ifbthen Qelse Rfi = ifbthen P| Qelse P| Rfi distributivity
if b then P||Q else R||S fi = if b then P else R fi || if b then Q else S fi distributivity
x:=if bthen eelse ffi = if b then x:= e else x:=ffi functional-imperative

End of Specifications and Programs
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11.4.11 Substitution

Let x and y be different boundary state variables, let e and f be expressions of the prestate, and
let P be a specification.

x:=e.P = (for x substitute e in P)

(x:=e| y=f). P = (for x substitute e and independently for y substitute f in P)

End of Substitution

11.4.12 Conditions

Let P and Q be any specifications, and let C be a precondition, and let C’' be the corresponding
postcondition (in other words, C’ is the same as C but with primes on all the state variables).
CAP.Q) < CAP.Q
C=({P.Q) < C=P.0
(P.O)AC <= P.OANC’
(PO =C <= P.OQ=C
P.CAQ <= PAC'.Q
P.QO < PAC'. C=0
C is a sufficient precondition for P to be refined by S
if and only if C=P is refined by S .
C' is a sufficient postcondition for P to be refined by §
if and only if C'=P is refined by S .

End of Conditions

11.4.13 Refinement

Refinement by Steps (Stepwise Refinement) (monotonicity, transitivity)
If A<= ifbthenCelse Dfi and C < FE and D <= F are theorems,
then A <= if b then E else F fi is a theorem.
If A<= B.C and B<—=D and C < E are theorems, then A <= D.E is a theorem.
If A<= B||C and B<=D and C <=E are theorems, then A <= D||E is a theorem.
If A<=B and B < C are theorems, then A <= C is a theorem.

Refinement by Parts (monotonicity, conflation)
If A<= ifbthen Celse Dfi and E < if b then F else G fi are theorems,
then ANE <= if b then CAF else DAG fi is a theorem.
If A<= B.C and D <= E.F are theorems, then AAD <= BAE.CAF is a theorem.
If A <= B||C and D <= E||F are theorems, then AAD <= BAE || CAF is a theorem.
If A<=B and C <= D are theorems, then AAC <= BAD is a theorem.

Refinement by Cases
P <= if b then Q else R fi is a theorem if and only if
P <= bAaQ and P < -b AR are theorems.

End of Refinement

End of Laws
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11.5 Names

abs: xreal—8r: xreal- r=0
bin (the binary values)

ceil: real—int

char (the characters)

div: real—(8§r: real- r>0)—int
divides: (nat+1)—int—bin
entro: prob—S§r: xreal- r=0
even:. int—bin

floor: real—int

info: prob—S§r: xreal- r=0
int (the integers)

LIM (limit quantifier)

log: (§r: xreal- r=0)—xreal

max: xrat—xrat—xrat

MAX (maximum quantifier)
min: xrat—xrat—>xrat

MIN (minimum quantifier)
mod: real—(8r: real- r>0)—real

nat (the naturals)

nil (the empty string)

null (the empty bunch)

odd: int—bin
ok (the empty program)

prob (probability)

rand (random number)

rat (the rationals)

real (the reals)

suc: nat—>(nat+1)

xint (the extended integers)
xnat (the extended naturals)
xrat (the extended rationals)
xreal (the extended reals)

11 Reference

abs r = if r=0 then r else —r fi
bin =T,1

r=<ceilr<r+l

char = ..., “a”,“A”, ...

divxy = floor (x/y)

dividesni = i/n:int

entrop = pxinfop + (1-p) x info (1-p)

eveni = i/2:int
even = divides 2
floor r <r < floorr + 1

infop = —logp
int = nat,—nat
see Laws

log (2x)=x

log (xxy) = log x +logy

max xy = if x=y then x else y fi
—max a b = min (-a) (-b)

see Laws

minxy = if x<y then x else y fi
—mina b = max (-a) (-b)

see Laws

O=smodad<d
a=divadxd + modad
0, nat+1: nat

0,B+1: B = nat: B

<nil =0

nil; S = S = S; nil

nil= S

¢null = 0

null, A = A = A, null
null: A

oddi = -i2:int
odd = -even

ok = o'=0

okP = P = Pok
prob = §r: real- O=r=I

rand n: 0,..n

rat = int/(nat+1)

r:real = r:xreal A —oo<r<oo
suc n=n+l1

Xint = —©, int, ©

XxXnat = nat, ®

xrat = —©, rat, ©

x: xreal = 3f: nat—rat- x = LIM f

End of Names




11.6 Symbols

T 3
L 3
- 3
A 3
v 3
= 3
= 3
= 3
<~ 3
= 3
= 3
* 3
< 13
> 13
< 13
> 13
+ 12
+ 20
- 12
% 12
/ 12
, 14
16
¢ 14
; 17
. 19
: 14
: 89
= 36

36
. 26
! 133
? 133
assert
chan
do od
ensure
exit when
for do od
frame
go to

true

false

not

and

or

implies

implies

follows from, is implied by
follows from, is implied by
equals, if and only if
equals, if and only if
differs from, is unequal to
less than

greater than

less than or equal to
greater than or equal to
plus

list catenation

minus

times, multiplication
divided by

bunch union

union from (incl) to (excl)
bunch intersection

string catenation

catenation from (incl) to (excl)

18 in, are in, bunch inclusion
includes
assignment

dep't (sequential) composition

quantifier abbreviation
output
input

77
138
71
77
71
74
67
75

11 Reference

v 133

' 34
“ 7 13,19
ab 12
ap 18
ab 20731
4> 18
00 12

if then else fi
ivar

or

result

var

wait until

while do od

242

input check

parentheses for grouping

set brackets

list brackets

function (scope) brackets
power

bunch size, cardinality

set size, cardinality

string size, length

list size, length

selective union, otherwise
indep't (parallel) composition
contents of a set or list
repetition of a string

domain of a function
function arrow

element of a set

subset

set union

set intersection

index with a pointer

for all, universal quantifier
there exists, existential quantifier
sum of,, summation quantifier
product of, product quantifier
those, solution quantifier

x' is final value of state var x
“h1” 1s a text or string of chars
exponentiation

string indexing

indexing application,composition
string modification

infinity

4
126
77
78
66
76
69

End of Symbols
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11.7 Precedence

0 T L () {} [1 () iffi dood number text name superscript subscript
1 @ juxtaposition

2 prefix— ¢ § < # * ~ 4 0 — V

3 x /N

4 + infix— + U

5 Do

6 s e | AP

7 = < >=<=2: 1 € ¢

8 -

9 A

10 v

11 = <

12 =127

13 exit when go to wait until assert ensure or
14 . || result

15 V- 3 = II- §& LIM- MAX- MIN- var- ivar- chan- frame:
16 = = <

Superscripting and subscripting serve to bracket all operations within them.

Juxtaposition associates from left to right, so a b ¢ means the same as (a b) ¢ . The infix
operators @ / — associate from left to right. The infix operators * — associate from right to
left. The infix operators x N + + U ; * , | A Vv . || are associative (they associate in both

directions).

On levels 7, 11, and 16 the operators are continuing. For example, a=b=c neither associates to the
left nor associates to the right, but means the same as a=b A b=c . On any one of these levels, a
mixture of continuing operators can be used. For example, asb<c means the same as a<b A b<c .

The operators = —> <= areidenticalto = = < except for precedence.

End of Precedence

11.8 Distribution

The operators in the following expressions distribute over bunch union in any operand:
[A] AeB AB -A $A <A #A ~A
AB Ap AxB A/B ANB A+B A-B A+B AUB A;B A‘B
-A AAB AvB

The operator in A*B distributes over bunch union in its left operand only.

End of Distribution

End of Reference

End of a Practical Theory of Programming



